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The impacts of slip effects on the mixed convective flow of a Casson fluid near a stagnation point past a vertical
plate embedded in Darcy–Brinkman porous medium have been scrutinized. Assisting as well as opposing flows are
considered. Similarity equations are obtained before being solved numerically using the shooting method. Influences of
substantial parameters on temperature distribution, velocity profile along with skin friction, and Nusselt number are
discussed through the help of graphs. Dual solutions are obtained for opposing flow, whereas the solution is unique for
assisting flow. Concerning the velocity distribution and temperature profile, it is observed that the velocity slip and
thermal slip parameters behave similarly for both solutions.
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1. INTRODUCTION

The prevailing association with the term non-Newtonian fluids is always the immense interest that has attracted
many researchers because of their numerous scientific and technological applications. Paints, ketchup, molten plas-
tic, greases, and blood are some examples of non-Newtonian fluids. In the past, different models of non-Newtonian
fluids were suggested by researchers owing to fact that all the characteristics of these fluids cannot be envisaged
by a particular model. The Casson model is considered a non-Newtonian fluid. This model is one of the best-fitted
models to express the properties of viscoelastic fluid in a more sensible form than any other models. Jelly, tomato
sauce, honey, and human blood are examples of Casson fluid. Thus, it is significant to study this model. Hayat et al.
(2012) discussed the impact of convective boundary conditions on mixed convective flow near a stagnation point of
a Casson fluid toward a stretching surface. Nadeem et al. (2012) explored the influence of magnetohydrodynamics
(MHD) on the steady flow of Casson fluid past an exponential shrinking surface. Unsteady flow of Casson fluid past
a stretching surface with thermal radiation and suction/injection was scrutinized by Mukhopadhyay (2013). Bhat-
tacharyya (2013) examined the stagnation point flow of MHD Casson fluid past a stretching surface with thermal
radiation. The thermal radiation effect on Casson fluid over an exponentially stretching surface was explored by Pra-
manik (2014). Ibrahim and Makinde (2016) presented numerical solutions of MHD slip flow over a heated stretching
surface containing Casson nanofluid. The mixed convective flow of a power-law fluid in a porous channel embedded
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NOMENCLA TURE

b, c positive constants
Cf skin friction coefficient
CF coefficient of drag force
cp specific heat
f dimensionless stream function
g gravitational acceleration
k thermal conductivity
k∗ mean absorption coefficient
K porous parameter
K1 permeability of the porous medium
L̆1 length of slip
Nux̆ local Nusselt number
Pĕx Péclet number
Pr Prandtl number
P̆y yield stress of the fluid
qr radiative heat flux
qw heat flux
Răx local Rayleigh number
Rĕx local Reynolds number
Rd thermal radiation parameter
S̆1 constant of proportionality
T̆ temperature
T̆∞ free stream temperature
T̆w fluid wall temperature
ŭe free stream velocity
ŭ, v̆ velocity components
x̆, y̆ Cartesian coordinates

Greek Symbols
αm thermal diffusivity
α slip parameter
ε porosity parameter of the porous medium
β1 Casson fluid parameter
βT coefficient of thermal expansion
χ Forchheimer number
δ thermal slip parameter
π̆c critical value of the product of the component
θ dimensionless temperature
ν kinematic viscosity
νeff effective kinematic viscosity
µ̆B viscosity of Casson fluid
µeff effective (or “apparent”) viscosity
τw shear stress inx-direction
σ∗ Stefan–Boltzmann constant
ψ stream function
η similarity variable
Λ modified porosity parameter
Ωij (i, j)th component of the deformation rate

Subscripts
w condition at wall
∞ condition at free stream

Superscripts
′ derivative w.r.t.η

in modified Brinkman–Forchheimer model was scrutinized by Islami et al. (2017). Zaib et al. (2017) explored the
influences of activation energy and binary chemical reaction on Casson nanofluid past a plate in a Darcy–Brinkman
porous medium. Recently, Qureshi et al. (2017) explored the impact of a magnetic field on non-Newtonian Casson
fluid comprising nanoparticles via orthogonally moving porous disk.

The porous medium is generally used to store energy and transport. Since the study of boundary layer flow in
a porous medium has always played a significant role in numerous scientific and engineering applications. Environ-
mental pollution, grain storage, fiber insulation, petroleum technology, techniques of oil recovery, thermal insulation,
design of packed bed reactor, and systems of heat storage are a few examples of applications for porous media. The
flow problems involving porous medium generally stand on Darcy’s law, which states the proportionality between the
velocity and pressure gradient. However, the Darcy model is only applicable for slow flows with low permeability
throughout the porous media, while definite permeable materials, for instance fibrous media and foam metals, gen-
erally have high porosities. Vafai and Tien (1981) scrutinized the steady flow toward a mixed convective stagnation
point over a vertical surface filled with a non-Darcy porous medium. They ignored the second-order inertia from the
momentum equation. Forced convective flow with heat transfer over a semi-infinite plate with isotropic solid ma-
trix in a porous medium was scrutinized by Kaviany (1987). Ishak et al. (2008a) considered the Brinkman model
to obtain the multiple solutions of mixed convective flow near a stagnation point past a vertical plate immersed in
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a porous medium for assisting and opposing flows. Villafán-Vidales et al. (2011) discussed the simulation of heat
transfer based on the volumetric porous receiver in a thermochemical solar reactor. Rosali et al. (2011) investigated
the impact of heat flux on mixed convection flow near a stagnation point toward a vertical plate embedded in a porous
medium. Haussener and Steinfeld (2012) scrutinized the properties of heat and mass transfer for solar thermochem-
ical fuel generation of anisotropic porous ceria. The characteristics of heat transfer on forced convective flow over
a heated plane surface immersed in Darcy–Brinkman porous medium were studied by Pantokratoras (2015). Tian et
al. (2016) perused the influence of viscous dissipation on power-law fluid past a flat channel immersed in Darcy–
Brinkman–Forchheimer porous medium. Mixed convective flow on electrically conducting fluid near a stagnation
point over a shrinking surface in a porous medium was scrutinized by Kumar and Sood (2016). Makinde and Ee-
gunjobi (2016) discussed the combined effects of magnetic field and radiation on forced convection flow of Casson
fluid over a horizontal microchannel embedded in a porous medium with entropy generation. The feature of thermal
radiation on free convective flow in rotating porous vertical cone embedded in anisotropic Darcy medium with slip
effect was examined by Uddin et al. (2016). Fuqiang et al. (2017) discussed the influence of thermochemical reactions
on radiative heat transfer, which can be used for concentrated solar irradiation for higher temperature. The influences
of Newtonian heating and viscous dissipation on free convective flow containing nanofluid along a cone embedded in
a non-Darcy porous medium in the presence of entropy generation was investigated by Mahdy et al. (2017). Malathy
et al. (2017) investigated the influences of radiation and chemical reaction on the pulsatile flow of hydromagnetic
Oldroyd-B fluid embedded in a porous medium with a slip effect. Pranitha et al. (2017) discussed the impact of the
magnetic field on mixed convective flow over a vertical plate containing a non-Newtonian power-law fluid through
a porous medium with double dispersion and variable properties. Ali et al. (2017) explored the impact of slip effect
on MHD viscoelastic fluid flow over a porous oscillatory stretching surface immersed in a porous medium. In recent
times, Umavathi and Sasso (2018) discussed the influences of variable viscosity and thermal conductivity on free
convective flow holding nanoparticles through a vertical duct embedded in a porous medium.

In the current communication, we examine the impacts of velocity slip and thermal slip on mixed convective
stagnation point flow of a Casson fluid embedded in Darcy–Brinkman porous medium. The present flow problem
is simplified with appropriate use of similarity-transformation and solved via the shooting method. The impacts of
all physical parameters of interest are discussed with the help of graphs. To the authors’ best knowledge no one yet
considered this type of problem.

2. PROBLEM FORMULATION

Consider a steady incompressible Casson fluid near a stagnation point past a vertical plate embedded in Darcy–
Brinkman porous medium. Thĕx-axis runs along the plate and they̆-axis perpendicular to it as illustrated in Fig. 1. It
is presumed that free stream velocityŭe(x̆) = bx̆ and wall temperaturĕTw(x̆) = T̆∞ + cx̆ vary linearly, whereb and
c are positive constants and̆T∞ is ambient temperature. The Darcy–Brinkman model is used here, where the square
of velocity is neglected. The rheological state equation for the isotropic flow of the Casson model is stated as

Υij =


(
µ̆B +

p̆y√
2π̆

)
2Ωij , π̆ > π̆c,(

µ̆B +
p̆y√
2π̆c

)
2Ωij , π̆ < π̆c,

(1)

whereΩij , µ̆B , p̆y are the(i, j)th components deformation rate, the viscosity of Casson fluid, and the yield stress
of fluid, respectively;π = ΩijΩji is the product of the component of deformation rate with itself andπ̆c is the
critical value of the product of the component of the strain tensor rate with itself. The governing equations under
these assumptions with the usual boundary layer are written as

∂ŭ

∂x̆
+

∂v̆

∂y̆
= 0, (2)
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FIG. 1: Flow diagram of the problem
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ε

(
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∂ŭ
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∂ŭ

∂y̆
− ŭe

dŭe
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)
= ενeff

(
1+

1
β1

)
∂2ŭ

∂y̆2
− εν

K1
(ŭ− ŭe)

− εCF√
K1

(
ŭ2 − ŭ2

e

)
+ εgβT

(
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)
,

(3)

ŭ
∂T̆

∂x̆
+ v̆

∂T̆

∂y̆
= ᾰm

∂2T̆

∂y̆2
− 1
ρcp

∂qr
∂y

. (4)

The physical boundary conditions are

ŭ = L̆1ν

(
1+

1
β1

)
∂ŭ

∂y̆
, v̆ = 0, T̆ = T̆w(x̆) + S̆1

∂T̆

∂y̆
at y̆ = 0,

ŭ → ŭe(x̆), T̆ → T̆∞ as y̆ → ∞,

(5)

whereŭ, v̆ are the components of velocity in̆x- andy̆-directions, respectively,µeff is the effective (or “apparent”)
viscosity,νeff = µeff/ρ is the effective kinematic viscosity,ν is the normal kinematic viscosity,ε is the poros-
ity parameter of the porous medium,K1 is the porous medium permeability,CF is the coefficient of drag force,
β1 = µ̆B

√
2π̆c/p̆y is the Casson fluid parameter,βT is the coefficient of thermal expansion,g is the gravitational

acceleration,̆αm = k/ρcp is the thermal diffusivity,qr is the radiative heat flux,ρ is the fluid density,k is the thermal
conductivity,cp is the specific heat,̆T is the temperature,̆T∞ is the ambient temperature,L̆1 is the length of slip, and
S̆1 is a constant of proportionality. By introducing the Rosseland approximation,

qr = −4σ∗

3k∗
· ∂T̆

4

∂y̆
,

whereT̆ 4 = 4T̆ 3
∞T̆ −3T̆ 4

∞. Similarly,k∗ is the mean absorption coefficient. Meanwhile,σ∗ is the Stefan–Boltzmann
constant.T̆ 4 is expanded into the Taylor series aboutT∞.

Following Rosali et al. (2011), we set up the similarity transformation:

η = y̆

√
b

ᾰm
, ψ =

√
bᾰmx̆f(η), θ(η) =

T̆ − T̆∞

T̆w − T̆∞
. (6)

Hereη is the similarity variable, andψ is the stream function. In view of Eq. (6), Eqs. (3) and (4) are changed
into the following ordinary differential equations

Λ

(
1+

1
β1

)
f ′′′ + ff ′′ − f ′2 +K (1− f ′) + χ

(
1− f ′2)+ 1+ λθ = 0, (7)
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(
1+

4
3
Rd

)
θ′′ + fθ′ − f ′θ = 0, (8)

with the boundary conditions

f(0) = 0, f′(0) = α

(
1+

1
β1

)
f ′′(0), θ(0) = 1+ δθ′(0),

f ′(∞) → 1, θ(∞) → 0,
(9)

where prime denotes differentiation with respect toη, Λ = ε2Pr = ε2νeff/ᾰm is the modified permeability pa-
rameter,K = ε2ν/bK1 is the porosity parameter,λ = ε2βg/b2 = Răx/Pĕx is the mixed convection parameter

(where Răx = ε2βg
(
T̆w − T̆∞

)
x̆/νᾰm is the local Rayleigh number and Pex̆ = x̆ŭe/ᾰm is the Ṕeclet number),

χ = ε2Cb/b
√
K1 is the Forchheimer number,Rd = 4σ∗T 3

∞/k∗k is the radiation parameter,α = L̆1ν
√
b/ᾰm is the

slip parameter, andδ = S̆1

√
b/ᾰm is the thermal slip parameter.

The significant physical quantities are the local skin friction coefficient and the local Nusselt number, which are
defined as

Cf =
τ̃w

ρŭ2
e

, Nux̆ = − x̆qw

k(T̆w − T̆∞)
, (10)

wherethe shear stress̃τw and the heat fluxqw are described as

τ̃w = µ

(
1+

1
β1

)(
∂ŭ

∂y̆

)
y̆=0

, qw = −

[(
k +

16σ∗T 3
∞

3k∗

)
∂T̆

∂y̆

]
y̆=0

. (11)

Thatis,

CfRe1/2
x̆ /Pr1/2 =

(
1+

1
β1

)
f ′′(0), Nux̆Pe−1/2

x̆ = −
(

1+
4
3
Rd

)
θ′(0), (12)

whereRĕx = x̆ŭe/ν is the local Reynolds number.

3. METHODOLOGY

In the present research, a useful numerical technique, namely the shooting method, has been utilized to scrutinize the
flow problem described by the transformed equations [Eqs. (7)–(9)]. The summary of this method is given below in
the following steps:

First, convert Eqs. (7)–(9) into an initial value problem (IVP). Then select a suited finite value ofη → ∞, say
η∞. We have the set of following the first-order system

f ′ = p, p′ = q, q′ =
(
p2 − fq − 1−K(1− p)− χ(1− p2)− λθ

)
/Λ

(
1+

1
β1

)
, (13)

θ′ = z, z′ = (pθ− fz) /

(
1+

4
3
Rd

)
, (14)

underthe boundary conditions

f(0) = 0, p(0) = α

(
1+

1
β1

)
q(0), θ(0) = 1+ δz(0). (15)

To solve the system of equations as an IVP we require the values forq(0), i.e.,f ′′(0) andz(0), i.e.,θ′(0), but
there are no such values given. The values of the initial value forf ′′(0) andθ′(0) are chosen and the Runge–Kutta
fourth-order method is executed to acquire a solution. Then the calculated values off ′(η) andθ(η) atη∞(= 8) are
compared under the known boundary conditionsf ′(η∞) = 1 andθ(η∞) = 0. The step size is taken as∆η = 0.01.
The technique is repeated until we obtain results correct up to the desired accuracy at the 10−5 level, which fulfills
the convergence criterion.
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4. RESULTS AND DISCUSSION

The transmuted nonlinear differential equations Eqs. (7) and (8) with the boundary condition Eq. (9) were solved
numerically via the shooting method. The numerically obtained results for the velocity and temperature distribution
along with skin friction and the Nusselt number are plotted for physical parameters encountered in the problem.
Tables 1 and 2 show the comparison of our results off ′′(0) and−θ′(0) with those published results available in the
literature, and they are found to be in excellent agreement.

The velocity and temperature distribution for separate values of the porosity parameterK are portrayed in Figs. 2
and 3, respectively. Figure 2 explains that the velocity profile confirms an increasing behavior in the case of the first
solution (upper branch solution) for larger values ofK. However, the velocity profile illustrates a decreasing behavior
in the second solution (lower branch solution). In general, the regime turns further porous for larger values of the
porous parameter, and consequently the Darcian force moderates in magnitude. This confrontation of the Darcian
force performs to slow down the fluid particles. This diminishes the resistance asK enhances. Thus, steadily the flow
experiences less drag, and in that way the retardation of flow decreases, which in turn improves the motion of fluid
within the boundary layer. On the other hand, temperature distribution becomes smaller due to higher values ofK in
the first solution and enhances in the second solution as depicted in Fig. 3. Also, it is confirmed from this figure, the
second solution is more notable compared to the first solution.

TABLE 1: Values off ′′(0) and−θ′(0)whenλ = 1,β1 = ∞,
Λ = 1,α = 0,χ = 0, δ = 0

Aman et al. (2011) Present

f ′′(0) −θ′(0) f ′′(0) −θ′(0)
1.6754 0.8708 1.6754 0.8708

TABLE 2: Comparison off ′′(0) whenK = 0,β1 = ∞,
Λ = 1,χ = 0, λ = 0

Yacob et al. (2011) Hamad et al. (2012) Present

1.2326 1.232588 1.2326

FIG. 2: Velocity profile forK whenβ1 = 0.5,Λ = 0.5, λ =
−2,χ = 0.02,Rd = 0.1,α = 0.2,δ = 1

FIG. 3: Temperature profile forK whenβ1 = 0.5,Λ = 0.5,
λ = −2,Rd = 0.1,χ = 0.02,α = 0.2,δ = 1
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Figures 4 and 5 elucidate the impact of the Casson parameterβ1 on velocity as well as on temperature distri-
bution. Initially, Fig. 4 represents a decreasing pattern in the velocity profile due to higher values ofβ1 for the first
solution. Thereafter, it is starting to show increasing behavior after a certain value ofη = 0.9 in the first solution and
second solutions. Hence the boundary thickness becomes thinner in both cases. The physical reason is that the yield
stress diminishes because of larger values ofβ1, which turn down the velocity boundary layer thickness. From Fig. 5,
it is clear that the temperature distribution increases due toβ1 in the first solution and decreases in the second solu-
tion. Thus the thermal boundary thickness increases in the first solution and becomes thinner in the second solution
because of the elasticity stress parameter. Besides, owing to the supremacy of the resilience force, the Casson fluid
changed the viscous nature and explained a reduction in the temperature distribution in the second solution.

The impact of the velocity slip parameterα on the velocity profile and temperature distribution is depicted in
Figs. 6 and 7, respectively. Figure 6 maintains that the velocity profile enhances due to higher values of slip parameter
α in first and second solutions. However, the temperature distribution shows decreasing behavior whenα increases in

FIG. 4: Velocity profile for β1 whenK = 0.5, Λ = 0.5,
λ = −2,χ = 0.02,Rd = 0.1,α = 0.5,δ = 0.5

FIG. 5: Temperature profile forβ1 whenK = 0.5,Λ = 0.5,
λ = −2,Rd = 0.1,χ = 0.02,α = 0.5,δ = 0.5

FIG. 6: Velocity profile forα whenK = 0.5, Λ = 0.5, λ =
−2,Rd = 0.1,χ = 0.02,β1 = 0.5, δ = 1

FIG. 7: Temperature profile forα whenK = 0.5,Λ = 0.5,
λ = −2,Rd = 0.1,χ = 0.02,β1 = 0.5,δ = 1
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both solutions as shown in Fig. 7. Figure 8 depicts that the velocity profile shows an increasing trend as the thermal
slip parameter increases in both solutions and, consequently, the velocity boundary layer becomes thinner and thinner
in both solutions. On the other hand, the opposite behavior is noticed for temperature distribution in both solutions
as seen in Fig. 9. This is because extra flow will pierce via the thermal boundary layer and in turn that additional
heat will be transmitted, and this will guide the decline of temperature distribution. Further, these curves satisfy the
boundary conditions asymptotically and the existence of multiple solutions that support the validation of our obtained
numerical results.

Figures 10 and 11 communicate the impact of the radiation parameterRd on velocity and temperature distribu-
tion. Figure 10 demonstrates that the velocity profile reduces due toRd in both regions of solutions. Consequently,
the velocity boundary layer widens in both solutions. On the other hand, the temperature distribution and the thermal
boundary layer showing the mounting behavior with enhancementRd in the first and the second solutions are de-
picted in Fig. 11. Physically, growing the values of thermal radiation releases additional heat to the flow close to the
plate. Because of this, we scrutinized a hike in the temperature distribution.

FIG. 8: Velocity profile forδ whenK = 0.5, Λ = 0.5,λ =
−2,Rd = 0.1,χ = 0.02,β1 = 0.5,α = 0.2

FIG. 9: Temperature profile forδ whenK = 0.5,Λ = 0.5,
λ = −2,Rd = 0.1,χ = 0.02,β1 = 0.5,α = 0.2

FIG. 10: Velocity profile forRd whenK = 0.5, Λ = 0.5,
λ = −2,χ = 0.02,β1 = 0.5,α = 0.5,δ = 0.5

FIG. 11: Temperature profile forRd whenK = 0.5,Λ = 0.5,
λ = −2,χ = 0.02,β1 = 0.5,α = 0.5,δ = 0.5
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The impact of the modified permeability parameterΛ on skin friction and Nusselt number against buoyancy
parameterλ are revealed in Figs. 12 and 13, respectively. These figures clearly show that multiple solutions exist in
opposing flow(λ < 0), while in assisting flow(λ > 0), the solution is unique. Also, multiple similarity solutions are
acquired up to certain critical values ofλ (sayλc and the flow has no solution ifλ > λc). Based on the calculation,
the critical values are−3.9712,−4.3820, and−4.7621 forΛ = 0.3, 0.6, and 1, respectively. Therefore, the values of
|λc| grow asΛ increases, signifying that the modified permeability parameter delays the boundary layer separation.
These figures also clearly show that the values ofCfRe1/2

x̆ /Pr1/2 and NŭxPe−1/2
x̆ decrease with increasingΛ for the

first solution, whereas the opposite effect is noticed in the second solution. Further, the skin friction and the Nusselt
number boost asλ enhances in the assisting flow, while the opposite trend is observed in the opposing flow. This is
clear from the fact that assisting buoyant flow produces a favorable pressure gradient that enhances the fluid motion,
which in turn increases the surface shear stress and the heat transfer rate at the surface. On the other hand, opposing
buoyant flow leads to an adverse pressure gradient, which slows down the flow, and hence gives rise to a decrease in
the skin friction and heat transfer rate (Ishak et al., 2008b).

Finally, the patterns of streamlines are presented in Figs. 14 and 15 for first and second solutions. Figure 14
signifies that the streamlines are symmetric, simple, and fuller toward an axis in the first solution because of the equal
force of assisting and opposing flows. Alternatively, streamlines are slightly complicated in the second solution and
the flows separated in a double region as shown in Fig. 15.

5. CONCLUSION

In the current study, influences of slip parameters on mixed convective Casson fluid embedded in a Darcy–Brinkman
porous medium over a plate have been investigated. Similarity transformations have been applied to model the gov-
erning flow problem. The numerical results of the governing flow problem are obtained by using the shooting method.
The important outcomes for the current analysis are as follows:

• Multiple solutions were obtained for the opposing flow and a certain value of the mixed convection parameter,
while a unique solution was obtained for the assisting flow.

• The velocity of fluid increases due to porosityK, and temperature distribution decreases in the first solution,
while the conflicting performance is noticed in the second solution.

• Velocity profiles enhance due to velocity and thermal slip parameters for first and second solutions, while
temperature distributions reduce in both solutions.

FIG. 12: Skin friction forΛ whenK = 0.5,β1 = 0.5,Rd =
0.3,α = 0.2,δ = 1,χ = 0.02

FIG. 13: Nusselt number forΛ whenK = 0.5, β1 = 0.5,
Rd = 0.3,α = 0.2,δ = 1,χ = 0.02
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FIG. 14:Streamlines (first solution) whenK = 0.5,β1 = 0.5,
α = 0.2,Λ = 0.5,χ = 0.02

FIG. 15: Streamlines (second solution) whenK = 0.5,β1 =
0.5,α = 0.2,Λ = 0.5,χ = 0.02

• Casson parameter increases the velocity of the fluid in first and second solutions, leads to an increase in the
temperature distribution in the first solution, and leads to a decrease in the case of the second solution.

• The skin friction and Nusselt number decline due to the modified permeability parameter.

• Due to thermal radiation, velocity shows decreasing behavior whereas the temperature enhances in both regions
of solutions.

• Streamlines are fuller, moderately simple, and symmetric toward an axis in the first solution, and streamlines
are slightly complicated and split the flow into two regions in the second solution.
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