
Available online at www.sciencedirect.com
ScienceDirect

Mathematics and Computers in Simulation 179 (2021) 265–278
www.elsevier.com/locate/matcom

Original articles

Lattice Boltzmann simulation of natural convection in a square
enclosure with discrete heating

Abdolrahman Dadvanda, Sina Hassanzadeh Saraeib, Soheila Ghoreishia,
Ali J. Chamkhac,d,∗

a Faculty of Mechanical Engineering, Urmia University of Technology, 5716693187: Urmia, Iran
b Department of Mechanical Engineering, Urmia University, 5756151818: Urmia, Iran

c Institute of Research and Development, Duy Tan University, Da Nang 550000, Vietnam
d Institute of Theoretical and Applied Research (ITAR), Duy Tan University, Hanoi 100000, Vietnam

Received 10 August 2019; received in revised form 2 May 2020; accepted 29 July 2020
Available online 20 August 2020

Abstract

In the present work, natural convection heat transfer in a differentially heated cavity is considered, in which, source–sink
pairs are located on vertical walls with a constant temperature while other wall parts of the enclosure are insulated. The effects
of different arrangements, sizes, and number of heat source–sink pairs on the flow and thermal fields are investigated by using
the Lattice Boltzmann Method to solve the flow and thermal field equations. In this paper, streamlines, isotherms, the average
Nusselt number, and the entropy generation are presented to get a better insight into the nature of the problem. Results of
this study showed that the arrangement of the heat source–sink pairs could strongly affect the flow and thermal fields in the
cavity due to the formation of the vortices. It was also found that the highest amount of heat transfer with the lowest entropy
generation was achieved by splitting the discrete heat source–sink pairs into the smaller segments and putting them alternately
on one sidewall.
c⃝ 2020 International Association for Mathematics and Computers in Simulation (IMACS). Published by Elsevier B.V. All rights

reserved.
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1. Introduction

Natural convection can be seen in a wide range of applications such as an electronic component cooling system
since it can be regarded as a cheap, safe and noise-free mechanism. In this mechanism, a temperature gradient
in a flow field causes density differences which can induce the natural convection heat transfer. Many research
projects have been conducted to optimize this heat transfer mechanism [1–11]. Among these studies, a rectangular
enclosure with discrete heat source–sink pairs seems to be an interesting topic among scientists because it has many
industrial applications in different fields. In these rectangular enclosures, natural convection is proved dominant heat
transfer mechanism and flow field structure is strongly affected by the arrangements and locations of the discrete
heat source–sink pairs. Some of the studies in this field are as follows.
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Sezai and Mohamad [9] studied the effects of different length and width ratios of heat sources in a horizontal
enclosure. Their results showed that the maximum and minimum heat transfer rates were achieved at the edges of
the discrete heat sources and at the center of the enclosure, respectively. Mezrhab et al. [5] conducted research on
the inclined differentially heated square cavity by using numerical simulation. Their results indicated that inclined
cavities had higher average Nu numbers than vertical ones for a low Rayleigh (Ra) numbers, while opposite trends
were seen for high Ra numbers. Abu-Nada et al. [1] studied the effects of inclination angle and volume fraction
of nanoparticle in a square enclosure. They found that the addition of nanoparticles remarkably enhanced the heat
transfer in comparison with pure fluid. This trend was more significant for low Ra numbers. Furthermore, their
results proved that heat transfer could be controlled by an inclination angle. Mirabedin et al. [6] investigated the
effects of the Ra number and a central angle on natural convection heat transfer in circular enclosures. They found
that the heat transfer enhanced by increasing the Ra number and decreasing the central angle. It was also seen that
there was a linear trend in heat transfer rate after achieving critical Ra numbers. Baghsaz et al. [2] conducted research
on natural convection heat transfer in a porous cavity filled with nanofluid by considering entropy generation. Their
results indicated that irreversibility of the process and natural convection heat transfer increased by increasing the
values of porosity and Ra numbers. Zhan et al. [11] studied the natural convective heat transfer in a closed cavity by
using an experimental approach and reported that, by increasing the distance between heat sources, the heat transfer
was improved and then decreased. Their studies also proved that heat transfer could be enhanced by increasing the
temperature differences between heat sources and sinks.

Reviewing the previous literature has shown that no attempts have been made in order to consider the effects of
different number and arrangements of discrete heat source–sink pairs on the natural convection heat transfer and
entropy generation in a square cavity using the Lattice Boltzmann Method (LBM). Therefore, in the present work,
two and three heat source–sink pairs at different Ra numbers are considered to find the best case.

2. Mathematical formulation

In this paper, the problem of interest is to simulate natural convection heat transfer in a two-dimensional square
enclosure with discrete heating on the vertical sidewalls and filled with air. The flow inside the cavity is considered
steady and laminar (Ra = 102

− 107). The governing equations involve the continuity, conservation of momentum,
and energy equations.

2.1. Governing equations

The flow and temperature fields in natural convection problems have a strong relationship with Prandtl (Pr)
and Ra numbers, which are two non-dimensional parameters. The crucial equations for solving the problem are
presented in their dimensionless form as follows,
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Definitions of the dimensionless variables are as follows,
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In order to get visual insight into the nature of the problem, streamlines (ψ), local and average Nusselt (Nu)
umbers are implemented in this study using the following relations,
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= V (10)
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.2. Lattice Boltzmann method

In this study, governing equations for natural convection heat transfer are solved indirectly by implementing LBM
ince this method has been proved to have many advantages in comparison with other conventional numerical
ethods [3]. This method predicts the evolution of particle distribution function and calculates the macroscopic

ariables by using these distribution functions. The Boltzmann equation (BE) discretized in space and time, and the
quilibrium distribution function are given as follows,

fk (x⃗ + c⃗k∆t, t + ∆t) = fk (x⃗, t)+
∆t
τv

[
f eq
k (x⃗, t)− fk (x⃗, t)

]
+ ∆t F⃗k (12)

f eq
k = ωkρ

[
1 +

c⃗k · u⃗
c2

s
+

1
2

(c⃗k · u⃗)2

c4
s

−
1
2

u⃗ · u⃗
c2

s

]
(13)

F⃗k = 3ωkgβρθ c⃗k · ĵ (14)

here, ĵ is the unit vector in vertical direction (y−axis). In addition, ∆t , c⃗k , F⃗k , τv , f eq
k , ωk , ρ, g and β are the

time step, discrete lattice velocity in the direction k, external force in the direction of lattice velocity, relaxation
time, equilibrium distribution function, weighting factor, fluid density, gravitational acceleration in the y direction
and thermal expansion coefficient, respectively. In addition, c = ∆x/∆t = 1 is the lattice speed and cs is the sound
speed in the lattice unit. Besides, τv is calculated from the following relation v = (τv − 0.5)c2

s∆t . The weighting
actor ωk , sound speed cs and discrete lattice velocity c⃗k for D2Q9 lattice model are defined as follows,

ωk =

⎧⎨⎩4/9 ; k = 0
1/9 ; k = 1, 2, 3, 4,
1/36 ; k = 5, 6, 7, 8,

cs = c/
√

3, c⃗k =

[
0 1 0 −1 0 1 −1 −1 1
0 0 1 0 −1 1 1 −1 −1

]
(15)

The flow and temperature fields are solved by utilizing two different distribution functions of f and g. The f
istribution function has already been discussed and definition for g distribution function and its corresponding
quilibrium distribution function are as follows [7,8],

gk(x⃗ + c⃗k∆t, t + ∆t) = gk(x⃗, t) +
∆t
τg

[geq
k (x⃗, t) − gk(x⃗, t)] (16)

geq
k = ωk T [1 +

c⃗k · u⃗
c2

s
] (17)

here, τg is the relaxation time and is calculated from the relation α = (τg − 0.5)c2
s∆t .

The flow properties such as density ρ, velocity u⃗ and temperature T are calculated as follows,

ρ =

∑
fk (18)
k
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t should be noted that although the LBE is given in transient (time-dependent) form, all the results given in the
resent work are the steady state solutions. The steady state solution is achieved when the difference in the Nu
umber between two successive iterations becomes smaller than ε = 10−3. The total number of iterations increases
ith the Ra number.

.3. Second law analysis

The volumetric entropy generation due to the heat transfer and friction is calculated as follows,
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where, T , η are the temperature and thermal conductivity, respectively. The term φ is the viscous dissipation defined
as,
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where, µ is the dynamic viscosity. The non-dimensional form of the entropy generation rate is given as,

S∗

gen =

∫
Ω S′′′

gen dΩ(
Q̇/Th

) (23)

where, Ω denotes volume, dΩ = dx × dy × 1, and Q̇ = ηNu (Th − Tc).

3. Numerical method and its validation

In this study, the natural convection heat transfer in a square cavity is studied using LBM implemented by an
in-house computer code written in FORTRAN. In order to consider the mesh independence study and validation of
the model, the results of the work done by Davis [10] are selected. In [10] natural convection in a square cavity is
studied where Pr = 0.707. In addition, the temperatures of the vertical walls are assumed to be Th = 1 and Tc = 0

hile the horizontal walls are insulated (Fig. 1). Furthermore, the velocity components of this two-dimensional flow
re set to zero on the boundaries.

Fig. 1. Schematic of the Davis work [10].
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Table 1
Mesh dependence study.

Number of cells Nu number

100 × 100 8.68
200 × 200 8.69
300 × 300 8.78
400 × 400 8.87

Table 2
Comparisons of the Nu number between the present work and available literature.

Ra number Nu number of the present work Nu number of Davis work [10]

103 1.13 1.11
104 2.26 2.25
105 4.54 4.53
106 8.87 8.93

Fig. 2. Different arrangements of the two (top row) and three (bottom row) source–sink pairs.

Table 1 shows the results of the Nu number for different grid sizes at Ra = 106, in which, four different cases
re considered. After achieving this successful grid dependence study, the results for the Nu number for different
ange of the Ra number are considered to ensure the numerical simulation accuracy. As seen in Table 2, there is
reasonable agreement between them; therefore, it is determined that this computer code can be used with great

onfidence for further parts of this study.
By keeping the total size of sources and sinks constant, two and three source–sink pairs are considered, in which,

he sizes of the sources and sinks are assumed to be H/4 and H/6, respectively. Schematic of the studied cases and
he boundary conditions of this work are illustrated in Fig. 2 and Table 3, respectively.
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Table 3
Boundary conditions for studied cases.

Velocities boundary conditions on the walls No-slip condition (U = V = 0)

Thermal boundary conditions for sources T = 1
Thermal boundary conditions for sinks T = 0
Thermal boundary conditions for insulated walls ∂T/∂n = 0

Fig. 3. Streamlines and isotherms for different arrangements of two heat source–sink pairs at Ra = 106.

. Results and discussion

.1. Hydrodynamic and thermal analysis

As mentioned above and illustrated in Fig. 2, two and three heat source–sink pairs with three different
rrangements for each of them are studied in this paper by considering their effects on the flow field, temperature
eld and rate of heat transfer. In this work, the Pr number is kept constant at 0.707 and the Ra number is varied
rom 103 to 107.

Streamlines and isotherms for a given Ra number are depicted in Figs. 3 and 4 for different cases. These figures
how that the flow moves upwards and downwards respectively in the vicinity of the heat sources and heat sinks
ue to the buoyancy forces. These flow patterns lead to the formation of the convective vortices and the temperature
radients, in which, the strength and rotation direction of these vortices can be controlled by the arrangement of the
ource–sink pairs. For instance, by considering Case 1 in Fig. 3, it is seen that the vortices of the two source–sink
airs have been combined together and have created one vortex inside the cavity. In this case, the smaller density
uid moves upward near the sources on the left sidewall, while the larger density fluid moves downward near the
inks on the right sidewall. Therefore, the vortex in Case 1 experiences clockwise rotation. Similarly, the rotation
irection of the vortices in the rest of the cases shown in Fig. 3 can be determined. Regarding the flow pattern in
ig. 4, one, three, and six vortices are created for Case 1, Case 2, and Case 3, respectively. The flow characteristics

re related to the decomposition of the buoyancy effects inside the cavity, due to the different arrangements of the
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Fig. 4. Streamlines and isotherms for different arrangements of three heat source–sink pairs at Ra = 106.

heat source–sink pairs. Furthermore, streamlines are more condensed in the vicinity of the pairs improving the heat
transfer and decreases the thermal boundary layer thickness due to the increment in the velocity and mixing of the
cold and hot regions.

Isotherms for the different number and arrangements of heat source–sink pairs are also presented in Figs. 3 and
4. They illustrate that changing the arrangement of the heat source–sink pairs could increment the number of the
vortices generated inside the cavity, causing stronger mixing process. This can be observed from the comparison
between the isotherms in the three cases shown in Fig. 3 or Fig. 4. In addition, it is seen that the arrangement of
the heat source–sink pairs changes the pattern of the isotherm lines. Therefore, there is a strong interaction between
the hydrodynamic and thermal fields in natural convection heat transfer.

Changing the Ra number for a fixed arrangement of the heat source–sink pairs can affect the patterns of isotherms
and streamlines. The results at different Ra numbers for Case 3 have been depicted in Fig. 5 (two source–sink pairs)
and Fig. 6 (three source–sink pairs). As seen in Figs. 5 and 6, parallel curved lines are formed for isotherms near
the sources at Ra = 103 and Ra = 104, because conduction heat transfer is dominated in these Ra numbers. The
transition from conduction to convection heat transfer modes happens at Ra = 105 and with further increase in
the Ra number, the heat transfer mechanism is dominated by the convection mode. This leads to more contracted
isotherms near the source–sink pairs owing to the steep temperature gradients.

The transition from conduction heat transfer to convection heat transfer by increasing the Ra number could also
be explained with the help of the streamlines. As seen in Fig. 5, there are significant changes in streamline patterns
by increasing the Ra number. In fact, increasing the Ra number can intensify the strength of the vortices and hence
changes the heat transfer mechanism from conduction to convection.

Variations of the average Nu number, which can be used to demonstrate the rate of heat transfer, versus the
Ra number for different studied cases, are shown in Figs. 7 and 8. These figures illustrate that increasing the Ra
number leads to an increment in the average Nu number. Furthermore, the average Nu number increases gradually
before experiencing a (relatively) rapid increment due to the transition from the conduction to the convection heat

transfer. This sharp change in the value of the average Nu number commences at different Ra numbers for different
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Fig. 5. Streamlines for the case with alternately arranged source–sink pairs (Case 3) for Ra = 103
− 107.
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Fig. 6. Isotherms for the case with alternately arranged source–sink pairs (Case 3) for Ra = 103
− 107.
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Fig. 7. Variations of Nu number with Ra number for different arrangement of two heat source–sink pairs.

Fig. 8. Variations of Nu number with Ra number for different arrangement of three heat source–sink pairs.

cases studied here. For instance, this happens at Ra = 103, 104 and 105 for the Cases 1, 2 and 3, respectively.
his phenomenon can be explained by the isotherms and streamlines shown in Figs. 5 and 6, which are associated
ith Case 3 for both the two and three heat source–sink pairs. It can be seen that the patterns of the isotherms

nd streamlines remain almost unchanged until Ra = 105. Then their pattern will change implying the transition of
eat transfer mechanism from the conduction to convection. For other cases, the transition happens at smaller Ra
umbers (not shown).

In addition, the highest thermal performance among all studied cases is seen in Case 3 where the source–sink
airs alternately locate on the same side wall. This can be explained by the structure of the flow field, in which,
our and six vortices are formed for two and three pairs, respectively. The formation of these vortices can enhance
he heat transfer due to an increment in the intensity of buoyancy forces induced by the destruction of the thermal
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Fig. 9. Variations of Nu number with Ra number for different number and arrangement of heat source-sink pairs.

boundary layer. Besides, increment in the number of the vortices can intensify the mixing process in the cavity,
leading to more thermal penetration depth and better heat transfer, as seen in Figs. 5 and 6. On the other hand, the
minimum number of vortices is generated in Case 1, which has the lowest thermal performance in comparison to
other cases. The second rate of heat transfer among the studies cases is achieved in Case 2, in which, there is a
vortex for each pair. Therefore, it can be concluded that there is a direct relationship between the number of vortices
and the heat transfer rate.

The effects of different arrangements and number of source–sink pairs are illustrated in Fig. 9. It can be
understood from this figure that increasing the number of vortices, which is induced by changing the arrangement
of pairs, leads to an increment in the Nu number. Regarding the size effect of the pairs, it can be concluded that
the reduction in the size of the source–sink pairs increases the number of vortices and leads to an increment in the
Nu number. However, the Nu number does not change significantly by this reduction in Case 1 because there is
only one vortex in this case. Therefore, the highest amount of heat transfer is achieved by splitting the discrete heat
source–sink pairs into smaller segments and putting them alternately on one sidewall. Also, it can be concluded
from Fig. 9 that for the Case 3 the conduction heat transfer is dominated over a wide range of the Ra number and
the transition Ra number in this case is greater than in the other cases. At Ra = 106, the Nu number for all the
ases, except the Case 3 with three heat source–sink pairs, are almost the same. This is held also for Ra = 107,
lthough by increasing the Ra from 106 to 107, the Nu number experiences a sharp increase for all the cases. This
ay be due to the fact that at Ra = 107 the flow in the cavity remains no longer fully laminar and transition to

urbulence has started to occur (this can be deduced from the asymmetric streamlines for Ra = 107 in Fig. 5).

.2. Second law analysis

Variations of the non-dimensional volumetric entropy generation S∗
gen with Ra number are shown in Figs. 10

nd 11 for the two and three source–sink pairs, respectively. As observed, by increasing the Ra number from 103,
he entropy generation decreases gradually before experiencing a (relatively) rapid reduction due to the transition
rom the conduction to the convection heat transfer. This sharp change in the value of entropy generation occurs
t different Ra numbers for different cases studied here. For instance, this happens at Ra = 103, 104, and 105 for
ases 1, 2, and 3, respectively. Furthermore, in all the cases, the entropy generation decreases by increasing the
a number due to the enhancement of convection heat transfer and hence more uniformly distributed temperature
nside the cavity. Moreover, for a fixed Ra number, an increment in the number of vortices inside the cavity, which
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Fig. 10. Variations of dimensionless volumetric entropy generation with Ra number for different arrangements of two heat source–sink pairs.

Fig. 11. Variations of dimensionless volumetric entropy generation with Ra number for different arrangements of three heat source–sink
pairs.

is caused by different arrangements of the heat source–sink pairs, leads to a reduction in the entropy generation
due to the convection heat transfer enhancement and reduction in the temperature gradient inside the cavity. One
important point to be noted is that at Ra = 107 the entropy generation approaches almost the same value for all
he cases. This is due to the fact that at this Ra number the temperature distribution in the cavity becomes fairly
omogeneous.

. Conclusions

Natural convection heat transfer in a square enclosure with discrete heat source–sink pairs is simulated in this
ork by using LBM. The effects of the different arrangements, and number of heat source–sink pairs and Ra
umbers are considered and listed as follows:

• The flow is not affected much by thermal boundary layers in the central region of the cavity and the temperature
gradient is not steep.

• Temperature gradients are severe in the vicinity of the heat source–sink pairs due to the contracted isotherms.
• The fluid is completely thermally stratified in Case 1, which has only one vortex.
• Two and three vortices in Case 2 can destroy the vertical thermal stratification; hence, the mixing of fluid in
cavity occurs stronger than Case 1.
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• The rate of heat transfer in Case 3 reaches its highest amount because this case creates more vortices than
other cases, which intensifies the mixing and heat transfer.

• There is a direct relationship between the arrangement of pairs, the number of vortices and heat transfer rate.
• The highest Nu number can be achieved by splitting the discrete heat source–sink pairs into smaller segments

and putting them alternately on one sidewall.
• The entropy generation decreases with Ra number due to the enhancement in the heat transfer.
• The entropy generation is affected by arrangement of the heat source–sink pairs. For instance, the maximum

reduction in the entropy generation can be achieved by splitting the discrete heat source–sink pairs into smaller
segments and putting them alternately on one sidewall.

• Improvement in the strength of vortices inside the cavity enhances the heat transfer and temperature
homogeneity inside the cavity leading to a lower entropy generation and a higher Nu number.

. Nomenclature
c Lattice speed, m/s
cs Speed of sound, m/s
f Density distribution function
f eq Equilibrium density distribution function
g Energy distribution function
geq Equilibrium energy distribution function
g Gravitational acceleration
H Height of enclosure
Nu Nusselt number
P Pressure
Pr Prandtl number
Ra Rayleigh number
S′′′ Volumetric rate of entropy generation, W/(m3 K)
S∗ Dimensionless volumetric entropy generation rate
T Temperature
U Dimensionless velocity component in X direction
V Dimensionless velocity component in Y direction
X Dimensionless x-coordinate
Y Dimensionless y-coordinate
Greeks
α Thermal diffusivity
β Thermal Expansion coefficient
ν Kinematic viscosity
ρ Density
θ Dimensionless temperature
ψ Stream function
τg Dimensionless single relaxation time for the heat transfer computation
τv Dimensionless single relaxation time for the flow computation
Subscripts
h Hot
c Cold
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