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A B S T R A C T

In this numerical contribution, hybrid nanofluid flow behavior, thermal characteristics, and entropy genera-
tion analysis through a porous enclosure containing three circular cylinders with magnetic field effects were
investigated using finite element approach. The cylinders are arranged in horizontal arrangement in the mid-
dle of cavity height, and the active hot central cylinder can move along the vertical central axis while other
cold cylinders are considered fixed. The cylinders are enclosed by an adiabatic wavy cavity loaded with Cu-
Al2O3-water. The results are discussed for the scrutinized parameters e.g., Rayleigh number (Ra), Darcy num-
ber (Da), Hartmann number (Ha), relative position of the hot cylinder (d), and concentration in volume of
nanoparticles (f). It was inferred that the thermal-natural convective flow and overall heat transmission
were reinforced by boosting Ra and Da, and lowering Ha. Changing the relative position of the hot cylinder
has a remarkable effect on nanoliquid flow patterns, convective heat transfer and entropy generation charac-
teristics.

© 2021 Taiwan Institute of Chemical Engineers. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Thus far diverse engineering usages of thermal convection trans-
fer within nanoliquid-filled cavities have been extended. Air condi-
tioning processes, materials processing sectors, hydro-magnetic
industries, food processing industries, industrial heat exchangers,
automotive cooling, geothermal systems, thermal exchangers in bio,
solar power exploitations, and medical systems are instances of the
usage of nanofluids in thermal convection problems [1�9]. This is
what inspired researchers to study the impact of multiple factors,
passive or active, that can control the phenomena of thermal convec-
tion of nanofluids, such as systems’ geometrical configuration, nature
of the medium within which the natural convection occurs, internal
or external excitations, and nanofluid thermo-physical properties,
etc., using various techniques in order to measure the efficiency of
thermal systems. In the case of thermal-free convection and for
illustration, Abu-Nada et al. [10] numerically studied the effects
nanoliquids on laminar free convection in concentric annuli. The
investigation examined the roles of following parameters: Rayleigh
number, kind of studied solid particles (Ag, Cu, TiO2 and Al2O3), nano-
particles' concentration in volume, and geometrical form of studied
domain. Rashad et al. [11] explored the magnetic-natural convective
nanoliquid and second low of thermodynamic within an inclined
porous cavity. The results explain the impacts of the following
parameters: volume fraction, Hartmann number, Rayleigh number,
heat absorption/generation coefficient, position and size of sink/heat
source. It was noticed that the convective heat transfer inside the
porous cavity degrades with the nanoparticle volumic fraction and
Hartmann number. Fersadou et al. [12] examined entropy generation
within a vertical permeable domain with the presence of magnetic
effects. Results showed an augmentation in the irreversibility related
to magnetic effects with increasing Hartmann number. Entropy gen-
eration-based analysis of Magneto-thermal natural convection of
nanoliquid-filled enclosure fitted with various shapes of adiabatic
blocks is studied by Selimefendigil and €Oztop [13]. The existence of
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Nomenclature

s electrical conductivity
k Thermal conductivity
f volume fraction of nanoparticles
C specific heat
Pr Prandtl number
Da Darcy number
T temperature
Ra Rayleigh number
v, u velocity constituents in y and x orientations
Ha Hartmann number
m dynamic viscosity
n kinematic viscosity
z rotation angle
p pressure
m nanoparticles’ shape factor
Nu Nusselt number
En entropy generation
b thermal expansion coefficient
r density
Be Bejan number
d relative position of the hot cylinder

Subscripts
f fluid
hnf hybrid nanofluid
loc. local
ave. average
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blocks, particularly at higher Rayleigh numbers, has been found
to decrease the heat transfer mechanism. Sheremet and Pop [14]
conducted a numerical study on buoyancy-driven flow in circular
annular porous domain. The domain is filled with copper-water
nanoliquid. Tiwari and Das’ nanofluid model is used. Alsabery
et al. [15,16] employed FEM-based numerical codes to simulate
the thermal-free convection of a nanoliquid flowing in permeable
cavity considering local thermal non-equilibrium (LTNE) attitude.
Seyyedi [17] specified the effect of magnetic forces on heat trans-
fer plus entropy generation in a cardioid shaped porous enclosure
filled by nanoliquid. The results displayed that the overall heat
transfer grows with an enhancement in Ra, and with decrease of
magnetic effects. Tayebi and Chamkha [18,19] perused the
entropy generation of magnetic free convection inside a cavity
containing conductive blocks. The key purpose of it is to evaluate
the influence of fluid-solid heat conductivity ratio on the free
convection and irreversibility characteristics. Entropy generation-
based analysis of peristaltic nanofluid flow with a magnetic field
in three-dimensional cylindrical cavities is numerically investi-
gated by Riaz et al. [20]. They evaluated entropy production due
to effects of fluid friction, heat transfer, and nanoparticles' con-
centration considering Brownian motion and thermophoretic
effects. Dogonchi et al. [21] developed a CVFEM-based code to
explore, magnetic thermal-free convection of nanoliquid flow in a
porous annulus considering Brownian motion. Chamkha and Seli-
mefendigil [22] developed FEM code to study the hydrothermal
of water based nanofluid flowing across a permeable corrugated
cavity under the magnetic field and with thermal radiation
effects. Sheremet et al. [23] fulfilled CFD analysis to address the
thermal-natural convective nanofluid flow, heat transfer charac-
teristics and irreversibilities within a wavy container. In the work
of Gholamalipour et al. [24] a CFD numerical simulation based on
the entropy generation analysis of nanofluid thermal-natural con-
vection within an annular porous cavity using two-phase mixture
approach for the nanofluid modeling. They addressed the impacts
of the eccentricity, nanoparticles' concentration, Darcy and Ray-
leigh numbers. Hashemi-Tilehnoee et al. [25] have used FVM-
based simulation for analyzing MHD-thermal-free convection and
entropy generation of nanoliquids in an incinerator-shaped
porous cavity having a rectangular wavy-prominent heater block
located at the level of the bottom of the enclosure wall. The issue
of thermal-natural-convection in a triangular corrugated porous
domain is considered by Chamkha and Selimefendigil [26]. The
working fluid is Copper-water nanofluid. The investigation is
accomplished by solving the governing equations with numerical
method of FEM. The outcomes portrayed that total entropy pro-
duction boosts with Da and nanoparticles’ volume fraction, while
it reduces with Hartmann number. Chamkha et al. [27] performed
a combined study of unsteady thermal-natural convective flow
and entropy generation in semicircular porous enclosure limited
by conductive solid wall has been investigated numerically. It
was noticed that the generation of entropy occurs in the upper
corners of the cavity at small temperature difference values,
whereas the generation of entropy exists over the solid-porous
interface for large Rayleigh numbers.

However, the study of entropy generation based-analysis of natu-
ral convective flow and heat transfer in a porous wavy cavity
embodies three circular cylinders loaded with a hybrid nanofluid and
subject to a magnetic field has not yet been undertaken. The key
objective of this analysis is to discuss MHD hybrid nanoliquid flow
behavior, heat transfer characteristics and irreversibility in an adia-
batic complex-waved porous enclosure containing three circular cyl-
inders. Results have been represented with temperature isolines,
stream function isolines, local Bejan number and entropy generation,
and Nusselt numbers variations versus the examined parameters.
This research may contribute to boosting the cooling efficiency of
electrical, electronic and nuclear installations and to regulating fluid
flow and heat transfer of thermal solar, lubrication, groundwater
flows, filtering, and heat storage operations.

2. Problem statement

MHD-thermal-free convection of hybrid nanoliquid in an adia-
batic complex-waved porous enclosure containing three circular
cylinders is considered. The active hot central cylinder could
move along the vertical central axis while other cold cylinders
are considered fixed. All cylinders have the same diameter. The
displacement of the hot cylinder (l) is related to the rayon of
enclosure (R) with the ratio s= l/R= - 0.5, 0 and 0.5. The flow
might well be considered to be laminar under the Boussinesq-
incompressible hypothesis. The porous medium is supposed to be
isotropic and homogeneous according to Darcy's law. The flowing
hybrid nanofluid is assumed to be Newtonian with negligible vis-
cous dissipations. The sketch of the present physical model is
schematically represented in Fig. 1. The equations governed for
steady two-dimensional natural convective flow of hybrid nanoli-
quid could be expressed as:

@u
@x

þ @v
@y

¼ 0 ð1Þ

rhnf u
@u
@x

þ v
@u
@y

� �

¼ � @p
@x

þmhnf
@2u
@x2

þ @2u
@y2

� �
þ shnf ByBxv� B2

yu
� �

�mhnf

K
u ð2Þ

rhnf u
@v
@x

þ v
@v
@y

� �
¼ � @p

@y
þmhnf

@2v
@x2

þ @2v
@y2

� �
þ rhnfbhnf g T � Tcð Þ

þshnf ByBxu� B2
xv

� ��mhnf

K
v

ð3Þ



Table 2
Materials features of host liquid and nanoparticles [31].

Cp(J/kgK) k(W/mK) r(kg/m3)

Host liquid (water) 4179 0.613 997.1
Cu 385 401 8933
Al2O3 765 40 3970

Fig. 1. Schematic view of the geometry.
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Considering the nanoparticles’ shapes, thermo-physical proper-
ties of the hybrid nanoliquid are determined as [28�30]:
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f , and
m symbolizes the form factor and its value for differing particle
shapes could be shown in Table 1. The material characteristics of the
constituents of the hybrid nanofluid (water and Cu-Al2O3 nanomate-
rials) are depicted in Table 2 [31].

The governing Eqs. (1�4) can be non-dimensionalized after con-
sidering the below dimensionless parameters:
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The non-dimensional conservation equations could be formulated
into its dimensionless appearance:
Table 1
Values the form factor of nanoparticles.

Nano-particle form Cylinder Platelet Spherical
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The boundary conditions of dimensionless form are imposed on
the extremities of studied system as following:

u ¼ 1 on the central cylinder
@u=@n ¼ 0 on external wall
C ¼ 0 on whole walls

ð15Þ

where Da = K/L2, Ra = gbf(Th � Tc)L3/afnfandPr ¼ nf =af .
The heat transfer rate is evaluated according to the Nusselt num-

ber. Therefore, both Nusselt numbers (local as well as average) along
the hot cylinder's surface are expressed as:
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Here n symbolizes the normal to the hot cylinder's surface.
3. Entropy generation

According to Seyyedi et al. [32], the dimensionless type of local
entropy generation (Enlocal) considering porous medium and mag-
netic field can be expressed as:
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Here, the first (Enlocal,HT), second (Enlocal,FF), third (Enlocal,MF) and
fourth (Enlocal,PM) terms refer the local entropy generation related to
thermal diffusions (owing to heat transfer), fluid flow (flow frictions),
magnetic effects and porous medium irreversibility, respectively.

Enlocal is integrated over the volume of the system to obtain the
total entropy production, (Entotal):

Entotal ¼
Z
V
EnlocaldV: ð18Þ

Furthermore, the local and average Bejan number (Belocal, Beave)
can be expressed as follow:

Belocal ¼ Enlocal;HT=Enlocal
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R
ABelocaldA=
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ð19Þ



Table 3
Comparison of the our data with those of former works for
Nuavg.

Ra Present data Lee et al. [36] Kim et al. [37]

103 5.048 5.107 5.093
104 5.192 5.109 5.108
105 7.774 7.761 7.767

Table 4
Effect of the form factor, m on
mean Nusselt at Ha = 40,
’ = 2%, Da = 0.01 and d = 0.

Ra m Nuave.

103 3 1.624293
4.8 1.651420
5.7 1.662508

104 3 1.758887
4.8 1.784443
5.7 1.794740

105 3 3.610499
4.8 3.647569
5.7 3.667344
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4. Numerical solution and validation

In this study, the discretization of the dimensionless conservation
equations is done by the finite element method (FEM) together with
standard Galerkin approach. The computational domain of this work
may well be divided into a plethora of tiny triangular sub-domains in
Fig. 2. Impacts of Ha and Ra on temperature u (left) and strea
which the equations could be created via Galerkin technique. The
recombination of these element equations could result in the forma-
tion of a global set of equations so that they may be solved iteratively
by considering the boundary conditions [33]. Additional information
on FEM may be received from Refs. [34] and [35]. To ensure the accu-
racy of current code, the validation is represented in Table 3 which
portrays that the implemented code could well have a tremendous
ability to solve such problems.

5. Results and discussion

In this part, the numerical solution results, consisting contours of
temperature, streamlines, local entropy generation and local Bejan
number, and data representations for local and mean Nusselt number
for various Ra, Ha, Da, f and d are presented. Table 4 reveals that
platelet-shaped nanoparticles (m = 5.7) of Cu-Al2O3 gives the highest
rate of heat transfer than other nanoparticle forms, so in our simula-
tions, platelet-shaped nanoparticles are used.

Fig. 2 displays the temperature field, which is portrayed by the
non-dimensional temperature contours, and the flow field, which is
portrayed by maps of streamlines contours for disparate amounts of
Ra (103, 104, 105) and Ha (0, 40) for the case of Da = 0.01, d = 0 and
f = 2%. Streamlines contours in this figure depicted that the motion
of nanofluids is mainly characterized by the presence of pair of sym-
metrical flow-vortices with two-cores each. surrounding the hot cen-
tral cylinder. In fact, the nanofluid around the central hot cylinder is
heated and causing a decrease in density of nanofluid layers, and
hence, the fluid particles shift upwardly. The same behavior happens
in opposite way around the side cold cylinders. As the buoyancy
forces increase by increasing the value of Ra, the nanofluid circulation
mlinesC (right) for Da = 0.01, ’ = 2%,m = 5.7, and d = 0.



Fig. 3. Impacts of Ha and Ra on velocities (U (left), V (right)) for ’ = 2%, Da = 0.01,m = 5.7, and d = 0.

Fig. 4. Impacts of Ra and Ha on temperature u (left) and streamlinesC (right) for ’ = 2%, Da = 100,m = 5.7, and d = 0.
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Fig. 5. Impacts of Ha and Ra on velocities (U (left), V (right)) for ’ = 2%, Da = 100,m = 5.7, and d = 0.

Fig. 6. Impacts of d and Ra on temperature u (left) and streamlinesC (right) for ’ = 2%, Da = 0.01,m = 5.7, and Ha = 40.
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speed increases and the bottom of the cavity becomes cooler and
more inert with lower temperature. Also, the characteristics of the
vortex pair change from a two-core vortex to a single-core vortex.
The opposite occurs with increasing the strength of the magnetic
field by increasing Ha. Temperature lines appear close to each other
at the level of the lateral limits of the hot cylinder during weak con-
vective flow for low Ra and high Ha, whereas the isotherms advance
towards the upper side of the cavity and crowded on the bottom of it
when convection is effective for high Ra and low Ha. As a result, the
temperature gradients become more important indicating the maxi-
mum of the local heat transfer rate near these areas. It is also
observed that the thermal plume over the hot cylinder is always ori-
ented vertically towards the top of the cavity. The contours of dimen-
sionless horizontal and vertical velocity constituents inside the cavity
in Fig. 3 portray that the features of nanofluid motion are symmetric
around the core of the cavity owing to the symmetry of the



Fig. 7. Impacts of d and Ra on velocities (U (left), V (right)) for ’ = 2%, Da = 0.01,m = 5.7, and Ha = 40.
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arrangement which demonstrates the directions of flow within the
cavity. It can also be seen that the nanofluid penetrates between the
two cold cylinders and the cavity wall. Furthermore, the intensity of
the velocity components is seen to be augmented with a gradual
growth in Ra and a decrement in Ha. It is also observed that, because
of the Lorentz forces, the magnetic field influences markedly horizon-
tal and vertical velocities.

It is observed from Figs. 4 and 5 that by growing Da, the flow
intensity amplifies because of the increase in the medium’s perme-
ability, as shown by the values of U, V, and |Cmax|. This increase can
Fig. 8. Impacts of Ha, Da and Ra on the local distributions of entropy generation
be explained by the fact that the insertion of a porous medium of
high permeability leads to a diminution in flow resistance and as a
consequence, the nanofluid flows more freely through the medium.

Figs. 6 and 7 aim to examine the role of the relative position of the
hot cylinder, up and down (which is expressed by the parameter d)
on the dynamic and thermal fields. It is clear that the contours of
streamlines, isotherms, and velocity components are profoundly
affected by the change in the geometric configuration inside the
enclosure. The intensity of the flow is seen to be higher in the case of
d = 0 for the lower values of Ra, while it is higher in the case of d = �5
Enlocal (left) and Bejan number Belocal (right) for ’ = 2%,m = 5.7, and d = 0.



Fig. 9. Impacts of d at disparate Ha and Ra on the local distributions of entropy generation Enlocal (left) and Bejan number Belocal (right) for ’ = 2%,m = 5.7, and Da = 0.1.
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for the higher amounts of Ra. In the case of d = 0.5, the minimum val-
ues for the flow strength are observed. It could be clarified by the fact
that, by increasing the buoyancy forces, the presence of the hot cylin-
der at the lower section leads to the reduction of the inert region at
the bottom of the cavity and leaves more open space at the top for
the nanofluid to move freely.

Fig. 8 portrays the roles of Ha, Ra, and Da on the distribution of
Enlocal and Belocal within the enclosure. Generally, entropy genera-
tions are concentrated at the regions where the temperature gra-
dients or the velocity gradients are maximum. The intensive entropy
generation areas may be observed near the middle of the cavity
between the active cylinders i.e. these regions represent the main
energy-loss zones. A growth in the convective motion leads to the
accumulation of such areas on the cylinders' surface. The values of
total entropy generation are observed to increase with Ra and Da
while it goes down with Ha. When we look at the local Bejan number
contours, we notice that the Be approaches unity in most parts of the
cavity for the small values of Ra and Da and high amounts of Ha. This
indicates the dominance of irreversibility related to the thermal effect
(entropy generation owing to heat transfer) on the total entropy
produced within the cavity when conduction is the predominant
mode of heat transfer. An increase in the convection leads to the
accumulation of the maximum amounts of Bejan number on the
higher part of the cold cylinders and lower part of the hot cylinder
due to the high-temperature gradients in these areas. Moreover, an
increment in Ha weakens the convective flow, and as a result, aug-
ments the irreversibility due to thermal diffusion effects which domi-
nate the irreversibility due to the flow (friction) effects.

Fig. 9 explores the influence of d on the Enlocal and Belocal distribu-
tions at different Ha and Ra when Da = 0.1 and f = 2. It can be
deduced that the distribution and magnitude of the entropy produc-
tion within the cavity are affected by changing the relative location
of the hot cylinder up and down. Indeed, the maximum entropy gen-
eration is recorded for the case of d = 0 at a low Ra, while the entropy
generation values are higher for the case of d = �0.5 at higher
amounts of Ra for the two considered Hartmann numbers.

Fig. 10 characterizes alteration of Nuloc along the hot cylinder sur-
face with diverse amounts of studied parameters: Ha, Ra, and Da at
fixed d and f. At low Ra, the amounts of the local heat transfer rate
on the hot cylinder are at their maximum at locations opposite the



Fig. 10. Impacts of Ha, Ra and Da on Nuloc for ’ = 2%,m = 5.7, and d = 0.
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two cold cylinders (at angular positions: 90° and 270°). While, at high
Ra, the maximum amounts of the local heat transfer rate are gained at
the lower part of the hot cylinder since there's where the tempera-
ture gradient is high from the perspective of the isotherms in the pre-
vious figures. In the case of the absence of magnetic effects (Ha = 0),
an increment in Da resulted in a growth in Nuloc, while in the pres-
ence of magnetic effects the role of Da is negligible.

Fig. 11 depicts the influence of d on the Nuloc on the surface of the
hot cylinder for various amounts of Ra and fixed f, Ha and Da. As can
be seen, the alteration of the Nuloc shows that the relative location of
the hot cylinder up and down influences the distribution of the local
heat transfer rate on its surface. Indeed, the maximums of the local
Nu appear at the two locations exactly opposite the two cold cylin-
ders’ surface (where the temperature gradient is significant) for the
three cases of d when Ra is weak. As Ra increases, the highest values
of Nu tend to be at the lower part of the hot cylinder for the case of
d = 0 and d = 0.5. While these maximum values remain occur in the
areas opposite the two cold cylinders’ surface for the case of d = �0.5.

Fig. 12 portrays the variation of Nuave of the hot cylinder with dis-
parate amounts of Ra, Ha, and Da for d = 0 and f = 2%. The amount of



Fig. 11. Impacts of d on local Nusselt number at different Ra for ’ = 2%, Ha = 40,m = 5.7, and Da = 0.01.

Fig. 12. Impacts of Ha, Da and Ha on Nuave. for ’ = 2%,m = 5.7, and d = 0.
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average Nu ascends with boosting Ra for the same values of Ha and
Da. Also, the application of the magnetic field could weaken the role
of the Darcy number in enhancing the heat transfer rate. It could be
viewed from Fig. 13 that the configuration with d = 0.5 gives the bet-
ter global heat transfer rate for all values of Ra. Referring to Table 5, it
is evident that the values of mean Nu increase with Ra and fwith the



Fig. 13. Impacts of d on Nuave. at different Ra for ’ = 2%, Ha=40,m = 5.7, and Da = 0.01.

Table 5
Influence of ’ on mean Nus-
selt at Ha = 40, Da = 0.01 and
d = 0.

Ra ’ Nuave.

103 0 1.554021
0.02 1.662508

104 0 1.702030
0.02 1.794740

105 0 3.575612
0.02 3.667344
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observation that the nanoparticles are more effective in strengthen-
ing the overall heat transfer rate at lower Rayleigh numbers so that
2% of hybrid nanoparticles could enhance heat transfer rate by 6.98%
and 5.44% at Ra = 103 and 104 respectively versus 2.56% at Ra = 105 in
comparison with that of the regular water.
6. Conclusions

The entropy generation based-analysis of MHD natural convection
in a porous wavy cavity incorporating three circular cylinders filled
with a hybrid nanoliquid was numerically addressed by employing
FEM. Results were represented with temperature isolines, stream
function isolines, local Bejan number and local entropy production,
and data representations for local and mean Nusselt numbers varying
the examined parameters: Ra, Ha, d, Da and f. The key observations
drawn from this work are given in the following:

- Thermal-natural convection was reinforced by boosting Ra and
Da, and lowering Ha.

- The intensive entropy generation areas are found at the center of
the cavity between the active cylinders i.e. these regions represent
the energy-loss zones.

- Total irreversibility is found to develop with Ra and Da while it
reduces with Ha.

- Bejan number decreases with increasing the thermal-free convec-
tive flow, and the irreversibility due to the flow effects (friction),
is thus the main factor in the Entotal when the convection is strong,
while during weak convection, the entropy generation is basically
owing to thermal diffusion impacts.

- The overall heat transmission reinforces by boosting Ra, f and Da
while it has contrary connection with magnetic field strength.
- The application of the magnetic field tends to weaken the role of
the Darcy number in enhancing overall heat transmission rate.

- The relative position of the hot cylinder was detected to influence
the profile of local heat transfer rate on it and the distribution of
irreversibilities inside the cavity.

- The configuration with d = 0.5 gives the better global heat transfer
rate for all amounts of Ra.
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