
Vol.:(0123456789)1 3

Arabian Journal for Science and Engineering (2021) 46:7509–7520 
https://doi.org/10.1007/s13369-021-05422-z

RESEARCH ARTICLE-MECHANICAL ENGINEERING

A Spectral Relaxation Approach for Boundary Layer Flow of Nanofluid 
Past an Exponentially Stretching Surface with Variable Suction 
in the Presence of Heat Source/Sink with Viscous Dissipation

A. Srinivasa Rao1 · K. Dasaradha Ramaiah2 · Gangadhar Kotha3 · M Venkata Subba Rao1 · Ali J. Chamkha4

Received: 17 November 2020 / Accepted: 28 January 2021 / Published online: 8 March 2021 
© King Fahd University of Petroleum & Minerals 2021

Abstract
The present examination is considered to discuss the steady, two-dimensional flow of heat and mass transfer of nanofluid 
flow along with the variable suction under the influence of heat source/sink alongside the viscous dissipation. Because 
of the stretchable surface, flow is generated. Spectral relaxation technique is used to acquire the numerical solution for 
the altered nonlinear group of differential equations. Thereafter, outcomes which were obtained from the above numeri-
cal technique are validated by comparing with the available outcomes in the existing literature and also with MATLAB 
inbuilt solver bvp4c. All the acquired results from the above numerical system are shown through graphs and tables to 
discuss different resulting parameters related to the present analysis. The range of the physical parameters is taken as 
− 0.1 ≤ fw ≤ 0.5, 0.1 ≤ Nt ≤ 0.7, 0.1 ≤ Nb ≤ 0.7, 0 ≤ Ec ≤ 1.2, −0.5 ≤ Q ≤ 0.5, 1 ≤ Pr ≤ 10, 1 ≤ Le ≤ 5. The main find-
ings are as follows: For the effect of suction parameter, the profiles of velocity, temperature and mass friction are decreased, 
and the coefficient of skin friction and Nusselt number is declined for the impact of thermophoresis parameter.

Keywords Exponentially stretching surface · Nanofluid · Spectral relaxation method · Viscous dissipation · Heat source or 
sink

1 Introduction

Because of small size and very large specific surface areas of 
nanoparticles, nanofluids have superior properties like high 
thermal conductivity, minimal clogging in flow passages, 
long-term stability and homogeneity. The fundamental 
thought of nanofluid is to improve the thermal conductiv-
ity of the base fluid as they have low thermal conductivity. 
Consequently, nanofluids have the potential to reduce ther-
mal resistance in industrial groups, for example, electron-
ics, medical, food and manufacturing would benefit from 
such improved heat transfer. Choi [1] initially developed 
the new type of fluids to improve the heat transfer rate in 
traditional fluids; such type of fluids is called nanofluids; in 
fact, these fluids are acquired by mixing the nanoparticles 
to the base fluids. Usman et al. [2–4] investigated the flow 
characteristics on nanofluid with slip mechanism. Soomro 
et al. [5] have considered the heat generation/absorption on 
stagnation point flow of nanofluid. From their study, they 
concluded that velocity slip reduces the fluid velocity and 
wall skin friction. Moreover, due to an increase in veloc-
ity slip the Nusselt number decreased, whereas Sherwood 
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number increased. Rehman et al. [6] in their study observed 
many closing remarks; out of that, some are nanoparticle 
volume fraction that appreciably enhances the dimension-
less temperature and velocity field. Moreover, nanoparticle 
volume fraction also results in enhancement of skin friction 
and heat flux.

The occurrence of nanoparticles in the nanofluid 
enhances the thermal conductivity, and hence due to this 
nanofluid there is a substantial enhancement in the heat 
transfer characteristics. Nowadays, nanotechnology is one 
of the hot topics of conversation in public health, seeing 
that researchers say that utilization of nanoparticles some-
times affects environment as well as health (Mnyusiwella 
et al. [7]). Satyeyi and Prakash [8] utilized the numerical 
technique to analyze the MHD boundary layer flow of nano-
fluid over a moving surface under the assumption of ther-
mal radiation impact. From their study, it is observed that 
local temperature is increased with variations occurred in 
the parameter of Brownian motion and thermophoresis. Fur-
ther, numerical approach that is spectral relaxation method is 
done by Haroun et al. [9] to analyze the influence of mixed 
convection on nanofluid past a stretching/shirking surface 
by considering the effects of MHD and suction or injection. 
Later on, Motsa et al. [10] have contemplated the unsteady 
boundary layer flow of a nanofluid over a permeable stretch-
ing/shirking sheet with the help of spectral relaxation tech-
nique. Moreover, Awad et al. [11] have used spectral relaxa-
tion method in their observation to explore the impacts of 
couple stress on unsteady nanofluid flow past a stretching 
surface in the absence of nanoparticle flux at the wall.

Further, Nadeem and Lee [12] used the homotopy analy-
sis method to analyze the importance of effect of suction/
injection on thermal boundary layer flow of nanofluid over 
an exponential stretching surface. In their study, they noted 
that Brownian motion causes an increase in the thickness 
of thermal boundary layer. In view of such motivation, 
researchers have studied the nanofluid flow for different 
flow geometries [13–23]. If fluid particles are in motion, 
then fluid viscosity will take the energy (kinetic energy) and 
transform it into thermal energy, since this process is par-
tially irreversible and called viscous dissipation. Further, 
Aziz [24] have studied about the mixed convection flow of 
a micropolar fluid past an exponential stretching sheet in 
the presence of viscous dissipation. Later, Partha et al. [25] 
have presented a detailed note on the analysis of heat transfer 
and mixed convection flow past an exponential stretching 
vertical surface with viscous dissipation effect. Moreover, 
Seth et al. [26] used fourth-order Runge–Kutta method along 
with shooting technique to present the effects of viscous 
and joule dissipation on hydromagnetic flow of heat absorb-
ing and radiating fluid. Later, Iqbal et al. [27] have inves-
tigated the stagnation point flow of exponential stretching 
sheet with viscous dissipation and thermal radiation effects. 

Furthermore, Kameswaran et  al. [28] concluded from 
their observation that there is a significant improvement in 
thickness of the thermal boundary layer due to the viscous 
dissipation.

The impact of a heat source/sink in cooling systems 
shows significant importance in heat transfer analysis. 
Further, Subhas Abel et al. [29] examined and produced a 
detailed note on the effects of viscous dissipation on viscoe-
lastic boundary layer flow of heat transfer past a stretching 
sheet by means of non-uniform heat source. Later, Bhat-
tacharya [30] produced many observations; out of that, one 
of the observations is that the thickness of the related ther-
mal boundary layer decreased for the increase in param-
eter of Prandtl number, radiation parameter as well as heat 
sink, whereas it enhanced for the parameter of heat source. 
Further, influence of non-uniform heat source/sink on dusty 
fluid over a vertical stretching sheet is presented by Giree-
sha et al. [31]. Moreover, Zhu and Liu [32] examined the 
analysis of unsteady boundary layer flow of heat transfer 
by considering the heat source/sink. In addition, Mastrob-
erardino [33] conducted a study to explore the important 
observations regarding the study of viscoelastic fluid over 
a linearly stretching surface in the presence of the effects 
like non-uniform heat source/sink, viscous dissipation as 
well as thermal radiation. Later, Shateyi and Marewo [34] 
have noted that temperature of the fluid increased with the 
increase in the thermal radiation and heat source. Gangadhar 
et al. [35–37] conducted a detailed study on the boundary 
layer flow of nanofluid under the various effects as well as 
different strategies.

The specific goal of the present study is the investiga-
tion of flow, heat, and mass transfer analysis of nanofluid 
with variable suction, in the presence of the heat source or 
sink effects and also with the viscous dissipation, with the 
assistance of the proposed numerical method SRM in detail. 
For this, two-dimensional, steady, incompressible, nanofluid 
flow past an exponentially stretching surface which causes 
a variable suction is considered. No doubt at all, the idea 
of considering nanofluid as a working fluid has significant 
importance in the applications of science and engineering. 
Moreover, how extraordinary physical parameters all of 
those are related to the issue impacts the liquid flow and 
those impacts are analyzed through graphs and table, so that 
the present study and outcomes are new.

2  Mathematical Formulation

Let us consider 2D, steady, incompressible, nanofluid flow past 
an exponentially stretching surface that causes variable suc-
tion. In fact, x-axis is considered in the direction of the sheet 
and y-axis is considered in the direction normal to the sheet. 
Along the x-direction the plate is stretched with velocity 
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Uw = U0 exp
(

x

l

)

 defined at y = 0. The schematic diagram 
under consideration is shown in Fig. 1.

For the current study, governing equations are as follows 
(6, 12 and 24):

For this study, boundary conditions are given as follows:

The following are the similarity transformations
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With the help of Eqs. (7, 2)–(6) can be written as

Boundary conditions after the transformation are given as 
follows:

In Eqs. (8)–(12), there are some dimensionless parameters 
like suction/injection parameter fw , Prandtl number denoted 
with Pr, thermophoresis parameter denoted with Nt, Brown-
ian parameter denoted with Nb, heat source/sink parameter 
denoted with Q, Lewis number denoted with Le and Eckert 
number denoted with Ec. Moreover, all these are formulated 
as follows:

The coefficient of skin friction formula is defined as:

where �w is the shear stress at the surface of the wall and it 
can be defined as:

Here, � is called the viscosity coefficient.
With the help of Eq. (15), Eq. (14) can be rewritten as:

The rate of heat transfer of wall at the surface flux is as 
follows:

Here, k is the thermal conductivity of the nanofluid.
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Fig. 1  Physical model of the problem
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The formula for Nusselt number is:

With the help of Eq. (17), Eq. (18) can be written for the 
non-dimensional rate of wall heat transfer as follows:

The formula for mass flux at wall surface is defined as:

Sherwood number can be defined as:

With the help of Eq. (20), Eq. (21) can be written for the 
non-dimensional wall mass transfer rate as follows:

In Eqs. (16), (19) and (22), Rex represents the local Reyn-
olds number defined by Rex =

xUw(x)

�
.

3  Solution of the Problem

A brief explanation of the proposed technique that is spectral 
relaxation method (SRM) employed in this work to solve 
coupled nonlinear differential Eqs. (8)–(10) is given here; 
also see, Motsa and Makukula [38] and Kameswaran et al. 
[39]. The SRM is proposed for the solution of similarity 
boundary layer problems with exponentially decaying pro-
files. For self-similar boundary layer problems, the SRM 
algorithm is as follows:

1. Introducing the transformation ƒ’(ɳ) = p(ɳ) to reduce 
the order of the momentum equation.

2. Constructing an iteration scheme for linear terms of p(ɳ) 
(denoted by  pr+1), by assuming that ƒ(ɳ) (denoted by 
ƒr) and all other terms (linear and nonlinear) are known 
from previous iteration. Nonlinear terms of p(ɳ) are also 
evaluated at the previous iteration.

3. Similar procedure is followed for the other governing 
dependent variables.

The strategy described above is analogous to the 
Gauss–Seidel idea of decoupling linear algebraic system 
of equations. Using this algorithm leads to a sequence 

(18)Nux =
x

k

qw

Tw − T
∞

.

(19)
Nux

(

2Rex
)1∕2

= −

√

x

2l
��(0).

(20)Jw = −DB

(

𝜕�̂�

𝜕y

)

y=0

.

(21)Shx =
x

D

Jw

�̂�w − �̂�
∞

.

(22)
Shx

(

2Rex
)1∕2

= −

√

x

2l
� �

(0).

of linear differential equations with variable coefficients 
which can easily be solved using standard numerical tech-
niques for solving linear differential equations.

In this study, we discretize the differential equations 
using Chebyshev spectral collocation methods; see, for 
example, Canuto et al. [40] and Trefethen [41]. By numeri-
cal technique, we determine that �

∞
= 15 with N = 100 

grid points gives spectral relaxation method with sufficient 
accuracy.

Spectral methods are preferred here because of their 
remarkable high accuracy and ease of implementation 
in discretizing the subsequent solution of variable coef-
ficient linear differential equations with smooth solutions 
over simple domains. In the context of the SRM iteration 
scheme described above, Eqs. (8)–(10) become

The boundary conditions for the above iteration scheme 
are

Chebyshev spectral collocation method is used while 
solving the decoupled Eqs. (23)–(26). By using spectral 
procedure, the mathematical domain with the interval [0, 
L] is converted into [− 1, 1] using � = L(� + 1)∕2 which is 
the application of the spectral process.

At infinity, L is considered for implementing boundary 
conditions. The implementation of a matrix differentiation  
used to estimate derivatives of unknown variables at the 
collocation points is one of the key ideas of the spectral 
collocation method as the product of the vector matrix of 
the form.

 where the number of collocation points is denoted by 
N + 1 (grid points) and at the collocation points D = 2./L, 
the vector function is denoted with f and defined as 
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In the above equation, p stands for derivative order; more-
over, with the help of the proposed scheme, Eqs. (23)–(28) 
are as follows:

Here,

In Eqs. (36)-(38) mentioned, I denotes the identity matrix 
with the order (N + 1) × (N + 1) and diag [] denotes a diago-
nal matrix with the order (N + 1) × (N + 1) ; here, N stands for 
the number of grid points,

Initial guesses are chosen to apply the SRM for 
Eqs. (31)–(34), and they are as follows:

Actually, these functions are selected at random, moreo-
ver, which satisfy the boundary conditions of this study. This 
iteration process is continued until it reaches convergence. At 
the infinity point, the convergence of the SRM is established 
as follows:

The precision of the proposed strategy is set up by expand-
ing the quantity of collocation points up to solutions that are 
predictable and also further increments do not alter the estima-
tion of the solutions.
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3.1  Validation of Results

For the purpose of validation as well as accuracy of the pro-
posed strategy, the results acquired by the numerical proce-
dure examined in the past area are compared with the availa-
ble results of literature survey. The results of Nusselt number 
Nux of the present study are compared with those of Grubka 
and Bobba [42], Ishak et al. [43] and Vajravelu and Prasad 
[44] by varying Prandtl number Pr on keeping other param-
eters as zero and are shown in Table 1. The convergence of 
the SRM solutions is presented in Table 2. The SRM solu-
tions are convergent after 72 iterations. Also, to check the 
precision of the proposed strategy, numerical arrangements 
are acquired by SRM and are compared with the bvp4c 
solver for various emerging parameters which are experi-
enced in the current issue like suction/injection parameter 
fw thermophoresis parameter Nt, Brownian motion param-
eter Nb, Ec number, heat source/sink parameter Q, Pr num-
ber and Le number and are shown in Tables 3 and 4. This 
connection shows a pleasant comprehension between the 
present assessment and past examinations. Moreover, the 
results express that the proposed procedure is successful and 
acceptable for utilization of fluid flow problems.

4  Results and Discussion

4.1  Graphical Analysis

All the numerical outcomes acquired by the proposed tech-
nique for the various emerging parameters related to the 
present analysis are shown graphically in Figs. 2,3, 4, 5, 6, 
7, 8, 9, 10, 11, 12, 13, 14 and 15 to analyze the heat as well 
as mass transfer rates.

Particularly, Figs. 2,3 and 4 reflect the behavior of suc-
tion/injection parameter fw on the profiles of velocity f �(�) , 
temperature �(�) and mass friction function �(�) . As a result, 
profiles of velocity, temperature and mass friction func-
tion are decreasing functions of suction parameter fw > 0 , 
whereas conflicting outcomes are found in case of injection 
parameter fw < 0 . Physically, the act of suction traps the 
slowing down molecules in the fluid regime and improves 
the slow fluid flow on the exponential stretching sheet.

Figure 5 depicts the impact of thermophoresis param-
eter Nt against the temperature for selected values of Pr. 
This figure shows very clearly that there is an enhancement 
in temperature for increasing values of parameter of ther-
mophoresis Nt. As we increase the thermophoresis param-
eter, the thermophoresis forces increase, and due to these 
forces, the nanoparticles move from hot areas to the cold 
and ultimately increase the thickness of the boundary layer 
as well as temperature. From Fig. 6, it is concluded that 
profile of concentration is enhanced for the parameter of 
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thermophoresis Nt, while it decreased for increasing Prandtl 
number Pr.

Figure 7 reflects the Brownian motion Nb impact on the 
profile of temperature. From this figure, it might be seen that 
for an increase in Nb there is a corresponding increase in 
temperature profile. For greater values of Brownian motion 
parameter, the viscous forces reduce and Brownian motion 
coefficient increases due to which the temperature and the 
thickness of the boundary layer increase.

A graph is plotted for nanoparticle volume fraction by 
varying the Nb as shown in Fig. 7. It can be concluded from 
Fig. 8 that with the increase in Nb, �(�) is decreased; fur-
thermore, boundary layer for �(�) is also decreased. The 
effect of Eckert number on temperature profile �(�) is dis-
played in Fig. 9. Here, in the absense of viscous dissipa-
tion the graph is drawn. The nanofluid temperature �(�) and 
thermal boundary layer thickness increase with increasing 
values of Ec. Figure 10 shows the impact of Eckert number 
over the concentration flow rate �(�) . It is noticed that nano-
concentration �(�) decreases near the wall, whereas nano-
concentration �(�) increases far away the wall for increasing 
augmentations of Ec. Moreover, it might be seen that from 
Fig. 11, the heat generation improves the flow of the tem-
perature and heat absorption reduces the flow temperature.

Figure 12 shows an idea regarding the nanoconcentration 
�(�) for the effect of heat generation/absorption. It might be 

seen that from Fig. 12, the heat generation increases the flow 
concentration �(�) and heat absorption reduces the flow con-
centration �(�) . From Fig. 13, we can see that temperature 
diminishes for an increase in the Pr number. Prandtl num-
ber signifies the ratio of momentum diffusivity to thermal 
diffusivity. Fluids with lower Prandtl number will possess 
higher thermal conductivities (and thicker thermal boundary 
layer structures) so that heat can diffuse from the sheet faster 
than for higher Pr fluids (thinner boundary layers). Hence, 
Prandtl number can be used to increase the rate of cooling 
in conducting flows. Figures 14 and 15 show the information 
regarding the effects of Pr and Le. The profile of nanocon-
centrations �(�) diminishes for the increasing augmentations 
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Fig. 2  Graph of SRM solutions for the influence of fw over  f �(�)

Table 1  Comparison of Nusselt number −��(0) with the available results in the literature for different values of Pr when 
S = Nt = Nb = Q = Ec = Le = 0.

Results −��(0)

Pr = 0.1 Pr = 0.72 Pr = 1 Pr = 3 Pr = 10 Pr = 100

Grubka and Bobba [42] 0.0197 0.8086 1.0000 1.9237 3.7207 12.2940
Ishak et al. [43] 0.0197 0.8086 1.0000 1.9237 3.7207 12.2941
Vajravelu & Prasad [44] 0.019723 0.808836 1.000000 1.923687 3.720788 12.30039
Present study SRM results 0.019723 0.808640 1.000000 1.923675 3.720674 12.294083

Bvp4c results 0.019723 0.808640 1.000000 1.923675 3.720674 12.294083

Table 2  Convergence of the SRM solutions for different iterations 
when Pr = 2,Nt = 0.1,Nb = 0.1,Le = 2,Ec = 0.5,Q = 0.1 and 
fw = 0.2.

Iterations −f ��(0) −��(0) −� �

(0)

2 1.50615773 0.98821700 2.29409145
5 1.33550178 1.06203838 2.21118671
10 1.38916894 1.02539075 2.24414321
30 1.37892311 1.03251187 2.23771290
50 1.37889080 1.03253425 2.23769272
60 1.37889070 1.03253431 2.23769266
70 1.37889070 1.03253432 2.23769266
72 1.37889070 1.03253432 2.23769266

Table 3  Numerical values for −f ��(0) at the surface of fw with 
Pr = Le = 2,Q = Nt = Nb = 0.1&Ec = 0.5.

fw −f ��(0)

SRM bvp4c

0.1 1.32930273 1.32930273
0.2 1.37889070 1.37889070
0.3 1.43058559 1.43058559
0.4 1.48438698 1.48438698
0.5 1.54028114 1.54028114
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Table 4  Numerical values for 
−��(0)& − � �

(0) at the surface 
of fw,Nt,Nb,Ec,Q,PrandLe.

fw Nt Nb Ec Q Pr Le −��(0) −� �

(0)

SRM bvp4c SRM bvp4c

0.1 0.1 0.1 0.5 0.1 2 2 0.95232990 0.95232990 2.06743961 2.06743961
0.2 1.03253432 1.03253432 2.23769266 2.23769266
0.3 1.11733036 1.11733036 2.41471845 2.41471845
0.4 1.20636867 1.20636867 2.59801508 2.59801508
0.5 1.29930075 1.29930075 2.78711778 2.78711778
0.2 0.2 0.99823315 0.99823315 1.83203901 1.83203901

0.3 0.96546994 0.96546994 1.47069351 1.47069351
0.4 0.93417777 0.93417777 1.14987727 1.14987727
0.5 0.90429185 0.90429185 0.86606952 0.86606952
0.1 0.2 0.96798345 0.96798345 2.49096643 2.49096643

0.3 0.90688595 0.90688595 2.57432719 2.57432719
0.4 0.84911696 0.84911696 2.61524177 2.61524177
0.5 0.79455040 0.79455040 2.63920362 2.63920362
0.1 0.0 1.49892108 1.49892108 1.86832810 1.86832810

0.4 1.12595209 1.12595209 2.16370256 2.16370256
0.8 0.75185793 0.75185793 2.46001607 2.46001607
1.0 0.56438664 0.56438664 2.60852694 2.60852694
1.5 0.09446378 0.09446378 2.98084330 2.98084330
0.5 − 0.5 1.48238950 1.48238950 1.90449376 1.90449376

− 0.2 1.27735186 1.27735186 2.05946899 2.05946899
0.0 1.12020129 1.12020129 2.17483090 2.17483090
0.2 0.93625998 0.93625998 2.30532442 2.30532442
0.5 0.51907819 0.51907819 2.57438595 2.57438595
0.1 1 0.65887798 0.65887798 1.38651750 1.38651750

2 1.03253432 1.03253432 2.23769266 2.23769266
3 1.31516258 1.31516258 2.94777589 2.94777589
5 1.76632632 1.76632632 4.16953622 4.16953622
10 2.62931408 2.62931408 6.72189375 6.72189375
2 1 1.05081491 1.05081491 1.12658677 1.12658677

2 1.03253432 1.03253432 2.23769266 2.23769266
2 3 1.02349244 1.02349244 3.12293281 3.12293281

5 1.01398636 1.01398636 4.61118186 4.61118186
10 1.00423267 1.00423267 7.67875639 7.67875639
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Fig. 3  Graph of SRM solutions for the influence of fw over �(�).
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Fig. 4  Graph of SRM solutions for the influence of fw over �(�).
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of parameter of Pr number and Le number as observed in 
Figs. 14 and 15 in that order.

The numerical variations of coefficient of skin friction 
are calculated for the changing values of suction parameter 
fw and are displayed in Table 3. From Table 3, it is very 
clearly observed that for increasing augments of fw we can 
observe the enhancement in the numerical estimations of 

coefficient of skin friction. Table 4 shows the behavior of 
derivative for temperature profile and concentration profile, 
and also information about the local Nusselt number Nux 
and local Sherwood number Shx is predicted. Further, this 
table is tabulated for various emerging parameters involved 
in the considered problem as presented in Table 4.

Figures 16, 17, 18, 19, 20, 21, 22 and 23 are presented 
for the behavior of local Nusselt number Nux and local 
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Fig. 5  Graph of SRM solutions for the influence of Nt over �(�).
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Sherwood number Shx for different physical parameters. 
The main observation from these figures is that there exists 
an improvement in the numerical values of local Nusselt 
number Nux for the variations of suction parameter fw and 
Prandtl number Pr, while it decreases for an increase in ther-
mophoresis parameter Nt, Brownian motion parameter Nb, 
heat generation or absorption parameter Q, Lewis number 
Le and Eckert number Ec. From the same table, it is found 
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Fig. 11  Graph of SRM solutions for the influence of Q over �(�)
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Fig. 13  Graph of SRM solutions for the influence of Pr over �(�)
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Fig. 16  Local Nusselt number for various values of Nt against fw.
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that there is an increase in local Sherwood number Shx with 
the increase in Nb, fw, Q, Ec, Pr and Le, while it decreased 
with the increase in Nt.

5  Conclusions

From the current investigation, the heat and mass trans-
fer of a nanofluid flow past an exponentially stretching 
sheet with variable suction under the influence of viscous 
dissipation and heat source or sink is investigated. The 
corresponding set of nonlinear differential equations are 
obtained from the flow governing equations. By means 
of spectral relaxation method system is solved. Accuracy, 

rate of convergence and general validity are checked with 
the help of comparison. Moreover, comparison is made for 
the results obtained by the proposed method and available 
results in the literature and also with the inbuilt MATLAB 
program of bvp4c solver. Based on the analysis, the fol-
lowing are some of the observations:

• Velocity, temperature and mass friction functions are 
declined for the changing values of parameter of suction.

• Both temperature and concentration profiles are increased 
throughout the boundary layer for the effect of thermo-
phoresis parameter.

• There is a strong control of Ec number and heat source 
on profiles of temperature and concentration.

Fig. 17  Local Sherwood number for various values of Nt against fw.

Fig. 18  Local Nusselt number for various values of Ec against Nb.

Fig. 19  Local Sherwood number for various values of Ec against Nb.

Fig. 20  Local Nusselt number for various values of Q against Pr.
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• Nusselt and Sherwood numbers are showing the same 
nature for the effects of Ec and Q and also for Nt.

• Coefficient of skin friction as well as Nusselt number is 
declined for the impact of Nt.

Based on all the observations, it is concluded that nano-
fluids have a wide range of potential applications in elec-
tronic cooling, pharmacological administration mechanisms, 
peristaltic pumps for diabetic treatments, solar collectors and 
nuclear applications.

References

 1. Choi SUS. Enhancing thermal conductivity of fluids with nano-
particles. In: Developments and Applications of Non-Newtonian 
Flows. FED, Vol. 231/MD. 1995; 66: 99–105.

 2. Usman, M.; Soomro, F.A.; Haq, R.U.; Wang, W.; Defterli, O.: 
Thermal and velocity slip effects on Casson nanofluid flow over 
an inclined permeable stretching cylinder via collocation method. 
Int. J. Heat Mass Transf. 122, 1255–1263 (2018)

 3. Usman, M.; Zubair, T.; Hamid, M.; Haq, R.U.; Wang, W.: Wave-
lets solution of MHD 3-D fluid flow in the presence of slip and 
thermal radiation effects. Phys. Fluids 30, 023104 (2018)

 4. Usman, M.; Haq, R.U.; Hamid, M.; Wang, W.: Least square study 
of heat transfer of water based Cu and Ag nanoparticles along a 
converging/diverging channel. J. Mol. Liq. 249, 856–867 (2018)

 5. Soomro, F.A.; Haq, R.U.; Al-Mdallal, Q.M.; Zhang, Q.: Heat gen-
eration/absorption and nonlinear radiation effects on stagnation 
point flow of nanofluid along a moving surface. Results Phys. 8, 
404–414 (2018)

 6. Rehman, F.U.; Nadeem, S.; Rehman, H.U.; Haq, R.U.: Thermo-
physical analysis for three-dimensional MHD stagnation point 
flow of nano-material influenced by an exponential stretching 
surface. Results Phys. 8, 316–323 (2018)

 7. Mnyusiwalla, A.; Daar, A.S.; Singer, P.A.: Mind the gap: sci-
ence and ethics in nanotechnology. Nanotechnology. 14, R9–R13 
(2003)

 8. Shateyi, S.; Prakash, J.: A new numerical approach for MHD 
laminar boundary layer flow and heat transfer of nanofluids over 
a moving surface in the presence of thermal radiation. Boundary 
Value Probl. 2014, 2 (2014)

 9. Haroun, N.A.; Sibanda, P.; Mondal, S.; Sandile Motsa, S.S.: On 
unsteady MHD mixed convection in a nanofluid due to a stretch-
ing/shrinking surface with suction/injection using the spectral 
relaxation method. Boundary Value Probl. 2015, 24 (2015)

 10. Motsa, S.S.; Sibanda, P.; Ngnotchouye, J.M.; Marewo, G.T.: A 
Spectral Relaxation Approach for Unsteady Boundary-Layer Flow 
and Heat Transfer of a Nanofluid over a Permeable Stretching/
Shrinking Sheet. Adv. Math. Phys. 2014, 564942 (2014)

 11. Awad, F.; Haroun, N.A.H.; Sibanda, P.; Khumalo, M.: On Cou-
ple Stress Effects on Unsteady Nanofluid Flow over Stretching 

Fig. 21  Local Sherwood number for various values of Q against Pr.

Fig. 22  Local Nusselt number for various values of Pr against Le.

Fig. 23  Local Sherwood number for various values of Pr against Le.



7520 Arabian Journal for Science and Engineering (2021) 46:7509–7520

1 3

Surfaces with Vanishing Nanoparticle Flux at the Wall. J. Appl. 
Fluid Mech. 9(4), 1937–1944 (2006)

 12. Nadeem, S.; Lee, C.: Boundary layer flow of nanofluid over an 
exponentially stretching surface. Nanoscale Res. Lett. 7, 94 (2012)

 13. Hussain, S.M.; Sharma, R.; Mishra, M.R.; Alrashidy, S.S.: Hydro-
magnetic dissipative and radiative graphene maxwell nanofluid 
flow past a stretched sheet-numerical and statistical analysis. 
Mathematics. 8(11), 1929 (2020)

 14. Sharma, R.; Hussain, S.M.; Raju, C.S.K.; Seth, G.S.; Chamkha, 
A.J.: Study of graphene Maxwell nanofluid flow past a linearly 
stretched sheet: A numerical and Statistical approach. Chinese J. 
Phys. 68, 671–683 (2020)

 15. Hussain, S.M.; Jain, J.; Seth, G.S.; Rashidi, M.M.: Effect of Ther-
mal Radiation on magneto-nanofluids free convective flow over an 
accelerated moving ramped temperature plate. Scientia Iranica B. 
25(3), 1243–1257 (2018)

 16. Hussain, S.M.; Sharma, R.; Seth, G.S.; Mishra, M.R.: Thermal 
Radiation impact on boundary layer dissipative flow of magneto-
nanofluid over an exponentially stretching sheet. Int. J. Heat Tech-
nol. 36(4), 1163–1173 (2018)

 17. Sharma, R.; Hussain, S.M.; Mishra, G.: Soret and Dufour effects 
on viscoelastic radiative and heat absorbing nanofluid driven by a 
stretched sheet with inclined magnetic field. Defect Diffus. Forum. 
388, 223–245 (2018)

 18. Hussain, S.M.; Sharma, R.; Mishra, M.K.; Seth, G.S.: Radiative 
magneto-nanofluid over an accelerated moving ramped tempera-
ture plate with Hall effects. J. Nanofluids. 6(5), 840–851 (2017)

 19. Ahmad, I.; Sajid, M.; Awan, W.; Rafique, M.; Aziz, W.; Ahmed, 
M.; Abbasi, A.; Taj, M.: MHD flow of a viscous fluid over an 
exponentially stretching sheet in a porous medium. J. Appl. Math. 
2014; 256761.

 20. Abbasi, A.; Riaz, I.; Farooq, W.; Ahmad, M.: Analysis of nonlin-
ear thermal radiation and higher-order chemical reactions on the 
non-orthogonal stagnation point flow over a lubricated surface. 
Heat Transf. 9(2), 673–692 (2020)

 21. Abbasi, A.; Mabood, F.; Farooq, W.; Batool, M.: Bioconvective 
flow of viscoelastic nanofluid over a convective rotating stretching 
disk. Int. Commun. Heat Mass Transfer 119, 104921 (2020)

 22. Ahmad, M.; Taj, M.; Abbasi, A.; Ahmad, I.: Time-dependent 3D 
flow of Maxwell nanofluid due to an unsteady stretching surface 
through porous space. J. Brazil. Soc. Mech. Sci. Eng. 41, 452 
(2019)

 23. Abbasi, A.; Farooq, W.; Mabood, F.; Hussain, Z.: Finite difference 
simulation for oblique stagnation point flow of viscous nanofluid 
towards a stretching cylinder. Phys. Scr. 96(1), 015212 (2021)

 24. Aziz, E.A.: Viscous dissipation effect on mixed convection flow 
of a micropolar fluid over an exponentially stretching sheet. Can. 
J. Phys. 87(4), 359–368 (2009)

 25. Partha, M.K.; Murthy, P.V.S.N.; Rajasekhar, G.P.: Effect of vis-
cous dissipation on the mixed convection heat transfer from an 
exponential stretching surface. Heat Mass Transf. 41(4), 360–366 
(2005)

 26. Seth, G.S.; Sharma, R.; Kumbhakar, B.; Chamka, A.J.: Hydro-
magnetic flow of heat absorbing and radiating fluid over expo-
nentially stretching sheet with partial slip and viscous and Joule 
dissipation. Eng. Comput. 33(3), 907–925 (2016)

 27. Iqbal, Z.; Qasim, M.; Awais, M.; Hayat, T.; Asghar, S.: Stagna-
tion point flow by an exponential stretching sheet in the presence 
of viscous dissipation and thermal radiation. J. Aerospace Eng. 
(2016). https ://doi.org/10.1016/(ASCE)AS.1943-5525.00005 46

 28. Kameswaran, P.K.; Narayana, M.; Sibanda, P.; Makanda, G.: On 
radiation effects on hydromagnetic Newtonian liquid flow due to 
an exponential stretching sheet. Boundary Value Probl. 2012, 105 
(2012)

 29. Subhas Abel, M.; Siddheshwar, P.G.; Nandeppanavar, M.M.: Heat 
transfer in a viscoelastic boundary layer flow over a stretching 
sheet with viscous dissipation and non-uniform heat source. Int. 
J. Heat Mass Transf. 50(5–6), 960–966 (2007)

 30. Bhattacharyya, K.: Effects of radiation and heat source/sink on 
unsteady MHD boundary layer flow and heat transfer over a 
shrinking sheet with suction/injection. Front. Chem. Sci. Eng. 5, 
376–384 (2011)

 31. Gireesha, B.J.; Chamkha, A.J.; Manjunatha, S.; Bagewadi, C.S.: 
Mixed convective flow of a dusty fluid over a vertical stretch-
ing sheet with non-uniform heat source/sink and radiation. Int. J. 
Numer. Meth. Heat Fluid Flow 23(4), 598–612 (2013)

 32. Zhu, J.; Liu, Z.: The HAM solutions for unsteady boundary layer 
flow and heat transfer with heat source/sink. Adv. Mater. Res. 
887–888, 919–923 (2014)

 33. Mastroberardino, A.: Mixed convection in viscoelastic boundary 
layer flow and heat transfer over a stretching sheet. Adv. Appl. 
Math. Mech. 6(3), 359–375 (2014)

 34. Shateyi, S.; Marewo, G.T.: On a new numerical analysis of the 
Hall effect on MHD flow and heat transfer over an unsteady 
stretching permeable surface in the presence of thermal radiation 
and heat source/sink. Boundary Value Probl. 2014, 170 (2014)

 35. Gangadhar, K.; Kannan, T.; Dasaradha Ramaiah, K.; Sakthivel, 
G.: Boundary layer flow nanofluids to analyse the heat absorption/
generation over a stretching sheet with variable suction/injection 
in the presence of viscous dissipation. Int. J. Ambient Energy 
41(9), 969–980 (2020)

 36. Gangadhar, K.; Kannan, T.; Sakthivel, G.; Dasaradha, R.K.: 
Unsteady free convective boundary layer flow of a nanofluid past 
a stretching surface using a spectral relaxation method. Int. J. 
Ambient Energy 41(6), 609–616 (2020)

 37. Gangadhar, K.; Kannan, T.; Jayalakshmi, P.: Magneto hydrody-
namic micropolar nanofluid past a permeable stretching/shrinking 
sheet with Newtonian heating. J. Brazil. Soc. Mech. Sci. Eng. 
39(11), 4379–4391 (2017)

 38. Motsa, S.S.; Makukula, Z.G.: On spectral relaxation method 
approach for steady von Kárman flow of a Reiner-Rivlin fluid 
with joule heating, viscous dissipation and suction/injection. Cent. 
Eur. J. Phys. 11(3), 363–374 (2013)

 39. Kameswaran, P.K.; Sibanda, P.; Motsa, S.S.: A spectral relaxation 
method for thermal dispersion and radiation effects in a nanofluid 
flow. Boundary Value Probl. 2013, 242 (2013)

 40. Canuto, C.; Hussaini, M.V.; Quarteroni, A.; Zang, T.A.: Spectral 
Methods in Fluid Dynamics. Springer, Berlin (1988)

 41. Trefethen, L.N.: Spectral Methods in MATLAB. SIAM, Philadel-
phia (2000)

 42. Grubka, L.G.; Bobba, K.M.: Heat transfer characteristics of a 
continuous stretching surface with variable temperature. ASME 
J. Heat Transfer. 107, 248–250 (1985)

 43. Ishak, A.: Unsteady MHD flow and heat transfer in over a stretch-
ing plate. J. Appl. Sci. 10(18), 2127–2130 (2010)

 44. Vajravelu, K.; Prasad, K.V.; ChiuOn, N.G.: Unsteady convective 
boundary layer flow of a viscous fluid at a vertical surface with 
variable fluid properties. Nonlinear Anal. Real World Appl. 14, 
455–464 (2013)

https://doi.org/10.1016/(ASCE)AS.1943-5525.0000546

	A Spectral Relaxation Approach for Boundary Layer Flow of Nanofluid Past an Exponentially Stretching Surface with Variable Suction in the Presence of Heat SourceSink with Viscous Dissipation
	Abstract
	1 Introduction
	2 Mathematical Formulation
	3 Solution of the Problem
	3.1 Validation of Results

	4 Results and Discussion
	4.1 Graphical Analysis

	5 Conclusions
	References




