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The problem of transient Magnetohydrodynamic (MHD) combined convection within a wavy-heated rectangular 
cavity having two inner cylinders is investigated using the non-homogeneous nanofluid scheme. The lower wavy 
surface of the cavity is kept at a constant hot temperature (𝑇ℎ) while the upper flat surface is kept at a constant 
cold temperature (𝑇𝑐). The remaining surfaces (vertical surfaces) are maintained adiabatic. An Al2O3/water 
nanofluid is filled inside the cavity and a non-homogeneous approach is adopted to solve governing equations 
by using the Galerkin method. The effect of some parameters such as the angular rotational speed, the volume 
fraction of nanoparticles, Hartmann number on the flow and heat transfer characteristics are examined. The 
results indicate that the waving of the hot base of the cavity enhances the Nusselt number. The maximal Nusselt 
numbers are obtained when the number of undulations 𝑁 is 2, where the Nusselt number augments by 18% 
when 𝑁 is boosted from 0 to 2 and by 16% from 0 to and 5. Also, the outcomes reveal that the enhancement 
of the Nusselt number as a result of raising the rotational speed of the two cylinders from 0 to ± 500 is about 
315%.
1. Introduction

Heat transfer is carried out by many techniques and different meth-
ods today. In order to provide the energy required in every sector, heat 
transfer between systems is tried to be done with minimum loss and 
maximum efficiency. The effects of flow of fluid on heat transfer mecha-
nisms which is called the convection splits into two branches. These are 
the forced convection and the natural convection. The situation where 
both types act together is known as mixed or combined convection. The 
induced flow in cavities needs consistent mechanical power to be the 
fluid motion driving force unlike the natural convection which happens 
naturally. By changing the nature of the fluids or materials improve-
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ments in the field of heat transfer can be obtained. In contrast, the fluid 
regime, geometry and applying an external force can also make a differ-
ence. When we spotlight on the nature of the fluid that we will use, we 
find that one of the internal properties which is closely related to the 
convection is the thermal conductivity. Conventional heat transfer flu-
ids have poor thermal conductivities compared to solids. On the other 
hand, by adding nano-sized particles to fluids, that are usually known as 
nanofluids, we will have higher thermal conductivity compared to the 
other base fluids that are free of nanoparticles. Recently, nanofluids are 
mainly used in electronic equipment, power generation, energy supply, 
production, and air conditioning. In many engineering fields such as 
HVAC, solar ponds, electronic cooling applications, thermal-hydraulics 
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Nomenclature

𝐴 amplitude
B⃗ applied magnetic field
B magnitude of magnetic field
𝐶𝑝 specific heat capacity
𝑑 width and height of the conductive inner block
𝑑𝑓 diameter of the base fluid molecule
𝑑𝑝 diameter of the nanoparticle
𝐷𝐵 Brownian diffusion coefficient
𝐷𝐵0 reference Brownian diffusion coefficient
𝐷𝑇 thermophoretic diffusivity coefficient
𝐷𝑇 0 reference thermophoretic diffusion coefficient
𝑔 gravitational acceleration vector
𝐻𝑎 Hartmann number
𝑘 thermal conductivity
𝐾𝑟 circular cylinder to nanofluid thermal conductivity ratio, 

𝐾𝑟 = 𝑘𝑠∕𝑘𝑛𝑓

𝐿 width and height of the square cavity
𝐿𝑒 Lewis number
𝑁 number of undulations
𝑁𝐵𝑇 ratio of Brownian to thermophoretic diffusivity
𝑁𝑢 average Nusselt number
Pr Prandtl number
𝑟 & 𝑅 radius of rotating cylinder & dimensionless radius of rotat-

ing cylinder
𝑅𝑎 Rayleigh number
𝑅𝑒𝐵 Brownian motion Reynolds number
𝑆𝑐 Schmidt number
𝑇 temperature
𝑇0 reference temperature (310K)
𝑇𝑓𝑟 freezing point of the base fluid (273.15K)

v velocity vector
V normalized velocity vector
𝑢𝐵 Brownian velocity of the nanoparticle
𝑥, 𝑦 & 𝑋, 𝑌 space coordinates & dimensionless space coordinates

Greek symbols

𝛼 thermal diffusivity
𝛾 inclination angle of magnetic field
𝛽 thermal expansion coefficient
𝛿 normalized temperature parameter
𝜃 dimensionless temperature
𝜇 dynamic viscosity
𝜈 kinematic viscosity
𝜌 density
𝜑 solid volume fraction
𝜑∗ normalized solid volume fraction
𝜙 average solid volume fraction
𝜔, Ω angular rotational velocity, dimensionless angular rota-

tional velocity

Subscript

1 right rotating cylinder
2 left rotating cylinder
𝑏 bottom
𝑐 cold
𝑓 base fluid
ℎ hot
𝑛𝑓 nanofluid
𝑝 solid nanoparticles
𝑠 solid cylinder
of nuclear reactors and industrial processes such as food processing, we 
find different applications involving combined heat transfer with vari-
ous liquids [1–5].

Many investigations have been done on the mixed convective heat 
transfer in different shaped cavities to investigate the heat transfer 
aggrandizement for various industrial applications. Misirlioglu [6] per-
formed a study in a square cavity including a circular cylinder. Depend-
ing on the angular velocity of the cylinder, different types of convection 
were studied. The numerical study of mixed convection flow in a venti-
lated cavity containing heat conducting horizontal square cylinder was 
done by Rahman et al. [7]. They stated that Richardson number and po-
sition of the inner cylinder were the main parameters which effected the 
temperature distribution as well as the flow field. Billah et al. [8] chose 
a lid-driven cavity with a heated hollow cylinder to study the effect of 
the hollow cylinder on the combined case. Sheremet et al. [9] examined 
the mixed convection in a porous square cavity by the pulling/pushing 
method with an Al2O3/water nanofluid. It was reported that the high 
Rayleigh number increased the flow acceleration around the hot wall 
and the thermal boundary layer thickness decreased. The cooling of 
the cavity was more effective with the increase of Reynolds number 
in the flow of nanoparticles from the hot wall to the cold wall. Astan-
ina et al. [10] numerically investigated the combined convection with 
two different hot substrates in a square cavity. The increase in the sub-
strate thickness caused a decrease in the flow rate and the effect of 
the Darcy number on the underlying porous layer was negligible. They 
stated that the increase in nanoparticle volumetric concentration im-
proved heat transfer in the natural convection regime and decreased it 
in the forced and mixed convection regimes. Likewise, a square cav-
ity filled with a Cu-water nanofluid was also numerically investigated 
by Hasan et al. [11]. They used the Galerkin finite element method to 
analyze the isotherms, streamlines and heat lines inside the cavity for 
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different Richardson numbers and larger heat transfer rates were ob-
tained with using a nanofluid. Some researchers took a different way of 
investigation by changing the shape of cavity walls.

Some kind of geometries are well explained and reviewed by Izadi 
et al. [12] and Sheikholeslami and Chamkha [13]. Their work was con-
cerned with the analysis of flow behavior in a double-sided lid-driven 
cavity containing a sinusoidal wavy shape of the hot wall and filled 
with an Fe3O4/water nanofluid. They stated that the increase in heat 
transfer was directly related to the Reynolds number and the Hartmann 
number, but had an inverse relationship with the magnetic number. 
Selimefendigil and Öztop [14] studied numerically the same case in a 
cavity but they inserted two flexible sides and added a rotating motion 
to the inner cylinder. They studied the effect of the Rayleigh number, 
elastic modulus, angular velocity, and the nanoparticle concentration 
on the flow and heat transfer characteristics. In addition, for their study 
with a fixed cylinder, they proposed an average Nusselt number cor-
relation [15] and extended the effects on the mixed convection heat 
transfer. Another study involving the problem of mixed convection and 
entropy generation in a square cavity having flexible sidewalls was an-
alyzed numerically using the finite element (FEA) method by Alsabery 
et al. [16]. It is easy to discriminate a lot of scientific papers that 
rely on nanofluids for research investigation. As per these studies, we 
can conclude initially by experiment and analogy that the structure of 
the cavity (corrugated, wavy, V-shaped, etc.) [17–20] and the type of 
nanofluid improve the exchange of thermal energy significantly. Some 
basic parameters that affect mixed convection heat transfer are also 
summarized in Fig. 1.

Motivated by the above studies, the purpose of the present study 
is to numerically investigate the mixed convection heat transfer prob-
lem within a wavy-heated rectangular cavity filled with an Al2O3/water 
nanofluid. For this purpose, the mathematical model of the problem is 
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Fig. 1. Factors influencing nanofluid mixed convection heat transfer performance.

Fig. 2. Schematic layout of flow and energy dissipation with the physical design and system’s coordinates.
developed, and the governing equations are solved numerically by the 
finite element method for the considered defined boundary conditions. 
Some basic parameters (angular rotational velocity, dimensionless time, 
volume fraction of nanoparticles, Hartmann number and number of 
undulations) affecting the heat transfer by mixed convection are in-
vestigated in the study. The results obtained for steady and unsteady 
conditions are presented in graphs and discussed in detail in the study. 
A cavity filled by a nanofluid and including rotating cylinders can be 
encountered in the processing of food, pharmacy solutions, enhancing 
heat dissipation from energy generating devices, homogenizing of in-
gots and mixing appliances. Including the impact of the magnetic force 
on such a cavity provides an efficient controlling factor of convective 
heat transport and also controlling the Brownian and thermophoresis 
diffusion. Therefore, from a practical point of view, the present problem 
represents a significant field of investigation. Moreover, the combined 
wavy surface configuration represents multidirectional heating and ex-
panding the heated area.

2. Mathematical formulation

The unsteady combined convective flow and heat transfer inside a 
wavy-walled cavity with length 𝐿 and hight 12𝐿 with double rotating 
solid cylinders with radius 𝑟 for both is described in Fig. 2. The heated 
source (𝑇ℎ) into the cavity is placed at the lower wavy surface of the 
cavity, whereas the top flat surface is preserved at a fixed cold temper-
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ature (𝑇𝑐). The remaining surfaces (vertical walls) are kept adiabatic. 
All the edges from the examined region are considered impermeable, 
and the space within the wavy cavity is a water-based nanofluid hold-
ing Al2O3 nanoparticles which during the Boussinesq approximation 
remains relevant. Based on these assumptions, the continuity, momen-
tum and energy equations with the non-homogeneous approach can be 
written as follows:

∇ ⋅ v = 0, (1)

𝜌𝑛𝑓

[
𝜕

𝜕𝑡
+ (v ⋅∇v)

]
= −∇𝑝+∇ ⋅ (𝜇𝑛𝑓∇v) + (𝜌𝛽)𝑛𝑓 (𝑇 − 𝑇𝑐)𝑔

+𝜎𝑛𝑓v × B⃗, (2)

(𝜌𝐶𝑝)𝑛𝑓
[
𝜕

𝜕𝑡
+ (v ⋅∇𝑇 )

]
=∇ ⋅ (𝑘𝑛𝑓∇𝑇 ) −𝐶𝑝,𝑝𝐽𝑝 ⋅∇𝑇 , (3)

𝜕

𝜕𝑡
+ (v ⋅∇𝜑) = − 1

𝜌𝑝
∇ ⋅ 𝐽𝑝, (4)

The energy equation of the two inner rotating cylinders is:

∇2𝑇𝑠 = 0. (5)

According to the applied non-homogeneous model, the nanoparti-
cles mass flux is given as:

𝐽𝑝 = 𝐽𝑝,𝐵 + 𝐽𝑝,𝑇 , (6)

𝐽𝑝,𝐵 = −𝜌𝑝𝐷𝐵∇𝜑, 𝐷𝐵 =
𝑘𝑏𝑇

3𝜋𝜇 𝑑
, (7)
𝑓 𝑝
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𝐽𝑝,𝑇 = −𝜌𝑝𝐷𝑇
∇𝑇

𝑇
, 𝐷𝑇 = 0.26

𝑘𝑓

2𝑘𝑓 + 𝑘𝑝

𝜇𝑓

𝜌𝑓 𝑇
𝜑. (8)

The utilised properties of the nanofluid are as follows:

(𝜌𝐶𝑝)𝑛𝑓 = (1 −𝜑)(𝜌𝐶𝑝)𝑓 +𝜑(𝜌𝐶𝑝)𝑝 (Heat capacitance), (9)

𝛼𝑛𝑓 =
𝑘𝑛𝑓

(𝜌𝐶𝑝)𝑛𝑓
(Effective thermal diffusivity), (10)

𝜌𝑛𝑓 = (1 −𝜑)𝜌𝑓 +𝜑𝜌𝑝 (Effective density), (11)

(𝜌𝛽)𝑛𝑓 = (1 −𝜑)(𝜌𝛽)𝑓 +𝜑(𝜌𝛽)𝑝 (Thermal expansion coefficient), (12)
𝜇𝑛𝑓

𝜇𝑓

= 1

1 − 34.87
(

𝑑𝑝

𝑑𝑓

)−0.3
𝜑1.03

(Dynamic viscosity ratio), (13)

𝑘𝑛𝑓

𝑘𝑓

= 1 + 4.4Re0.4
𝐵

Pr0.66
(

𝑇

𝑇𝑓𝑟

)10( 𝑘𝑝

𝑘𝑓

)0.03
𝜑0.66

(Thermal conductivity ratio). (14)

where Re𝐵 is given by the following:

Re𝐵 =
𝜌𝑓 𝑢𝐵𝑑𝑝

𝜇𝑓

, 𝑢𝐵 =
2𝑘𝑏𝑇

𝜋𝜇𝑓 𝑑
2
𝑝

. (15)

and the molecular diameter of water (𝑑𝑓 ) is given as [21]:

𝑑𝑓 = 0.1
[

6𝑀
𝑁∗𝜋𝜌𝑓

] 1
3
. (16)

The electrical conductivity ratio 𝜎𝑛𝑓
𝜎𝑓

is adopted by the following [22]:

𝜎𝑛𝑓

𝜎𝑓

= 1 +
3
(

𝜎𝑝

𝜎𝑓
− 1

)
𝜑(

𝜎𝑝

𝜎𝑓
+ 2

)
−
(

𝜎𝑝

𝜎𝑓
− 1

)
𝜑

. (17)

Now, we introduce the following non-dimensional variables:

𝑋 = 𝑥

𝐿
, 𝑌 = 𝑦

𝐿
, V = v𝐿

𝜈𝑓
, 𝑃 = 𝑝𝐿2

𝜌𝑛𝑓 𝜈
2
𝑓

, 𝜑∗ = 𝜑

𝜙
,

𝐷∗
𝐵
=

𝐷𝐵

𝐷𝐵0
, 𝐷∗

𝑇
=

𝐷𝑇

𝐷𝑇 0
, 𝛿 =

𝑇𝑐

𝑇ℎ − 𝑇𝑐

, 𝜏 = 𝑡𝛼

𝐿2 ,

𝜃 =
𝑇 − 𝑇𝑐

𝑇ℎ − 𝑇𝑐

, 𝜃𝑠 =
𝑇𝑠 − 𝑇𝑐

𝑇ℎ − 𝑇𝑐

, 𝑅 = 𝑟

𝐿
, Ω(1,2) =

𝜔(1,2)𝐿
2

𝛼𝑓

. (18)

This then yields the following dimensionless governing equations:

∇ ⋅V = 0, (19)

𝜕

𝜕𝜏
+ (V ⋅∇V) = −∇𝑃 +

𝜌𝑓

𝜌𝑛𝑓

𝜇𝑛𝑓

𝜇𝑓

∇2V+
(𝜌𝛽)𝑛𝑓
𝜌𝑛𝑓 𝛽𝑓

1
Pr

𝑅𝑎 𝜃

+
𝜌𝑓

𝜌𝑛𝑓

𝜎𝑛𝑓

𝜎𝑓

V × B*, (20)

𝜕

𝜕𝜏
+ (V ⋅∇𝜃) =

(𝜌𝐶𝑝)𝑓
(𝜌𝐶𝑝)𝑛𝑓

𝑘𝑛𝑓

𝑘𝑓

1
Pr

∇2𝜃 +
(𝜌𝐶𝑝)𝑓
(𝜌𝐶𝑝)𝑛𝑓

𝐷∗
𝐵

Pr ⋅𝐿𝑒
∇𝜑∗ ⋅∇𝜃

+
(𝜌𝐶𝑝)𝑓
(𝜌𝐶𝑝)𝑛𝑓

𝐷∗
𝑇

Pr ⋅𝐿𝑒 ⋅𝑁𝐵𝑇

∇𝜃 ⋅∇𝜃

1 + 𝛿𝜃
, (21)

𝜕

𝜕𝜏
+
(
V ⋅∇𝜑∗) = 𝐷∗

𝐵

𝑆𝑐
∇2𝜑∗ +

𝐷∗
𝑇

𝑆𝑐 ⋅𝑁𝐵𝑇

⋅
∇2𝜃

1 + 𝛿𝜃
, (22)

𝜕

𝜕𝜏
+∇𝜃𝑠 = 0, (23)

The dimensionless boundary conditions of Eqs. (19)–(23) are:

On the top cold horizontal wall:

𝑈 = 𝑉 = 0, 𝜕𝜑∗

𝜕𝑛
= −

𝐷∗
𝑇

𝐷∗
𝐵

⋅
1

𝑁𝐵𝑇

⋅
1

1 + 𝛿𝜃

𝜕𝜃

𝜕𝑛
, 𝜃 = 0, (24)

On the heated wavy bottom wall: 𝐴(1 − cos(2𝑁𝜋𝑋)), 0 ≤ 𝑌 ≤ 1
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𝑈 = 𝑉 = 0, 𝜕𝜑∗

𝜕𝑛
= −

𝐷∗
𝑇

𝐷∗
𝐵

⋅
1

𝑁𝐵𝑇

⋅
1

1 + 𝛿𝜃

𝜕𝜃

𝜕𝑛
, 𝜃 = 1, (25)

On the adiabatic left vertical wall:

𝑈 = 𝑉 = 0, 𝜕𝜑∗

𝜕𝑛
= 0, 𝜕𝜃

𝜕𝑛
= 0, (26)

On the adiabatic right vertical wall:

𝑈 = 𝑉 = 0, 𝜕𝜑∗

𝜕𝑛
= 0, 𝜕𝜃

𝜕𝑛
= 0, (27)

𝜃 = 𝜃𝑠, at the outer surface of the rotating cylinder, (28)

𝑈 = −Ω(𝑌 − 𝑌0), 𝑉 =Ω(𝑋 −𝑋0),

𝜕𝜑∗

𝜕𝑛
= −

𝐷∗
𝑇

𝐷∗
𝐵

⋅
1

𝑁𝐵𝑇

⋅
1

1 + 𝛿𝜃

𝜕𝜃

𝜕𝑛
,

𝜕𝜃

𝜕𝑛
=𝐾𝑟

𝜕𝜃𝑠

𝜕𝑛
, (29)

where 𝐾𝑟 = 𝑘𝑠∕𝑘𝑛𝑓 is the thermal conductivity ratio over the surface of 
the rotating inner cylinders. The absolute velocity regarding the exam-
ined region will be determined as follows [23]:

|V| = |Ω|𝑅. (30)

Whereas the revised form of the Richardson number which signi-
fies the related effect of the mixed convection (forced and natural) is 
exhibited as:

𝑅𝑖 = 𝑅𝑎

Pr 𝑅𝑒2
, (31)

where 𝑅𝑒 is the Reynolds number. For the current numerical work and 
according to the dimensionless strategy, this parameter can be written 
as [23]:

𝑅𝑖 = 𝑅𝑎 ⋅ Pr
4Ω2 ⋅𝑅4 , (32)

for Ω ≠ 0 and 𝑅 ≠ 0. The local Nusselt number is evaluated at the wavy 
bottom surface as:

𝑁𝑢𝑛𝑓 = −
𝑘𝑛𝑓

𝑘𝑓

(
𝜕𝜃

𝜕𝑆

)
𝑆
. (33)

Lastly, the average heat transfer rate (Nusselt number) is defined as 
follows:

𝑁𝑢𝑛𝑓 = 1
𝑆

𝑆

∫
0

𝑁𝑢𝑛𝑓 d𝑆. (34)

3. Numerical method and validation

The governing dimensionless equations (19)–(23) subject to the 
boundary conditions (24)–(29) are solved by the Galerkin weighted 
residual finite element method. The details of the used procedure are 
clearly described in the following steps:

1. First, we transfer the momentum equation in Eq. (20) to the Carte-
sian coordinate with 𝑋 and 𝑌 -components as the following:

𝜕𝑈

𝜕𝜏
+𝑈

𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑈

𝜕𝑌
= − 𝜕𝑃

𝜕𝑋
+

𝜌𝑓

𝜌𝑛𝑓

𝜇𝑛𝑓

𝜇𝑓

(
𝜕2𝑈

𝜕𝑋2 + 𝜕2𝑈

𝜕𝑌 2

)
+

𝜌𝑓

𝜌𝑛𝑓

𝜎𝑛𝑓

𝜎𝑓

𝐻𝑎2
(
𝑉 sin 𝛾 cos 𝛾 −𝑈 sin2 𝛾

)
,

𝜕𝑉

𝜕𝜏
+𝑈

𝜕𝑉

𝜕𝑋
+ 𝑉

𝜕𝑉

𝜕𝑌
= − 𝜕𝑃

𝜕𝑌
+

𝜌𝑓

𝜌𝑛𝑓

𝜇𝑛𝑓

𝜇𝑓

(
𝜕2𝑉

𝜕𝑋2 + 𝜕2𝑉

𝜕𝑌 2

)
+

(𝜌𝛽)𝑛𝑓
𝜌𝑛𝑓 𝛽𝑓

𝑅𝑎

Pr
𝜃

+
𝜌𝑓

𝜌𝑛𝑓

𝜎𝑛𝑓

𝜎𝑓

𝐻𝑎2
(
𝑈 sin 𝛾 cos 𝛾 − 𝑉 cos2 𝛾

)
.

2. We apply the penalty finite element method by excluding the 
pressure (𝑃 ) including a penalty parameter (𝜆) as the following:

𝑃 = −𝜆
(
𝜕𝑈

𝜕𝑋
+ 𝜕𝑉

𝜕𝑌

)
.

where it leads to the following momentum equations toward the 𝑋 and 
𝑌 -directions:
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Fig. 3. Grid-points distribution for grid size of 6972 elements.

Fig. 4. Validations between the published results of Costa and Raimundo [23] (top) and present work (bottom) for Ω = −500 (left), Ω = 0 (middle), and Ω = 500
(right) for (a) streamlines and (b) isotherms at 𝑅𝑎 = 105 , 𝑁 = 0, 𝐾𝑟 = 1, 𝑅 = 0.2 and Pr = 0.7.
𝜕𝑈

𝜕𝜏
+𝑈

𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑈

𝜕𝑌
= 𝜕𝜆

𝜕𝑋

(
𝜕𝑈

𝜕𝑋
+ 𝜕𝑉

𝜕𝑌

)
+

𝜌𝑓

𝜌𝑛𝑓

𝜇𝑛𝑓

𝜇𝑓

(
𝜕2𝑈

𝜕𝑋2 + 𝜕2𝑈

𝜕𝑌 2

)
+

𝜌𝑓

𝜌𝑛𝑓

𝜎𝑛𝑓

𝜎𝑓

𝐻𝑎2
(
𝑉 sin 𝛾 cos 𝛾 −𝑈 sin2 𝛾

)
,

𝜕𝑉

𝜕𝜏
+𝑈

𝜕𝑉

𝜕𝑋
+ 𝑉

𝜕𝑉

𝜕𝑌
= 𝜕𝜆

𝜕𝑌

(
𝜕𝑈

𝜕𝑋
+ 𝜕𝑉

𝜕𝑌

)
+

𝜌𝑓

𝜌

𝜇𝑛𝑓

𝜇

(
𝜕2𝑉

2 + 𝜕2𝑉
2

)

𝑛𝑓 𝑓 𝜕𝑋 𝜕𝑌
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+
(𝜌𝛽)𝑛𝑓
𝜌𝑛𝑓 𝛽𝑓

𝑅𝑎

Pr
𝜃 +

𝜌𝑓

𝜌𝑛𝑓

𝜎𝑛𝑓

𝜎𝑓

𝐻𝑎2
(
𝑈 sin 𝛾 cos 𝛾 − 𝑉 cos2 𝛾

)
.

3. The weak (or weighted-integral) formulation regarding the mo-
mentum equations by multiplying the equation by an internal domain 
(Φ) and integrating it over the computational domain which is dis-
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Fig. 5. The validity of (a) the average Nusselt number from the present numerical study and the experimental results of Putra et al. [24] and the numerical results of 
Corcione et al. [25] toward different Rayleigh numbers, (b) the thermal conductivity ratio and the experimental findings of Chon et al. [26] and numerical findings 
of Corcione et al. [25]; and (c) dynamic viscosity ratio and experimental results of Ho et al. [27] and numerical findings of Corcione et al. [25].
cretised toward small triangular elements as revealed in Fig. 3. The 
following weak formulations are obtained:

∫
Ω

𝜕Φ𝑖

𝜕𝜏
𝑈𝑘dXdY+ ∫

Ω

(
Φ𝑖𝑈

𝑘 𝜕𝑈𝑘

𝜕𝑋
+Φ𝑖𝑉

𝑘 𝜕𝑈𝑘

𝜕𝑌

)
dXdY

= 𝜆∫
Ω

𝜕Φ𝑖

𝜕𝑋

(
𝜕𝑈𝑘

𝜕𝑋
+ 𝜕𝑉 𝑘

𝜕𝑌

)
dXdY

+
𝜌𝑓

𝜌𝑛𝑓

𝜇𝑛𝑓

𝜇𝑓 ∫
Ω

Φ𝑖

(
𝜕2𝑈𝑘

𝜕𝑋2 + 𝜕2𝑈𝑘

𝜕𝑌 2

)
dXdY

+
𝜌𝑓

𝜌𝑛𝑓

𝜎𝑛𝑓

𝜎𝑓

𝐻𝑎2
(
Φ𝑖𝑉

𝑘 sin 𝛾 cos 𝛾 −Φ𝑖𝑈
𝑘 sin2 𝛾

)
,

∫
Ω

𝜕Φ𝑖

𝜕𝜏
𝑉 𝑘dXdY+ ∫

Ω

(
Φ𝑖𝑈

𝑘 𝜕𝑉 𝑘

𝜕𝑋
+Φ𝑖𝑉

𝑘 𝜕𝑉 𝑘

𝜕𝑌

)
dXdY

= 𝜆∫
Ω

𝜕Φ𝑖

𝜕𝑌

(
𝜕𝑈𝑘

𝜕𝑋
+ 𝜕𝑉 𝑘

𝜕𝑌

)
dXdY

+
𝜌𝑓

𝜌𝑛𝑓

𝜇𝑛𝑓

𝜇𝑓 ∫
Ω

Φ𝑖

(
𝜕2𝑉 𝑘

𝜕𝑋2 + 𝜕2𝑉 𝑘

𝜕𝑌 2

)
dXdY+

(𝜌𝛽)𝑛𝑓
𝜌𝑛𝑓 𝛽𝑓

𝑅𝑎

Pr ∫
Ω

Φ𝑖𝜃
𝑘
𝑛𝑓
dXdY

+
𝜌𝑓

𝜌𝑛𝑓

𝜎𝑛𝑓

𝜎𝑓

𝐻𝑎2
(
Φ𝑖𝑈

𝑘 sin 𝛾 cos 𝛾 −Φ𝑖𝑉
𝑘 cos2 𝛾

)
.

4. Selection of the interpolation functions for implementing an ap-
proximation to the velocity and temperature distributions is given as:

𝑈 ≈
𝑚∑

𝑈𝑗Φ𝑗 (𝑋,𝑌 ), 𝑉 ≈
𝑚∑

𝑉𝑗Φ𝑗 (𝑋,𝑌 ), 𝜃 ≈
𝑚∑

𝜃𝑗Φ𝑗 (𝑋,𝑌 ).

𝑗=1 𝑗=1 𝑗=1
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5. The nonlinear residual equations for the momentum equations 
that are obtained from the Galerkin weighted residual finite-element 
method are:

𝑅(1)𝑖 =
𝑚∑

𝑗=1
𝑈𝑗 ∫

Ω

𝜕Φ𝑖

𝜕𝜏
Φ𝑗dXdY

+
𝑚∑

𝑗=1
𝑈𝑗 ∫

Ω

[(
𝑚∑

𝑗=1
𝑈𝑗Φ𝑗

)
𝜕Φ𝑗

𝜕𝑋
+

(
𝑚∑

𝑗=1
𝑉𝑗Φ𝑗

)
𝜕Φ𝑗

𝜕𝑌

]
Φ𝑖dXdY

+𝜆

⎡⎢⎢⎣
𝑚∑

𝑗=1
𝑈𝑗 ∫

Ω

𝜕Φ𝑖

𝜕𝑋

𝜕Φ𝑗

𝜕𝑋
dXdY+

𝑚∑
𝑗=1

𝑉𝑗 ∫
Ω

𝜕Φ𝑖

𝜕𝑋

𝜕Φ𝑗

𝜕𝑌
dXdY

⎤⎥⎥⎦
+

𝜌𝑓

𝜌𝑛𝑓

𝜇𝑛𝑓

𝜇𝑓

𝑚∑
𝑗=1

𝑈𝑗 ∫
Ω

[
𝜕Φ𝑖

𝜕𝑋

𝜕Φ𝑗

𝜕𝑋
+

𝜕Φ𝑖

𝜕𝑌

𝜕Φ𝑗

𝜕𝑌

]
dXdY

+
𝜌𝑓

𝜌𝑛𝑓

𝜎𝑛𝑓

𝜎𝑓

𝐻𝑎2

(
𝑚∑

𝑗=1
𝑉𝑗 sin 𝛾 cos 𝛾 −

𝑚∑
𝑗=1

𝑈𝑗 sin2 𝛾

)
,

𝑅(2)𝑖 =
𝑚∑

𝑗=1
𝑉𝑗 ∫

Ω

𝜕Φ𝑖

𝜕𝜏
Φ𝑗dXdY

+
𝑚∑

𝑗=1
𝑉𝑗 ∫

Ω

[(
𝑚∑

𝑗=1
𝑈𝑗Φ𝑗

)
𝜕Φ𝑗

𝜕𝑋
+

(
𝑚∑

𝑗=1
𝑉𝑗Φ𝑗

)
𝜕Φ𝑗

𝜕𝑌

]
Φ𝑖dXdY

+𝜆

⎡⎢⎢ 𝑚∑
𝑗=1

𝑈𝑗 ∫
𝜕Φ𝑖

𝜕𝑌

𝜕Φ𝑗

𝜕𝑋
dXdY+

𝑚∑
𝑗=1

𝑉𝑗 ∫
𝜕Φ𝑖

𝜕𝑌

𝜕Φ𝑗

𝜕𝑌
dXdY

⎤⎥⎥
⎣ Ω Ω ⎦
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Fig. 6. Variations of the unsteady streamlines evolution by the dimensionless time (𝜏) for 𝐻𝑎 = 20, Ω1 = −250, Ω2 = 250, 𝜙 = 0.02 and 𝑁 = 4.
+
𝜌𝑓

𝜌𝑛𝑓

𝜇𝑛𝑓

𝜇𝑓

𝑚∑
𝑗=1

𝑉𝑗 ∫
Ω

[
𝜕Φ𝑖

𝜕𝑋

𝜕Φ𝑗

𝜕𝑋
+

𝜕Φ𝑖

𝜕𝑌

𝜕Φ𝑗

𝜕𝑌

]
dXdY

+
(𝜌𝛽)𝑛𝑓
𝜌𝑛𝑓 𝛽𝑓

𝑅𝑎

Pr ∫
Ω

(
𝑚∑

𝑗=1
𝜃𝑗Φ𝑗

)
Φ𝑖dXdY

+
𝜌𝑓

𝜌𝑛𝑓

𝜎𝑛𝑓

𝜎𝑓

𝐻𝑎2

(
𝑚∑

𝑗=1
𝑈𝑗 sin 𝛾 cos 𝛾 −

𝑚∑
𝑗=1

𝑉𝑗 cos2 𝛾

)
.

6. For clarifying the nonlinear terms into the momentum equations, 
a Newton-Raphson iteration algorithm is employed as:

Γ𝑚+1 = Γ𝑚 −
[
𝑓 ′ (Γ𝑚)

]−1
𝑓 (Γ𝑚) .

7. The convergence of the solution is allowed when the relative error 
to any of the variables satisfies the following convergence criteria:||||Γ𝑚+1 − Γ𝑚

Γ𝑚+1

|||| ≤ 𝜖.

Concerning the validation of the current data, the present outcomes 
are compared with the previously published numerical results of Costa 
and Raimundo [23] for combined convection flow and heat transfer into 
a cavity with vertically-heated walls with an internally rotating circular 
cylinder, as explained in Fig. 4. Additionally, Fig. 5 displays alterna-
tive comparisons of the two-phase nanofluid approach for the average 
Nusselt number, thermal conductivity and dynamic viscosity ratios with 
the experimental outcomes of Putra et al. [24], numerical outcomes of 
Corcione et al. [25], experimental findings of Chon et al. [26] and ex-
perimental results of Ho et al. [27]. These validations state that the 
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mathematical data of the existing numerical code hold a significant 
amount of reliability.

4. Results and discussion

In this section, we present numerical results for the streamlines, 
isotherms and nanoparticle distribution with various values of the di-
mensionless time (0.01 ≤ 𝜏 ≤ 1), Hartmann number (0 ≤ 𝐻𝑎 ≤ 50), an-
gular rotational velocity (−500 ≤ Ω ≤ 500), nanoparticle volume frac-
tion (0 ≤ 𝜙 ≤ 0.04), and the number of undulations (0 ≤ 𝑁 ≤ 4), where 
the values of the Rayleigh number, dimensionless radius of the rotat-
ing cylinder, thermal conductivity of the rotating cylinder (brickwork), 
Prandtl number, Lewis number, Schmidt number, dimensionless length 
of the surface of the cylinder, ratio of Brownian to thermophoretic diffu-
sivity and the normalized temperature parameter are fixed at 𝑅𝑎 = 106, 
𝑅 = 0.15, 𝑘𝑠 = 0.76 W/m.◦C, Pr = 4.623, 𝐿𝑒 = 3.5 × 105, 𝑆𝑐 = 3.55 × 104, 
Θ = 360, 𝑁𝐵𝑇 = 1.1 and 𝛿 = 155, respectively. The values of the average 
Nusselt number are calculated for various values of Ω, 𝜙 and 𝑅.

4.1. Transient results

This section demonstrates why the dimensionless time is assessed up 
to 𝜏 = 1.0, let us start with the streamlines figures as portrayed in Fig. 6. 
As depicted in the caption of this figure, the left cylinder rotates clock-
wise at Ω2 = 250 and the right one rotates anti-clockwise at Ω1 = −250
while the applied inclined magnetic field drives the nanofluid towards 
the left part of the cavity. For that reason, the streamlines around the 
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Fig. 7. Variations of the unsteady isotherms evolution by the dimensionless time (𝜏) for 𝐻𝑎 = 20, Ω1 = −250, Ω2 = 250, 𝜙 = 0.02 and 𝑁 = 4.
right cylinder manifest an intensified trend because they experience 
mainly the action of the cylinder rotation. Hence, two main vortices lo-
calize above and these main vortices initiate at early step of time from 
the numerical solution as can be observed in 𝜏 = 0.01 and then they 
evolve with time. Close to the right wall, the strength of the anticlock-
wise recirculation is greater than the clockwise one. Other secondary 
vortices initiate early and diminish later. This refers to the sophisticated 
interaction between the buoyancy action arising from the undulated 
base of the cavity, the shear action exerted by the rotating cylinder and 
the applied asymmetric magnetic force as well. Based on the stream 
function magnitudes, the steady state reaches beyond 𝜏 = 0.1, however 
this can no longer be the real steady state time because the behavior of 
the streamlines still evolves even at later steps of times.

Taking a glance on Fig. 7, the isotherms of the earliest time show 
a quasi similar thermal boundary layer along the wavy hot base, when 
time goes on (beyond 𝜏 = 0.05), plume-like behaviors can be observed 
protruding from the left crests with respect to the rotating cylinders. 
The left plume-like protrudes vertically, while the right one deviates 
towards the right rotating cylinder. This again demonstrates what we 
interpreted previously about that dominance effect of the inclined mag-
netic field in the left part of the cavity. Since we initiated the solution 
with a zero temperature throughout the cavity, the clod isotherms close 
to the cold wall and the hot isotherms close to the wavy base depict clus-
tered lines denoting to the steep temperature gradients due to the high 
temperature difference, then when time evolves, the rotating cylinders 
and the buoyancy lifting force produce significant mixing which de-
creases the temperature differences within the cavity. This significant 
mixing appears clearly on the crests of the wavy base which show thin-
ner thermal boundary layers than those in the troughs.
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The unsteady distribution of the nanoparticles is shown in Fig. 8
for the same constraints followed in Figs. 6 and 7. At initial time 
(𝜏 = 0.01), only the shear action of the rotating cylinder is dominant, 
thus the concentration of the nanoparticles is seen around the cylin-
ders. With the propagation of the buoyancy and its interaction with the 
magnetic force, which boosts with time, a random distribution of the 
nanoparticles is perceived. This is as a consequence of the random slip 
between the water and the alumina nanoparticles. Based on the adopted 
two-phase model, the slip takes place mainly in the regions of high tem-
perature (Brownian motion) and the nanoparticles diffuse in regions of 
steep temperature gradients (Thermophores effect). This explains the 
highly random distribution of concentration in the cavity due to the so-
phisticated interaction between the convective currents and frictional 
effects in addition to the inclined magnetic field effect.

The variation of the Nusselt number 𝑁𝑢𝑛𝑓 averaged on the wavy hot 
base with time is illustrated in Fig. 9 for three cases of cylinder rota-
tion. The first case is by considering only the left cylinder (Fig. 9(a)), 
the second case is by considering the right one (Fig. 9(b)), while case 3 
accounts for the effect of the existence of the two cylinders (Fig. 9(c)). 
In general, the initial 𝑁𝑢𝑛𝑓 shows the maximum values because the im-
posed initial condition of zero temperature of nanofluid which leads 
to higher temperature difference between the hot wavy base and the 
nanofluid and then higher heat transfer coefficient. Focusing on the first 
case of the individual left cylinder (Fig. 9(a)), marginal role of rotation 
is observed. This is because the nanofluid surrounding this cylinder is 
mainly falls under the effect of the magnetic force. On the other hand, 
the individual right cylinder displays significant role of rotation. How-
ever, the twin cylinder case (Fig. 9(c)) depicts less diversity compared 
with the individual right cylinder. To discover the playing key parame-
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Fig. 8. Variations of the unsteady nanoparticles distribution evolution by the dimensionless time (𝜏) for 𝐻𝑎 = 20, Ω1 = −250, Ω2 = 250, 𝜙 = 0.02 and 𝑁 = 4.

Fig. 9. Variations of the unsteady average Nusselt number with 𝜏 for different (a) Ω1 , (b) Ω2 and (c) Ω(1,2) at 𝐻𝑎 = 20, 𝜙 = 0.02 and 𝑁 = 4.
337



A.I. Alsabery, M.A. Ismael, E. Gedik et al. Computers and Mathematics with Applications 97 (2021) 329–343

Fig. 10. Variations of the unsteady average Nusselt number with 𝜏 for different (a) 𝐻𝑎, (b) 𝜙 and (c) 𝑁 at Ω1 = −250 and Ω2 = 250.
ter in this figure, let’s return to case 1, it appears that for still rotation, 
the 𝑁𝑢𝑛𝑓 of case 1 is higher than other two cases. Hence, it can be 
inferred that the stationary right cylinder acts as drag and thermal re-
sistance. Nevertheless, the rotation of the right cylinder destroys these 
two actions and produces the shear force which provides good mixing 
which in turn enhances momentum exchange thus magnifying 𝑁𝑢𝑛𝑓 to 
higher values. This efficient mixing exerted by the high rotation facili-
tates in reaching the steady state rapidly as observed in Figs. 9(b) and 
(c).

The suppression action of the Hartmann number, which is used as 
a convective-control tool, is portrayed in Fig. 10(a). Furthermore, the 
figure shows that the non-zero magnetic field decelerates the steady 
state. The other two manifestations (Figs. 10(b) and (c)) portray the ex-
pedition of the steady state when the average volume fraction of the 
nanoparticles and the number of crests go higher. This implies to that 
the enhanced thermal conductivity and the enlarged hot base facili-
tate in transported thermal energy with rapidly, thus the steady state 
reaches rapidly. It is asserted, therefore, that the time of 𝜏 = 1 is suffi-
cient to inspect the roles of other parameters in the steady state case.

4.2. Steady results

The impact of the magnetic field strength for four undulations base 
and ±250 cylinders rotation is depicted in Fig. 11. The strongest stream 
functions are perceived with the zero Hartmann number 𝐻𝑎, where the 
round recirculation rolls appear close to the right cylinder merely. This 
behavior is maybe due to the cyclic instability of the numerical solution 
within the time steps. However, by increasing the Hartmann number, 
the suppressing role can be seen clearly by weakening the magnitudes of 
the stream function and the formation of the multicellular shrinking re-
circulation cells. The middle column of Fig. 11 demonstrates the impact 
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of 𝐻𝑎 by disbanding the isotherms close to the wavy base within the left 
part of the cavity. This is, as mentioned previously, due to the inclined 
magnetic force which compels the nanofluid to obey the counteractions 
of the buoyancy and the shear forces there. This action develops with 
𝐻𝑎 = 50 until the domination of the conduction heat transfer mode 
as can be seen by the horizontal isotherms within the left part of the 
cavity. The distribution of the nanoparticles (right column of Fig. 11) 
depicts high concentration in almost the entire cavity in the absence 
of 𝐻𝑎. Whereas when Ha is switched on, the sophisticated interactions 
between the functions of magnetic, buoyancy and shear forces effects 
cause the random distribution of the nanoparticles.

Fig. 12 portrays that when the cylinders are stationary (Ω1 = Ω2 = 0), 
their action is merely a drag and hence, the stream functions are weak 
and the circulation occur within the entire domain. This permits to the 
adverse action of the magnetic force to weak the convective heat trans-
fer. Therefore, the isotherms (Fig. 12(a)) look disbanded even close to 
the hot wavy base. This in turn depletes the thermophoresis diffusion 
and hence less slip motion. For this reason, the nanoparticles distribu-
tion for stationary cylinders looks mostly uniform. When the motion 
of the cylinders is started and increased, the generated shear action 
executes the following: intensifies the stream function; thinning the 
thermal boundary layer and producing the plume-like behavior; and 
disturbing the distribution of the nanoparticles.

The impact of the geometry of the cavity hot base is studied by wav-
ing the cavity base from flat (𝑁 = 0) to five undulations (𝑁 = 5) as 
shown in Fig. 13. Regarding the streamlines, isotherms and nanoparti-
cles distribution, no significant changes are seen with 𝑁 . It is expected, 
therefore, that the local and average Nusselt numbers can give obvious 
explanation to the effect of 𝑁 .

Consecutively, the distribution of the local Nusselt number 𝑁𝑢𝑛𝑓
along the wavy hot base with the different parameters is pictured in 
Figs. 14, 15. The waviness of the hot base produces crests and troughs. 
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Fig. 11. Variations of the steady streamlines (left), isotherms (middle), and nanoparticles distribution (right) evolution by Hartmann number (𝐻𝑎) for Ω1 = −250, 
Ω2 = 250, 𝜙 = 0.02 and 𝑁 = 4.
Crests are narrower to the cold wall and to the effect of the rotating 
cylinder while the troughs are apart. Therefore, 𝑁𝑢𝑛𝑓 exhibits peak val-
ues at crests and lower values at troughs. Increasing 𝐻𝑎, the peaks are 
gradually increased and displaced when one goes from the left to the 
right edges of the wavy base as seen in Fig. 14(a). This is due to the 
action of the inclined magnetic field is concentrated in the left part 
of the cavity. However, the plume-like isotherms marked close to the 
right cylinder are demonstrated in Fig. 14(a) by the small peaks di-
rectly beyond the third crest. The rotational speed of the two cylinders 
(Fig. 14(b)) plays major role in raising the convective currents and con-
sequently rising 𝑁𝑢𝑛𝑓 , especially in the fourth crest, while the volume 
fraction of the nanoparticles plays lesser role which can be seen at crest 
only (Fig. 15(a)). Owing to the action of the rotating cylinders, the 
cyclic distribution of 𝑁𝑢𝑛𝑓 still exists even with flat base as shown in 
Fig. 15(b). For undulated base, the 𝑁𝑢𝑛𝑓 peaks due to crest starts to 
overlap with the peaks resulting from the cylinders as can be seen with 
𝑁 = 1 and 2. For 𝑁 ≥ 3, the peaks due to crests become dominant.

To complete the visualization of understanding the influence of pa-
rameters and counting their percentage of enlargement and reduction 
of 𝑁𝑢𝑛𝑓 , Figs. 16–18 are performed. For 𝑁 = 4 and Ω = ±250, Fig. 16

demonstrates that the enlargement of 𝑁𝑢𝑛𝑓 when the volume fraction is 
raised from 0 to 0.04 is about 15% for all Ha values. While the reduction 
of 𝑁𝑢𝑛𝑓 when 𝐻𝑎 raised from 0 to 50 is about 14%. Fig. 17 portrays 
clearly the impact of waving the base 𝑁 on the 𝑁𝑢𝑛𝑓 , which shows an 
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important topic, that is obviously the 𝑁 magnifies the convective heat 
transfer as the heat imparted by wavy base is due to substantial area 
than done by flat base, nevertheless, the 𝑁𝑢𝑛𝑓 shows maximum values 
when 𝑁 = 2. This owing to that the two crests are directly correspond-
ing to each rotating cylinder, thus the thermal boundary layers there 
are directly influenced by the shear action of the cylinders. However, 
the enhancement in 𝑁𝑢𝑛𝑓 at Ω = ±500 are about 18% and 16% when 
𝑁 is raised from 0 to 2 and from 0 to 5, respectively. Lastly, the en-
hancement of 𝑁𝑢𝑛𝑓 gained by the rotational speed of the two cylinder 
can be drawn from Fig. 18, that is raising Ω from 0 to ± 500 resulting 
in augmenting 𝑁𝑢𝑛𝑓 by 362% for 𝜙 = 0 and by 315% for 𝜙 = 0.04.

A significant correlation to the current average Nusselt number con-
cerning two parameters (𝐻𝑎, 𝜙) will be performed as follows:

𝑁𝑢𝑛𝑓 = 17.04𝐻𝑎0.01 𝜙0.05, (35)

where the value of the maximum error is approximately 7%.

5. Conclusions

Four mechanisms affecting the fluid flow and heat exchange in a 
wavy-based cavity are investigated in this study. These are: the buoy-
ancy force inducing from temperature difference; the shear (friction) 
forces imparting from rotating two cylinders; promoting the thermos-
physical properties by dispersing Al2O3 nanoparticles; and the magnetic 
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Fig. 12. Variations of the steady streamlines (left), isotherms (middle), and nanoparticles distribution evolution by angular rotational velocity (Ω(1,2)) for 𝐻𝑎 = 20, 
𝜙 = 0.02 and 𝑁 = 4.
force inducing from applying an inclined magnetic field. The slip be-
tween nanoparticles and the base fluid is taken into account by adopting 
the 4-equation Buongiorno model. The unsteady problem is solved nu-
merically using FEM. The main conclusions drawn from the study are 
as follows:

1. Because the applied magnetic field is inclined, then the magnetic 
force drives the nanofluid towards the left side of the cavity. There-
fore, the role of the individual left cylinder is marginal while the 
right cylinder plays a significant role on the heat transfer aspect. 
The stationary cylinders act as drag and thermal resistance, but 
with rotation, the shear friction force drives good mixing mecha-
nisms and momentum exchange thus magnifying the average Nus-
selt number and helps the rapid approach to steady state.

2. By increasing the Hartmann number, the magnitude of the stream 
function weakens and the recirculation shrinks with multicellular 
appearance, and the isotherms close to the wavy base disband.

3. The waving of the hot base of the cavity enhances the Nusselt num-
ber, but the maximum Nusselt number is obtained when 𝑁 = 2. 
This is because the two crests of the wavy base are directly cor-
responding to each rotating cylinder, thus the thermal boundary 
layers there are directly influenced by the shear action of the cylin-
ders. Speaking in data, the Nusselt number is augmented by 18% 
when 𝑁 is raised from 0 to 2 and by 16% from 0 to and 5.
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4. The enhancement of the Nusselt number gained by raising the ro-
tational speed of the two cylinders from 0 to ± 500 is about 315% 
for a volume fraction of 0.04 and 𝐻𝑎 = 20.
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Fig. 13. Variations of the steady streamlines (left), isotherms (middle), and nanoparticles distribution evolution by number of undulations (𝑁) for 𝐻𝑎 = 20, 
Ω1 = −250, Ω2 = 250 and 𝜙 = 0.02.

Fig. 14. Variations of the steady local Nusselt numbers with the interface wavy wall for different (a) 𝐻𝑎 and (b) Ω(1,2) at 𝜙 = 0.02 and 𝑁 = 4.
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Fig. 15. Variations of the steady local Nusselt numbers with the interface wavy wall for different (a) 𝜙 and (b) 𝑁 at 𝐻𝑎 = 20, Ω1 = −250 and Ω2 = 250.

Fig. 16. Variations of the steady average Nusselt number with 𝐻𝑎 for different 𝜙 at Ω1 = −250, Ω2 = 250 and 𝑁 = 4.

Fig. 17. Variations of the steady average Nusselt number with Ω(1,2) for different 𝑁 at 𝐻𝑎 = 20 and 𝜙 = 0.02.
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