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A B S T R A C T   

Transport phenomena involving thermo-bioconvection have become an interesting field of research due to their 
novel application in various fields of engineering, bio-energy systems, fuel cells, medical science, etc. Design as 
well as proper control of such a system involving multiphysical transport in a complex geometry is a very difficult 
task. On such a system, the present study is conducted aiming to examine the magnetohydrodynamic (MHD) 
mixed bioconvection with oxytactic microorganisms suspended in copper-water nanofluid. The flow takes place 
through porous media in a top-wall-translating enclosure with a complex wavy sidewall heated uniformly. The 
right vertical wall is isothermally cooled; other walls are adiabatic. A magnetic field is imposed along the hor-
izontal direction. Evolved flow physics are analyzed by modeling this complex problem involving an undulating 
heated wall and many coupled transport equations (due to the presence of motile bacteria or organisms) are 
numerically solved through a finite volume-based code. The thermo-fluid behaviors are studied extensively to 
explore the controllability of different involved parameters that could help the system’s design and operation. 
The important parameters influencing the complex physics in the enclosure are the number of undulations (n), 
bioconvection Rayleigh number (Rb), Darcy number (Da), Hartmann number (Ha), Peclet number (Pe), Lewis 
number (Le), oxygen diffusion ratio (χ), Grashof number (Gr). The study reveals that the undulating curved 
surface enhances the heat transfer up to certain optimal magnitudes of undulations at the different operating 
conditions. The mass transfer rate increases with all undulations and bioconvection supports this trend. Bio-
convection always favors heat transfer. In general, it is found that by adjusting the involved flow parameters and 
number of undulations, the local as well as global transport mechanisms, can be controlled effectively. The 
concept of this investigation could be found in the designing of microbial fuel cells and different nanotechnology- 
based bioconvection.   

1. Introduction 

Thermo-bioconvection and associated mass transfer are stimulating 
topics nowadays due to their diverse fields of engineering and medical 
science applications. The area of applications includes bio- 
microsystems, processing biological wastes, bio-inspired fuel cells, 
heat exchangers, chemical reactors, food processing, enhanced oil re-
covery, and others [1–3]. Rapid development in nanotechnology aug-
ments the use of nanosized powders (single to two or more different 

materials) in thermo-fluid systems significantly due to the enhanced 
thermal and transport characteristics of working media [4–6]. The 
combination of nanoparticles (at low concentrations) and microorgan-
isms is also a key area in modern medical science as well as bio-nano 
materials processing. Suspension of solid particles and live species en-
ables the designing of nanoscale devices also, which is a very promising 
field in nano-bio-technology. In a device pertaining to 
nano-biotechnology, the modulation of transport processes becomes 
easier with the help of the Lorentz force (generated using an externally 
applied magnetic field). Application of the above subject topic could be 
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found in pharmacodynamics, drug delivery processes, tumor treatment, 
hemodynamics, biological polymer synthesis, bacteria-powered 
micro-mixers, bio-energy systems, pollutant dispersion in aquifers, and 
others [7–10]. 

During the last several decades, different types of bioconvective 
phenomena with the suspension of motile microorganisms (which are 
self-propelled and leads to the macroscopic motion of the host fluid) 
have been investigated [1,2,11–16] in the presence of different stimu-
lating agents like oxygen, gravity, light, or chemical attraction. In this 
context, complex bioconvective phenomena in an open-top container 
with the suspensions of oxytactic bacteria have been studied by Hill-
esdon and Pedley [17]. They highlighted various linear-instability as-
pects of bioconvection. Avramenko and Kuznetsov [18] investigated 
bioconvection in a shallow fluid layer with the presence of oxytactic 
bacteria and temperature gradients. Of course, when microorganisms 
and nanoparticles are suspended in the carrier fluid, nanoparticles 
enhance the thermal properties of the host fluid and thereby lead to 
improved thermal as well as microorganism transport. Kuznetsov [19] 
focused on the concept of nanoparticles-blended bioconvective phe-
nomena with gyrotactic microorganisms. They reported that microor-
ganisms lead to bulk fluid motion, which can enhance mixing processes 
as well as prevent nanoparticle agglomeration. The transport process in 
any system involving blended nanoparticles and microorganisms be-
comes more complex. The complexity in transport processes in any 
system involving blended nanoparticles and microorganisms increases 
further under various multi-physical scenarios such as porous layers, 
magnetic fields, etc. [9,20–23]. Considering the oxygen as a stimulant 
for the bioconvective process, Kuznetsov [24], Kuznetsov et al. [25], 
Becker et al. [26], Sheremet and Pop [27] and Balla et al. [28] studied 
free bioconvective flow through porous substance and observed trans-
port phenomena under different flow control parameters. To assess 

practical engineering applications, Bég et al. [29] numerically investi-
gated the water-based nanofluid bioconvection of oxytactic microor-
ganisms through porous media over a vertical flat plate. They observed 
that thermal performance is enhanced due to the bioconvection process. 
The problem of nano-thermo-bioconvection in presence of oxygen bac-
teria in a differentially heated porous cavity has also been examined by 
Balla et al. [30]. It was observed that thermal behavior is significantly 
altered due to changes in bioconvection controlling parameters. Some of 
the researchers have also examined the thermo-bioconvection of nano-
fluid flow in presence of gyrotactic microorganisms and a magnetic field 
in a clear domain [31] and a porous domain [32]. 

As the bioconvection process only occurs in the presence of micro-
organisms (that swim towards higher density oxygen), all the transport 
phenomena (oxygen and microorganism concentrations, heat transport) 
are significantly influenced by the near-wall phenomena. In presence of 
external force through translating wall(s) or shearing action, bio-
convection markedly modifies transport phenomena. In this context, 
Ahmed et al. [33] examined the magnetohydrodynamic (MHD) bio-
convection with the suspension of oxytactic microorganisms in a porous 
cavity heated differentially and having a sliding wall at the top. They 
reported that the bioconvection process is significantly affected by the 
convection strength and applied magnetic field intensity. In a recent 
report, Biswas et al. [34] revisited the above problem, considering 
Cu-water nanofluid and translation of the horizontal walls. They 
observed that the bioconvective phenomena are significantly preten-
tious by flow control parameters as well as magnetic field intensity. 
Furthermore, a study on MHD nano-bioconvection in presence of porous 
substances containing oxytactic microorganisms is relatively scarce. 
However, there is plenty of report on MHD buoyancy-driven convection 
[5,35] or mixed convection from sliding wall(s) [36,37] alone consid-
ering nanofluid flow in a porous enclosure. 

Nomenclature 

b chemotaxis constant, m 
B magnetic field, Wbm− 2 

C oxygen concentration 
C0 concentration at the vertical surfaces 
Cmin minimum oxygen concentration required for alive 

microorganisms 
Cp specific heat at constant pressure 
Da Darcy number 
Dc diffusivity of the oxygen, m2s− 1 

Dn diffusivity of the microorganisms, m2s− 1 

Fc Forchheimer coefficient, m− 1 

Gr Grashof number 
H height of the cavity/length scale, m 
Ha Hartmann number 
K permeability of the porous medium, m2 

L length of the cavity, m 
Lw arc length, m 
Le Lewis number 
m number density of motile microorganisms (dimensional) 
mo reference number density 
n number of undulations 
N number density of motile microorganisms 

(nondimensional) 
Nu Nusselt number (average) 
p pressure, Pa 
P dimensionless pressure 
Pe Peclet number 
Pr Prandtl number 
Rb bioconvection Rayleigh number 

Re Reynolds number 
Ri Richardson number, Gr/Re2 

Sh Sherwood number 
T temperature, K 
u, v velocity components, ms− 1 

ũ, ṽ velocities of microorganisms, ms− 1 

U, V dimensionless velocity components 
Ut wall translational speed, ms− 1 

Wc maximum cell swimming speed 
x, y Cartesian coordinates, m 
X, Y dimensionless coordinates 

Greek symbols 
α thermal diffusivity, m2s− 1 

β volumetric expansion coefficient, K− 1 

γ average volume of microorganisms 
ε porosity 
θ dimensionless temperature 
μ dynamic viscosity of fluid (N s) m− 2 

ν kinematic viscosity, m2s− 1 

ρ density of the fluid/cell, kg/m3 

ζ dimensionless oxygen concentration 
φ nanoparticle volume fraction 
ψ dimensionless stream function 
σ electrical conductivity, μScm− 1 

σ1 ratio of the oxygen consumption rate to the oxygen 
diffusion rate 

χ constant 

Subscripts 
c,h cooling, heating  
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Apart from the blending of nanoparticles and microorganisms in the 
carrier fluid and imposing translatory wall motion, the bioconvection 
process can be altered markedly through an alternative means towards 
improving thermal mixing as well as mass and microorganism transport. 
This alternative way could be a geometric alteration of the interacting 
surfaces closer to the transport medium. Such modifications in geometry 
are wavy surfaces, wall corrugation, or irregular surfaces [38]. There are 
plenty of applications of such modified geometry such as the production 
of biofuel [39,40], microbial fuel cells [3,41,42], solar collectors, 
bacteria-powered micro-mixers, and others [7]. Depending on the 
application, the surface’s wavy shape may be of different kinds. Of 
course, the surface undulations play a significant role in improving 
thermal behavior and involved flow physics. This is due to the fact of 
enhanced interfacial contact area (due to surface waviness) between the 
nearest fluid layer and its bounding wall. In this context, some of the 
researchers have investigated free as well as mixed bioconvection 
considering nanofluid flow over an inclined wavy surface [43], hori-
zontal circular cylinder [44], vertical cylinder [45], parabolic surface 
evolution [46], truncated cone [47], or in a horizontal channel with 
expanding/contracting top wall [48]. Very recently, Biswas et al. [49] 
studied the MHD mixed bioconvective phenomena of oxytactic micro-
organisms blended in nanofluid-filled porous cavities heated along the 
curved bottom. However, mixed nano-bioconvection of oxytactic mi-
croorganisms over the wavy surface in presence of porous layers and the 
magnetic field is limited in the available literature. Recently, 
thermo-bioconvective has been examined in different problem domains 
[50–54] considering complex phenomena like a magnetic dipole, Jeffrey 
nanofluid, gyrotactic microorganisms, rheological fluids, reactive spe-
cies, etc. Apart from the bioconvective flow, there are other classes of 
works on free or mixed convective flow over the various shape of the 
surface waviness like corrugated, irregular, curved, sinusoidal, or others 
[37,38,55–57] and without wall curvatures [58–60] under various 
multi-physical scenarios. 

In light of the above-mentioned thorough survey of literature per-
taining to the present subject topic, it reveals that the study on nano- 
bioconvection of oxytactic bacteria over the undulated surface in pres-
ence of other multi-physical scenarios is scarce so far. Of course, 
modeling a problem with passively controlled boundary conditions (like 
surface waviness, magnetic field, and others) involving various non- 
linear coupled transport equations is very complex rather difficult to 
reach converged data. It is a crucial challenge to the researchers as well 
as designers from the application point of view. To address the above- 
mentioned issues on magnetohydrodynamic nano-bioconvection 
involving undulated surfaces and related to diverse applications, we 
aim to explore the underneath physics of this phenomenon pertaining to 
the wavy wall, thermal gradient, oxytactic bacteria, nanofluid, porous 
layers, magnetic field, and translating wall. Thus, the novelty of the 

present study is to numerically explore the magnetohydrodynamic 
mixed bioconvection of oxytactic bacteria suspended in a Cu-water- 
based nanofluid flow through porous layers packed in a wavy walled 
cavity with heating at the left, cooled at the right, and a moving adia-
batic wall at the top. The examination is carried out for the various 
ranges of parameters, and the similarities/ differences among them are 
presented in detail. The outcome of this study could essentially provide 
many significant flow physics and associated data, which can enrich the 
understanding of complex transport phenomena involving oxytactic 
bioconvection. The present study can be helpful to understand the 
design and operation of many engineering and industrial systems and 
devices such as microbial fuel cell, nano-ink jet printing, nano-droplet 
evaporation, nano-bioconvective systems, etc. 

2. Formulation of physical problem 

To initiate the modeling of the present problem, we consider a two- 
dimensional enclosure with a length scale H (height) and length L. Fig. 1 
displays the flow geometry as well as an imposed boundary conditions 
and coordinate system. The left wall of the enclosure is wavy following a 
profile expression of X = λ[1 − cos(2nπY)], where λ = 0.5A, A and n 
describe the amplitude (which is kept at a fixed value of 0.2) and 
waviness of the curbing wall. The left wavy wall is at a constant higher 
temperature, Th, whereas the right vertical wall is maintained at a lower 
temperature, Tc. Both the upper and lower walls are insulated. 
Furthermore, the upper adiabatic wall is translating towards the right 
side at a uniform velocity Ut on the same plane. The impact of the 
translating wall velocity is assessed through the Reynolds number (Re). 
The Grashof number (Gr) is defined to identify free convection strength 
(because of temperature gradient). The entire enclosure is exposed to a 
uniform external magnetic field of intensity B imposed horizontally. The 
applied magnetic field interacts with the nanofluid (through its elec-
trical conductivity) and generates the Lorentz force that in turn coun-
teracts the buoyancy effect. This magnetic field intensity is assessed 
through the Hartmann number (Ha). 

The enclosure is packed with non-deformable homogenous porous 
layers (with a uniform porosity, ε) and is saturated with water-based Cu 
nanoparticles (of volumetric concentration, φ) and oxytactic microor-
ganisms [9]. The modeling of the porous layers follows the well-known 
Forchheimer-Brinkman-extended Darcy model with the validity of local 
thermodynamic equilibrium [9,49]. We assume that the addition of 
nanoparticles has no adverse effect on the swimming velocity of the 
suspended microorganisms [11–13] even in the presence of a porous 
substance. The modeling of bioconvective transport with oxytactic 
bacteria is carried out adopting the continuum model of Hillesdon and 
Pedley [17]. It is also assumed that the nanofluid flow is steady, 
incompressible, laminar, and Newtonian considering the Boussinesq 
approximation pertaining to the change in density. To ensure the ho-
mogeneity in nanofluid flow in the porous domain, this fundamental 
study considers nanofluid concentration up to 2%, high porosity (ε =
0.8), and very small nanoparticles. In the analysis, viscous dissipation, 
radiation effects are insignificant in comparison to conduction and 
convection. The induced magnetic fields, Joule heating, and Hall effect 
are also negligible [20]. All the boundary walls are assumed imperme-
able with a validity of no-slip conditions at the walls. In line with the 
above-mentioned assumptions, the transport equations for continuity, 
momentum, energy, oxygen, and cell conservation can be derived (in 
dimensional form) as [13,49] 

∂u
∂x

+
∂v
∂y

= 0 (1)  

1
ε2

(

u
∂u
∂x

+ v
∂u
∂y

)

= −
1
ρ

∂p
∂x

+
ν
ε

(
∂2u
∂x2 +

∂2u
∂y2

)

−
ν
K

u −
Fc
̅̅̅̅
K

√ u
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
u2 + v2

√
(2)  

Adiabatic

Tc
B

x,u

y,v

Th

H

g

Oxytactic 
microorganisms 

suspended in
Cu–water nanofluid

Porous 
medium

L

A

Ut

M

S

Fig. 1. Schematic representation of magnetohydrodynamic mixed nano- 
bioconvective flow. 
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1
ε2

(

u
∂v
∂x

+ v
∂v
∂y

)

= −
1
ρ

∂p
∂y

+
ν
ε

(
∂2v
∂x2 +

∂2v
∂y2

)

−
ν
K

v −
Fc
̅̅̅̅
K

√ v
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
u2 + v2

√

−
1
ρ σB2v +

1
ρ [γΔρ⋅m − ρβ(T − Tc)]g

(3)  

u
∂T
∂x

+ v
∂T
∂y

=
εk + (1 − ε)kps

(ρCP)

(
∂2T
∂x2 +

∂2T
∂y2

)

(4)  

u
∂C
∂x

+ v
∂C
∂y

= Dc

(
∂2C
∂x2 +

∂2C
∂y2

)

− δm (5)  

∂
∂x

[

um+ ũm − Dn
∂m
∂x

]

+
∂
∂y

[

vm+ ṽm − Dn
∂m
∂y

]

= 0 (6) 

In the momentum Eqs. (2) and (3), the Forchheimer-Brinkman- 
extended Darcy expression is adopted to model the porous medium. 
Here Fc (= 1.75 /

̅̅̅̅̅̅̅̅̅̅̅̅̅
150ε3

√
)corresponds to the Forchheimer coefficient 

(inertial friction), and K (= ε3d2
ps/150(1 − ε)2

)corresponds to the 
permeability of the porous medium, ε is the porosity, and dps is the 
average particle size of the porous medium [61]. It is imperative to note 
that, the thermal conductivities of both the nanofluid (k) and solid 
porous phase (kps) are taken care of in Eq. (4). Furthermore, the effective 
thermal conductivity of the nanofluid-filled porous layers is adopted 
through the expression (εk + (1 − ε)kps) following the local thermal 
equilibrium approach [61]. Advantageously over the Darcy model, the 
Forchheimer-Brinkman-extended Darcy model takes care of both iner-
tial and Darcy frictions fluid experiencing during the journey in the 
porous substance. 

In the above Eq. (6), average swimming velocities (ũ and ṽ) of mi-
croorganisms (bacteria) are defined as [17] 

ũ =

(
bWc

ΔC

)
∂C
∂x

and ṽ =

(
bWc

ΔC

)
∂C
∂y  

where, b corresponds to a constant value, Wc implies cell swimming 
speed (maximum), C0 is the oxygen concentration at the vertical walls 
(and thus ΔC = C0 − Cmin), Cmin is the required minimum oxygen con-
centration for the microorganisms to be alive, − δm corresponds to the 
oxygen utilization by the microorganism. 

As the coupled transport equations are numerically solved, the 
dimensional equations are changed into dimensionless form introducing 
the following scale factors: 

(X, Y) = (x, y)
/

H, (U,V) = (u, v)
/

Ut, P = (p − pa)
/

ρU2
t ,

θ = (T − Tc)/(Th − Tc), ζ = (C − Cmin)/ΔC, N = m/mo
(7) 

Accordingly, the transformed nondimensional partial differential 
equations (in Cartesian coordinate systems) for magnetohydrodynamic 
mixed nano-bioconvection of oxytactic microorganism the chosen ge-
ometry [27,28,30] yield as 

∂U
∂X

+
∂V
∂Y

= 0 (8)  

1
ε2

(

U
∂U
∂X

+ V
∂U
∂Y

)

= −
∂P
∂X

+
1

εRe
ν
νf

(
∂2U
∂X2 +

∂2U
∂Y2

)

−

(
ν
νf

1
DaRe

+
Fc

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
U2 + V2

√

̅̅̅̅̅̅
Da

√

)

U

(9)  

1
ε2

(

U
∂V
∂X

+ V
∂V
∂Y

)

= −
∂P
∂Y

+
1

εRe
ν
νf

(
∂2V
∂X2 +

∂2V
∂Y2

)

−

(
ν
νf

1
DaRe

+
Fc

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
U2 + V2

√

̅̅̅̅̅̅
Da

√

)

V −
ρf

ρ
σ
σf

Ha2

Re
V

+
(ρβ)
ρβf

Gr
Re2 (θ − RbN)

(10)  

U
∂θ
∂X

+ V
∂θ
∂Y

=
1

RePr
α
αf

(
∂2θ
∂X2 +

∂2θ
∂Y2

)

(11)  

U
∂ζ
∂X

+ V
∂ζ
∂Y

=
1

ReLePr

(
∂2ζ
∂X2 +

∂2ζ
∂Y2

)

−
σ1

ReLePr
N (12)  

χ
(

U
∂N
∂X

+ V
∂N
∂Y

)

=
1

ReLePr

(
∂2N
∂X2 +

∂2N
∂Y2

)

−
Pe

ReLePr

(

N
∂2ζ
∂X2 + N

∂2ζ
∂Y2 +

∂N
∂X

∂ζ
∂X

+
∂N
∂Y

∂ζ
∂Y

) (13)  

where the dimensionless parameters U and V correspond to the veloc-
ities along with the X and Y directions (in Cartesian coordinates system), 
P is the pressure, θ is the temperature, ζ is the oxygen concentration, N is 
the microorganisms (bacteria) number density. During the conversion of 
the governing Eqs. (8) to (13), the following relations are yields 

Rb =
mo
(
ρcell − ρf

)
γ

ρf βf (Th − Tc)
, Pe =

bWc

Dn
, Le =

αf

Dc
, Pr =

νf

αf

Gr =
gβf (Th − Tc)H3

ν2
f

, Re =
UtH
νf

, Ri =
Gr
Re2, Da =

K
H2,

Ha = BH
̅̅̅̅̅
σf

μf

√

, σ1 =
moδH2

DcΔC
, χ =

Dc

Dn

(14)  

from where, further dimensionless control variables are obtained like 
Prandtl (Pr), Reynolds (Re), Darcy (Da), Hartmann (Ha), Grashof (Gr), 
Richardson (Ri), bioconvective Rayleigh (Rb), Lewis (Le), and Peclet 
(Pe) numbers, respectively. 

To solve the dimensionless partial differential equations (PDEs) (8)– 
(13), appropriate initial and boundary conditions are applied, which are 
listed in Table 1. 

Now, the simulated data set are post-processing to calculate the local 
Nusselt (Nuloc) and Sherwood numbers (Shloc) at the active walls, which 
are expressed as 

Table 1 
Imposed boundary conditions.  

Bounding walls Velocity boundary 
conditions 

Thermal and concentration 
boundary conditions 

Left heated wavy 
wall 

U = 0, V = 0 θ = 1, ζ = N = 1 

Bottom adiabatic 
wall 

U = V = 0 ∂θ/∂Y = 0, ζ = 1, PeN∂ζ/∂X = ∂N/∂X 

Right Cold wall U = V = 0 θ = 0, ζ = N = 1 
Top moving wall U = 1, V = 0 ∂θ/∂Y = 0, ∂ζ/∂X = ∂N/∂X = 0 

In this study, as the working fluid is taken as water-based Cu nanoparticles, the 
hydro-thermal properties of solid Cu nanopowders, as well as water (for the 
fixed Pr = 5.83), are taken from the standard book [62]. The mixture of the 
water, as well as nanoparticles, is expressed through the symbol φ, which cor-
responds to the volumetric concentration of nanoparticles. To get the effective 
hydro-thermal properties of nanofluid (such as ρ, μ, α, k, σ, and β - density, 
viscosity, thermal diffusivity, thermal conductivity, electrical conductivity, the 
volumetric thermal expansion coefficient, respectively) individual properties of 
water (designated with the subscript ‘f’), as well as Cu nanoparticles, are utilized 
following the well-known correlations [63]. Both the thermal conductivity 
(401.0 W/(m⋅K)) and electrical conductivity (5.96 × 107 μScm− 1) of 
Cu-nanoparticles are significantly higher; therefore, it is reasonable to assume it 
as a best-fitted nanofluid to demonstrate efficient thermal transport as well as a 
pronounced damping effect due to magnetic fields (Lorentz force). 
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Nuloc =
k
kf

(

−
∂θ
∂M

⃒
⃒
⃒
⃒

wavy wall

)

and

Shloc =

(

−
∂ζ
∂M

⃒
⃒
⃒
⃒

wavy wall

) (15a) 

With the integration of the above local distribution, we can estimate 
the average Nusselt (Nu) as well as Sherwood numbers (Sh) over the 
active vertical walls as 

Nu =
k
kf

1
S

∫S

0

(

−
∂θ
∂M

⃒
⃒
⃒
⃒

wavy wall

⎞

⎠dS and Sh =
1
S

∫S

0

(

−
∂ζ
∂M

⃒
⃒
⃒
⃒

wavy wall

)

dS

(15b)  

where the direction and actual length of the undulation is represented by 
‘S’ and the normal direction over the undulated surface is indicated by 
‘M’ (as shown in Fig. 1). From the solved data of velocity, temperature, 
oxygen, and microorganisms concentrations the local patterns of the 
flow field (ψ), temperature (θ), oxygen (ζ), and microorganisms (N) 
isoconcentrations are visualized. The following definition of stream 
function (ψ) is utilized to generate streamlines 

−
∂ψ
∂X

= V and
∂ψ
∂Y

= U (16) 

By the method of visualization, the fluid-flow patterns over the flow 
domain are scrutinized using the streamlines. It is a very important tool 
to address flow circulation or vortex occurred in a confined enclosure 
(clockwise (CW) and counter-clockwise (CCW) circulation indicated by 

-ψ and ψ , respectively. The streamlines significantly suffer when para-
metric values vary. Denser streamlines indicate a stronger circulation 
and are associated with a higher flow velocity. 

3. Solution methodology 

Adopting the appropriate boundary conditions, coupled transport 
PDEs Eqs. (8)–(13) in the dimensionless form are numerically solved 
using a finite volume method based on developed code written in 
FORTRAN. In spirit, the computational domain is divided into an 
appropriate number of grids/cells distributed nonuniformly (with finer 
meshes near the solid surface). The discretized equations are derived 
and then altered into a linear system. Afterward, these linearized alge-
braic equations are solved through an iterative process by applying the 
SIMPLE algorithm technique [64], Alternate Direction Implicit (ADI) 
sweep, and Tri-diagonal Matrix Algorithm (TDMA) [65]. A third-order 
upwind scheme (QUICK) [65] for the advection terms (in the mo-
mentum as well as energy equations) and a second-order central dif-
ferencing scheme for the diffusion terms are utilized. For confirming the 
generation of converged data set the residuals and mass-defect criteria 
are taken as <10− 8 and 10− 10 respectively. To achieve the converged 
solution faster with a lesser total computational time, a successive 
over-relaxation (SOR) of the stabilized under-relaxed solutions is 
utilized. 

For ensuring the capability of the used computational technique, the 
developed code has already been validated extensively with various 
multi-physical scenarios (like porous medium, nanofluid, magnetic 
field, microorganism, [4,5,9,34]) under natural as well as mixed con-
vection heat transfer problems. Apart from the above, another investi-
gation on the oxytactic bioconvection in a porous enclosure is conducted 
by comparing the result of published work [27]. The comparison of the 
average Nusselt number (Nu) and Sherwood number (Sh) on the heated 
wall for Ra = 10 and 100, Le = 1, Pe = 0.1, and Pr = 1 are listed in 
Table 2. The comparison shows good agreement with the published 
results. Further to this, as the present study involves with Cu-water 
nanofluid, non-Darcy model-based porous medium, and a Grashof 
number of 104, the work of Nguyen et al. [66] is appropriately chosen to 
perform another validation study at a higher Ra. The corresponding 
results at Ra = 105 are examined in Table 3. The average Nusselt number 

Table 2 
Comparison of the present result against the published result [27] through 
average Nu and Sh for Le = 1, Pe = 0.1, and Pr = 1 varying Ra and Rb.   

Ra Rb Nu Sh 

Sheremet and Pop [27] 10 10 1.0775 0.3368   
100 1.0717 0.3447  

100 10 3.0910 0.2506 
Present study 10 10 1.0817 0.3369   

100 1.0761 0.3445  
100 10 3.0967 0.2522  

Table 3 
Checking of computational efficacy through validation study with Nguyen et al. 
[66] for Ra = 105, Da = 10− 2, Pr = 6.2, varying porosity (ε).   

ε Nu |ψ|max 

Nguyen et al. [66] 0.4 3.433 7.308  
0.6 3.850 8.026  
0.8 4.162 8.548 

Present study 0.4 3.387 7.112  
0.6 3.817 7.878  
0.8 4.138 8.435  

D

D

Fig. 2. Mesh distribution and its details with wavy wall undulation n = 2.  

Table 4 
Mesh sensitivity test for Rb = 0− 100, Le = Pe = 1, Re = 100, Gr = 104, Da =
10− 3, ε = 0.8, χ = 1, φ = 2%, Ha = 30 and n = 2.  

Rb average Nu (% error) 

80 × 80 120 × 120 160 × 160 200 × 200 

1 5.025 4.943 (1.66%) 4.917 (0.53%) 4.915 (0.04%) 
10 5.109 5.012 (1.94%) 4.980 (0.64%) 4.977 (0.06%) 
50 5.244 5.143 (1.96%) 5.104 (0.76%) 5.100 (0.07%) 
100 5.317 5.212 (2.01%) 5.165 (0.91%) 5.160 (0.09%)  
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(Nu) and maximum streamfunction of both the results are in good 
agreement, thus confirming the robustness of the presently used solver 
and the accuracy of the presented results. The basic validations of this 
code against the benchmark results and experimental data at different 
Ra values are reported recently [67] and earlier [68–71]. 

In this work, the undulated wavy wall at the left side of the enclosure 
is handled by a classical staircase model [65]. This technique simplifies 
the mesh generation without any major loss in computational accuracy. 
By selecting appropriate high-density rectangular grids particularly for 
the wavy wall zones, the near-wall effects on the flow physics can be 
predicted accurately. The efficacy of the staircase approach along with 
an experimental validation has already been demonstrated for solving 
various problems pertaining to wall curvatures [72,73]. A typical mesh 
distribution of the present computational domain is illustrated in Fig. 2 
considering undulation number n = 2 for easy understanding. 

In order to achieve grid-independent findings, several mesh sizes (80 
× 80, 120 × 120, 160 × 160, and 200 × 200) are tested for Rb = 0− 100, 
Le = Pe = 1, Re = 100, Gr = 104, Da = 10− 3, ε = 0.8, φ = 2%, Ha = 30 
and n = 2. To capture the correct thermo-hydrodynamics as well as 
concentration gradient coupled with various multiphysics for a wide 
range of involved parameters over the entire computational domain, the 
grids are distributed nonuniformly (with a finer mesh near the curving 
surface and other bounding surfaces). As indicated in Table 4, the grid 
size 160 × 160 (with the maximum and minimum mesh sizes of 0.00244 
and 0.01273 respectively) shows very negligible changes compared to 
the previous coarse grids. This implies 160 × 160 mesh size is suitable 
for the further investigation of the chosen problem. The cumulative 
error pattern (as in the brackets) is calculated as |Nucoarse grid − Nufine-

grid|/Nufine grid × 100%. 

Fig. 3. Streamline contours (ψ) at Le = 1, Pe = 1, χ = 1, Gr = 104, Da = 10− 3, Ha = 30.  

D.K. Mandal et al.                                                                                                                                                                                                                              



International Journal of Mechanical Sciences 211 (2021) 106778

7

4. Results and discussion 

This study focuses on the hydro-thermal performance of mixed nano- 
bioconvection of Cu-water nanofluid and suspended oxytactic bacteria 
in a complex wavy porous enclosure heated differentially in the presence 
of an externally generated magnetic field. The problem geometry 
involving various multiphysics is governed by the different flow con-
trolling parameters and its effects are examined through fluid flow, heat, 
and mass transfer. The left wavy heated wall generates buoyancy force, 
the lid-driven velocity at the top wall develops shear force, imposed 
magnetic field induces Lorentz force, and bioconvection of microor-
ganism self-propels a counteracting force on the thermo-fluid flow and 
mass transfer. The involved key parameters that govern the thermo-fluid 
flow are namely, number of undulations (n = 0–4), bioconvection 

Rayleigh number (Rb = 0–100), porous substance permeability (Darcy 
number, Da = 10− 5–10− 1), magnetic field intensity (Hartmann number, 
Ha = 0–70), Peclet number (Pe = 0.1–5), Lewis number (Le = 0.1–5), 
and Grashof number (Gr = 10–104), diffusion ratio (χ = 0.1–1). Their 
impact on thermo-physics is scrutinized through streamlines (ψ), iso-
therms (θ), oxygen (ζ) and microorganisms (N) isoconcentrations, local 
and average Nusselt number (Nu) and Sherwood number (Sh) in the 
subsequent sections. In this study, porous medium porosity (ε = 0.8), 
amplitude of the undulation (A = 0.2), Reynolds number (Re = 100), 
concentration of nanoparticles (φ = 2%) are kept as fixed. 

4.1. Effect of undulations (n) and bioconvective Rayleigh number (Rb) 

As the studied problem geometry is composed of a complex wavy 

Fig. 4. Isotherms contours (θ) at Le = 1, Pe = 1, χ = 1, Gr = 104, Da = 10− 3, Ha = 30.  

D.K. Mandal et al.                                                                                                                                                                                                                              



International Journal of Mechanical Sciences 211 (2021) 106778

8

wall at the left and is subjected to isothermal heating, adjacent fluid 
layers are heated up and the hot plumes move upward along the wavy 
wall. Translating motion of the upper wall sucks the heated plume and 
pushes towards the right side of the enclosure, where heat is rejected to 
the cold wall and cold fluid travels downward and arrives at the left 
lower portion of the cavity. Thus, a clockwise rotating fluid circulation 
forms depending upon the other interacting controlling parameters. An 
increase in undulation numbers (designated by the symbol, n) in any 
wavy surface lengthens its effective surface area, which is supposed to 
enhance heat transfer in the domain, although it depends on the amount 
of influence by the reduction of flow area within the flow domain. 
Bioconvection Rayleigh number (Rb) is one of the key parameters for 
influencing the heat and mass transfer in a problem involving bio-
convection. This depends upon the thermal gradient, microorganism 
gradient with its mass, which governs the swimming of microorganisms 
(bacteria). To understand these phenomena, the impact of undulations 

(n = 0, 1, 2, 4) and bioconvection Rayleigh number (Rb = 1, 50, 100) on 
the streamlines (ψ), isotherms (θ) contours, oxygen (ζ), and microor-
ganisms (N) isoconcentrations, local and average Nu and Sh are explored 
in Figs. 3− 7, respectively at Le = 1, Pe = 1, χ = 1, Gr = 104, Da = 10− 3, 
Ha = 30. Contours are exhibited row-wise with undulations and column- 
wise with the variations of Rb. 

The imposed thermal gradient between the left and right wall de-
velops buoyancy force, the produced shear force due to top wall 
movement that boosts the buoyancy-driven flow further in the enclo-
sure. Thus, the buoyancy-induced mixed convection generates a stron-
ger clockwise primary circulation that occupies almost the entire 
domain of the cavity. This has been noticed in the contours of stream-
lines of Fig. 3. The results of streamlines show the gathering of 
streamlines at the top wall indicating a strong zone of the flow field in 
this region. This corresponds to the dominancy of flow field because of 
shear-induced convection and thereby the formation of flow field like 

Fig. 5. Oxygen isoconcentration (ζ) at Le = 1, Pe = 1, χ = 1, Gr = 104, Da = 10− 3, Ha = 30.  
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beehive hangs at the top wall. The shape of the circulation is noted to be 
asymmetric about the middle vertical axis. 

An increase in Rb does not show much change in the primary cir-
culation strength, the vortex shifts towards the right side of the cavity 
allowing a weak velocity zone at the left wall (the lower portion in the 
enclosure), a weak secondary circulation generates on the left wall. This 
is due to the impact of the increased value of Rb, a counteracting force 
due to the term Rb in the momentum equation produces the vortex at 
this low momentum zone (at n = 0, Rb of 100). Due to the forced vortex 
at the top wall, a suction action is exerted at the left top corner of the 
cavity by forming a low momentum zone at bottom of the left wall. Fluid 
velocity due to the buoyancy effect is not too predominant over the 
forced convection, this leads to the formation of weak secondary cir-
culation (rotating in the counterclockwise direction). Initiation of 
disturbance due to the increased value of Rb is noted at the left wall at 
the magnitude of 50. The formation of this secondary circulation cell is 

due to the bioconvective effect. 
At n = 1 and Rb = 100, the secondary circulation cell decreases its 

size as the fluid moves over the wavy surface (from bottom to the first 
crest of the wavy wall along the flow direction) with comparatively 
higher velocity (compared to the case of n = 0, Rb = 100), this is similar 
to the flow over converged region. The disturbances like the cases when 
n = 0, Rb = 50 could not be felt due to the existence of the crest of the 
wavy wall at n = 1. At n =2, Rb = 100, the distance from bottom to the 
first crest along the flow direction decreases that does not allow any 
circulation, however, after the first crest, secondary circulation in be-
tween two crests (at trough zone) occurs due to the combined effect of Rb 
and flow separation. Flow separation takes place as the fluid gets less 
time to reach the bottom point of the trough. This type of circulation is 
also noted at Rb = 50 at n = 2, although its size is less. At n = 4 for Rb of 
50 and 100, an extended zone of flow separation starting from the first 
crest to the last crest of the wavy wall is observed with tiny bubbles in 

Fig. 6. Microorganisms isoconcentration (N) at Le = 1, Pe = 1, χ = 1, Gr = 104, Da = 10− 3, Ha = 30.  
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the trough region due to the flow separation and bioconvection effect. 
The distribution of isotherms, as in Fig. 4, shows a gathering of 

temperature contours closer to the heated wavy wall, vertically aligned 
at higher static temperature with a high-temperature gradient, which 

indicates a higher heat transfer from the wall. The isotherm contours at 
the top wall, horizontally stratified, have clear disturbances in a thermal 
gradient that reveals the dominancy of convective heat transfer. The 
changes in isotherms in the remaining zone distribute with a low 

Fig. 7. Variations of local as well as average Nu and Sh at Le = 1, Pe = 1, χ = 1, Gr = 104, Da = 10− 3, Ha = 30 varying undulation numbers (a, c, d, f), and 
bioconvection Rayleigh number (b, e). 
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thermal gradient. The thermal gradient of isotherms at the top portion of 
the left vertical wall is high and this increases with increasing Rb, the 
thermal gradient is less at the lower part of the left vertical wall. For any 
undulations, the thermal gradient is more at the crest. Figures with 
multiple undulations indicate a very low-temperature gradient at the 
trough zone. The noted changes in isotherms in the enclosure signify a 
rise in the enhancement of heat transfer with Rb. 

The present study describes the bioconvection where a motile 
microorganism swims over in the presence of oxygen within the enclo-
sure. This microorganism self-propels towards a higher concentration of 
oxygen. Therefore, the presence of oxygen and microorganism is 
contemporary. The movement of oxygen is governed by the fluid flow 
physics in the domain caused by mixed bioconvection in the present 
study. This physics is also dictated by other related parameters. The 
movement of bacteria is governed by the thermal gradient, flow 

structure, etc. As per our defined boundary conditions, oxygen con-
centrations are high at the vertical, and bottom walls. The top wall 
moves with a velocity, which forms a fluid circulation in the iso-
concentrations of oxygen for all Rb as well as undulations (as in Fig. 5). 
This vortex location shifts upward with increasing Rb. The movement of 
microorganism is dictated by the oxygen concentration, therefore the 
isoconcentrations of microorganism swims over the high concentration 
zone of oxygen (as in Fig. 6). As observed, the formed vortex in the 
isoconcentrations of oxygen shifts with increasing Rb, microorganism 
moves upward by forming a high concentration zone near the top wall 
accordingly. A vortex of microorganism isoconcentrations is observed to 
shift downward with a reduction of its size with the increase in un-
dulations. The center of the vortex also moves downward. The concen-
tration of oxygen is noted high at the top portion of the left wall for all 
undulations with an increasing value of Rb, this signifies the high 

Fig. 8. Streamline contours (ψ) at Rb = 50, Le = 1, Pe = 1, χ = 1, Gr = 104, n = 2.  
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magnitude of the Sherwood number. At every crest of the undulations, 
this gradient of oxygen is also revealed a higher value like temperature 
gradient. It is interesting to note that oxygen concentration at the left 
wall drops from n = 0 to n = 1, while this concentration gradient rises 
with the further increase in the undulations (n). 

Fig. 7(a-f) illustrates the variation of local and average Nu and Sh for 
the considered range of Rb of 1, 50, and 100 for the varying undulations 
n = 0, 1, 2, 4. From the variation of local Nu at different undulations (as 
in Fig. 7a), some interesting outcomes are noted. The local Nu values at 
n = 0 drops first then rise for becoming maximum near the end of the 
vertical wall along the flow direction, it again drops at the end. The 
temperature difference between wall and fluid drops when fluid travels 
over the sidewall. Therefore, the heat transfer from the heated wall 
drops. After traveling some height, the fluid enters into the shear-driven 

flow zone, where heat transfer increases due to the sliding lid velocity. 
At the end of the wall, the reason for the sudden drop in heat transfer is 
due to the change in fluid flow direction and adiabatic top wall. This end 
drooping is noted for all undulations. At n = 1, from bottom to crest, 
local Nu value rises as the fluid velocity increases due to the decrement 
of the flow area compared to n = 0, fluid enters after the crest into the 
shear driven flow zone, which further boosts Nu. When the undulations 
change to n = 2 and 4, the magnitude of Nu is larger at the crests and 
lower at the troughs, the maximum value of Nu has revealed at the crest 
of the last undulations and the minimum value of Nu is at the first crest. 
The reason behind the peak value of Nu at the crest is already described 
for n = 1, the maximum peak value of Nu at the last crest (when n > 1) is 
caused by the shear-driven force in addition to the effect of the crest. The 
minimum heat transfer at the trough is due to the flow separation and 

Fig. 9. Isotherms (θ) at Rb = 50, Le = 1, Pe = 1, χ = 1, Gr = 104, n = 2.  
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bioconvection. This has been supported by the isotherms contours as 
noted in Fig. 4 by the lower thermal gradient. At n = 4, the Nu values at 
the first crest of the undulations are higher compared to the second crest, 
this happens for the high-temperature gradient at the first crest due to 
the heat transfer only by buoyancy effect, as it is nearer to the bottom 
wall. Initial heating at the lower portion of the heated wall is high at n =
0, this decreases with an increase in undulations. The isotherms distri-
bution showed also decreasing tendency of thermal gradient as noted 
earlier. 

Fig. 7b illustrates the influence of Rb typically for n = 2. An inter-
esting observation is that the local Nu values at the first crest decrease 
that increases in the second crest with Rb. The streamlines at n = 2 with 
the variation of Rb (as in Fig. 3) show the formation of secondary cir-
culation in-between two crests indicates a decrease in heat transfer. The 
isotherms of a low thermal gradient with Rb (in Fig. 4) also and supports 
the observation. The rise in peak value of local Nu at the second crest is 

due to the progression of thermal gradient and more flow energy at this 
zone. The diagrams of Fig. 7(a,b) fail to provide any clear picture about 
the variation of average Nu with wall undulations or Rb. Fig 7a shows 
the different effective lengths with various undulations; Fig. 7b shows 
the rising tendency at the first crest and the dropping tendency at 
another crest (at fixed Rb). Therefore, the plot of average Nu is given in 
Fig. 7c separately. 

Fig. 7c reveals that at n = 0, an increase in the average Nu up to Rb of 
50 then drops due to the formation of secondary circulation at higher Rb. 
At n = 1, 2, and 4, average Nu increases with Rb, the rate of rising of Nu 
magnitude diminishes with the increasing Rb. At n = 1, flow strength 
(noted in Fig. 3) reduces relative to n = 0, therefore the Nu value is less 
compared to n = 0, but this drops up to Rb of 50. The effect of lower Rb is 
not too prominent either for n = 0 or n = 1. The decrease of flow area 
with n = 1 is the reason for dropping flow strength and thereby Nu 
drops. Whereas after Rb of 50, secondary circulation strength is noted to 

Fig. 10. Oxygen isoconcentration (ζ) at Rb = 50, Le = 1, Pe = 1, χ = 1, Gr = 104, n = 2.  
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become weaker with n = 1 compared to n = 0 and thus Nu value be-
comes larger compared to n = 0, as clearly observed in Fig. 7c. At further 
increase in undulation (n>1), the average Nu enhances with n. By 
comparing the heat transfer in between n = 2 and n = 4, it is observed 
the heat transfer by n = 4 is lesser for all considered Rb. This is caused by 
the dominant effect of decreasing flow area with more undulations in 
combination with the effect of Rb. 

Fig. 7d shows the variation of local Sh for different undulations (n =
0, 1, 2, 4). Cavity fluid moves vertically along the left wall and increases 
the oxygen isoconcentrations gradient on this wall, therefore the local 
Sh rises its magnitude, clearly obtained from the curve at n = 0. All these 
curves for all undulations initiate with zero Sh value from the bottom of 
the left vertical wall. For n = 1, 2, 4, a curve similar to local Nu is noted 
for local Sh number distributions. The concentration gradient of oxygen 

isoconcentrations (as in Fig. 5) supports the observation. The effect of Rb 
on the local Sh is described at n = 2 (in Fig. 7e). This reveals that the 
local Sh value increases with Rb at the second crest and drops at the first 
crest with Rb. The average Sh value (in Fig. 7f) increases with Rb though 
its magnitude is very small for all undulations (n = 0, 1, 2, 4). Sh 
magnitude decreases from n = 0 to n = 1, then this value increases with 
further undulations. 

4.2. Effect of Darcy number (Da) and Hartmann number (Ha) 

The permeability of any porous substance (measured by the nondi-
mensional Darcy number, Da) governs the thermo-fluid phenomena. An 
increase in the pore size (increases the permeability) allowing the fluid 
to flow easily and strengthens the fluid-structure through a porous 

Fig. 11. Microorganisms isoconcentration (N) at Rb = 50, Le = 1, Pe = 1, χ = 1, Gr = 104, n = 2.  
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medium. The increase in permeability is signified by an increase in Da. 
Hartmann number, Ha, is also another important parameter to passively 
control the thermal behavior of the working fluid (inside the cavity) 
having its electrical conducting properties. The imposed magnetic field 
weakens the flow structure due to the presence of counteracting Lorentz 
forces (as presented by the additional source term, containing the 

symbol Ha, in the momentum equation). The present study on bio-
convection is coupled with a porous structure with the imposed mag-
netic field that dictates the movement of oxygen and microorganisms 
(bacteria). Thus, the present section describes the effect of varying Da (=
10− 5, 10− 4, 10− 2) and Ha (= 0, 30, 50, 70) for the fixed undulations of n 
= 2 and other parameters (Rb = 50, Le = 1, Pe = 1, χ = 1, Gr = 104). The 

Fig. 12. Variations of local as well as average Nu and Sh at Le = 1, Pe = 1, χ = 1, Gr = 104, n = 2 varying Hartmann number (a, c, d), and Darcy number (b, e, f).  
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same is indicated by streamlines (Fig. 8), isotherms (Fig. 9), iso-
concentrations of oxygen (Fig. 10), isoconcentrations of microorganisms 
(Fig. 11), and heat transfer phenomena (Fig. 12). 

From Fig. 8, it is clear that lower value of Da = 10− 5 shows the 
prominent effect of bioconvection and flow separation that forms large 
shaped secondary circulation (rotating in a counter-clockwise direction) 
starting from the bottom of the heating wall (along the flow direction) to 
the second crest of the wavy wall. Tiny bubbles inside the secondary 
circulation may be caused by the low momentum zone at this low Da 
value. This pattern of secondary circulation is obtained similarly for all 
considered Ha (= 0, 30, 50, 70) at Da of 10− 5. The flow separation 
signifies the cause mostly for bioconvection as the flow velocity is poor 
for the lower Da. As Da increases, this strengthens the flow structure in 
the form of primary circulation inside the cavity, which in turn the value 
of maximum stream function of primary circulation (as mentioned in the 
streamline contours). The primary circulation tries to accommodate the 
whole domain in the enclosure. At Da = 10− 4, secondary circulation 
forms in the space in between two crests, which indicates that the sep-
aration is mainly due to the flow separation, and dominates over the 

effect of bioconvection despite the same Rb, as velocity increases. 
Further increase in Da value from 10− 4 to 10− 2, the secondary circula-
tion strength increases due to a similar reason. Of course, the Rb has kept 
a fixed value of 50; the bioconvection effect is noted more at a lower Da 
of 10− 5. When Da increases, the effect diminishes and the enhanced 
velocity effect raises the flow separation. That’s why the secondary 
circulation occupies in between two crests and increases its size with Da. 
This pattern is noted for all the considered ranges of Ha. An increase in 
Ha value does not show a major impact on the flow structure at Da =
10− 5, the size and strength of the primary circulation remain the same. 
The secondary circulation (mostly due to Rb) remains the same. At 
higher Da of 10− 4 and 10− 2, the primary circulation strength drops due 
to the dampening effect of Ha at this Da (due to lowering velocity). It is 
remarkable to note that the shape of the secondary circulation grows 
with the increasing Ha despite the velocity drops, which is due to mainly 
the effect of bioconvection. The phenomenon due to the bioconvection 
dominates over the flow separation with the increase in Ha as lowers the 
velocity that increases secondary circulation shape. 

Illustration of isotherms (in Fig. 9) shows almost vertically stratified 

Fig. 13. Streamlines (ψ), isotherms (θ), Oxygen (ζ), and microorganisms isoconcentrations (N) at Rb = 50, χ = 1, Da = 10− 3, Ha = 30, Gr = 104, n = 2.  
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contours indicating heat transfer by conduction mode mainly at a lower 
Da value of 10− 5. This happens, as the flow velocity is very less at this 
Da. The disturbance is due to the shear-driven force, which is very less 
and noted at the top wall. At Da = 10− 4, as the velocity of flow increases, 
which in turn heat transfer by convection process, is noted to be 
prominent near the top wall. These strong disturbances and corre-
sponding alteration of isotherms are at Da = 10− 2, indicating high 
convection almost in the whole domain due to the higher permeability 
(which corresponds to higher flow velocity). This variation of isotherms 
as noted for any considered Ha values are having a similar trend. As Ha 
increases, the figure reveals the diminishing effect of shear-induced 
convection as it dampens the flow velocity. It is evident at Da of 10− 2, 
high-temperature zone at the top wall drops as Ha increases; this is the 
clear indication of damped flow. The thermal gradient at the left wall top 
corner, as well as peaks (crest) of the undulations, increases with the 
increasing Da indicating enhancement of heat transfer in this zone. 
These gradient drops as Ha increases because of the similar effect of 
dampening by Ha for all considered Da as noted in the contours of 
isotherms. 

From the isoconcentrations of oxygen (in Fig. 10), it is revealed that 
the isoconcentration pattern at Da = 10− 5 shows the concentration in 
the enclosure like a chamber where heat conduction takes place. A little 
disturbance is noted, which is due to shear-induced flow that moves the 
isoconcentration towards the right side at the top wall. The 

isoconcentration moves upward by forming a vortex at the middle zone 
of the cavity at Da of 10− 4, this is due to an increase in induced velocity 
at the top wall. The isoconcentration gradient also rises at the left wall 
top corner. Further increase in the Da value of 10− 2, vortex stretches left 
to right near the top wall of the enclosure, develops high concentration 
zone of oxygen at the middle zone upwards to the enclosure. Similar 
nature is noticed for all considered Ha of 30, 50, and 70 although the 
magnitude and zone of isoconcentration shifts as observed from this 
figure, whereas at Da of 10− 4, 10− 2, isoconcentration vortex size reduces 
and high concentration zone moves downward. Isoconcentration 
gradient is noted to be high at both the crests that increase with Da but 
reduce with Ha at the last crest. Since the consumption of oxygen by the 
microorganisms (bacteria) is governed by the availability of the same; 
therefore, microorganisms swim towards the high concentration zone of 
oxygen as noted in Fig. 11. Formation of microorganism vortex is 
observed at Da of 10− 5. This vortex tends to travel towards the left wall 
top corner with the increase in Da. Similar to oxygen isoconcentration, 
no measurable impact is observed with the variation in Ha in microor-
ganism isoconcentration at Da of 10− 5. At Da of 10− 4 and 10− 2, the 
vortex moves downward with the variation of Ha. 

In summary of the above-mentioned discussion, there exist two 
distinct features at low and high Da values. The change with Ha de-
creases as Da value decreases, and becomes fully imperceptible at very 
lower Da like Da = 10− 5. The fundamental reasons behind the observed 

Fig. 14. Variations of local as well as average Nu and Sh at Rb = 50, χ = 1, Gr = 104, Da = 10− 3, Ha = 30, n = 2 varying Le and Pe (a, c) and undulation numbers 
(b, d). 
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facts are as follows. At a higher Da value, due to higher permeability and 
low resistance against fluid flow, the flow velocities (U, V) become 
relatively higher. These high velocities are associated with the Lorentz 
magnetic force. As such, the corresponding negative contribution of the 
Lorentz force at different Ha is significantly high, so the revealed 
changes are more prominent. However, at the lower Da value, these 
velocity fields are markedly weak, so the contribution from the Ha terms 
is insignificant. For this reason, no change with Ha is noted in the 
streamlines at Da = 10− 5 and other associated figures. 

The variation of local and average Nu and Sh is presented in Fig. 12 
to show the effect of Ha and Da on the heat transfer and oxygen con-
centration of our considered problem for two undulations. Fig. 12a in-
dicates that the magnitude of local Nu at two crests decreases as Ha 
increases. At a fixed value of Ha = 50, with the increase of Da, the local 

Nu value increases at both the crests (Fig. 12b). Since the computation is 
made for fixed undulations that correspond to the effective heating 
length, therefore, the average value of Nu is supposed to decrease with 
the increasing Ha and this value is to be increased with Da. This has been 
reflected in the variation of average Nu with Ha at different Da as in 
Fig. 12c, the Nu value drops with the increasing Ha and rises with 
increasing Da. From the variation of local Sh with different Ha as in 
Fig. 12d, no significant impact of Ha on local Sh is noted. However, 
Fig. 12e shows the variation of Sh with Da, an increase in Da decreases 
the Sh value at the first crest and increases the magnitude in the second 
crest. From the average value of Sh (in Fig. 12f), it is revealed that the Sh 
value remains more or less the same (as noted in Fig. 12d) with the 
variation of Ha, this Sh value increases with Da. 

Fig. 15. Effect of Grashof number (Gr) on the streamlines (ψ- first row), isotherms (θ-second row), oxygen (ζ- third row), and microorganisms isoconcentrations (N- 
fourth row) at Rb = 50, Le = 1, Pe = 1, Da = 10− 3, Ha = 30, n = 2. 
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4.3. Effect of Peclet number (Pe) and Lewis number (Le) 

Lewis number (Le) plays a vital role in transferring oxygen mass due 
to the diffusion process in a thermal system that involves bioconvection. 
This dimensionless parameter describes the mass transfer of oxygen due 
to the diffusion of oxygen concerning the heat transport from the heat 
source to the cavity fluid. When Le increases, heat exchange from the 
heat source increases due to the enhanced thermal diffusion, whereas 
oxygen diffusion decreases. Peclet number (Pe) is defined to signify the 
maximum swimming velocity concerning the diffusion of microorgan-
isms due to their populations, a decrease in diffusion raises the Pe 
values. Fig. 13 shows the variation of Le and Pe through streamlines 
(first row), isotherms (second row), isoconcentration of oxygen (third 
row), and isoconcentration of microorganism (fourth row). Le and Pe 
vary from 0.1 to 1.0, keeping Rb = 50, χ = 1, Da = 10− 3, Ha = 30, Gr =
104, n = 2 fixed. 

The flow field by streamlines reveals no measurable change in the 
primary circulation’s strength with an increase in Le and Pe although it 
leads to the development of secondary circulation in between two crests. 
The reason for the formation of secondary circulation may be due to the 
dropping of oxygen diffusion with Le, significant change is noted at Le =
5, Pe = 5. Heat transfer by isotherms shows no significant impact with Le 
and Pe. Oxygen isoconcentration shows the movement of oxygen to-
wards the left top corner. This reduces the concentrations of oxygen on 
the right side of the cavity as Le rises. A growth in Pe drops 

microorganisms’ isoconcentration in the cavity and the microorganism 
to travel towards the high isoconcentration zone of oxygen. This is due 
to the drooping of diffusion of the population of microorganisms as Pe 
Increases. The variation of local Nu (in Fig. 14a) shows that the peak 
value of Nu at the first crest decreases while this value increases at the 
second crest with Pe and Le. The rising tendency at the second crest is 
due to the sheer driven flow at the top wall despite low diffusion. 
Fig. 14b shows the variation of average Nu that depicts the dropping of 
Nu with the increase in Le, Pe after the value of 1. The variation of local 
as well as average Sh is shown with a large range of variation from Le =
0.1, Pe = 0.1 to Le = 5, Pe = 5 by Fig. 14c and d respectively. The value 
at the second crest depicts the Sh value increases with Le, Pe but it shifts 
towards the top wall. The average Sh value increases with Le and Pe as 
obtained. 

4.4. Effect of Grashof number (Gr) 

Free convection specifically in the bioconvection environment, the 
Gr magnitude also governs the heat transfer and the microorganisms 
swimming in the presence of oxygen concentration. This section de-
scribes the variation of streamlines, isotherms isoconcentrations of ox-
ygen, and microorganisms row-wise (first, second, third, and fourth 
rows, respectively) in Fig. 15. All the results are illustrated for Rb = 50, 
Le = 1, Pe = 1, Da = 10− 3, Ha = 30, n = 2 for changing Gr. The 
streamlines at this Grashof numbers of 10, 102, and 103 show that the 

Fig. 16. Variations of local as well as average Nu and Sh for Rb = 50, Le = 1, Pe =1, χ = 1, Da = 10− 3, Ha = 30 varying Grashof number (a, c) and undulations (b, d).  
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flow occupies the whole domain with a small velocity of flow, the 
localized effect due to bioconvection is not observed, and thus no for-
mation of a secondary bubble. There is no question of the effect of flow 
separation at that very less flow velocity. The effect of bioconvection 
acts over the whole domain. The strength of formation of the primary 
circulation due to mainly shear-driven flow does not change its strength 
with the Grashof number. The isotherms support the observation of 
disturbances near the top wall at this considered Grashof number that 
indicates the heat transfer purely at conduction mode in this range of Gr. 
No such notable changes in the static temperature have been assessed 
from the isotherms. The isoconcentrations of oxygen and microorganism 
shows the high concentration zone at the left wall especially high con-
centration at the left top corner. The formation of vortices in both 

isoconcentration plots facing towards the left corner because of suction 
action exerted by the shear driven flow at the top wall. Fig. 16 displays 
the variation of local and average Nu and Sh on the left wall for Gr = 10, 
102, 103, and 104 for n = 0, 1, 2, 4. Local Nu variation depicts different 
nature at Gr of 104, while no variation is there for Gr from 10–103 as per 
Fig. 16a. A significant effect on average Nu is noticed after Gr of 103 for 
all undulations (in Fig. 16b), which is due to the convection process. 
Average Sh from Fig. 16d depicts the dropping of its magnitude after Gr 
of 103. 

4.5. Effect of (χ) 

The diffusion ratio (χ) indicates the diffusion of oxygen to the 

Fig. 17. Effect of χ on the streamlines (ψ- first row), isotherms (θ-second row), oxygen (ζ- third row), and microorganisms isoconcentrations (N-fourth row) at Rb =

50, Le = 1, Pe = 1, Da = 10− 3, Ha = 30, Gr = 103, n = 2. 
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diffusion of microorganisms. This controls the effect of oxygen con-
centration followed by microorganisms to swim. The effect of χ has been 
incorporated in the momentum equation involving microorganisms. 
Earlier results are presented in this study by considering 1.0. To study 
the effect of χ, it is illustrated through streamlines (ψ- first row), iso-
therms (θ-second row), oxygen isoconcentrations (ζ- third row), and the 
microorganisms isoconcentrations (N-fourth row) at Rb = 50, Le = 1, Pe 
= 1, Da = 10− 3, Ha = 30, Gr = 103, n = 2 in Fig. 17, χ varies from 0.1 to 
0.7. An increase in the value of χ reduces the primary circulation flow 
strength and the secondary circulation both. The reduction of secondary 
circulation is the indication of a decrease in the localized effect of bio-
convection. In this study of χ = 0.1, 0.5, 0.7, the secondary circulation is 
mostly due to the effect of bioconvection not for flow separation. Static 
temperature distribution by the isotherms does not reveal much more 
impact with χ. The vortex size and strength for oxygen isoconcentrations 
decrease with the diffusion ratio. This effect the isoconcentrations of 
microorganism that shows the reduction of the zone of high concen-
tration as obtained. 

5. Conclusions 

This work explores the impacts of an undulating heated sidewall on 
thermo-physics, heat and mass transfers, and swimming of motile mi-
croorganisms in a porous cavity. After conducting this study over a wide 
range of flow-controlling parameters, it was observed that the curved 
surface enhances both heat and mass transfers up to certain figures of 
optimum undulations. The other unique important observations are 
furnished below:  

• Bioconvection from oxytactic microorganisms produces a secondary 
circulation on the left heated wall. The shape and strength of this 
circulation are markedly influenced by Rb, Ha, Da, Le, Pe, and Gr.  

• The evolved secondary circulation is directly influenced by Rb, while 
other parameters affect indirectly.  

• The undulations in the left heated wall separate the flow mostly at 
the trough zone, which in turn aggravates the secondary circulation. 

• The flow physics in the remaining zone of the flow domain (con-
taining primary circulation) is mostly influenced by buoyancy force 
(or thermal gradients) and shear-driven flow (near the upper wall). 

• The lengthening of surface area due to an increase in multiple un-
dulations generally raises the heat transfer, and the bio-convection 
process helps to raise this heat transfer further. Although in the 
present study the curved surface enhances the heat transfer up to 
certain optimum undulations (n), the mass transfer always increases 
with the increasing undulations (n).  

• The average value of Sh magnitude increases with undulations, and 
the bioconvection raises the Sh value further. 

This knowledge of passive control technique (through the involved 
controlling parameters) in the presence of undulated wall with the 
oxytactic bioconvection may help for designing related devices per-
taining to the microbial fuel cell, nano-bioconvective system, etc. 
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multibanded magnetic field on convective heat transport in linearly heated porous 
systems filled with hybrid nanofluid. Phys Fluids 2021;33:053604. 

[36] Mondal MK, Biswas N, Manna NK, Chamkha AJ. Enhanced magnetohydrodynamics 
thermal convection in a partially driven cavity packed with a nanofluid-saturated 
porous medium. Math Meth Appl Sci 2021:1–28. https://doi.org/10.1002/ 
mma.7280. doi. 

[37] Abu-Nada E, Chamkha AJ. Mixed convection flow of a nanofluid in a lid-driven 
cavity with a wavy wall. Int Commun Heat Mass Transf 2014;57:36–47. 

[38] Shenoy A, Sheremet M, pop I. Convective flow and heat transfer from wavy 
surfaces: viscous fluids, porous media and nanofluids. CRC Press, Taylor & Francis 
Group, New York; 2016. 

[39] Rabaey K, Verstraete W. Microbial fuel cells: novel biotechnology for energy 
generation. Trends Biotechnol 2005;23:291–8. 

[40] Burton RA, Fincher GB. Plant cell wall engineering: applications in biofuel 
production and improved human health. Curr Opin Biotechnol 2014;26:79–84. 

[41] Miyake T, Haneda K, Yoshino S, Nishizawa M. Layered biofuel cells. Biosensors 
Bioelectron 2013;40:45–9. 
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