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Numerical simulations are performed for the mixed convective transport in an inclined open arcshaped channel filled by isotropic porous media using nanofluids. The Darcy regime is considered
and the non-linear Boussinesq approximation (NBA) is applied for the mixture density. The
vorticity-stream function scheme based on the finite volume method in case of the non-orthogonal
grids is conducted to solve the dimensionless governing system of equations. The local thermal
equilibrium model between the mixture and the porous medium is taken into account and water
is considered as a base fluid while the Al2O3 is assumed as nanoparticles. The computations are
carried out for various values of the curvature parameter ε ranging from 0.1 to 0.5, the Darcy
number Da ranging from 10− 2 to 10− 5 , the Rayleigh number ranging from 104 to 107 , the Rey
nolds number Re ranging from 10 to 5 × 102 , the inclination angle γ ranging from 0 to 2π, the
nonlinear Boussinesq parameter ξ ranging from 0 to 3 and the nanoparticles volume fraction is
varied from 0 % to 4 %. The results reveal that an increase in the nonlinear Boussinesq parameter
enhances the average Nusselt number regardless of the values of the inclination angle.

1. Introduction
In recent years, enhancement of heat transfer is required in various applications, such as heat exchangers and cooling of electronic
devices and hence it has been an ongoing area of the scientific research. These technological developments have been accompanied in
recent years by a large number of numerical studies; those are devoted to the natural and mixed convection heat transfer of nanofluids
inside different shaped enclosures [1–5]. In the same context, fluid flow through porous media is a topic of interest due to its ap
plications in enhancement heat transfer. A porous medium can be defined as a material containing pores or different shapes voids. The
pores are typically filled with fluid. In fact, the theory of porous media is used in many areas of applied science and engineering:
filtration, aeromechanics, soil mechanics, rock mechanics, petroleum engineering, bioremediation, construction engineering, and
material science. There are many studies that investigated the use of the porous medium in different cavities shaped [6–14]. Li et al.
[15] studied the two-phase mixed convection of a non-Newtonian nanofluid in H-shaped porous enclosures using the linear Boussinesq
approximation. They assumed that the enclosure contains four rotating cylinders. They found that the use of porous material in high
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Nomenclature
cp
Da
Gr
g
H
k
K
KB
Nu
Nuav
p
P
Pr
Ra
Re
t
Tfr
T
(u, v)
U0
(U, V)
(x, y)
(X, Y)

Specific heat capacity ( J kg− 1 K− 1 )
Darcy number
Grashof number
Gravity acceleration (m s− 2 )
Height of the cavity(m)
Thermal conductivity (W m− 1 K− 1 )
Porous medium permeability(m2 )
Boltzmann’s coefficient (J K− 1 )
Local Nusselt number at the heated wall
Average Nusselt number
Pressure (N m− 2 )
Dimensionless pressure
Prandtl number
Rayleigh number
Reynolds number
Time (s)
Freezing point (K)
Temperature(K)
Velocity components in the x and y direction (m s− 1 )
The velocity at the inlet (m s− 1 )
Dimensionless velocity components
Dimensional Cartesian coordinates(m)
Dimensionless Cartesian coordinates

Greek symbols
Thermal diffusivity (m2 s− 1 )
Dynamic viscosity (kg s− 1 m− 1 )
β
Coefficient of thermal expansion (K− 1 )
γ
Inclination angle
Ratio of the heat capacitance
γ1
Ψ
Dimensional stream function (m2 s− 1 )
ψ
Dimensionless stream function
ω
Dimensional vorticity ((s− 1 )
Ω
Dimensionless vorticity
ε
Porosity of porous medium
τ
Dimensionless time
θ
Dimensionless temperature
ν
Kinematic viscosity (m2 s− 1 )
ρ
Density (kg m− 3 )
ϕ
Solid volume fraction
ξ
Non-linear Boussinesq parameter

α
μ

Subscripts
f
s
p
h
C

Fluid
Porous medium
Particle
Hot
Cold/Core

2

Case Studies in Thermal Engineering 27 (2021) 101295

S.E. Ahmed et al.

permeability can be a good alternative to lowering the angular velocity of the cylinders and ultimately reducing the need for less
energy. Bhowmick et al. [16] investigated the transient natural convection ina valley-shaped triangular domains initially filled with
stratified water. Using the lattice Boltzmann method, the fluid flow and natural convection heat transfer of Al2O3 –Water or TiO2
–water nanofluid inside a U-shaped cavity consists of a hot obstacle has been analyzed numerically by Ma et al. [17]. They found that
effects of the nanoparticles on the increment of heat transfer for narrow cavities was more than wide ones. Esfe et al. [18] introduced,
numerically, the natural convection fluid flow and heat transfer inside T-shaped cavities filled with water-based suspensions of
COOH-functionalized multi-walled carbon nanotube. By using double-MRT lattice Boltzmann simulations, Fard et al. [19] studied the
natural convection fluid flow and heat transfer in U-shaped geometries; those are filled with CuO/water nanofluid with different aspect
ratios. The simulation showed that the aspect ratio of the cavity has a positive effect on the average Nusselt number and total entropy
generation. In recent years, it is common for nanofluids to be widely used in research aimed at improving heat transfer, due to their
many advantages and wide applications [20–25].
Ahmed et al. [26] simulated MHD mixed convection in an inclined cavity containing adiabatic obstacle and filled with Cu–water
nanofluid in the presence of the heat generation and partial slip. Bhowmick et al. [27] presented a numerical investegation for the
natural convection in V-shaped cavities heated from below and cooled from the top. In addition, the lattice Boltzmann simulation is
applied by Rahimi et al. [28] to study the natural convection in H-shaped geometries filled with nanofluids. Also, by using lattice
boltzmann method, Izadi et al. [29] investigated the natural convection of multi-wall carbon nanotubes-Iron Oxide nanoparticles/
water hybrid nanofluid inside a ┴ shaped enclosure. Selimefendigil and Öztop [30] used a conductive L-shaped obstacle to controlled
the flow field in the forced convection inside a branching channel with partly elastic walls is examined under the effects of a magnetic
field. They were observed that the size and orientation of the L-shaped obstacle have significant effects on separated flow regions and
heat transfer rates and therefore can be used as an excellent control tool. Liu et al. [31] performed numerical work a three-dimensional
numerical model to study the laminar flow and heat transfer characteristics in a serpentine microchannel with different geometric
fan-shaped reentrant cavities for Reynolds number ranging from 150 to 980. They found that the fan-shaped cavities can effectively
reduce the flow resistance and improve the temperature distribution uniformity. Mehmood [32] presented computational results for
mixed convective heat flow through a porous medium within two entrapped trapezoidal cavities filled with kerosene-cobalt ferrofluid
placed under the influence of magnetic field when the heat is provided through uniformly moving top and bottom horizontal
boundaries. Nanofluid natural convection in a baffled U-shaped enclosure in the presence of a magnetic field was investigated by Ma
et al. [33] using Lattice Boltzmann method. Their results demonstrated that the average Nusselt number increases by increments aspect
ratio. Mohebbi et al. [34] evaluated the nanofluid thermo-gravitational convection inside a Γ-shaped enclosure that consists of a hot
obstacle by the lattice Boltzmann method (LBM). Their results indicated that the mean Nusselt number would increase as the Rayleigh
number and nanoparticle concentration increased which reduction in the enclosure aspect ratio and increment in the obstacle’s height.
The mathematical modeling of MHD free convection thermal flow in a tilted V-shaped electronic assembly, packed with Cu-water
nanofluid was numerically performed by Purusothamana and Malekshah [35]. They used the lattice Boltzmann method to solve
the governing equations. They found that the average Nusselt number reduced with increasing the module aspect ratio of the cavity.
The outcomes of the above investigations revealed that the geometric shape and its aspect ratio play a major effect on the fluid flow
and the heat transfer. So, the main objective of this investegation is to use the nonlinear Boussinesq approximation to study the mixed
convection situation inside an inclined and opend arc-shaped geomtries filled with the nanofluids. The control volume technique is
extended to the case of the non-orthogonal grids and applied to solve the governing equations in terms of the vorticity-stream function
formula. The influences of the model aspect ratio, the Rayleigh number, the Reynolds number, the Darcy number, the inclination
angle, the nanoparticles volume fraction and the nonlinear Boussinesq parameter on the fluid flow and heat transfer are investigated.
The results of this study will optimize the thermal design and the transfer of a nanofluid in geometric designs.
2. Mathematical formulation
In Fig. 1, a schematic of the current physical situation is illustrated. The flow domain is an arc-shaped enclosure with maximum
wide H while length of the curved wall is L. The channel is inclined by angle γ and it is opened from the left and right sides. The current
simulation is determined by the following assumptions:
• The inlet part has a constant velocity U0 while the gradients of the velocities at the outlet part are equal zero.
• The top wall is mentioned to the low temperature Tc and the channel is heated from below (curved wall) by a constant temperature
Th .
• The velocity and temperature fields are considered to be time-dependent (unsteady case), the flow in the X − Y plane (two
dimensional) and the nanofluid particles move in parallel layers (laminar).
• The mixture has constant density that is approximated using the non-linear Boussinesq correlation
• The base fluid (water with df = 0.385 nm) and the nanoparticles (Al2O3 with dp = 33 nm) are considered in the thermal equilibrium
state and the same assumption is taken into account for the nanofluid and porous phases.
• The thermophysical properties of the base and nanoparticles are constant and they values are included in Table 1.
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Fig. 1. Physical model of the problem.

Table 1
Thermo-physical properties of water and nanoparticles at T = 310 K, see Corcione [36], Garoosi et al. [37], Bianco et al. [38], Bahrehmand and
Abbassi [39] and Garoosia and Hoseininejad [40].
(

ρ
H2O
Al2O3

kg
m3

)

993
3970

K (W/mK)

Cp (J /kgK)

β × 10− 5 K−

0.628
40

4178
765

36.2
0.85

1

• The local thermal equilibrium state between the mixture and the porous medium is taken into account.
• The porous medium is simulated using the Darcy model and the permeability is considered to be isotropic.
• The nonlinear Boussinesq scheme is applied to treat the nanofluid density and the gravity acceleration vector is ( − g sin γ, −
g cos γ).
Under all the pervious mentioned assumptions, the continuity, momentum and energy equations governing the flow and thermal fields
are expressed as, Selimefendigil and Öztop [3], Li et al. [15], and Mehmood [32]:

∂U ∂V
+
=0
∂X ∂Y
1 ∂U

ε ∂τ
1 ∂V

ε ∂τ

(1)

+

]
[
(
)
)
∂U
∂U
∂P 1 1 ρf μnf ∂2 U ∂2 U
1 ρf μnf U
Ra (ρβ)nf ρf (
+
θ + ξθ2 sin γ
+ 2 −
+V
=−
+
U
2
Re ρnf μf Da Re2 Pr (ρβ)f ρnf
ε
∂X
∂Y
∂X ε Re ρnf μf ∂X
∂Y

(2)

+

]
[
(
)
)
∂V
∂V
∂P 1 1 ρf μnf ∂2 V ∂2 V
1 ρf μnf V
Ra (ρβ)nf ρf (
+
θ + ξθ2 cos γ
+
+
V
=
−
+
U
−
Re ρnf μf Da Re2 Pr (ρβ)f ρnf
ε2
∂X
∂Y
∂Y ε Re ρnf μf ∂X 2 ∂Y 2

(3)

1

2

1

(
) (
)
∂θ
∂θ
∂θ
1 knf ρCp f ∂2 θ ∂2 θ
(
)
γ1 + U + V
+ 2
=
2
∂τ
∂X
∂Y Re Pr kf ρCp nf ∂x ∂y

(4)

Eliminating the pressure terms from the previous equation using the streamlines and vorticity definitions, gives:

∂2 ψ ∂2 ψ
+
=− Ω
∂X 2 ∂Y 2
1 ∂Ω

ε ∂τ

+

(5)

[
[
(
)
]
]
∂Ω
∂Ω
1 1 ρf μnf ∂2 Ω ∂2 Ω
1 ρf μnf Ω
Ra (ρβ)nf ρf
∂θ
∂θ
+ 2
+ 2 −
(1 + 2ξθ)
U
+V
=
cos  γ −
sin γ
2
Re ρnf μf Da Re Pr (ρβ)f ρnf
ε
∂X
∂Y
ε Re ρnf μf ∂X
∂Y
∂X
∂Y
1

2

The non-dimensionlized treatment of the previous equations is obtained using the following quantities:
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x
y
u
v
T − Tc
Ψ
ωH
X= , Y = , U = , V = , θ =
, ψ=
, Ω=
H
H
U0
U0
HU0
U0
Th − Tc

(7)

The corresponding initial and boundary conditions are given by
(8a)

t < 0, U = V = ψ = Ω = θ = 0
t≥0:

(8b)

At  the  inlet  part: U = 1, V = ψ = Ω = θ = 0
At  the  outlet  part :

∂V ∂Ω ∂θ
=
=
=0
∂X ∂X ∂X

(8c)

At  the  curved  bottom  wall : U = V = ψ = 0, θ = 1, Ω = −
At  top  wall : U = V = θ = 0, ψ = 1, Ω = −

∂U
∂n

(8d)

∂U
∂Y

(8e)

In equations (1)–(8), (U, V, P, θ, ψ , Ω) are the dependent variables, namely, horizontal velocity component, vertical velocity
component, the pressure, the temperature, the stream function and the vorticity function respectively, (X, Y, τ) are the independent
variables, namely, Cartesian coordinates and the dimensionless time, ρ is the density, μ is the dynamic viscosity, k is the thermal
ν
conductivity, Pr = αff is the Prandtl number, Re = Uν0fH is the Reynolds number, Da = HK2 is the Darcy number, K is the permeability
parameter, Ra =

gβf (Th − Tc )H3

νf α f

is the Rayleigh number, βf is the thermal expansion, αf is the thermal diffusivity and ξ = β1nf
(Th − Tc ) is the
0nf
β

non-linear Boussinesq parameter.

• Thermophysical properties of the mixture
In the current study, the nanofluid is assumed to be consisting of water as abased nanofluid and Al2O3 nanoparticles. The re
searchers interested with introducing various correlations for the thermophysical properties to obtain results; those are matched the
experimental simulations. During searching on these investigations, it is found that the correlations presented by Corcione [36],
Garoosi et al. [37], Bianco et al. [38], Bahrehmand and Abbassi [39] and Garoosia and Hoseininejad [40] are suitable for the case of
Al2O3–H2O nanofluids. The advantages of these mathematical relations are that they are depending on diameter of the molecules of the
water and nanoparticles. Also, they consider the Brownian motion of the nanoparticles. These correlations are given as follows:

ρnf = (1 − φ)ρf + φρp , αnf = (
(

ρcp

)
nf

knf
)

ρcp

(9a)

nf

)
)
(
(
= (1 − φ) ρcp f + φ ρcp p

(9b)
(9c)

(ρβ)nf = (1 − φ)(ρβ)f + φ(ρβ)p
/(
( / )−
μnf = μf
1 − 34.87 dp df

0.3

)

(9d)

ϕ1.03

(
( )10 ( )0.03
)
T
kp
knf = kf 1 + 4.4(ReB )0.4 Pr0.66
ϕ0.66
Tfr
kf

(9e)

/
ReB = ρf uB dp μf

(9f)

/(
uB = 2KB T

)

(9g)

π μf dp2

where, Tfr is the freezing point of the base fluid, uB is the Brownian velocity and KB = 1.380648 × 10−
coefficient.

23

J/K is the Boltzmann’s

• Rate of the heat transfer
The local Nusselt number is calculated, here, on the curved heated wall. So, it is can be expressed as:
[
]
Knf ∂θ
∂θ
Nu = −
cosΦ + sinΦ
Kf ∂X
∂Y

5

(10)
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Fig. 2. Mapping between the real physical model and computional rectangular model.

Where (cosΦ, sinΦ) are the component of the normal vector. Additionally, the average Nusselt at the heated wall is given by:
Nuav =

1
S

∫S

(11)

Nu dS
0

where S is the length of the heated wall.
3. Numerical technique and validation
The numerical scheme used to solve the governing equations starts with mapping the real physical domain to a rectangular
computational domain [41–45], as it is presented in Fig. 2. To achieve this objective, the following transformations are introduced:
X=ζ

Y=

η − ε sin π ζ
1 − ε sin πζ

(12)

In addition, the control finite volume method in the case of non-orthogonal grids is used in the current treatment this scheme
requires writing of the previous system in the following compact form:
[
]
[
]
∂ϕ ∂Uϕ ∂Vϕ ∂
∂ϕ
∂ * ∂ϕ
+
(13)
+
=
Γ*
+
Γ
+ Sϕ
∂Y
∂τ ∂X
∂Y ∂X
∂X
∂Y
In the non-orthogonal case, the advection terms are treated as:
[
]
∂(Uϕ) ∂(Vϕ) 1 ∂ *
∂
+
= *
(U ϕ) + (V * ϕ)
∂η
J ∂ξ
∂X
∂Y

(14)

Where
U * = β11 U + β21 V

(15)

V * = β22 V + β12 U

(16)

β11 = Y η , β12 = − Y ξ

(17)

β21 = − X η ,

(18)

β22 = − X ξ .

Additionally, the diffusive terms are given by:
]
[
]
[
]
[
∂
∂ϕ
∂
∂ϕ
1 ∂
∂ϕ
∂ϕ
Γ*
+
Γ*
= *
Γ* α11 + Γ * α12
∂X
∂Y
∂X
∂X
∂ζ
∂η
J ∂ξ
[
]
1 ∂
∂
ϕ
∂
ϕ
+ *
Γ* α22 + Γ * α12
∂η
∂ζ
J ∂η

(19)

In the previous equation, α11 and α22 are given by:
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Fig. 3. Streamlines (top) and isotherms (bottom) for different values of ε = 0.1, 0.3, 0.4, 0.5 at Ra = 105 , Re = 10, Da = 0.01 and ϕ = 0.02.

Fig. 4. Streamlines (top) and isotherms (bottom) for different values of Da = 10− 2 , 10− 3 , 10− 4 , 10−

α11 =
α22 =

α*

Xη2 + Yη2

5

at.Ra = 105 , Re = 10, ε = 0.5 and ϕ = 0.02

β221 + β211
J*

(20)

γ * Xζ2 + Yζ2 β212 + β222
=
=
.
J*
J*
J*

(21)

J*

=

J*

=
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Fig. 5. Streamlines (top) and isotherms (bottom) for different values of Ra = 104 , 105 , 106 , 107 at.Da = 10− 5 , Re = 10, ε = 0.5 and ϕ = 0.02

Fig. 6. Impacts of ε and Da on the local Nusselt number at.Ra = 105 , Re = 10, ε = 0.5 and ϕ = 0.02

The second upwind and central differences schemes are applied to treat the transformed advection and diffusive terms, respec
tively. The alternating direction implicit method (ADI) is used to solve the resulting algebraic system. The convergence criteria in this
study is chosen to be of order 10− 6 . Also, after made many grid tests, the grid size 51 × 51 is found suitable for all computations.
Applying this grid size and the aforementioned convergence criteria, the CPU time for the computations on an Intel core i-7 processor is
found to be very low for the present problem.
4. Results and discussion
The present computations are performed for the different values of the curvature parameter ε ranging from 0.1 to 0.5, the Darcy
number Da ranging from 10− 2 to 10− 5 , the Rayleigh number ranging from 104 to 107 , the Reynolds number ranging from 10 to 5 ×
102 , the inclination angle γ ranging from 0 to 2π , the nonlinear Boussinesq parameter ξ ranging from 0 to 3 and the nanoparticles volume
fraction is varied from 0 % to 4 %. During the simulations, the corresponding value of the Prandtl number Pr at 310 Kis set as 4.623.
Fig. 3 shows the streamlines (top) and isotherms (bottom) features for the different values of the curvature parameter ε = 0.1, 0.3,
0.4, 0.5 at Ra = 105 , Re = 10, Da = 0.01 and ϕ = 0.02. Here, it is noted that different configurations of the flow domain are taken
and the depth of the enclosure is increased as ε is varied. In addition, at the small values of ε, the forced convection mode is controlling
while as ε is grown, the temperature differences inside the geometry are increased and hence the mixed convection case is considered.
It can be observed from the figure that a minor eddy is formulated near the curved wall. Also, the isotherms lines show a heated zone
near the curved wall indicating a good heat transfer rate at the low values of ε. However, the increasing values of ε enhances the
8
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Fig. 7. Impacts of ε, Da, Ra, Re, φ, γ and ξ on the average Nusselt number.

temperature distributions inside the flow domain instead of gathering them near the curved wall at the low values of ε.
Fig. 4 displays impacts of the Darcy number Da = 10− 2 , 10− 3 , 10− 4 , 10− 5 on the nanofluid flow and temperature distributions at
Ra = 105 , Re = 10, ε = 0.5 and ϕ = 0.02. The figure disclosed that as Da is increased, the convective transport is enhanced. Phys
ically, this behavior is due to the permeability of the porous medium that is enhanced as Da is increased. Here, the figures show that
rate of the nanofluid flow is enhanced and the buoyancy force is increased when Da is increased. Also, the isotherms lines crowd at the
bottom of the enclosure (near the heated wall) as Da increases pointing to an enhancement in the temperature gradients in this zone.
The figures, also, show a dominance of the conduction mode of the heat transfer at the low values of Da while the increase in Da
enhances the convective heat transfer.
9
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With help of Fig. 5, influences of the Rayleigh number Ra = 104 , 105 , 106 , 107 at Da = 10− 5 , Re = 10, ε = 0.5 and ϕ = 0.02 on
the nanofluid flow and heat transfer fields are examined. At the low values of Ra (Ra = 104 ), the forced convective flow is seen and the
mixed convection case is noted at Ra = 105 while the high values of Ra(Ra ≥ 106 ) causes that the natural convection situation is
governing on the flow field. Also, the increase in Ra causes a formulating of a buoyancy vortex inside the geometry and strength of this
eddy is increased as Ra increases due to the increase in the temperature differences inside the flow domain. Further, very good
temperature distributions are seen inside the enclosure as Ra increases. Here, the isotherms lines fill the whole domain instead of
trapped them near the bottom wall.
Profiles of the local Nusselt number for variations of the curvature parameter ε and the Darcy number Da in case of a non-inclined
domain (γ = 0) and the non-linear Boussinesq parameter ξ = 0.5 are depicted in Fig. 6. The results disclosed that Nu is decreased,
gradually as ε is increased due to elaboration of the domain. In addition, the local Nusselt number increases at the zone 0.5 ≤ X ≤ 1 as
the Darcy number is increased. Also, the temperature differences inside the geometry are enhanced as Ra is increased and thus rate of
the heat transfer is augmented. Moreover, the increase in Re causes that the force flows resulting from the incoming mixture are
increased and hence the local Nusselt number is enhanced.
The average Nusselt number Nuavg is presented in this study in terms of three dimensional surface plots and illustrated in Fig. 7. The
plots revealed that the average Nusselt number takes it maximum in case of low values of the curvature parameter ε. Also, high values
of the Rayleigh number Ra results in maximum values of Nuavg due to the increase in the thermal boundary layer. Additionally, the
temperature gradients near the curved wall are enhanced as the non-linear Boussinesq parameter ξ and the Reynolds number Re are
gained and thus the average Nusselt number is augmented. Further, the average Nusselt number in case of an inclined arc-shaped
enclosure and nonlinear Boussinesq approximation is the best comparing with non-inclined cavity and linear Boussinesq relation.
Finally, great values of Nuavg (greater than 50) is seen at high values of Re and Ra. Physically, this case assemble the high rates of the
forced convective flow (due to high values of Re) and high values of the buoyancy force (due to the high values of Ra) to results a high
mixed convective transport and hence the average Nusselt number takes its maximum in this case.
5. Conclusions
The control volume scheme in case of non-orthogonal grids has been applied to simulate the mixed convection situation inside an
inclined and open arc-shaped enclosure filled with isotropic porous media using the nanofluids. The mixture density is approximated
using the second order Boussinesq approximation while the nanofluid thermophysical properties are assumed constants. The local
thermal equilibrium state between the nanofluid and the porous medium and between the base fluid (H2O) and nanoparticles (Al2O3)
are taken into account. The obtained results revealed the following conclusions:
• The increase in the curvature parameter causes a complexity of the flow domain and hence both of the nanofluid activity and the
heat transfer rate are diminished.
• The increase in the key-parameters, namely, the Darcy number, the Reynolds number and the Rayleigh number enhances the
permeability, the forced flow and the buoyancy force, respectively and as results, the mixed convection, nanofluid flow and
temperature gradients are augmented.
• Case of the inclined geometry together with the non-linear Boussinesq approximation is the best to the average Nusselt Number
comparing with the non-inclined enclosure and linear Boussinesq approximation.
• The high values of the average Nusselt are given in case of high values of the Reynolds number and Rayleigh number.
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