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A B S T R A C T   

Natural convection (NC) of nanoliquids specifically in enclosures is of use in diverse fields such as 
solar collectors, HVAC, and medical treatment. Recent research shows that suspension of nano- 
materials within the base fluid enhanced the heat transfer performance. NC heat transfer of 
Al2O3–H2O nanoliquid within a crown cavity with a circular cylinder inside it is studied in this 
paper. The flow is considered buoyancy-driven which is under thermal radiation (Rd) and con-
stant magnetic field within the porous media. Dimensionless modes of Navier-Stokes equations 
are considered as governing equations, and FEM is used to discrete the equations. Two scenarios 
are considered in the present paper. In the first scenario, the effect of parameters namely; Ray-
leigh number (103-105), Darcy number (0.001–0.1), Hartmann number (0–20), Radiation 
parameter (0.1–0.3), angle of magnetic field (0∘ − 90∘), and nanoparticle concentration 
(0.01–0.04) on heat transfer performance and entropy generation (Sgen) is studied. In the second 
scenario, the effect of geometry on Nusselt number (Nu) and Sgen is investigated. Da, Rd, and 
nanoparticle concentration have a positive impact on Nuavg and enhance heat transfer. Besides, 
the geometry with the best heat transfer performance is the one with the base wavy wall and the 
cylinder at the left side.   

1. Introduction 

Natural convection (NC) mode of heat transfer (HT) in unconventional cavities has delivered a momentous attention during recent 
years. These types of configurations are applicable in solar energy systems, micro-electronic devices, and heat exchangers. Mou-
taouakil et al. [1] studied the impacts of the geometry of wavy wall and surface radiation on NC mode of HT. Sheremet et al. [2] 
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scrutinized NC of a Cu-water nanoliquid in an open tall and wavy cavity. They demonstrated that Rayleigh number has a direct impact 
on Nu while Ha has an inverse influence on Nu. Hatami et al. [3] explored laminar NC of a Cu-water nanoliquid in a circular wavy 
enclosure. They utilized FEM to solve their governing equations and their ultimate goal was to find the optimum geometry of a wavy 
wall based on the amplitude and undulation number. Hatami and Safari [4] did another investigation on the location of the inner 
cylinder that was heated on NC of nanoliquids in an unconventional wavy wall enclosure. They found the optimum X and Y direction 
for the cylinder considering the highest average Nusselt number. Other works on unconventional cavities can be found in Refs. [5–8]. 

The effect of porosity on heat transfer of nanofluids is another interesting parameter among the researchers which is applicable in 
drug delivery, high performance insulations in buildings, and the energy efficient drying systems. Ashorynejad [9] et al. perused the 
effect of porosity on average Sgen and Nu for different nanofluids in a square enclosure. They used LBM with distribution functions of f 
and g in order to calculate effective density and thermal diffusivity of nanofluids used in their study. One of their most important 
findings was that higher porosity causes higher Nuavg and higher entropy generation (Sgen). Saeid [10] studied NC inside a square and 
porous cavity with sinusoidal mutation in the temperature of the bottom wall. Their main focus was on the temperature of downward 
wall and length of the heat source. A lumped system analysis of a NC inside a porous cavity was done by Marvell et al. [11]. The impact 
of porous fins (Khanafer et al. [12]) and the effect of variable porosity (Amiri et al. [13]) are studied by researchers. 

The effect of thermal radiation is another worthwhile factor in natural convection performance of nanofluids that is applicable in 
solar collectors [14–16]. Sadeghi et al. [17] used a numerical approach for studying the impacts of ferrofluid radiation and free 
convection for a Fe3O4-water nanoliquid inside an enclosure. They added the term of radiation in the energy equation and one of their 
most important findings was that the Nuavg has a direct relation with radiation term. The impact of thermal radiation on fluid flow 
(Casson) inside a square cavity was explored by Pop et al. [18]. Their outcomes revealed that thermal radiation intensifies the Casson 
fluid flow and also heat transfer. Besides, they concluded that heat conduction becomes dominant in high values of radiation 

Fig.1a. Geometry of enclosure.  

Table 1 
Thermo-physical specifications of H2O and Al2O3 [40].   

Cp  k  ρ  

Al2O3 765 40 3970 
H2O 4179 0.613 997.1  

Fig. 1b. Streamlines for i) current work, ii) Abbassi et al., iii) Paroncini and Corvaro,.  

A.S. Dogonchi et al.                                                                                                                                                                                                   
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parameter. Other works about the effects of thermal radiation can be found in Refs. [19–22]. 
Entropy generation (Sgen) is the dissipated useful energy which could be occurred in NC heat transfer because of the existence of 

porous media, friction, magnetic field, and HT. Li et al. [23] studied the entropy generation around the circular baffle in an inclined 
square cavity. They used Al2O3-water nanofluid and demonstrated that Ra and aspect ratio are the two parameters which increase 
entropy generation. Researchers have considered the changes in entropy generation for hybrid nanofluids. Tayebi et al. [24] studied 
the Sgen for a hybrid Cu–Al2O3/H2O nanofluid between two elliptic cylinders. One of their findings was that volume concentration of 
the nanoparticles has a direct impact on Sgen. Zheng et al. [25] used a SIMPLE algorithm for resolving the governing equations of the 
Al2O3/H2O nanofluid in order to study the up and downs in Sgen and other parameters such as radiation and magnetic field. Other 
aspects such as entropy generation due to non-isothermal sinusoidal heating [26], effects of various patterns of wavy wall on Sgen [27], 
effect of porous media on Sgen [28], and entropy generation in different devices [29–31] are studied by researchers. Other works 
related to nanofluid flow in complex cavities and the effect of magnetic field on heat transfer can be found in Refs. [32–39]. 

The present review of papers reveals that no study has been conducted to analyze the effects of thermal radiation, porous media, 
form of the wavy wall, and the position of the cylinder on Sgen and also NC of the Al2O3-water nanoliquid within a crown cavity. The 
dimensionless form of Navier-Stokes equations is solved with FEM. According to the literature review, this is the first time that the 
effect of mentioned parameters along with the effect of changing geometry on NC and Sgen is investigated in a crown cavity. This 
investigation is applicable in engineering fields for instance; biomedical engineering, and solar collectors with thermal radiation. 

2. Problem elucidation and mathematical analysis 

The schematic diagram of the crown cavity with the cylinder inside is shown in Fig. 1a. The unstructured mesh is used to discrete 
the equations all over the cavity. The left and right walls are with cold temperature and the bottom wall is considered to be adiabatic. 
The cylinder inside the cavity has a constant heat flux. The assumptions are as; Boussinesq approximation for density, no slip condition 
between Al2O3 and water, and thermal equilibrium. 

Thermo-physical specifications of the Al2O3 and water are demonstrated in Table 1. These data are then used in governing 
equations. 

Fig.2a. The effect of Da and Ra on temperature distribution (Ha = 0, Rd = 0,φ = 0.02).  
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The flow is considered to be incompressible, steady, and laminar. Accordingly, the governing equations will be: 
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For the aim of deriving the dimensionless form of governing equations, the following terms are introduced: 
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By adding the terms of equation (5) into equations (2)–(4), the non-dimensional mode of governing equations is as: 

Fig.2b. The effect of Da and Ra on streamline distribution (Ha = 0, Rd = 0,φ = 0.02).  
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Subject to the boundary conditions: 
For left wall: θ = 0,V = 0,U = 0 For right wall: U = 0,V = 0, θ = 0 For bottom wall:U = 0,V = 0, ∂θ

∂Y = 0 For wavy wall: ∂θ
∂n = 0,V =

0,U = 0 For cylinder: ∂θ
∂n = − 1,U = 0,V = 0 (10). 

The physical parameter which is of the main interest in this paper is local Nusselt number. The parameter n is the vector which is 
normal to the surface of the circle at each point on the circumference of the circle. This parameter is defined as: 

Fig.2c. The effect of Da and Ra on SPM (Ha = 0, Rd = 0, φ = 0.02).  
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And the average Nusselt number is: 
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1
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0
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Thermo-physical specifications of the mixture are defined as: 

ρnf =φρs + (1 − φ)ρf (13)  
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The Nano-suspension thermal conductivity and viscosity are defined as: 

knf = kf (1+ 2.944φ+ 19.672φ2) (18)  

μnf = μf (1+ 4.93φ+ 222.4φ2) (19) 

Fig.3a. The effect of Ha and Ra on streamlines (Da = 0.1, Rd = 0, φ = 0.02).  
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And the entropy generation correlations are as: 

Sgen = SHT + SFF + SMF + SPM (20) 

In which SHT is the local generation of entropy due to heat transfer and defined as: 
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∂y2) (21) 

SFF is the local generation of entropy as a result of fluid friction: 
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SMF is the local generation of entropy generation for magnetic field effect: 
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((U sin ϕ − V cos ϕ)2

) (23) 

SPM is the local generation of entropy due to porous media: 

SPM =(
1
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)(
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)φn(U

2 +V2) (24)  

And the Bejan number is: 

Be=
SHT

Sgen
(25) 

Fig.3b. The effect of Ha and Ra on U-velocity (Da = 0.1, Rd = 0, φ = 0.02).  
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3. Numerical analysis and validation 

A Finite Element Method (FEM) which is in terms of Galerkin Method is considered to numerically solve the conservation equations 
[41]. Besides, for validating the present code, the results of the streamlines are compared with the results of [42] and also [43] (See 
Fig. 1b). The results reveal that the code is valid for further analysis. 

4. Results 

4.1. Effect of thermo-physical parameters 

The results of this paper are presented in two scenarios. Firstly, the effect of different thermal factors for instance Hartmann and 
Rayleigh numbers (Ha, Ra), angle of the magnetic field (ϕ), Darcy number (Da), and radiation parameter (Rd) on Nu and Sgen is studied. 
The Da demonstrates the porous medium permeability through which the nanofluid moves. The local effect of Darcy number on 
temperature distribution due to porous media is shown in Fig. 2a. As one can see, the effect of cold right and left walls on the tem-
perature distribution all over the cavity is reduced by reducing the Darcy number. This is because of lower permeability of the porous 
media. Fig. 2b demonstrates streamline distribution in different Rayleigh and Darcy numbers. There are two counter rotating cells and 
the intensity of these cells increases by increasing Darcy number. The main reason is that the flow moves better at higher permeability. 
Besides, if the Ra increases from 103 to 105, the amount of the highest streamline increases from 0.07 to 3.3. This behavior clearly 
shows the positive effect of Ra on heat transfer performance of Al2O3-Water nanofluid and on streamline distribution. The distribution 
of entropy generation due to porous media is shown in Fig. 2c. Entropy generation is the amount of energy dissipated and the 
degradation of heat transfer performance. In this paper, entropy generation is based on four parameters; porosity, friction, heat 
transfer, and magnetic field. Fig. 2c reveals that the maximum amount of Sgen due to porous media happens around the cylinder. This is 
due to the heat flux around the cylinder. Darcy number and entropy generation due to porous media have opposite relation which 
shows that at higher Darcy numbers there is less degradation of heat transfer performance. Furthermore, Ra has a direct relation with 
entropy generation of porous media. Higher Rayleigh number causes more dissipation of useful energy. 

Ha could be assumed as the ratio of electromagnetic force as a nominator to the viscous force as a denominator. The effect of Ha on 
streamlines in different Rayleigh numbers is depicted in Fig. 3a. Increasing Ha within the range of 0–20 leads to decline in maximum 

Fig.3c. The effect of Ha and Ra on V-velocity (Da = 0.1, Rd = 0, φ = 0.02).  
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Fig.4a. The effect of Rd and Ra on Temperature (Da = 0.1, Ha = 0, φ = 0.02).  
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Fig.4b. The effect of Rd and Ra on streamlines (Da = 0.1, Ha = 0, φ = 0.02).  
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Fig.5a. The effect of φ and Ra on isotherms (Da = 0.1, Ha = 0, Rd = 0).  
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amount of streamline from 7 to 3 for Ra = 103. There are various counter-rotating cells at the opposite corners of the cavity and around 
the cylinder. The main reason for the existence of these cells is density difference. When one increases the Ra from 103 to 105, the 
intensity of these cells decreases and they start to vanish due to enhance in natural convection heat transfer performance (Fig. 3b). 
Also, the U-velocity decreases by increasing the Ha which means electromagnetic force has a negative impact on U-velocity. The same 
process happens for V-velocity in Fig. 3c. 

The effect of radiation is also studied in this paper. This parameter is added as a body force to the energy equation. As it is clear in 
Fig. 4a, this parameter does not change the distribution and maximum amount of the temperature and streamlines (Fig. 4b). 

Nanoparticle concentration is another effective parameter in natural convection heat transfer. The influence of φ is perused for 
three values (0.01, 0.02, and 0.03). Fig. 5a shows the effect of nanoparticle concentration on temperature distribution in different 
Rayleigh numbers. Changing nanoparticle concentration does not a momentous impact on temperature distribution. However, as 
depicted in Fig. 5b, increasing φ causes a decrease in maximum amount of streamline. 

The Nuavg on the circumference of circle is calculated in order to see the effects of different parameters. This information is pre-
sented in Table 2. The magnetic field angle has no effect on the Nuavg on the circle which means that it is not dependent on the direction 
of the magnet and remains constant. If one increases the Darcy number, the Nuavg increases too. The Nuavg increases by 41% when the 
Da is increased from 0.001 to 0.01 and for the case with Ra = 105. This amount is 2% for the case with Ra = 104 and negligible for the 
case with Ra = 103, respectively. The Ha has indirect effect on the Nuavg. If Ha increases from 0 to 20, the Nuavg reduces by 15% for the 
case with Ra = 105. 

The effects of radiation parameter and nanoparticle concentration on Nuavg are also shown in Fig. 6a and Fig. 6b. The Nuavg in-
creases by increasing Rd (Fig. 6a). This trend is with the same slope for the three cases. For instance; Nuavg increases by 25% for Ra =
105 and it grows by 26% for Ra = 103. The Nuavg increases by increment in φ for the three cases in Fig. 6b. 

Fig.5b. The effect of φand Ra on streamlines (Da = 0.1, Ha = 0, Rd = 0).  
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Table 2 
The effect of various thermo-physical parameters on Nuavg (Rd = 0, φ = 0.02).   

Ha Da ϕ  Nuavg   

Ra ¼ 103 

0 0.1 0∘  3.9329 
30∘  3.9329 
60∘  3.9329 
90∘  3.9329 

0.01 0∘  3.9315 
0.001 0∘  3.9298 

10 0.1 0∘  3.9319 
20 0.1 0∘  3.9308   

Ra ¼ 104 

0 0.1 0∘  4.0153 
30∘  4.0153 
60∘  4.0153 
90∘  4.0153 

0.01 0∘  4.0018 
0.001 0∘  3.9378 

10 0.1 0∘  4.0276 
20 0.1 0∘  3.9680   

Ra ¼ 105 

0 0.1 0∘  6.0054 
30∘  6.0054 
60∘  6.0054 
90∘  6.0054 

0.01 0∘  5.5354 
0.001 0∘  4.2699 

10 0.1 0∘  5.7321 
20 0.1 0∘  5.1200  

Fig.6a. Effect of radiation on Nuavg (Da = 0.1, Ha = 0, φ = 0.02).  
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Fig.6b. Effect of Nanoparticle concentration on Nuavg (Da = 0.1, Ha = 0, Rd = 0).  

Fig.7a. The effect of left and right walls’ shape on streamlines (Da = 0.1, Ha = 0, Rd = 0,φ = 0.02).  
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4.2. Effect of geometry 

In the second scenario, the effect of geometry on heat transfer and Sgen is studied in this paper. The curvature of the right and left 
cold walls and also the position of the inside cylinder are changed in this section. The maximum amount of streamline increases by 
widening the curvature of the side walls (Fig. 7a). However, the shape of the counter rotating cells remains constant. Fig. 7b shows the 
Sgen due to changing the shape of the right and left walls. Again, increasing the curvature enhances entropy generation. The maximum 
entropy generation for each case happens around the cylinder and also wavy wall. This information clearly reveals that increasing the 
curvature of the cavity enhances the speed of the nanofluid and as a result the performance of heat transfer. 

The effect of the cylinder’s position is another interesting parameter in this study. This parameter has an astounding impact on the 
nanofluid behavior and entropy generation. The effect of cylinder position on the streamlines is demonstrated in Fig. 8a. The shape of 
the cells and the intensity of the maximum streamline change to some extent. The maximum streamline occurs for the case when the 
cylinder is moved to the right. The maximum amount of local Sgen happens at the corners of the enclosure, around the wavy wall, and 
also around the cylinder which proves that the most energy loss is at these locations (Fig. 8b). Be which is the ratio of entropy owing to 
heat transfer as a nominator to total entropy as a denominator is representative of the pressure drop of the nanofluid in the cavity. This 
parameter reduces by increasing the Ra (Fig. 8c). On the other hand, highest Bejan numbers happen at the top sections of the wavy wall 
and also around the cylinder which reveals that there is more pressure drop at these locations. 

The effect of left and right walls and also cylinder position on average Nusselt number is presented in Table 3. The best geometry is 
the cylinder at left and the base walls with the Nuavg = 6.5204 at Ra = 105. The worst case is the cylinder at middle and the wide right 
and left walls with the Nuavg = 3.7690 at Ra = 103. For the case with Ra = 104, if the cylinder moves to the left then the Nuavg is 
increased by 31%. The reason is that when the cylinder is at the side position, the cylinder is next to the cold wall and accordingly the 
temperature of the cylinder surface is lower. This temperature is at the denominator of the Nusselt correlation which means the Nuavg 
increases. 

Fig.7b. The effect of left and right walls’ shape on local entropy generation (Da = 0.1, Ha = 0, Rd = 0, φ = 0.02).  
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Fig.8a. The effect of cylinder position on streamlines (Da = 0.1, Ha = 0, Rd = 0, φ = 0.02).  
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5. Conclusion 

Natural convection mode of heat transfer of Al2O3-water nanofluid is studied by considering the effects of radiation parameter, 
porous media, magnetic field, and also the changes in geometry on the Nusselt number and entropy generation (Bejan number) in a 
crown cavity with a cylinder inside. In the second scenario, the effect of the curvature of the side walls and also the position of the 
cylinder in the cavity on Sgen and natural convection is investigated. The most important findings are as:  

• Darcy number has a positive effect on streamlines and temperature distribution. Besides, growing Da from 0.001 to 0.1 enhances 
the Nuavg by 41% when Ra = 105.  

• Radiation parameter and Nanoparticle concentration have a direct impact on Nuavg. If the Rd increases from 0.1 to 0.3, the Nuavg is 
increased by 26% when Ra = 103. Moreover, if φincreases from 0.01 to 0.04, the Nuavg is enhanced by 23% for the case Ra = 103.  

• Changing the magnetic field angle does not affect the Nuavg.  
• Increasing the curvature of the cavity increases entropy generation.  
• The Bejan number decreases by raising Ra.  
• The highest streamlines’ intensity is for the case when the cylinder is at the right corner of the crown cavity.  
• The Nuavg increases by 31% when the cylinder is moved to the left section of the cavity (Ra = 104)  
• The best geometry with the highest natural convection heat transfer is the base cavity with the cylinder at the left. 
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Fig.8c. The effect of cylinder position on Bejan number (Da = 0.1, Ha = 0, Rd = 0,φ = 0.02).  

Table 3 
The effect of geometry on Nuavg (Ha = 0, Da = 0.1, Rd = 0, φ = 0.02, ϕ = 0∘).   

Cylinder Left and right walls Nuavg  

Ra ¼ 103 
middle base 3.9329 
middle straight 4.0637 
middle wide 3.7690 
left base 5.0974 
right base 5.0967  

Ra ¼ 104 
middle base 4.0153 
middle straight 4.1298 
middle wide 3.8884 
left base 5.2433 
right base 5.2420  

Ra ¼ 105 
middle base 6.0054 
middle straight 5.9948 
middle wide 6.0875 
left base 6.5204 
right base 6.5148  
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Nomenclature 

Symbols 
B0 Intensity of magnetic field 
Da Darcy number 
S Entropy 
Ha Hartmann number 
K Permeability 
L Length of cavity 
m Particle shape 
Nu Nusselt number 
Pr Prandtl number 
Ra Rayleigh number 
T Temperature  

Subscripts 
c Cold 
f Fluid 
FF Fluid flow 
Gen Generated 
h Hot 
HT Heat transfer 
loc Local 
MF Magnetic Field 
nf Nanofluid 
PM Porous media 
s Solid  

Greek Symbols 
ψ Stream function 
ρ Density 
ϕ Magnetic field angle 
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