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Abstract
The problem of steady-state laminar two-dimensional rarefied gaseous flow by natural convection heat transmission in a 
partly heated square two-sided wavy cavity with an internal heat generation is numerically studied employing the finite 
volume procedure. The Boussinesq approximation is adopted to account for buoyancy effects. A favorable comparison for 
validation purposes with previously published work is obtained. The study is performed with distinct values of the external 
Rayleigh number  (104 ≤ RaE ≤ 106), Knudsen number (0.01 ≤ Kn ≤ 0.1), inclination angle (ϕ = 0°, 30°, 60°, and 90°), three 
non-dimensional heater lengths (L/H = 0.175, 0.35, and 0.52), while the Prandtl number (Pr) is fixed at 0.7. The outcomes 
of this research yield that the average Nusselt number  (Nuavg) relies inversely on Kn and directly on  RaE. Moreover, it is 
revealed that increasing L/H value decreases  Nuavg values at the lower partially heated cavity wall. Additionally, the study 
reveals that as the heat generation term (Qgen) increases, the  Nuavg increases as well. Finally, a correlation between  Nuavg and 
the parameters inspected in this research is suggested.
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List of symbols
A  Amplitude of the cavity’s side walls (m)
Ah  Heated wall area  (m2)
Cp  Specific heat at constant pressure (J kg−1  K−1)
cv  Specific heat at constant volume (J kg−1  K−1)
g  Gravitational acceleration (m s−2)
gx,gy  Gravitational acceleration components (m s−2)
h̄  Average convection heat transfer coefficient 

(W m−2 K−1)

H  Cavity height (m)
k  Thermal conductivity (W m−1 K−1)
Kn  Knudsen number (−)
L  Heater length (m)
L/H  Non-dimensional heater length (−)
Nuavg  Average Nusselt Number (−)
Nux  Local Nusselt number (−)
n  Normal vector (−)
p  Pressure (Pa)
P  Dimensionless pressure (−)
Pr  Prandtl number (−)
Q  Heat transfer within hot wall (W)
q̇  Internal heat generation (W m−3)
Qgen  Dimensionless internal heat generation (−)
q′′
h
  Local flux of heat along the heated wall (W m−2)

R  Universal gas constant (J mol−1 K−1)
Ra  Rayleigh number (−)
RaE  External Rayleigh number (−)
RaI  Internal Rayleigh number (−)
T  Temperature (K)
Tc  Cold surface temperature (K)
Th  Hot surface temperature (K)
Tcell  Temperature of the first cell from the wall (K)
ucell  Tangential velocity of the first cell from the wall 

(m s−1)
u,v  Velocity components (m s−1)
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U,V  Dimensionless velocity components (−)
x,y  Cartesian coordinates (m)
X, Y  Dimensionless Cartesian coordinates (−)

Greek symbols
α  Thermal diffusivity  (m2 s−1)
β  Thermal expansion coefficient  (K−1)
γ  Specific weight (N m−3)
λ  Molecular mean free path (m)
μ  Dynamic viscosity (kg m−1 s−1)
ν  Kinematic viscosity  (m2  s−1)
�  Inclination angle (degrees)
ρ  Air density (kg m−3)
�v  Momentum accommodation coefficient (−)
�T  Thermal accommodation coefficient (−)
θ  Dimensionless temperature (−)

Subscript
g  Gas-particle at the wall
w  Wall

Introduction

Natural convection within cavities has significant interest 
from numerous researchers owing to its extensive applica-
tion in industry such as electronic devices cooling, domes-
tic refrigerators, heat exchangers, and solar collectors. To 
enhance the transfer of heat within the cavity, several authors 
added abundant modifications to the geometry of the cavity. 
Some of these studies deal with regular shape enclosures, 
Ben-Cheikh et al. [1] numerically inspected the convective 
flow of a nanofluid in a square shape enclosure undergoing 
a non-monotonic temperature variation at the lower wall, 
while the other walls are retained with a fixed temperature. 
Their findings are accomplished with numerous scopes of 
Ra and nanoparticles’ loading. They noticed an enhance-
ment in the transfer of heat as the nanoparticles’ loading 
augments for all Ra values. Martyushev and Sheremet [2] 
numerically conducted the transient laminar free convection 
and surface radiation accompanied by conduction of heat for 
finite thickness solid walls in a closed cavity experiencing 
localized heating source. They verified that the convective 
 Nuavg increased as Ra and thermal conductivity ratio aug-
mented, while the last two parameters in addition to the sur-
face emissivity influenced the radiative  Nuavg. Sivasankaran 
and Pan [3] numerically examined the free convection in a 
square cavity utilizing a nanofluid with adopting the lat-
tice Boltzmann procedure. The authors aimed to study the 
heat transmission features with numerous heaters and cool-
ers’ alignments on the cavity walls. They deemed the cavity 
top wall to move and the vertical walls to be partly or fully 
heated/cooled, and the adiabatic condition was supposed for 
the horizontal walls. They noticed that the partly heated/

cooled walls gave the proper performance more than the 
case of entirely heated/cooled ones. Besides, they clarified 
that the transfer of heat improved as the nanoparticle loading 
increased, but this improvement looked restricted for the vol-
ume fraction of more than 4%. Arbin et al. [4] numerically 
inspected the transfer of mass and heat in a square cavity 
opened from the top, partly heated and soluted from the side. 
They imposed fixed temperatures and concentrations over 
the vertical walls and assumed that the balance of heat at the 
surface was obeying to Newton’s cooling law. They revealed 
that the transmission of heat and mass were influenced by 
the heater part length. Saravanan and Sivaraj [5] investi-
gated the thermal radiation accompanied by convective air 
flow within a square cavity with a detached heater positioned 
internally. They deemed the cavity vertical and horizontal 
walls to be cooled and insulated, respectively. They imple-
mented the finite volume scheme to disband the conservation 
equations and studied the impacts of related factors such 
as Ra, aspect ratio (AR), and the surface emissivity. They 
elucidated that the whole amount of heat transmission is 
improved by the augmentation of surface emissivity and 
Ra. Hatami [6] numerically examined the flow features in a 
rectangular cavity occupied with nanofluids and containing 
two fins embedded on the lower wall. He deemed the base 
fluid as water with two kinds of nanoparticles  (TiO2 and 
 Al2O3) as additives to the base fluid and studied the impact 
of nanoparticle volume fractions and fin heights on the Nus-
selt numbers (Nu) and  (Nuavg). His findings exhibited that 
the maximum point of Nu and  Nuavg for the  TiO2 is larger 
than  Al2O3. Saeid [7] numerically studied the influence of 
distinct fin configurations on a square cavity heated by a 
small heating slice placed at the lower wall. He considered 
that there existed a fixed flux of heat from a heat origin situ-
ated at the mid of the lower cavity wall, while the other seg-
ments of the lower and top walls were deemed as adiabatic 
and the lateral walls are preserved at a fixed temperature. 
He noted that the transfer of heat possibly was improved by 
augmenting any of the Grashof number or the fins’ height. 
Alsabery et al. [8, 9] adopted the finite-difference procedure 
to study free convection in a separately heated and cooled 
square cavity utilizing a nanofluid with and without consid-
eration of an oblique monotonic magnetic field. Their find-
ings revealed that the impacts of the studied parameters had 
a nonlinear relation for the heat transmission amount, also 
they noticed that for a low Ra value, the flow is dominated 
by conduction. The storage of thermal energy in a rectan-
gular cavity with partly active thermal segments has been 
numerically simulated by Hong et al. [10]. Their predictions 
are accomplished for a scope of � . Their findings clarified 
that the active thermal part was a favorable choice for high-
efficient storage of thermal energy, and AR had a great influ-
ence on the thermal behavior as � was 90°. Ghalambaz et al. 
[11] inspected the combined free convection of (Ag–MgO/
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water) hybrid nanofluid within a cavity for which its hot 
wall embedded with a thick conductive solid layer. They 
took into account the impact of several key parameters on 
the temperature distribution, Nu, and  Nuavg. Their outcomes 
indicated that the amount of transfer of heat improved by 
augmenting the concentration of the mix nanoparticles for 
a regime governed by conduction. Besides, they clarified 
that the amount of heat transmission is relying upon enlarg-
ing both the Ra and the thermal conductivity ratio. Saleem 
and Alshara [12] employed the finite-difference procedure to 
analyze the influence of a cooling air stream over the trian-
gular cavity lateral walls and exposed to a permanent flux of 
heat from the lower wall. Their calculations involved ranges 
of Ra, free stream Reynolds number (Re), ϕ and AR. Their 
findings indicated that the rate of transfer of heat enhanced 
as Ra, Re, and AR were augmented, while the best amount 
of heat transfer was gained when ϕ was equal to zero. Ishak 
et al. [13] numerically explored the influences of the finite 
wall thickness on the convective heat flow and irreversibility 
production within  Al2O3–water nanofluid square cavity in 
the existence of a heat source. Their finding elucidated that 
the finite thickness and the solid wall thermal conductivity 
are essential governing factors for the optimization of heat 
transmission. More recently, Dogonchi et al. [14] utilized a 
numerical procedure to analyze the convection heat trans-
mission in a square cavity containing internal wavy circular 
heater with the existence of a magnetic field. They observed 
that the heat transmission amount improves considerably by 
ascending Ra and lessening the Hartmann number.

For studies concerned with irregular shape enclosures, 
Chamkha et al. [15] numerically inspected the combined 
convective and conductive flow in a lid-driven partly heated 
parallelogram enclosure filled with air. Their simulations 
were achieved with numerous scopes of Richardson num-
bers, ϕ and thermal conductivity ratios. They elucidated 
that most of the examined factors and trends of the lid have 
major impacts on Nu and the average skin friction factor. 
Cho et al. [16] numerically inspected the convective heat 
transmission in fluids of non-Newtonian power-law within 
a cavity surrounded by adiabatic plane horizontal walls and 
wavy vertical walls with variant temperatures. Their findings 
revealed that  Nuavg increased as Ra increased for convection-
dominated flow, while in the conduction dominated flow, 
 Nuavg stayed proximately fixed. Moreover, they observed 
that for certain fluid, the transfer of heat was enhanced by 
a suitable amendment of the wavelength and wavy surface 
amplitude relying upon the Ra value. Hussein and Hussain 
[17] numerically analyzed the convective flow in three types 
of oblique wavy cavities utilizing nanofluids with their left 
lateral wall heated by a localized isoflux, whereas the right 
sidewall with the residual portions in the left lateral wall 
were insulated. They deemed the top and lower walls were 
kept at a fixed temperature with a sine wave profile. They 

verified that the wavy cavity profile had an essential impact 
on the flow and thermal fields’ configuration. Besides, they 
expounded that Ra and vertical-cavity position greatly influ-
enced the streamlines and isotherms. Selimefendigil and 
Oztop [18] numerically examined the free convective flow in 
a corrugated cavity occupied by a ferrofluid with an internal 
heat generation and experiences a magnetic field. They con-
cluded that the wall corrugation caused more improvement 
in the mean heat transmission, and this is greatly noticeable 
for small vertical location values of the magnetic source. 
Sheremet et al. [19] examined the irreversibility production 
in a wavy cavity utilizing a nanofluid and heated from its 
wavy wall with keeping the right lateral wall cold, whereas 
its horizontal walls were kept insulated. Their findings 
proved that as Ra increased, the convective flow and the 
transfer of heat augmented, while a reduction in the convec-
tive flow happened as the wavy contraction ratio enlarged. 
Rashad et  al. [20] numerically simulated the combined 
convective flow in a trapezoidal enclosure experiencing an 
internal heat generation with an oblique magnetic field. They 
supposed each of the oblique lateral walls as adiabatic with 
an embedded heat origin with a fixed flux of heat on the 
lower wall while the other portions were supposed thermally 
insulated. They observed that the heat transmission amount 
augmented on lessening the Richardson number, which 
meant that the forced convection provided an improvement 
on the transfer of heat, and it was lessened by augmenting 
the magnetic field intensity. Ababaei et al. [21] inspected the 
entropy production in a mixed convection right-angled trap-
ezoidal cavity with a partly heated lower wall. They clarified 
that  Nuavg increased as the Lewis number enlarged, while 
the total irreversibility enhanced. Alsabery et al. [22] pre-
sented a numerical investigation to the mixed convection 
and irreversibility in an  Al2O3-water nanofluid occupied 
within a cavity containing an internally rotating cylinder. 
They deemed the cavity vertical walls as wavy and kept cold, 
while the horizontal walls are adiabatic. They approved that 
the heat exchange rate augments with the nanoparticles’ 
loading and the heater segment length. Dogonchi et al. [23] 
numerically analyzed the magneto-hydrodynamic influence 
in a wavy cavity utilizing a nanofluid and investigated the 
impact of Brownian motion. They verified that the convec-
tive flow intensity augmented by the augmenting of Ra and 
it lessened as the Hartmann number and wavy contraction 
ratio raised. More lately, García et al. [24] analyzed the two-
dimensional combined convection in two facing congruent 
open cubic cavities separately heated and embedded in a 
rectangular channel. They presumed cavities’ walls front-
ing the opening were isothermal and the channels with the 
rest surrounding cavities’ walls were non-adiabatic. Their 
findings stated that Pr and Re numbers, in addition to the 
loss of heat within the channel walls, affected considerably 
the system dynamical activity for all magnitudes of the heat 
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loss factor. Additionally, some other articles inspected the 
influence of nanoparticles, magnetic field, and porous media 
in distinct shape enclosures can be found in [25–28]. These 
researchers analyzed the natural convection in cavities under 
numerous circumstances involving the presence of an inter-
nal heat generation and studied in detail the impact of such 
factors on the flow and heat transmission features.

Many researchers investigated rarefied flows in enclo-
sures because of its wide usage in evacuated solar collec-
tors, electronic equipment, and nuclear reactor cooling. For 
instance, Al-Kouz et al. [29] predicted the features of heat 
transmission and flow of fluid in an oblique cavity with 
embedded two fins on the heated wall, they found out that 
as Kn increased,  Nuavg decreased. Moreover, they found that 
as Ra and the length of the fins increased,  Nuavg increased 
as well. Also, Al-Kouz et al. [30] examined the impact of 
inserting  Al2O3 nanoparticles into the same geometry [29], 
they came up with a conclusion stating that as the nano-
solid particles’ fraction increased,  Nuavg at the heated wall 
increased. Also, Al-Kouz et al. [31] inspected the entropy 
production for the same problem discussed in [29] and they 
came up with a formula of the entropy production dependent 
on Kn, Ra, and the nanoparticles’ loading. In their research, 
Al-Khalidi et al. [32] examined the transfer of heat in an 
enclosed cavity under rarefication conditions, they found out 
that as Kn increased,  Nuavg at the hot cavity wall increased. 
Furthermore, they suggested a relation of  Nuavg in terms of 
all handled parameters in their investigation. Finally, rarefied 
conditions in the mid-zone between two concentric horizon-
tal cylinders had been analyzed by Al-Kouz et al. [33], they 
inspected the influence of Kn, Ra and the geometrical impact 
on the flow and heat transmission features; they detected 
that as Kn augmented, the heat transfer amount decreased. 
Moreover, they clarified that as Ra was augmented, then the 
transfer of heat improved as well.

In this paper, heat transfer and rarefied flow charac-
teristics of a partially heated two-sided wavy cavity with 
an internal heat generation are investigated and analyzed. 
The effects of external Rayleigh number  (RaE), non-
dimensional heater length (L/H), Knudsen number (Kn), 
and inclination angle (ϕ) on these characteristics are ana-
lyzed and discussed in detail. The finite volume numeri-
cal approach with employing the Boussinesq approxima-
tion is adopted to achieve the solution of the conservation 
equations. Prandtl number (Pr) is deemed Pr = 0.7 in all 
calculations. The ranges of the investigated parameters 
are:0 ≤ Kn ≤ 0.1 ,  103 ≤ RaE ≤ 106, ϕ = 0°, 30°, 60°, and 
90°, L/H = 0.175, 0.35, and 0.52. It is essential to declare 
here that the sided wavy walls amplitude is not considered 
as a variable in this research, it is kept constant in all simu-
lations. The impact of the amplitude and frequency of the 
waves will be investigated in future works.The novelty of 
this work and to the best of the authors’ familiarity with 

the subject; the rarefied flow in a wavy-sided wall cavity 
with an internal heat generation is not considered yet. This 
work will give more insight and will push the knowledge 
envelope that is related to such flows.

Mathematical formulation

Governing equations

In the present study, the flow is supposed to be steady-state 
and laminar with constant thermophysical properties. In 
order to account for the buoyancy force, the Boussinesq 
approximation is utilized. Figure 1 shows the geometry 
under consideration in the current study with all the rel-
evant boundary conditions. The study tackles the slip flow 
regime. The lower cavity wall is partially heated with a 
temperature of 301 K, while the two wavy sided walls are 
set to the cold temperature of 300 K. The upper wall is 
considered to be adiabatic. The cavity height is H and is 
equal to 1 m, the dimensional heater length is L and A is 
the wavy wall amplitude which is set to 0.15 m. The tilt 
angle of the cavity is ϕ and is varied between 0° and 90°.

The governing equations of the problem are as follows 
[34]:

Conservation of mass:

(1)
�u

�x
+

�v

�y
= 0

Fig. 1  Physical geometry considered in the study
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x-momentum:

y-momentum:

Energy equation:

With utilizing the ideal gas state equation, the fluid density 
is estimated as:

If one defines the following non-dimensional parameters:

Based on Eq. (6), Eqs. (1–4) can be expressed in non-
dimensional form:

In the previous equations,

For the slip flow regime, the following boundary conditions 
are adopted at the walls [31–33]:

(2)
�

(

u
�u

�x
+ v

�u

�y

)

= −
�p

�x
+ �gx + �

[
�2u

�x2
+

�2u

�y2

]

(gx = g sin(�))

(3)
�

(

u
�v

�x
+ v

�v

�y

)

= −
�p

�y
+ �gy + �

[
�2v

�x2
+

�2v

�y2

]

(gy = g cos(�))

(4)𝜌Cp

(

u
𝜕T

𝜕x
+ v

𝜕T

𝜕y

)

= k

[
𝜕2T

𝜕x2
+

𝜕2T

𝜕y2

]

+ q̇

(5)� =
p

RT

(6)

X =
x

H
; Y =

y

H
; U =

uH

�
; V =

vH

�
; P =

pH2

��2
; theta =

(
T − Tc

)

(
Th − Tc

)

(7)
�U

�X
+

�V

�Y
= 0

(8)

(
U
�U

�X
+ V

�U

�Y

)
= −

�P

�X
+

(
�2U

�X2
+

�2U

�Y2

)

+

(
RaE

Pr
sin�

)

�

(9)

(
U
�V

�X
+ V

�V

�Y

)
= −

�P

�Y
+

(
�2V

�X2
+

�2V

�Y2

)

+

(
RaE

Pr
cos�

)

�

(10)
(
U
��

�X
+ V

��

�Y

)
=

1

Pr

(
�2�

�X2
+

�2�

�Y2

)

+

(
RaI

RaE Pr

)

(11)Pr =
𝜈

𝛼
,RaE =

g𝛽
(
Th − Tc

)
H3 Pr

𝜈2
and RaI =

g𝛽q̇H5

𝜈k𝛼

(12a)

uw − ug =

(
2 − �v

�v

)

�
�u

�n
≈

(
2 − �v

�v

)

Kn
(
ug − ucell

)

In all simulations, the momentum and thermal accom-
modation factors σv and σT are assumed as unity.Knudsen 
number (Kn) is given as:

The following boundary conditions are presumed:at the 
two-sided wavy walls, T = Tc , at the partially heated lower 
wall, T = Th . The rest of the lower wall, as well as the upper 
wall, are kept insulated.The dimensionless temperature is 
θ = 0 for the cold walls, and for the partially heated lower 
wall, θ = 1.The local flux of heat is estimated based on Fouri-
er’s conduction law at the surface of the hot wall as follows:

As long as the case is steady, the total transfer of heat is 
evaluated by making integral for the local flux of heat over 
the hot wall as follows:

The average heat transfer coefficient over the hot wall 
surface estimated by:

Finally, the average Nusselt number is given as:

where Nux is the local Nusselt number calculated at the 
lower heated wall.

Numerical solution, validation, and grid 
independence test

The governing equations along with the boundary conditions 
are solved utilizing the finite volume procedure. The compu-
tational domain is discretized into triangular elements. On 
the edges, the classical finite volume schemes are adopted, 
while on the nodes, the coupling conditions are imposed. 

(12b)vg = 0

(13)
Tw − Tg =

(
2 − �T

�T

)
2�

� + 1

k

�cv
�

�T

�n
≈

(
2 − �T

�T

)
2�

� + 1

k

�cv
Kn

(
Tg − Tcell

)

(14)Kn =
�

H

(15)q��
h
= −k

�T

�n
|
|h

(16)Q = ∫
Ah

q��
h
dAh

(17)h̄ =
Q

(Th − Tc)Ah

(18)Nuavg =
1

L∕H ∫
L∕H

NuxdX
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The algebraic form of the finite volume method is summa-
rized as follows:

If Δx and Δt are considered the space and time steps, one 
can set xj+ 1

2

= jΔx to be the cell interfaces, where j is the 
number of points in the space. Then, the computational cell 
is given as Cj =

[
xj− 1

2

, xj+ 1

2

]
.At every time step tn = nΔt in a 

cell j, the mean of any conserved quantity is defined as 
follows:

After each time step, these values are updated by the flux 
through the interfaces as follows:

where F denotes for the flux through two successive cells 
j and j + 1.The convective terms in the governing equa-
tions are differentiated and discretized via a hybrid second-
order accuracy scheme of central and upwind differences. 
PRESTO algorithm is utilized by the implementation of 
SIMPLE algorithm embraced from Patankar and Spald-
ing [35] and Versteeg and Malalasekera [36] to compute 
the pressure field.By inserting the approximations into the 
governing equations, the residuals for every conservation 
equation are reached. The nonlinear terms in the momen-
tum equations are simplified by implementing the New-
ton–Raphson iteration procedure. The solution is supposed 
to converge as soon as all variables relative error fulfills the 
coming convergence criterion:

where i denotes the iteration number and η is the criteria of 
convergence. In the present investigation, η is set as ( 10−6).
For the sake of verification of the data, results gained from 
the current code are compared to the findings of Al-Kouz 
et al. [29] in which they examined the transfer of heat and 
flow features in an oblique cavity with two inserted fins to 
the left lateral wall. Table 1 shows a comparison between 

(19)ūn
j
=

1

Δx

x
j+

1
2

∫
x
j−

1
2

u(tn, x)dx

(20)ūn+1
j

= ūn
j
−

Δt

Δx

(
F
(
ūn
j
, ūn

j+1

)
− F

(
ūn
j−1

, ūn
j

))

(21)
||
||

� i+1 − � i

� i+1

||
||
≤ �

these results with a maximum error of less than 1%. Moreo-
ver, the code is validated to the results of Alkhalidi et al. [37] 
in which they investigated the rarefied flow behavior and 
heat transmission features in concaved cavities. For valida-

tion purposes, the case where the aspect ratio is 0.25 with 
ϕ = 0°, Kn = 0, and different Ra. Table 2 shows that there is 
a good concordance between the outcomes from [37] and 
those obtained from the current code. Figure 2 illustrates 
a typical mesh that is used in the runs. Grid independence 
test is performed for the case where  RaE = 105, ϕ = 0° and 
A = 0.15 m (see Table 3). The test shows one can rely on the 
mesh size of 278 × 134 elements in all the runs.

Table 1  Code verification with Al-Kouz et al. [29]

Ra Nuavg [29] Nuavg obtained from 
the code

Relative error %

104 2.241 2.247 2.678 × 10−3

105 4.52 4.521 2.21 × 10−4

106 8.83 8.831 1.325 × 10−4

Table 2  Code verification with Alkhalidi et al. [37]

Ra Nuavg [37] Nuavg obtained from 
the code

Relative error %

103 1.122 1.128 5.35 × 10−3

104 2.024 2.029 2.47 × 10−3

105 3.920 3.889 7.91 × 10−3

106 7.720 7.690 3.89 × 10−3

Fig. 2  Sample of the mesh used in the simulations

Table 3  Grid sensitivity 
analysis

Bold indicates the employed 
number of grid in the computa-
tions

Number of grids Nuavg

57 × 28 0.5619
70 × 35 0.5662
94 × 47 0.56972
140 × 70 0.57207
278 × 134 0.57303
555 × 268 0.57303
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Results and discussion

Figures  3–7 depict the velocity stream function con-
tours and the isotherms contours for horizontal cavities 
(i.e., ϕ = 0°) at Kn = 0.01, 0.05 and 0.1, while inclined 
ones at Kn = 0.05. The scope of Rayleigh numbers is 
 103 ≤ RaE ≤ 106. Moreover, the amplitude of the side walls 
(A) is fixed and equals to 0.15 m. Additionally, three dif-
ferent non-dimensional heater lengths at the lower wall are 
considered; namely, L/H = 0.175, 0.35, and 0.52. The plots 
show and as far as the streamline contours are concerned, 
that two longitudinal symmetric cells inside the cavity 
exist for all cases. Moreover, the graphs show that as  RaE 

increases at a fixed Kn value, the streamlines intensity 
augments producing an augment in the flow circulation 
intensity. In addition, by fixing  RaE and inspecting the 
effect of Kn on the velocity streamline contours for a fixed 
L/H, the intensity of the streamlines contours decreases 
leading to less circulation inside the cavity. Finally, it can 
be revealed from the figures that when fixing Kn and  RaE 
with varying L/H, the intensity of the streamlines contours 
increases by increasing L/H leading to an escalation in the 
flow circulation strength and hence a better local transfer 
of heat is achieved. By inspecting the isotherms contours 
for the previously mentioned cases, the isotherms patterns 
are observed in a way that their intensity decrease next 

Fig. 3  Streamlines contours for 
a horizontal cavity with distinct 
 RaE and Kn values; L/H = 0.35
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to the cold wavy walls of the cavity while the patterns 
in the middle are of curvy shapes. Moreover, by examin-
ing the contours, and for the cases of constant L/H and 
Kn but different  RaE, it is found that as  RaE increases; 
the intensity of the isotherms augments, as well as more 
distortion of the contours, is noticed which leads to a 
better-attained transfer of heat. Additionally, it is possi-
ble to observe from the graphs and for constant values of 
L/H and  RaE that as Kn increases, less distortion of the 
isotherms occurs as well as less intensity of the contours 
is observed, this is because of the rise in the temperature 
jump at the boundaries; this will result in less transfer of 
heat. Moreover, it is demonstrated in the plots that as L/H 

increases for constant  RaE and Kn, the intensity of the 
isotherm configurations increases leading to a better local 
heat transfer. Finally, if one inspects the effect of � on the 
isotherms and streamline contours for the condition with 
L/H = 0.35, Kn = 0.05 and  RaE = 105 as exhibited in Fig. 7, 
It can be seen that for ϕ = 0° and � = 30°, the streamlines 
appear mainly with two longitudinal cells inside the cav-
ity. While for the other ϕ values, one transversal cell can 
be seen that occupies most of the cavity. Moreover, as ϕ 
enlarges, the intensity of the streamlines diminishes. This 
is basically attributed to the trend of the buoyancy force 
which is in the vertical trend. For the isotherms, for the 
case of a horizontal cavity (i.e., ϕ = 0°), the graph reveals 

Fig. 4  Isotherms contours for a 
horizontal cavity with distinct 
 RaE and Kn values; L/H = 0.35
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a symmetric behavior at both of the cavity sides. However, 
as ϕ increases, non-symmetric and irregular distortion in 
the isotherms is observed. This is mainly due to the gravi-
tational term dependence on the inclination angle in the 
momentum equations.Shown in Fig. 8, the variation of 
 Nuavg with Kn for distinct  RaE values where L/H = 0.35 
and ϕ = 0°. The plot confirms that as  RaE rises, then the 
 Nuavg increases at a fixed Kn value. In addition, it reveals 
that as Kn increases, then  Nuavg decreases for the same  RaE 
value due to the rarefication impacts.

Figure 9 illustrates the profile of the  Nuavg over the 
heated lower wall with  RaE for the case where Kn = 0.05, 
L/H = 0.175 and ϕ = 0°. The graph reveals that  Nuavg 
increases considerably with increasing  RaE values. This 
can be attributed to that the convection transfer of heat 
becomes notably dominant with the increase of  RaE.

Figure 10 elucidates the variation of the  Nuavg with 
 RaE for the case where Kn = 0.05, L/H = 0.52, and ϕ = 0°. 
The graph reveals that  Nuavg increases with increasing 
 RaE values.By comparing Figs. 8–10, it should be noted 
that increasing L/H has a declining effect on  Nuavg as 
per the definition of  Nuavg number in Eq. (18). Figure 11 
depicts the variation of the  Nuavg with ϕ for the case where 
Kn = 0.05,  RaE = 105 and L/H = 0.35. The graph shows 
that there is no consistent trend for the variation of  Nuavg 
with the angle. It can be seen from the graph that for this 

specific case, the best orientation to operate such cavities 
is to have them tilted with near 60° angle. This is mainly 
because of the gravitational term in the momentum equa-
tions.It is worth stating here that the dimensionless heat 
generation (Qgen) is defined as follows:

Figure 12 illustrates the variation of the  Nuavg with  Qgen 
for the case where Kn = 0.05,  RaE = 105 and L/H = 0.35. 
The graph reveals that  Nuavg increases linearly with 
increasing  Qgen term, this is because of the more heat 
gained to the fluid within the cavity. The more heat gen-
eration will result in a higher average temperature inside 
the cavity and consequently, better heat transmission and 
higher Nusselt numbers.Finally, a correlation for the  Nuavg 
in terms of all the studied parameters is suggested in the 
following equation:

In the above-proposed correlation. The  R2 value is 0.92.

(22)Qgen =
q̇H2

k
(
Th − Tc

)

(23)
Nuavg = 0.025 ×

Ra0.173
E

(L∕H)−0.21 cos
[
��

180

]−0.005(
1 + Qgen

)0.315

Kn0.586

Fig. 5  Streamlines and iso-
therms contours for a horizon-
tal cavity with L/H = 0.175, 
Kn = 0.05, and distinct  RaE 
values
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Fig. 6  Streamlines and iso-
therms contours for a horizontal 
cavity with L/H = 0.52 and 
Kn = 0.05 and distinct  RaE 
values
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Fig. 7  Streamlines and iso-
therms contours for L/H = 0.35, 
Kn = 0.05 and  RaE = 105 with 
distinct ϕ values
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Conclusions

Computational fluid dynamics is employed with utilizing 
finite volume procedure as a tool to investigate laminar 
steady-state rarefied gaseous flows inside partially heated 
cavities with two wavy sided walls and internal heat gen-
eration. The effects of  RaE, Kn, L/H as well as ϕ on flow 
and heat transmission features are shown and discussed. It 
is found that  Nuavg has a directly proportional relationship 
with  RaE and an opposite one with Kn, and this is mainly 
due to the rarefaction effects. Moreover, it is found that the 
increase in L/H inversely affects the  Nuavg. Additionally, it 
is concluded that as  Qgen term enlarges inside the cavity, the 
 Nuavg augments as well. Finally, a correlation is proposed 
for  Nuavg as a function of all the analyzed variables in the 
present study.

RaE

103 104 105 106

N
u a

vg

0

1

2

3

4

5

6

Kn= 0.01
Kn= 0.05
Kn= 0.1

Fig. 8  Variation of the  Nuavg with  RaE for distinct Kn, L/H = 0.35 and 
ϕ = 0°

RaE

103 104 105 106

N
u a

vg

1.2

1.4

1.6

1.8

2.0

2.2

Fig. 9  Variation of the  Nuavg with  RaE for Kn =0.05, L/H = 0.175 and 
ϕ = 0°

RaE

103 104 105 106

N
u a

vg

0.8

1.0

1.2

1.4

1.6

1.8

2.0

Fig. 10  Variation of the  Nuavg with  RaE for Kn =0.05, L/H = 0.52 and 
ϕ = 0°

0 20 40 60 80

N
u a

vg

1.58

1.60

1.62

1.64

1.66

1.68

φ

Fig. 11  Variation of the  Nuavg with ϕ for Kn =0.05,  RaE = 105 and 
L/H = 0.35

Qgen

40 60 80 100 120 140 160 180 200

N
u a

vg

0

2

4

6

8

10

Fig. 12  Variation of the  Nuavg with  Qgen for ϕ = 0°, Kn = 0.05, 
 RaE = 105 and L/H = 0.35



322 K. B. Saleem et al.

1 3

References

 1. Ben-Cheikh N, Chamkha AJ, Ben-Beya B, Lili T. Natural convec-
tion of water-based nanofluids in a square enclosure with non-
uniform heating of the bottom wall. J Mod Phys. 2013;4:147–59.

 2. Martyushev SG, Sheremet MA. Conjugate natural convection 
combined with surface thermal radiation in an air filled cavity 
with internal heat source. Int J Therm Sci. 2014;76:51–67.

 3. Sivasankaran S, Pan K. Lattice Boltzmann simulation for a lid-
driven cavity with discrete heating/cooling sources. Thermophys 
Heat Transf. 2016;30:573–86.

 4. Arbin N, Saleh H, Hashim I, Chamkha AJ. Numerical inves-
tigation of double-diffusive convection in an open cavity with 
partially heated wall via heatline approach. Int J Therm Sci. 
2016;100:169–84.

 5. Saravanan S, Sivaraj C. Combined thermal radiation and natu-
ral convection in a cavity containing a discrete heater: effects of 
nature of heating and heater aspect ratio. Int J Heat Fluid Flow. 
2017;66:70–82.

 6. Hatami M. Numerical study of nanofluids natural convection 
in a rectangular cavity including heated fins. J Mol Liquids. 
2017;233:1–8.

 7. Saeid NH. Natural convection in a square cavity with discrete 
heating at the bottom with different fin shapes. Heat Transf Eng. 
2018;39:154–61.

 8. Alsabery AI, Sheremet MA, Chamkha AJ, Hashim I. MHD con-
vective heat transfer in a discretely heated square cavity with con-
ductive inner block using two-phase nanofluid model. Sci Rep. 
2018. https ://doi.org/10.1038/s4159 8-018-25749 -2.

 9. Alsabery AI, Gedik E, Chamkha AJ, Hashim I. Effects of two-
phase nanofluid model and localized heat source/sink on natu-
ral convection in a square cavity with a solid circular cylinder. 
Comput Methods Appl Mech Eng. 2018. https ://doi.org/10.1016/j.
cma.2018.09.041.

 10. Hong Y, Ye W, Huang S, Yang M, Du J. Thermal storage char-
acteristics for rectangular cavity with partially active walls. Int J 
Heat Mass Transf. 2018;126:683–702.

 11. Ghalambaz M, Doostani A, Izadpanahi E, Chamkha AJ. Conju-
gate natural convection flow of Ag–MgO/water hybrid nanofluid 
in a square cavity. J Therm Anal Calorim. 2019;139:2321–36.

 12. Saleem KB, Alshara AK. Natural convection in a triangular cavity 
filled with air under the effect of external air stream cooling. Heat 
Transf Asian Res. 2019;48:3186–213.

 13. Ishak MS, Alsabery AI, Chamkha AJ, Hashim I. Effect of finite 
wall thickness on entropy generation and natural convection in a 
nanofluid-filled partially heated square cavity. Int J Numer Meth-
ods Heat Fluid Flow. 2019;30:1518–46.

 14. Dogonchi AS, Tayebi T, Chamkha AJ, Ganji DD. Natural convec-
tion analysis in a square enclosure with a wavy circular heater 
under magnetic field and nanoparticles. J Therm Anal Calorim. 
2020;139:661–71.

 15. Chamkha AJ, Hussain SH, Ali FH, Shaker AA. Conduction-com-
bined forced and natural convection in a lid-driven parallelogram-
shaped enclosure divided by a solid partition. Prog Comput Fluid 
Dyn. 2012;12:309–21.

 16. Cho CC, Chen CL, Hwang JJ, Chen CK. Natural convection heat 
transfer performance of nonnewtonian power-law fluids enclosed 
in cavity with complex-wavy surfaces. J Heat Transf. 2013. https 
://doi.org/10.1115/1.40251 34.

 17. Hussein AK, Hussain SH. Heatline visualization of natural con-
vection heat transfer in an inclined wavy cavities filled with 
nanofluids and subjected to a discrete isoflux heating from its 
left sidewall. Alexandria Eng J. 2016;55:169–86.

 18. Selimefendigil F, Öztop HF. Numerical study of natural convec-
tion in a ferrofluid-filled corrugated cavity with internal heat 

generation. J Heat Transf. 2016. https ://doi.org/10.1115/1.40340 
63.

 19. Sheremet M, Pop I, Öztop HF, Abu-Hamdeh N. Natural convec-
tion of nanofluid inside a wavy cavity with a non-uniform heat-
ing: entropy generation analysis. Int J Numer Methods Heat Fluid 
Flow. 2017;27:958–80.

 20. Rashad AM, Sivasankaran S, Mansour MA, Bhuvaneswari M. 
Magneto-convection of nanofluids in a lid-driven trapezoidal cav-
ity with internal heat generation and discrete heating. Numer Heat 
Transf, Part A Appl Int J Comput Methodol. 2017;71:1223–34.

 21. Ababaei A, Abbaszadeh M, Arefmanesh A, Chamkha AJ. Numeri-
cal simulation of double-diffusive mixed convection and entropy 
generation in a lid-driven trapezoidal enclosure with a heat source. 
Numer Heat Transf. 2018;73:702–20.

 22. Alsabery AI, Ismael MA, Chamkha AJ, Hashim I. Numerical 
investigation of mixed convection and entropy generation in a 
wavy-walled cavity filled with nanofluid and involving a rotating 
cylinder. Entropy. 2018. https ://doi.org/10.3390/e2009 0664.

 23. Dogonchi AS, Chamkha AJ, Ganji DD. A numerical investiga-
tion of magneto-hydrodynamic natural convection of Cu–water 
nanofluid in a wavy cavity using CVFEM. J Therm Anal Calorim. 
2019;135:2599–611.

 24. García F, Treviño C, Lizardi J, Martínez-Suástegui L. Numerical 
study of buoyancy and inclination effects on transient mixed con-
vection in a channel with two facing cavities with discrete heating. 
Int J Mech Sci. 2019;155:295–314.

 25. Selimefendigil F, Öztop HF. Natural convection and entropy gen-
eration of nanofluid filled cavity having different shaped obstacles 
under the influence of magnetic field and internal heat genera-
tion. J Taiwan Inst Chem Eng. 2015. https ://doi.org/10.1016/j.
jtice .2015.04.018.

 26. Selimefendigil F, Öztop HF. Fluid-solid interaction of elastic-
step type corrugation effects on the mixed convection of nano-
fluid in a vented cavity with magnetic field. Int J Mech Sci. 
2019;152:185–97.

 27. Dogonchi AS, Armaghani T, Chamkha AJ, Ganji DD. Natural 
convection analysis in a cavity with an inclined elliptical heater 
subject to shape factor of nanoparticles and magnetic field. Arab 
J Sci Eng. 2019;44:7919–31.

 28. Hoseinzadeh S, Heyns PS, Chamkha AJ, Shirkhani A. Thermal 
analysis of porous fins enclosure with the comparison of analytical 
and numerical methods. J Therm Anal Calorim. 2019;138:727–35.

 29. Al-Kouz W, Alshare A, Kiwan S, Al-Muhtady A, Alkhalidi 
A, Saadeh H. Two-dimensional analysis of low-pressure flows 
in an inclined square cavity with two fins attached to the hot 
wall. Int J Therm Sci. 2018. https ://doi.org/10.1016/j.ijthe rmals 
ci.2018.01.005.

 30. Al-Kouz W, Kiwan S, Alkhalidi A, Sari M, Alshare A. Numerical 
study of heat transfer enhancement for low-pressure flows in a 
square cavity with two fins attached to the hot wall using  Al2O3-air 
nanofluid. J Mech Eng. 2018;64:26–36.

 31. Al-Kouz W, Al-Muhtady A, Owhaib W, Al-Dahidi S, Hader M, 
Abu-Alghanam R. Entropy generation optimization for rarified 
nanofluid flows in a square cavity with two fins at the hot wall. 
Entropy. 2019. https ://doi.org/10.20944 /prepr ints2 01901 .0074.v1.

 32. Ammar A, Alkhalidi A, Kiwan S, Al-Kouz W, Alshare A. Con-
jugate heat transfer in rarefied gas in enclosed cavities. J Vac. 
2016;130:137–45.

 33. Al-Kouz W, Alshare A, Alkhalidi A, Kiwan S. Two dimensional 
analysis of low pressure flows in the annulus region between two 
concentric cylinders. Springer Plus. 2016. https ://doi.org/10.1186/
s4006 4-016-2140-6.

 34. Bergman TL, Lavine AS, Incropera FP, DeWitt DP. Fundamentals 
of heat and mass transfer. 7th ed. Hoboken: Wiley; 2011.

https://doi.org/10.1038/s41598-018-25749-2
https://doi.org/10.1016/j.cma.2018.09.041
https://doi.org/10.1016/j.cma.2018.09.041
https://doi.org/10.1115/1.4025134
https://doi.org/10.1115/1.4025134
https://doi.org/10.1115/1.4034063
https://doi.org/10.1115/1.4034063
https://doi.org/10.3390/e20090664
https://doi.org/10.1016/j.jtice.2015.04.018
https://doi.org/10.1016/j.jtice.2015.04.018
https://doi.org/10.1016/j.ijthermalsci.2018.01.005
https://doi.org/10.1016/j.ijthermalsci.2018.01.005
https://doi.org/10.20944/preprints201901.0074.v1
https://doi.org/10.1186/s40064-016-2140-6
https://doi.org/10.1186/s40064-016-2140-6


323Numerical analysis of rarefied gaseous flows in a square partially heated two‑sided wavy cavity…

1 3

 35. Patankar SV, Spalding DB. A calculation procedure for heat, mass 
and momentum transfer in three-dimensional parabolic flows. Int 
J Heat Mass Transf. 1972;15:1787–806.

 36. Versteeg H, Malalasekera W. An introduction to computational 
fluid dynamics: the finite volume method. New York: Wiley; 
1995.

 37. Alkhalidi A, Kiwan S, Al-Kouz W, Owhaib W, Alshare A. Rare-
fied flow and heat transfer characteristics of rectangular cavities 

with heated concave surface. Adv Mech Eng. 2019. https ://doi.
org/10.1177/16878 14019 86098 8.

Publisher’s Note Springer Nature remains neutral with regard to 
jurisdictional claims in published maps and institutional affiliations.

https://doi.org/10.1177/1687814019860988
https://doi.org/10.1177/1687814019860988

	Numerical analysis of rarefied gaseous flows in a square partially heated two-sided wavy cavity with internal heat generation
	Abstract
	Introduction
	Mathematical formulation
	Governing equations
	Numerical solution, validation, and grid independence test

	Results and discussion
	Conclusions
	References




