Eur. Phys. J. Plus
(2021) 136:833
https://doi.org/10.1140/epjp/s13360-021-01829-7
Regular Article

Lubricating hot stretching membrane with a thin hybrid
nanofluid squeezed film under oscillatory compression
Sufian Munawar1,a , Najma Saleem2,b
Aman-ullah Dar5,d

, Ali J. Chamkha3 , Ahmer Mehmood4,c ,

1 Department of Quantitative Methods, College of Business Administration, Imam Abdulrahman Bin Faisal

University, PO Box 1982, Dammam 34212, Saudi Arabia

2 Department of Mathematics and Natural Sciences, College of Sciences and Human Studies,

Prince Mohammad Bin Fahd University, Khobar 31952, Saudi Arabia

3 Faculty of Engineering, Kuwait College of Science and Technology, 35004 Doha District, Kuwait
4 Department of Mathematics and Statistics, FBAS, International Islamic University, Islamabad 44000,

Pakistan

5 Department of Mathematics, University of Kotli, Kotli, Azad Jammu & Kashmir, Pakistan

Received: 21 June 2021 / Accepted: 1 August 2021
© The Author(s), under exclusive licence to Società Italiana di Fisica and Springer-Verlag GmbH Germany,
part of Springer Nature 2021

Abstract The small-amplitude oscillatory compression is used in many micromachines to
measure various properties of molten polymers and has several advantages over rotational
devices due to a less sophisticated mechanism and the lower cost. In this article, an oscillatory squeezing flow of GO–MoS2 hybrid nanofluid mixed in C2 H6 O2 –H2 O is considered
over a variably hot stretching elastic membrane. The two-dimensional unsteady heat convection problem is modeled by the Navier–Stokes and the energy conservation equations. The
normalized governing equations are solved with an advanced fourth-order numerical finitedifference scheme. Various characteristics of the flow and the heat transfer phenomena, such
as the velocity and the temperature profiles, the skin-friction drag and the heat transfer rate at
lower wall, are calculated and analyzed through several graphs and tables. The results reveal
that the forward and backward flow strongly depends upon the amplitude of compression. A
30% increase in the amplitude of compression oscillation results in 109% increase of heat
transfer rate from fluid to stretching membrane without altering the frictional drag significantly. Further, adding 8% concentration of GO–MoS2 hybrid nanofluid enhances the heat
transfer rate from fluid to membrane by 21.4%. Moreover, as the Strouhal number increases
from 1 to 6 the heat transfer rate from fluid to membrane increases up to 77.6%.
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List of symbols
Latin symbols
Cf
Cp
Ec
F
h
H
k
L
m
Nu
p
P
Pr
Re
Rex
St
t
t¯
T
T0
Tw
U0
(u, v)
Vh
(x̄, ȳ)
(x, y)

Skin-friction coefficient
Specific heat capacity
Eckert number
Dimensionless stream function
Position to upper wall at time t¯
Height of channel at 0 amplitude
Thermal conductivity
Reference length of the channel
Nanoparticles shape parameter
Nusselt number
Pressure field
Dimensionless pressure
Prandtl number
Reynolds number
Local Reynolds number
Strouhal number
Dimensionless time variable
Time variable
Temperature field
Temperature of cold wall
Temperature of hot wall
Velocity of membrane
The velocity components
Velocity of upper wall
Independent variables
Dimensionless variables

Greek symbols
ρ
ε
ψ
θ
μ
ν
φ
ω

Density of fluid
Wave amplitude
Stream function
Dimensionless temperature field
Dynamic viscosity
Kinematic viscosity
Nanoparticles concentration
Wave frequency

Subscripts
avg
f
hnf

Average
Base fluid
Hybrid nanofluid

123

Eur. Phys. J. Plus

(2021) 136:833

Eur. Phys. J. Plus

local
s1
s2
x

(2021) 136:833

Page 3 of 18

833

Local
GO nanoparticles
MoS2 nanoparticles
Local

1 Introduction
Various processes of manufacturing and finishing of products in industries and medical
care procedures involve the phenomenon of squeezing films. The squeezing flow occurs
when the moving fluid is compressed between two solid surfaces to form a thin fluid film.
Such flows have implicit significances in several micromachines, like inoculating adhesives,
micro/nano devices, MEMS switches, MEMS gyroscopes, coatings, sealant compounds,
stretch forming and surgical treatment equipment. In this flow mechanism, a few microns
away, the compressor squeezes the fluid film and creates a damping force on the substrate. The
pioneer contributions in this regard are owed to Stefan [1] and Reynolds [2] who discussed
the cases where inertial effects are insignificant. Such type of flow is commonly named as
creeping flow as it happens to exist at small Reynolds number. Some extensions to large
Reynolds number situations were made by Ishizawa [3], Kuzma [4] and Tichy and Winer
[5] by taking the inertial effects into consideration. The problem was further extended by
various researchers considering various physical assumptions on the flow and heat transfer
phenomena. Leider and Bird [6] investigated the squeezed-film flow of a power-law fluid
between two parallel disks. Gupta and Gupta [7] obtained the solution for the small Reynolds
number. Bhatta et al. [8] studied influence of velocity slip on squeezing flow of water-based
nanofluid between two parallel disks. Hamza and Macdonald [9] studied two-dimensional
flow between two parallel plates and obtained numerical solution. Hamza [10] investigated
the similarity solution of the axisymmetric squeezed flow of electrically conducting fluid
between two rotating disks. Shankar et al. [11] considered the Williamson fluid through a
horizontal sensor surface with the outer squeezing in the presence of transverse magnetic
field. Singh et al. [12] considered the effects of squeezing flow in a channel with moving
boundaries. Upreti et al. [13] investigated the consequence of unsteadiness in MHD squeezed
flow of a hybrid nature nanofluid between two parallel flat surfaces. Bhattacharyya and Pal
[14] and Rashidi et al. [15] analyzed the effect of unsteadiness in MHD squeezed flow between
two parallel flat surfaces. An MHD squeezing flow of hybrid nanofluid between two infinite
plates was studied by Salehi et al. [16]. Islam et al. [17] studied the axisymmetric case with
porous medium using differential transform method. Sherwood [18] examined the squeezed
flow of a power-law fluid between two non-parallel plates. Effect of suction and injection on
the MHD squeezing flow between plates was investigated by Domairry and Aziz [19] with
the help of homotopy perturbation method. Lawal and Kalyon [20] examined the effects of
slip on the squeezed-film flow of a viscoplastic fluid.
The above literature review reveals a tremendous work on conventional squeezed-film
flow problem; however, a very little attention has been given to the oscillatory squeezing.
The importance of this phenomenon was revealed by Wingstrand et al. [21] by illustrating
the applications of variety of materials and devices. Such kind of equipment is used in
various industrial applications. Among the few studies on this topic is Kuhn and Yates [22]
who discussed the inertial effects on the pressure built by squeezing two circular disks and
showed a good agreement with the results reported in a parallel experimental study. Hunt [23]
performed an analysis for the squeezed flow by two parallel plates, and his theoretical results
were well-matched with the experimental results. A biological application of oscillatory
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squeezed-film flow with the stationary lower solid wall and the upper wall subjected to the
sinusoidal oscillations was studied by Phan-Thien et al. [24]. Boussaha et al. [25] proposed a
bio-bearing model of the squeezed-film flow between oscillatory circular disks under slippage
effects and reported its applications in combustion engine with connecting bearings, damper
bearings in revolving apparatus, human hip and knee joints. Terrill [26] re-analyzed the
problem and obtained an analytic solution that depends upon the parameters involved in the
problem. Afterward, Tichy and Modest [27] extended the work by including inertial terms in
the equation of motion and obtained the solution with the same approach. An experimental
study of an oscillatory squeezing flow was made by Zwick et al. [28] who considered the
yield stress fluid between two disks, and the experimental results were satisfactorily agreed
with the theoretical analysis. Further it was shown that due to oscillatory squeezing, it is
easier to expedite the flow rate and to minimize the film thickness with a small oscillatory
squeezing force as compared to a constant squeezing. The electro-rheological fluid model
between two circular electrodes subjected to oscillatory squeezing was considered by Lee
and Wen [29]. Hamza [30] investigated the oscillatory squeezing flow of a viscous fluid in
an axisymmetric channel where one solid disk was kept fixed, and the other was allowed
to rapidly accelerate from rest to sinusoidal oscillations and the problem was solved by a
perturbation method. Squeezing film flows in a channel where one of the channel walls is
subjected to stretching have been studied in [31–33]. Fang and Zhang [31] investigated the
flow of a viscous fluid between two coaxial infinite disks stretching with different stretching
rates. Borkakoti and Bharali [32] investigated a three-dimensional flow in a channel with
stretching wall. Vajravelu and Kumar [33] examined the MHD effects in a rotating channel
of lower stretching sheet.
Mehmood and Ali [34] analyzed a three-dimensional flow in a channel where the lower
plate is stretching and the upper is permeable and observed that viscous drag at lower wall
increases due to the presence of injection at the upper plate. To overcome this deficiency,
Mehmood and Ali [35] improved the model by taking suction at lower wall and showed that
the viscous drag can be minimized by increasing suction at the lower plate. An extension
to this problem was made by Ijaz et al. [36] by considering the effects of slip on lower
wall. Munawar et al. [37] numerically discussed three-dimensional squeezing effects in a
rotating channel of lower stretching wall. Furthermore, Mehmood and Ali [38] and Mehmood
et al. [39] investigated the channel flows by considering the lower wall of the channel as a
stretching elastic membrane. In these studies, the authors reported enhanced rate of heat
transfer because of the presence of wall suction or the across mass transfer phenomenon. To
further improve these heat transferring models to attain further increased rate of heat transfer,
it seems interesting to consider the idea of squeezing channel in this flow. Being inspired
with this idea and finding the gap in literature, it is aimed to apply the concept of squeezing
channel on the model considered by Mehmood et al. [39].
Another idea to enhance heat transfer rate is the induction of nanofluid since the traditional fluids, like H2 O or kerosine oil, become obsolete in various thermodynamical processes
because of their low thermal conductance. Since various micromachines and heat exchangers require fluids with efficient thermal performance, therefore, it motivates researchers to
homogeneously mix the base fluid with nanosized solid particles called the nanofluid. The
nanofluids are used to effectively enhance the heat transfer rate in various thermal processes
[40]. In this regard, a benchmark work is credited to Choi et al. [41] who calculated the thermal conductivities of solid/liquid suspension and found them to be greater when compared
with theoretical predictions. Buongiorno [42] proposed a correlation model for the nanofluid
properties known as Buongiorno model. Afterward, the nanofluid model was further optimized by inducing more than one kind of solid suspension known as hybrid nanofluid. An
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experimental study on hybrid nanofluid was conducted by Suresh et al. [43] who investigated heat transfer in a uniformly heated tube fill with suspension of Al2 O3 -Cu/water hybrid
nanofluid. Subsequently, the topic gained immense attention by the researchers working in
heat transfer to optimize the convection phenomenon. A few interesting studies are mentioned
here for interested readers [44–47].
The above literature survey provides sufficient evidence of the work on squeezed-film flow
over rigid bodies. However, no attention has been given to the oscillatory squeezing flow and
heat transfer over a stretching surface to the best of our knowledge. In the current study, our
attention is focused on the oscillatory squeezing flow of a GO–MoS2 hybrid nanofluid mixed
in C2 H6 O2 –H2 O over a variably hot stretching surface with an emphasis on achieving an
enhanced rate of heat transfer. According to our knowledge, such kind of problem has never
been considered before. The problem is solved numerically by a fourth-order finite-difference
method and results are validated by a comparison with already published data. The article is
arranged in five sections; the next section presents the mathematical formulation of the flow
and heat transfer phenomena, followed by the detail of solution method, the discussion on
the numerical results and finally the conclusion of the whole analysis.

2 Mathematical formulation
Consider an unsteady flow of incompressible hybrid nanofluid in a gap between two infinite
horizontal plane walls. The lower wall, positioned at y  0, is stretching with a velocity U0
while the upper wall is located at a variable distance
(x) ax
 in the
 horizontal
 direction

y  h t  H 1 + ε cos 2πωt . The upper wall squeezes the flow with a periodic velocity
Vh  dh/dt in the normal direction of the wall which stimulates an oscillatory squeezing
flow in the channel. Moreover, the lower stretching wall is assumed to be heated variably with
a temperature Tw (x)  T0 (x/H ). The axonometric flow model of the considered problem
along with the coordinate system is shown in Fig. 1. The mathematical description of the
problem is given by the following set of equations:
∂u ∂v
+
 0,
(1)
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subject to the boundary conditions







u x, y, t   U0 (x), v x, y, t 
 0, T x, y, t  Tw (x) at y 0, for t > 0,
u x, y, t  0, v x, y, t  Vh t , T x, y, t  T0 at y  h t for t > 0,
(5)
and the initial condition






u x, y, t  v x, y, t  0, T x, y, t  T0 at t  0, ∀ x, y.

(6)
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Fig. 1 Schematic diagram and the coordinate system

Since both the walls of the channel execute some definite functioning, it is therefore useful
to use specific words for the two. From now to onwards, we shall call the lower stretching
plate as the wall or the membrane and the upper plate as flat compressor or compressor, only.
The hybrid nanofluid consists of a mixture fluid of C2 H6 O2 –H2 O and solid nanoparticles
of GO–MoS2 . At the reference temperature of 20–30 °C, the thermophysical characteristics
of hybrid nanofluid are described in well-known published literature [48] and their numerical
values are reported in Table 1. The expressions of effective density, heat capacity and dynamic
viscosity of hybrid nanofluid under a thermal equilibrium condition are stated as Ghadikolaei
et al. [50]:


ρs1
ρhnf  ρf (1 − φs2 ) 1 − φs1 + φs1
+ φs2 ρs2 ,
(7)
ρ
 f 
ρCp s1







ρCp hnf  ρCp f (1 − φs2 ) 1 − φs1 + φs1 
(8)
+ φs2 ρCp s2 ,
ρCp f
μf
.
(9)
μhnf 
2.5
(1 − φs1 ) (1 − φs2 )2.5
Moreover, the thermal conductivity is modeled as
khnf
ks2 + (m − 1)kbf − (m − 1)φs2 (kbf − ks2 )

,
kf
ks2 + (m − 1)kbf + φs2 (kbf − ks2 )

(10)

kbf
ks1 + (m − 1)kf − (m − 1)φs1 (kf − ks1 )
,

kf
ks1 + (m − 1)kf + φs1 (kf − ks1 )

(11)

where

and m denotes the shape of nanoparticles. The values of m  3.7, 4.9 and 5.7, respectively, correspond to brick-shaped, cylindrical-shaped and platelet-shaped nanoparticles. The parameter φ ( φs1 + φs2 ) is the total volume fraction of nanoparticles. In the present study for
simplicity, m is kept fixed at 3.7 (brick-shaped).
The following dimensionless quantities are introduced to normalize the governing equations:
⎫

μU
0
⎬
y  h yt , t  ωt, ψ  U0 h t f (y, t), p  fx 0 P, θ  TTw−T
,
−T
0
()
(12)
2
2
μC
U
ν a
Re  aνH , St  2πa ω , Pr  fk p , Ec  Cp (Twf −T0 ) , Ecx  Cp (Tw0−T0 ) , ⎭
f
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Table 1 The values of
thermophysical characteristics of
the GO–MoS2 hybrid nanofluid
and the base fluid H2 O–C2 H6 O2
Ghadikolaei et al. [48] and
Ghadikolaei and Gholinia [49]

Physical properties
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GO

MoS2

833

H2 O–C2 H6 O2

Cp (J/kg K)

717

397.21

3630

ρ (kg/m3 )

1800

5060

1063.8

k (W/m K)

5000

904.4

0.387

β × 105 (1/K)

2.84 × 10−4

2.8424 × 10−5

5.8 × 10−4

σ (S/m)

6.30 × 107

2.09 × 104

9.75 × 10−4

where ψ is the stream function. In terms of stream function, the velocity components take
the following forms:
u

∂ψ
∂ψ
 U0 f  (y, t), v  −
 −ah(t) f (y, t).
∂y
∂x

(13)

Using Eqs. (12) and (13), Eqs. (1)–(6) transform to


 2
St ∂ f 
1 ∂P
ε sin(2πt)
μhnf  ρhnf
+ St
y f  + f  − f f  
,
f −
Re(1 + ε cos(2πt))2
μf
ρf
2π ∂t
1 + ε cos(2πt)
x ∂x
(14)


∂f
μhnf  ρhnf
St
(1 + ε cos (2π t))
− Stε sin (2π t) y f  + f f 
f +
Re (1 + ε cos (2π t)) Stε sin (2π t) f −
μf
ρf
2π
∂t
∂P
,
−
∂y

(15)
khnf 
θ
kf




ρCp hnf
St ∂θ
Stε sin (2πt)
 Re Pr (1 + ε cos (2πt))2
+
yθ  + f  θ − f θ 
− 
2π ∂t 1 + ε cos (2πt)
ρCp f

μhnf 
Pr Ecx f 2 + 4Ec Re (1 + ε cos (2πt))2 f 2  0,
+
μf

(16)

where x  x/H is the dimensionless x-axis, St the Strouhal number, Re the Reynolds number,
Ec the Eckert number where a subscript, x, is used to designate the local Eckert number, Pr
is the Prandtl number, and ε is the amplitude of oscillation with ε  1.
Equations (14) and (15) together suggest that



 2
μhnf  ρhnf
ε sin(2π t)
St ∂ f 
+ St
y f  + f  − f f   Constant. (17)
f −
Re(1 + ε cos(2π t))2
μf
ρf
2π ∂t
1 + ε cos(2π t)

On simplifying, Eq. (17) reduces to




St ∂ f 
μhnf iv ρhnf
St ε sin(2π t)  
y f + f  + f  f  − f f   0,
−
f −
Re(1 + ε cos(2π t))2
μf
ρf
2π ∂t
(1 + ε cos(2π t))

(18)
along with the boundary and initial conditions
f (0, t)  0, f  (0, t)  1, θ (0, t)  1 at y  0,
Stε sin(2π t) , f  (1, t)  θ (0, t)  0, at y  1,
f (1, t)  1+ε
cos(2π t)
f (y, 0)  θ (y, 0)  0, at t  0 ∀y.


for t > 0,

(19)
(20)
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The skin-friction coefficient and the local Nusselt number at the lower hot wall are, respectively, given as
Rex Cf 

f  (0, t)
μhnf
−khnf xθ  (0, t)
and Nulocal 
.
ρhnf νf (1 + ε cos(2πt))
kf H (1 + ε cos(2πt))2

(21)

Therefore, the average skin-friction coefficient and Nusselt number take the following forms:
τ
τ
1
L
Rex Cf dt, Nuavg 
Nulocal dt.
(22)
Cfavg 
τ
2τ
0

0

where Rex  (ax)H/ν is the local Reynolds number, τ is the steady-state time, and L ( 1)
is the reference length, regarded as the length of the channel.

3 Numerical solution
To obtain numerical solution of Eqs. (18) and (20), along with the boundary and initial
conditions (21) and (22), a fourth-order finite-difference scheme is utilized for the derivatives
involved. A uniform rectangular grid is constructed by discretizing the spatial variable y ∈ (0,
1) into N + 1 uniformly distributed grid points as y1 , y2 , y3 ,…, yN+1 with a grid size of
y  1/N while the temporal variable t ∈ (0, ∞) is truncated at sufficiently large time
where the steady state is achieved. The temporal variable is discretized into M + 1 uniformly
distributed grid points as t 1 , t 2 , t 3 , …,t M+1 considering the time step-size of t  1/M. To
use FDM, a newly developed built-in kernel function of the software Mathematica, named
as, “NDSolve‘FiniteDifferenceDerivative” is utilized. This kernel function uses fourth-order
finite-difference approximations for the spatial and temporal derivatives in the main difference
matrix. It is worth mentioning a few difference approximations used by the kernel algorithm:
(k)
(k)
(k)
(k)
(k)


−3 f i−1 − 10 f i + 18 f i+1 − 6 f i+2 + f i+3
∂f

+ O y 4 ,
∂y
12y
(k)
(k)
(k)
(k)
(k)
(k)


10 f i−1 − 15 f i − 4 f i+1 + 14 f i+2 − 6 f i+3 + f i+4
∂2 f

+ O y 4 ,
∂ y2
12y 2
(k)
(k)
(k)
(k)
(k)
(k)
(k)


− f i−1 − 8 f i + 35 f i+1 − 48 f i+2 + 29 f i+3 − 8 f i+4 + f i+5
∂3 f

+ O y 4 ,
3
3
∂y
8y
(k)
(k)
(k)
(k)
(k)
(k)
(k)


− f i−1 + 12 f i − 39 f i+1 + 56 f i+2 − 39 f i+3 + 12 f i+4 − f i+5
∂4 f

+ O y 4 ,
∂ y4
6y 4

(23)
(24)
(25)
(26)

and the first-order time derivative as
(k−1)

−3 f i
∂f

∂t

(k)

− 10 f i

(k+1)

+ 18 f i
12t

(k+2)

− 6 fi

(k+2)

+ fi



+ O t 4 ,

(27)

where f j (k) is the corresponding value of f (yi ,t k ) at yi  iy and t k  kt for i  4, 5, …, N −
2 and k  1, 2, …, M. It is important to mention here that for i  1, 2, 3 and for i  N − 1, N, N
+ 1, and for k  M + 1, the kernel function uses different difference schemes so that the order
of resulting difference matrix becomes (N + 1) × (M + 1). For the derivatives at the boundary
conditions, one-sided finite-difference approximations are used. The derivative boundary
condition at lower wall is approximated by the first-order forward-difference approximation,
while, for the compressor the first-order backward-difference scheme is utilized. The above
finite-difference scheme results in a system of (N + 1) × (M + 1) nonlinear algebraic equations
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in the same number of unknown variables f j (k) . The set of nonlinear algebraic equations
are solved using the built-in function, “FindRoot”, of the symbolic computing software
Mathematica. The domain is bounded between 0 and 1 in the spatial variable y. However,
the semi-infinite temporal domain is truncated at the point where steady-state solution is
achieved (i.e., t  6). To validate the computer code, we provide a comparison of the current
solution with a previously published analytical study of Mehmood et al. [39]. In Table 2, the
numerical values of wall skin-friction coefficient and the Nusselt number are compared at
a limiting situation (steady-state case) assuming sufficiently large time. The table reveals a
good agreement between the analytic results of Mehmood et al. [39] and the current numerical
results which builds confidence on the results reported in the up-coming section.

4 Numerical results and discussion
In this section, the obtained numerical results are aimed to be presented and discussed with
the aid of appropriate graphs and tables. Various graphs of pertinent flow and heat transfer
quantities, like the velocity and temperature fields, the wall skin-friction coefficient and the
heat transfer rate, are sketched in Figs. 2, 3, 4, 5, 6, 7, 8, 9 and 10 under the influence of
various varying parameters. To serve the purpose, some extraneous parameters are kept fixed
during the analysis, such as the Prandtl number, the Eckert number Ec and the local Eckert
number Ecx , are set at 1. The main analysis is done by varying the Reynolds number Re,
the Strouhal number St, the wave amplitude ε and the nanoparticles concentration φ. The
Strouhal number and the Reynolds number are set to be varied between 1 and 6, and φ takes
the values between 0 and 8%.
4.1 Effect of spatial and temporal variables
The three-dimensional velocity and temperature profiles are shown in Figs. 2, 3 and 4 against
the spatial variable y and temporal variable t. Figure 2a demonstrates the velocity component
u against y and t. The negative values of the profile show the reverse flow which occurs at
trough of sinusoidal wave (at compression) and the positive values of the profile indicate the
forward flow which occurs when the compression velocity of compressor is at crest position.
The compression time intervals are 0 < t < 0.5, 1 < t < 1.5, 2 < t < 2.5 and so on, while the
relaxation time intervals are 0.5 < t < 1, 1.5 < t < 2 and so on. The behavior of vertical velocity
component v is depicted in Fig. 2b. The figure shows a higher velocity near the upper plate
and lower velocity near the lower plate. The v-velocity profile shows decreasing trend when
the upper plate compressed the fluid film which results in a downward flow. This behavior is
in accordance with the physical aspect. The temperature profile is sketched in Fig. 3 against
the variables y and t. Form the figure, it is noticed that the temperature is initially zero and
with the passage of time it increases and attains the steady state for t > 1 (roughly). This
behavior is because of the developing of convection phenomenon with the passage of time.
It is further noted that the temperature near the wall is higher as compared to the compressor.
The effect of viscous dissipation is clearly visible near the compressor as the temperature
of fluid is higher than the temperature of hot wall. Figure 4 depicts the velocity-vector plot
against the variables y and t for different values of wave amplitude ε. The figures clearly
indicate the time and the velocity-vector direction. It is observed that at compressional time
intervals, the overall direction of velocity vector shows downward trend. For larger values of
amplitude ε, the downward directed stream starts to augment as the amplitude gets bigger.
However, at the relaxation time intervals (0.5 < t < 1, 1.5 < t < 2 or 2.5 < t < 3) the downward
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− 5.225

− 4.239

− 4.803

− 4.10842

− 4.76606

0.0

0.5

2
− 2.35591

− 2.07248

− 2.55649

− 2.16967

G (0)
Analytic results by
Mehmood et al. [39]

− 2.375

− 2.092

− 2.574

− 2.190

g (0)
Current numerical
results

− 0.72006

− 0.36524

− 0.89582

− 0.57633

T (0)
Analytic results by
Mehmood et al. [39]

− 0.713

− 0.357

− 0.888

− 0.569

T (0)
Current numerical
results
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0.5

− 4.406

0.5

− 5.18270

f (0)
Current numerical
results

f (0)
Analytic results by
Mehmood et al. [39]

− 4.36875

0.5

1

w0  w1

3

β

Re

Table 2 Comparison of current results with the results reported by Mehmood et al. [39] when Pr  0.71, Ec  Ecx  Ecy  0.2 are kept fixed
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Fig. 2 The velocity profiles a u-velocity b v-velocity at St  2, Re  2, φ hnf  4%, ε  0.1

Fig. 3 A 3D view of temperature profile at St  2, Re  2, φ  4%, ε  0.1

flow gets weakened. Table 3 shows that there is just a slight increase of 2.5% in the magnitude
of average wall skin friction as ε increases from 0 to 0.3. This is quite expected trend as at
higher compression the fluid velocity increases which puts higher frictional drag on the wall.
However, the average Nusselt number shows 109% increase in its magnitude as ε changes
from 0 to 0.3. This trend shows a significant increment in heat transfer rate from fluid to wall.
This result is also anticipated since higher oscillatory compression produces high mechanical
energy which dissipates heat in the fluid.
4.2 Effects of total volume fraction of nanoparticles
Figures 5 and 6 show a variational trend of flow and heat transfer characteristics for varying hybrid nanoparticle concentration φ keeping equal ratio of each kind of solid particles
(50% GO and 50%MoS2 ). Figure 5a, b demonstrates both velocity profiles at the center of
channel (y  0.5) against the temporal variable t. From the figures, no significant variation
is noticed in the velocity profile as φ varies. This is quite expected since the main objective
of introducing nanoparticles in the base fluid is to enhance heat transfer without perturbing
the flow characteristics. Figure 5c shows that the magnitude of wall skin friction decreases
slightly as the solid particle volume increases which is due to the increase in the effective
viscosity and density of nanofluid which slow down the fluid motion and thus the wall skin
friction as well. Table 3 shows a 4.5% increase in the magnitude of average skin-friction
coefficient upon adding 8% nanoparticles concentration. The temperature profile shows two
variational patterns against time t (see Fig. 6a). Initially for transitionary time t < 0.3, the
fluid temperature increases by increasing φ while, for t > 0.3, when the flow is established,
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Fig. 4 The velocity-vector plot against y and t for various values of ε when St  1, Re  2, φ  4%

the fluid temperature decreases by increasing φ. This decrease is due to increased rate of
heat transfer from fluid to wall at increased concentration of nanoparticles in the fluid. This
fact can easily be confirmed from Fig. 6b. Figure 6b shows the Nusselt number at lower
stretching wall against time. The negative values of Nusselt number indicates that heat is
getting transferred from fluid to the wall. Initially, the heat transfer rate from fluid to wall
increases with φ; afterward, it starts decreasing as φ increases. This is quite expected role of
nanoparticles concentration since hybrid nanofluids possess advanced capacity to augment
heat. This is the fundamental reason that why temperature profile decreases by increasing
φ in Fig. 6a. Overall, it is noticed from these figures that the unsteady transitionary time is
t < 0.3 (roughly) which is quite expected in microchannels. After t > 0.3, the flow becomes
stationary and shows the similar repeating pattern. Table 3 shows that average heat transfer
rate from fluid to wall is increased to 21.4% when 8% concentration is added. This significant
increase shows the capacity of heat transferring rate of GO–MoS2 hybrid nanofluid.
4.3 Effect of Strouhal number
One of the important parameters in the study of unsteady oscillatory flow is the Strouhal
number which is the ratio of inertial forces due to unsteadiness to the inertial forces due to
change in local velocity. Figures 7 and 8 illustrate the effects of the Strouhal number St on the
flow and heat transfer phenomenon at the center of the channel (y  0.5) against time variable
t. Figure 7a, b indicates that as St increases both velocity profiles show increasing oscillatory
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Fig. 5 Effects of φ on velocity profiles and wall skin friction against t when y  0.5, St  1, Re  2 and ε 
0.1

Fig. 6 Effects of φ on temperature profile and Nusselt number against t when y  0.5, St  1, Re  2 and ε
 0.1

behavior. This conduct of the velocity profiles is due to improvement in the unsteadiness due to
the dominancy of oscillatory flow since Strouhal number appears in the dimensional analysis
of oscillatory flows and rectifies the oscillations of flow due to inertial acceleration to the
change in velocity due to convective acceleration. With this explanation of Strouhal number,
the behavior of velocity profiles is quite understood. The results further indicate that at initial
time the amplitude of oscillations is small and as time precedes the amplitude increases
and obviously, becomes constant once the steady state is achieved. The steady-state time is
achieved within the first time period, and afterward, the velocity profile exhibits repeating
behavior. Effect of St on the wall skin friction is demonstrated in Fig. 7c which shows that the
amplitude of oscillation in wall skin friction increases as St increases. However, it is noticed
from Table 3 that the average skin friction at lower wall slightly decreases as St increases. The
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Fig. 7 Effects of St on velocity profiles and wall skin friction against t when y  0.5, Re  2, φ  4% and ε
 0.1

Fig. 8 Effects of St on temperature profile against t when y  0.5, Re  2, φ  4% and ε  0.1

temperature profile shows two variational patterns for varying Strouhal number St against
time (see Fig. 8a). For time t < 0.8, temperature decreases as the St increases, and for t > 0.8,
the temperature increases as St increases. This conduct of temperature profile is due to the
high inertial effect as St gets higher value which amplifies the unsteadiness, and thus, more
mechanical energy transforms into heat energy. Finally, Fig. 8b depicts that the heat transfer
rate shows decreasing trend as the St increases for large time; however, for initial time the
heat transfer rate increases as St increases. The negative values of heat transfer rate indicate
the transfer of heat from fluid to lower wall. The figure indicates that as St increases more
heat is transferred from fluid to wall. This behavior is due to high velocity gradients that
produce internal heat. The average Nusselt number values shown in Table 3 describe 77.6%
increase in the heat transfer rate from fluid to wall as St increases from 1 to 6 which is a quite
significant increase.
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Fig. 9 Effects of Re on velocity profiles and wall skin friction against t when y  0.5, St  1, φ  2% and ε
 0.1

Fig. 10 Effects of Re on temperature profile and Nusselt number against t when y  0.5, St  1, φ  4% and
ε  0.1

4.4 Effect of Reynolds number
The Reynolds number Re is the ratio of inertial forces to viscous forces and is a key role
parameter to predict the flow pattern at different ranges. We consider small Reynolds number
in the range 1 to 6. The varying pattern of flow and heat transfer characteristics for this
range of Re is shown in Figs. 9 and 10. From Fig. 9a, b, it is seen that as Re increases both
velocity components exhibit increasing trend. This conduct of velocity profile is because of
the increasing inertial effect due to stretching of lower wall. Since at low Reynolds number
viscous force is dominant and as the lower plates start stretching the Reynolds number
increases and thus the velocity of fluid. Figure 9c demonstrates that as Re increases the
magnitude of shear stress on the stretching sheet increases. This behavior is quite expected
since the difference in the velocities of the wall and fluid grows as the lower plate moves at
higher velocity, but surely this occurs only for low Reynolds number. Figure 10a illustrates the
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Table 3 Effect of the various parameters on average skin-friction coefficient and average Nusselt number
ε

 (%)

St

Re

C favg

0.0

4

2

2

− 4.2720

0.1

–

–

–

− 4.2842

0.2

–

–

–

− 4.3183

0.3

–

–

–

0.1

0

1

–

2

–
–

% Change

Nuavg

% Change

–

− 1.3998

–

0.3

− 1.5513

10.8

1.1

− 2.0351

45.4

− 4.3797

2.5

− 2.9245

109

2

− 4.2186

–

− 1.3186

–

–

–

− 4.2475

0.7

− 1.3830

4.9.1

4

–

–

− 4.2888

1.7

− 1.4515

10.1

8

–

–

− 4.4071

4.5

− 1.6019

21.4

–

4

1

2

− 4.2888

–

− 1.4515

–

–

–

2

− 4.2841

0.0

− 1.5512

6.9

–

–

4

–

− 4.2616

− 0.6

− 1.9459

34.1

–

–

6

–

− 4.2212

− 1.6

− 2.5785

77.6

–

4

1

1

− 4.2051

–

− 1.2894

–

–

–

–

2

− 4.2888

2.0

− 1.4515

12.6

–

–

–

4

− 4.4555

6.0

− 1.7700

37.3

6

− 4.6209

9.9

− 2.0831

61.6

temperature profile at the center of channel against variable t at varying Re. The temperature
decreases as Re increases for small time (t  0 to t  0.5), and then, it shows an increasing
behavior onwards. The decrease in temperature profile for initial time t ∈ (0, 0.5) is due to
weak viscous force which converts negligible mechanical energy to heat. As the time passes
and flow develops, the temperature gradient weakens and internal heat augments the fluid
temperature. Thus, the heat transfer rate increases for initial time as Re increases and shows
an opposite behavior for large time. Figure 10b depicts that the Nusselt number increases
(by staying negative) for increasing values of Re. This reflects that increasing the Reynolds
number gives rise to the heat transfer phenomenon from fluid to the lower stretching wall.
Obviously, this conduct is due to consideration of Eckert number.
In view of the discussion made in Sects. 4.1–4.4, it is observed that the heat transfer
rate is increased under the influence of four major contributors, namely the time-dependent
squeezing, the nanoparticles volume fraction, the Strouhal number and the Reynolds number.
Moreover, the amplitude of oscillating squeezing does also contribute to enhance the heat
transfer rate, as is evident from Table 3. In this connection, the current model can be regarded
as an optimal model to get an enhanced rate of heat transfer.

5 Conclusions
The unsteady convective heat transfer phenomenon is examined for a fluid film of GO–MoS2
hybrid H2 O–C2 H6 O2 -based nanofluid sandwiched between an oscillatory compressor and the
stretching surface. The flat compressor squeezes the flow from top with sinusoidal-oscillating
velocity and compels the hybrid nanofluid layer to spread in the channel. The lower hot wall
held at a nonuniform temperature stretches along the horizontal axes. The governing equations
are solved with a fourth-order numerical finite-difference method. The main analysis is based
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upon the parametric examination of the flow and heat transfer characteristics with an emphasis
on enhanced rate of heat transfer. The major accomplishments of the study are summarized
below:
• The comportment of heat transfer extremely depends upon the parameters St, φ, Re and ε.
• It is concluded that oscillatory squeezing results in the synchronal occurrence of timedependent forward and backward flows.
• From the results, it is further concluded that by increasing the Strouhal number the oscillatory behavior of velocity and temperature profiles enhances. The average heat transfer
rate from fluid to lower wall increases up to 77.6% as St is increased from 1 to 6.
• The flow and heat transfer in the channel can be expedited by increasing the amplitude
of oscillating compressor. The average heat transfer rate augments by 109% as amplitude
changes from 0 to 0.3, while viscous drag on the lower wall is just 2.5% augmented.
• The average heat transfer rate from fluid to lower plate is increased up to 21.4% when 8%
concentration of nanoparticle is considered.
• The fluid temperature and the heat transfer rate from fluid to lower wall significantly
increase as the Strouhal number increases.
• Almost 61.6% increase in the rate of heat transfer is achieved when the Reynolds number
is varied from 1 to 6.
• From the above reported facts, it is concluded that the current flow model has the capacity to
achieve a maximum rate of heat transfer by the suitable selection of values of the involved
parameters.
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