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A B S T R A C T   

Here, continuous two-dimensional boundary layer flow of a Fe2O3–CuO/water hybrid nanofluid 
over a porous stretching/shrinking wedge with radiation and MHD effects has been investigated 
semi–analytically. The dual solutions of the problem and also its stability analysis are taken into 
account. Moreover, the mass-based procedure for hybrid nanofluid modeling has been used. 
According to this procedure, the volume fraction of first and second nanoparticles is written in 
terms of both nanoparticles as well as base fluid masses. The Tiwari-Das model joined with mass- 
based hybrid nanofluid procedure is applied to find the governing partial differential equations 
which are then transferred to a set of dimensionless ordinary differential equations with help of 
the similarity transform method. The numerical method of solution has been chosen based on a 
famous finite difference scheme (bvp4c) from MATLAB software. The results demonstrate that 
dual solutions exist for a certain domain of the wedge stretching/shrinking parameter. Also it is 
observed that always the first solutions have thinner boundary layer thickness than the second 
ones. Moreover, the critical value in which the solution is in existence increase with the 
enhancement of magnetic parameter and suction parameter. The magnetic parameter and the 
mass suction at the wedge’s surface also leads to the increase in the local Nusselt number. Further, 
it is inferred that the second nanoparticle’s mass enhancement results in the amplification of the 
skin friction coefficient and the local Nusselt number for the first solutions. In addition, the rise in 
radiation parameter tends to enhance the thermal boundary layer thickness.   

1. Introduction 

Nanofluids are engineered mixtures made of a base fluid and nanoparticles (1–100 nm) [1–4]. These types of advanced fluids are 
produced by dispersing the nanometer-scale solid particles into base liquids with low thermal conductivity such as water, ethylene 
glycol (EG), oils, etc. [5]. A new kind of nanofluid, which is prepared by dispersing two different types of nanoparticles or by scattering 
hybrid nanoparticles in a base fluid, is called "hybrid nanofluid". The nanoparticles can be made of metal, metal oxide, carbide, nitride 
and even unmixable nano-scale, liquid driblets [6]. Reddy et al. [7] focused on the numerical study on flow and heat transfer of hybrid 
dusty fluid flow through a CattaneoChristov heat flux model over a stretched sheet with the help of proposed convergent numerical 
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technique RKF-45. In addition, Darcy–Forchheimer medium and solar radiation was taken into account. It was shown that, momentum 
boundary layer thickness decreases by increasing values of Forchheimer parameter. Furthermore, heat transfer process was higher in 
dusty fluid when compare to hybrid nanofluid. And the higher radiation parameter plays a key role in cooling process. Various studies 
have shown that the mass and heat transfer coefficient of nanofluids and hybrid nanofluids are higher than those of base fluids and may 
be applicable in a variety of industrial and medical fields, for example, in oscillating heat pipes, chillers, solar water heating, cooling of 
electronic components and cooling of nuclear reactors. In a forced convection problem, there are four thermophysical properties of the 
traditional working fluid that can be changed by adding nanoparticles to the base fluid. These properties include density, dynamic 
viscosity, thermal conductivity and specific heat at constant pressure. In general, the addition of nanoparticles increases these 
properties except the last one. This trend depends on various factors such as the volume fraction of the nanoparticles, the properties of 
the nanoparticles as well as the base fluid. Various theoretical relations have been proposed to calculate the aforementioned 

Nomenclature 

m1 the first nanoparticle mass, gr 
m2 the second nanoparticle mass, gr 
B0 uniform magnetic field, T 
Cf skin friction coefficient 
mf the base fluid mass, gr 
k thermal conductivity, Wm− 1K− 1 

Nux local Nusselt number 
R radiative parameter 
Rex local Reynolds number 
Pr Prandtl number 
qw surface heat flux, Wm− 2 

T fluid temperature, K 
Tw surface temperature, K 
T∞ ambient temperature, K 
u, v velocity components, ms− 1 

x, y Cartesian coordinates, m 
ue(x) free stream velocity, ms− 1 

f(η) dimensionless stream function 
s permeability parameter 
M magnetic parameter 

Greek symbols 
β Hartree pressure gradient parameter 
φ nanoparticle volume fraction 
η similarity variable 
θ(η) dimensionless temperature distribution 
λ buoyancy or mixed convection parameter 
μ dynamic viscosity, kgm− 1s− 1 

υ kinematic viscosity, m2s− 1 

ρ fluid density, kgm− 3 

τw wall shear stress, kgm− 1s− 2 

ψ stream function, m2s− 1 

σ electrical conductivity, (Ωm)
− 1 

Subscripts 
w condition at the surface of the plate 
∞ ambient condition 
f regular fluid 
nf single nanoparticle nanofluid 
hnf hybrid nanofluid 
1 hematite nanoparticle 
2 copper oxide nanoparticle 
s equivalent value 

Superscript 
′ differentiation with respect toη  
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thermophysical properties of nanofluids especially for their thermal conductivities and also dynamic viscosities. But, the 
Maxwell-Garnett and the Brinkman models have been used more in numerical studies. 

Magnetohydrodynamics (MHD) is the study of the magnetic properties on electrically conducting fluids under the action of an 
external magnetic field. Examples consist of plasmas, salt water, liquid metals, or electrolytes. The word "magneto-hydro-dynamics" is 
derived beyond magneto- meaning magnetic field, hydro- that means water and dynamics that means movement. Alfvén [8] was the 
first one in 1942 started the concept of magnetohydrodynamics (MHD) so that in 1970 he got the Nobel Prize in Physics. Nasir et al. [9] 
investigated the MHD stagnation point flow over a shrinking or stretching flat sheet. They found that the skin friction coefficient and 
the local Nusselt number decrease as the magnetic parameter increases. Zainal et al. [10] presented a mathematical analysis to 
evaluate the heat generation/absorption effect on MHD flow towards bidirectional exponential stretching/shrinking sheet of hybrid 
nanofluid. The results revealed that the volume fraction of nanoparticle and magnetic parameter applied to the hybrid nanofluid 
improved the skin friction coefficient. Also, the rate of heat transfer was strengthened by the intensity of the suction parameter, 
whereas the appearance of heat generation reduced the heat transfer rate performance. Recently, Ullah et al. [11] investigated the flow 
of hybrid nanofluid containing Cu and Al2O3 as the nanoparticles, with water and ethylene glycol as the base fluids over a stretching 
surface under the action of a magnetic field. Effects of Joule heating and viscous dissipation were contributed into energy equation. 
Results indicated that, the velocity decreases for higher Hartmann number and opposite behavior holds for Reynolds number. 

One of the categories of boundary layer similarity solutions was disclosed by Falkner and Skan [12] in 1931, in order to study the 
fluid flow over a static wedge, whilst the numerical solution was then presented by Hartree [13]. The boundary layer flow over a static 
or moving wedge in a viscous fluid (regular fluid) has been considered by Riley and Weidman [14] and Ishak et al. [15] which is an 
extension of the fluid flow over a static wedge considered by Falkner and Skan [12]. They employed a similarity transformation that 
reduces the respective partial differential equations to a system of nonlinear ordinary differential equations before solving them 
numerically. Other useful literatures about this geometry have been cited in the books by Schlichting and Gersten [16] and Leal [17]. 
Klemp and Acrivos [18] analyzed the similar problem by using integration method. Reddy et al. [19] considered the CattaneoChristov 
heat flux model on MHD radiative Oldroyd-B two-phase flow across a cone/wedge with RKF-45 method with shooting technique. Their 
results showed that influence of physical parameter highly effective for cone when compare to wedge. Also Ahmad et al. [20] discussed 
the importance of single wall carbon nanotube and multiple walls carbon nanotube past a static wedge under the effects of MHD. The 
significance of activation energy, thermal radiation, heat generation and double stratification are also taken into account. According to 
their results, the solid volume fraction enhanced the axial velocity and temperature profile for both carbon nanotubes. 

Dual solutions exist for many complex problems in convective heat transfer flows due to their highly non-linear mathematical 
modeling. The multiplicity of solutions in fluid dynamics and heat transfer often involves stable and unstable steady state. It may be 
remarked that the investigation on the existence of dual solutions in boundary layer flows over stationary/moving vertical plate under 
various thermal boundary conditions, may bring more insight on engineering applications. It is proved that Ridha [21] perhaps is the 
first person to show that dual solutions observe in the opposing flow regime and it have been extended into the assisting flow regime for 
2D stagnation-point flow and Ingham [22] probably is the first to find dual solutions for the problem of steady mixed convection 
boundary layer flow over a moving vertical flat plate in a viscous and incompressible fluid which the flow is assisting. Ishak et al. [23] 
presented an analytical solution for a stagnation point on a vertical porous plate. They found that dual solutions exist for the assisting 
and opposing flow. 

Motivated by the above investigations, we found that no work has been done so far by considering a hybrid nanofluid in order to 
investigate the MHD Falkner-Skan problem according to the mass-based algorithm with porous walls and radiation effect plus dual 
solutions analysis. As a result, in the present paper our novelty is implementing a Fe2O3–CuO/water hybrid nanofluid as a new 
advanced working fluid to study the problem of boundary layer flow over a permeable stretching/shrinking wedge under the action of 
an external magnetic field. We also attempt to compare the mass-based algorithm with the already existing volume fraction-based 
model of hybrid nanofluid’s simulation. It is worth mentioning that, fluid flows over wedge shaped bodies occur in many thermal 
engineering applications such as in the aerodynamics field and geothermal industries, crude oil extraction, thermal insulation, heat 

Fig. 1. Physical model and coordinate system for (a) stretching wedge and (b) shrinking wedge.  
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exchangers and the storage of nuclear waste. Our assumptions can be summarized as: i) the fluid phase (water) and the solid phase 
(nanoparticles) are in thermal equilibrium and no slip velocity occurs between them, ii) both first and second nanoparticles have 
spherical shapes, iii) the Prandtl number of the base fluid is kept constant at 6.2, iv) the effect of thermal radiation also has been 
applied, v) an external magnetic field is applied normal to the wedge, vi) the volume concentration of hybrid nanofluid is very low (less 
than 12%) and vii) the single-phase Tiwari-Das [24] approach is implemented. Further, in the parametric permissible range, the 
possibility of dual solutions is also examined. It should be noted that, the analysis is conducted numerically by using bvp4c function 
from MATLAB software. 

2. Modeling and mathematical formulation 

Consider the steady laminar two-dimensional hybrid nanofluid flow over a permeable stretching/shrinking wedge as shown in 
Fig. 1 in which x and y are Cartesian coordinates with x – axis measured along the wall of the wedge and y – axis normal to it. Further, 
we note that the value of m is between 0 and 1 (0≤ m ≤1) with m = 0 (β= 0) corresponds to the boundary layer past a horizontal flat 
plate (Ω= 0) and m = 1 (β = 1) represents the boundary layer flow near the plane stagnation-point on a vertical flat plate (Ω = π). The 
hybrid nanofluid possesses ambient uniform temperature T∞. Also the stretching/shrinking wedge is kept constant (Tw). A magnetic 
field B(x)= B0 x(m-1)/2 is applied normal to the wedge so that B0 is the strength of the applied magnetic field. The free stream velocity 
far away from the wedge is ue(x) = Ue.xm, while the wedge is stretched/shrunk with a velocity uw(x) = Uwxmwhere Ueis a positive 
constant for free stream, while Uw > 0 is a positive constant corresponding to the stretching wedge, Uw < 0 is a negative constant 
corresponding to the shrinking wedge and Uw = 0 for a static wedge. Moreover, m = β/(2-β), where β is the Hartree pressure gradient 
parameter which corresponds to Ω = βπ for a total angle of the wedge. 

We have considered hematite (Fe2O3) and copper oxide (CuO) nano-size particles with a base fluid i.e. water. In our model, he-
matite is initially added into the base fluid to make Fe2O3/water single nanoparticle’s nanofluid. Besides, to develop the selective 
hybrid nanofluid, copper oxide is dispersed in it. Table 1 shows the equivalent density, heat capacity and also the volume fraction of 

Table 1 
The mass-based model for selective hybrid nanofluid [2,25,26].  

Title Formulation 

Equivalent density (ρ) ρs =
(ρ1m1) + (ρ2m2)

m1 + m2  
Equivalent heat capacity(CP)

(Cp)s =
{(Cp)1 × m1} + {(Cp)2 × m2}

m1 + m2  
Volume fraction of the first nanoparticle(φ1)

φ1 =

m1

ρ1
m1

ρ1
+

m2

ρ2
+

mf

ρf  
Volume fraction of the second nanoparticle (φ2)

φ2 =

m2

ρ2
m1

ρ1
+

m2

ρ2
+

mf

ρf  
Equivalent volume fraction of the nanoparticles φ  φ = φ1 + φ2   

Table 2 
Applied models for physical properties of hybrid nanofluids [2,25-27].  

Property Hybrid Nanofluid (hnf) 

Viscosity (μ) μf

(1 − φ)2.5  

Density (ρ) (1 − φ)ρf + φρs  

Heat capacity (ρCP) (1 − φ)(ρCp)f + φ(ρCp)s  

Thermal conductivity(k) k2 + 2knf − 2φ2(knf − ks2)

k2 + 2knf + φ2(knf − ks2)
×

k1 + 2kf − 2φ1(kf − k1)

k1 + 2kf + φ1(kf − k1)
× (kf )

Electrical conductivity (σ) σ2 + 2σnf − 2φ2(σnf − σ2)

σ2 + 2σnf + φ2(σnf − σ2)
×

σ1 + 2σf − 2φ1(σf − σ1)

σ1 + 2σf + φ1(σf − σ1)
× (σf )

Table 3 
Physical properties of the base fluid and the nanoparticles at 25 ◦C [28,29].  

Thermophysical properties Fluid phase (water) Hematite (Fe2O3) Copper Oxide (CuO) 

Cp (J /kg K) 4179 670 540 

ρ (kg /m3) 997.1 5180 6500 

k (W /mK) 0.613 9.7 18 
σ(Ωm)− 1  0.05 10− 5.99 10− 10 

Particle size (nm) – 29 29  
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nanoparticles in terms of both nanoparticles and base fluid masses [2,25,26]. Table 2 shows the effective models for physical properties 
of the hybrid nanofluids [2,25-27]. In this table, m1 and m2 are the hematite and copper oxide masses, respectively, ρf is the density of 
the base fluid as well as ρs is the equivalent density of the nanoparticles, μf is the viscosity of the base fluid, kf is the thermal con-
ductivity of the base fluid, khnf is the effective thermal conductivity of the hybrid nanofluid overestimated by the Maxwell–Garnett 
model [27], (ρCp)hnf is the effective heat capacity of the hybrid nanofluid and σhnf is the effective electrical conductivity of the hybrid 
nanofluid. In Table 3 we can see physical properties of the base fluid and the nanoparticles at 25 ◦C [28,29]. 

After applying the boundary layer overestimations, Roseland approximation for thermal radiation as well as the Bernoulli’s 
equation in the free stream, the governing nonlinear PDEs for the continuity, momentum and energy of the hybrid nanofluid can be 
written as follows (see Awaludin et al. [30] and Tiwari and Das [24]): 

∂u
∂x

+
∂v
∂y

= 0, (1)  

u
∂u
∂x

+ v
∂u
∂y

= ue
due

dx
+

μhnf

ρhnf

∂2u
∂y2 −

σhnf

ρhnf
B2(u − ue), (2)  

u
∂T
∂x

+ v
∂T
∂y

=

[
khnf(

ρCp
)

hnf

+
16σ0T∞

3

3k∗
(
ρCp

)

hnf

]
∂2T
∂y2 , (3)  

subject to the boundary conditions [25,30] 

v = vw(x), u = uw(x),T = Tw(x) at y = 0,
u → ue(x) T → T∞ as y → ∞.

(4)  

here uand vare the velocity components of the hybrid nanofluid along the x and y axes, respectively, T is the temperature of the hybrid 
nanofluid. Further, vwis the uniform surface mass flux, where vw < 0 corresponds to suction and vw > 0 corresponds to injection. In the 
above formulation, μhnf is the viscosity of the hybrid nanofluid, ρhnf is the density of the hybrid nanofluid, which are given in Table 2. 

We look for a similarity solution of Eqs. (1)–(3) with the boundary conditions (4) of the following form [25,30] 

η =

(
(m + 1)Ue

2νf

)1
2

x
(m− 1)

2 y, ψ =

(
2νf Ue

m + 1

)1
2

x
(m+1)

2 f (η), θ(η) = T − T∞

Tw − T∞
, (5)  

where ψ is the stream function which is defined as u = ∂ψ/∂yand v = − ∂ψ/∂xso as to identically satisfy Eq. (1), and νf is the kinematic 
viscosity of the fluid. Substituting Eq. (5) into Eqs. (2) and (3), we obtain the following ordinary differential equations 

f ′′′ + A1

[

f f ′′ +
2m

m + 1
(1 − f

′2) + A2
2M

m + 1
σhnf

σf
(1 − f

′

)

]

= 0,

A3

Pr

[
khnf

kf
+

4
3

R
]

θ′′ + f θ
′

= 0,
(6)  

A1 = (1 − φ)2.5
(

1 − φ + φ
ρs

ρf

)

, A2 =
1

1 − φ + φ
ρs

ρf

,

A3 =
1

1 − φ + φ
(ρCP)s

(ρCP)f

,

(7)  

subject to the boundary conditions 

f (0) = s, f ′

(0) = λ, θ(0) = 1,
f ′

(∞) → 1, θ(∞) → 0.
(8) 

Here, Pr is the Prandtl number, M is the magnetic parameter, R is the radiation parameter, λ is the stretching/shrinking parameter 
of the wedge and s is the wall permeability, which are defined as [30] 
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M =
σf B2

0x1− m

ρf Ue
, λ =

Uw

Ue
,

Pr =
νf

αf
, R =

4σ0T∞
3

kf k∗
,

s =
− vw(x)x

(

1− m
2

)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(m + 1)U∞νf

2

√ ,

(9)  

where λ > 0 for a stretching wedge, λ < 0 for a shrinking wedge, λ = 0 for a static wedge, s > 0 for suction case, s < 0 for injection case 
and s = 0 for impermeable walls. 

The physical quantities of interest are the skin friction coefficient Cf and the local Nusselt number Nux, which are defined by [25,30] 

Cf =
τw

ρf ue
2, (10)  

Nux =
xqw

kf (Tw − T∞)
, (11)  

where the surface shear stress along the wedge τw and the heat flux from the surface of the wedge qw are given by [25,30] 

τw = μhnf

(
∂u
∂y

)

y=0
, (12)  

qw = − khnf

(
∂T
∂y

)

y=0
+

(
− 4
3

σ0

k∗
∂T4

∂y

)

y=0
. (13) 

Using the similarity variables (Eq. (5)), we can obtain 

Cf

[
2Rex

(m + 1)

]1
2

=
1

(1 − φ)2.5f ′′(0), (14)  

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2

(m + 1)

√

× [Rex]
− 1
2 Nux = −

[
khnf

kf
+

4
3

R
]

θ
′

(0). (15) 

It should be noted that Rex = Uex
νf

. 

3. Flow stability analysis 

Inasmuch as our boundary value problem Eqs. (6)-((8)) may have more than unique solution, the question is which one of these 
similarity solutions is stable and thus physically realizable? In order to answer that, we initially attempt to write the unsteady form of 
PDEs (1)-(3) as below [30] 

∂u
∂x

+
∂v
∂y

= 0, (16)  

∂u
∂t

+ u
∂u
∂x

+ ν ∂u
∂y

= ue
due

dx
+

μhnf

ρhnf

∂2u
∂y2 − σhnf

B2

ρhnf
(u − ue), (17)  

∂T
∂t

+ u
∂T
∂x

+ v
∂T
∂y

=

[
16σ∗T∞

3

3k∗
(
ρCp

)

hnf

+
khnf

(
ρCp

)

hnf

]
∂2T
∂y2 . (18) 

Then, we introduce these new similarity transformations [30] 

η =

[
(m + 1)U∞xm− 1

2νf

]1
2

y, τ =
m + 1

2
U∞xm− 1t, (19)  

ψ(η, τ) =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2νf U∞xm+1

m + 1

√

f (η, τ), θ(η, τ) = (T − T∞)

(Tw − T∞)
. (20) 

So that t and τsignifies time and new dimensionless time variable, respectively. We finally get the following PDEs after putting Eq. 
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(19)–(20) into Eqs. (16)–(18): 

∂3f
∂η3 + A1

{[

f
∂2f
∂2η

+
2m

m + 1
{1−

(
∂f
∂η

)2] ∂2f
∂η∂τ +

2M
m + 1

σhnf

σf
A2

(

1 −
∂f
∂η

)}

+
2τ(m − 1)
(m + 1)

{
∂f
∂η

∂2f
∂η∂τ +

∂f
∂τ

∂2f
∂η2

}

= 0

(21)  

A3

Pr

{
4
3

R+
khnf

kf

}
∂2θ
∂η2 + f

∂θ
∂η −

∂θ
∂τ +

2τ(m − 1)
m + 1

(
∂f
∂η

∂θ
∂τ

)

= 0 (22)  

along with the boundary conditions [30] 

∂f
∂η (0, τ) = λ, f (0, τ) = s, θ(0, τ) = 1, (23)  

∂f
∂η (∞, τ) → 1, θ(∞, τ) → 0. (24) 

Now, following Awaludin et al. [30], we can test the stability of the steady flow solution f(η) = f0(η) and θ(η) = θ0(η) for Eqs. (11)– 
(14) with help of the following relations 

f (η, τ) = f0(η) + e− γτF(η, τ), (25)  

θ(η, τ) = θ0(η) + e− γτG(η, τ), (26) 

In which γis an unknown eigenvalue parameter and F(η, τ) = f0(η) and G(η, τ) = θ0(η), substituting Eqs. (25), (26) into Eqs. (21), 
(22) results in the following linearized PDEs: 

∂3F
∂η3 + A1

[

f0
∂2F
∂η2 −

4m
m + 1

f ′

0
∂F
∂η + f ′′0F + γ

∂F
∂η −

∂2F
∂η∂τ −

2M
m + 1

σhnf

σf
A2

∂F
∂η

]

+
2τ(m − 1)

m + 1

{

− γf ′

0
∂F
∂η + f ′

0
∂2F
∂η∂τ − γFf ′′0 + f ′′0

∂F
∂η

}

= 0,

(27)  

A3

Pr

(
4
3

R+
khnf

kf

)
∂2G
∂η2 + f0

∂G
∂τ + θ

′

0F + γG −
∂G
∂τ

2τ(m − 1)
(m + 1)

{

f ′

0G+ f ′

0
∂G
∂τ

}

= 0, (28)  

in a similar way, putting Eqs. (25) and (26) inside Eqs. (23) and (24) results in 

∂F
∂η (0, τ) = 0, F(0, τ) = 0, G(0, τ) = 0, (29)  

∂F
∂η (∞, τ) → 0, G(∞, τ

)

→ 0,

∂F
∂η (∞, τ) → 0, G(∞, τ

)

→ 0,
(30) 

Again, following Awaludin et al. [30], we set τ = 0 and consequently F = F0(η) and G = G0(η) to get the following linear eigenvalue 
problem: 

F′′′

0 + A1

[

f0F′′
0 + f ′′0F0 + γF′

0 −
4m

m + 1
f ′

0F′

0 −
2M

m + 1
σhnf

σf
A2F′

0

]

= 0, (31)  

A3

Pr

(
4
3

R+
khnf

kf

)

G′′
0 + f0G

′

0 + θ
′

0F0 + γG0 = 0, (32)  

restricted with the boundary conditions 

F′

0(0) = 0, F0(0) = 0, G0(0) = 0,
F′

(∞) → 0, G0(∞) → 0,
(33) 

Now, we must define a new boundary condition onF0(η) or G0(η) due to adding a new eigenvalue parameter (γ) into Eqs. (31) and 
(32). For example, considering F′

0(∞) → 0, we can select F′′
0(0) = 1 to solve the resultant boundary value problem Eqs. (31)–((32)) 

along with Eqs. (10)–(11). In this prospect, if and only if, the smallest value of γis positive, the relevant solution will be physically 
correct. 
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4. Numerical solution and validation 

The similarity governing Eqs. (6) and (7) along with boundary conditions (8) are solved numerically for some values of the gov-
erning parameters such as m1, m2, mf, m, β, λ, φ1,φ2,φ, ρs,(CP)s, M, R and s, using the bvp4c built-in function from MATLAB software 
(see Shampine et al. [31]). The bvp4c function only solves the boundary value problems in terms of the first order ordinary differential 
equations. For this purpose, we changed the third and second order differential equations to first order ones and selected 10− 6 and 

Table 4 
The values of f ′′(0)for various values of m when λ = 0, m1=m2=0, mf = 100 [gr], M = R = s = 0.  

m Rosenhead [32] Watanabe [33] Yih [34] Yacob [35] Present results 

0 – 0.46960 0.469600 0.4696 0.469600 
1/11 – 0.65498 0.654979 0.65550 0.654993 
0.2 – 0.80213 0.802125 0.8021 0.802125 
1/3 – 0.92765 0.927653 0.9277 0.927680 
0.5 – – – 1.038903 1.038903 
1 1.232588 – 1.232588 – 1.232587  

Table 5 
The value of [(2Rex)/(m + 1)]1/2Cf and [2/{(m + 1)Rex}]

1/2Nuxfor various values of m and m2 (CuO-water nanofluid) when λ = 0, m1=0 and Pr = 6.2.  

m m2 [(2Rex)/(m + 1)]1/2Cf  [2/{(m + 1)Rex]
1/2Nux  

Dinarvand et al.[25]. Present study Dinarvand et al.[25]. Present study 

0 m2  = 72 
(φ2= 0.1)  

0.668843 0.666217 1.208424 1.212534 

m2 = 162 
(φ2= 0.2)  

0.900325 0.897784 1.524047 1.524458 

0.5 m2  = 72 
(φ2= 0.1)  

1.479692 1.473883 1.484023 1.498925 

m2  = 162 
(φ2= 0.2)  

1.991803 1.986183 1.869636 1.862999 

1 m2  = 72 
(φ2= 0.1)  

1.755553 1.748660 1.551011 1.555156 

m2 = 162 
(φ2= 0.2)  

2.363138 2.356469 1.953554 1.966181  

Fig. 2. Velocity profiles f ′

(η)for different values of the second nanoparticle mass (m2), when m = 0.9, Pr = 6.2 and λ = − 1.16..  
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10− 3for the absolute and relative convergence criteria, respectively. Thus, this lends assurance to the accuracy of the numerical results. 
It is worth mentioning that the CPU times or elapsed times are between 0.5 to 2.7 second for the present numerical method in our 
MATLAB code. To validate our numerical procedure, Table 4 shows the values of the similarity skin friction coefficient, (f ′′(0)), for 
m1=m2=0 (the pure water), static boundary (λ = 0) and different values of m. Table 4 shows a favorable agreement with previous 
works obtained by Rosenhead [32], Watanabe [33], Yih [34] and Yacob [35]. Further, the Blasius value f " (0) = 0.46960048, when m 
= 0 presented in Table 4 is in excellent agreement with those reported above. Moreover, Table 5 shows the comparison of the value of 
the skin friction coefficient [(2Rex)/(m + 1)]1/2Cf and the local Nusselt number [2/{(m + 1)Rex]

1/2Nux]for CuO- water mono-nanofluid 
with different values of m2 and m while λ = 0(stationary wedge). Tables 4 and 5 imply that the present mass-based results are in good 
agreement with previous similar single-phase works based on volume fraction. 

Fig. 3. Temperature profiles θ(η) for different values of the second nanoparticle’s mass (m2, CuO), when m = 0.9, λ = − 1.16 and Pr = 6.2..  

Fig. 4. Velocity profiles f ′

(η)for different values of the magnetic parameter (M), when m = 0.99, Pr = 6.2, λ = − 1.16and s = R = 0.005.  
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5. Results and discussion 

In Figs. 2 and 3, the velocity and temperature profiles for M = s = 0.05 (suction at the walls), m = 0.9, λ = − 1.16 (shrinking wedge), 
Pr = 6.2 in three different values for the second nanoparticle’s mass have been plotted. As shown in Fig. 2, at a fixed η, the velocity 
profiles slowly increases with increasing mass of the second nanoparticle (CuO) for both first and second solutions, although we knew 
that the second solutions will not happen in real world. Also we can claim that m2 does not significantly affect the hydrodynamic and 
thermal boundary layer thicknesses. Further, referring to Fig. 3, the second nanoparticle’s mass can reduce the temperature distri-
bution within the thermal boundary layer for both first and second solutions. But the influence of m2 is greater on the thermal field as 
compared to the velocity distribution. Another important point is that the first solutions always have thinner boundary layer thick-
nesses than those of the second solutions. Moreover, as the mass of the second nanoparticle increases, the absolute value of the slope of 
both Figs. 2 and 3 at the wall becomes larger. Therefore, f ′′(0) and − θ

′

(0)will be increased for first solutions according to Eq. (15). On 
the other hand, the ratio of khnf/kf also increases when m2 increases (see Eq. (15) and also Tables 1 and 2). As a result, we deduce that 
the relevant local Nusselt number as well as the skin friction coefficient finally enhances. Figs. 4 and 5 show the velocity and 

Fig. 5. Temperature profiles θ(η)for different values of the Magnetic parameter (M) when m = 0.99, Pr = 6.2, λ = − 1.16and s = R = 0.005.  

Fig. 6. Velocity profiles for different values of the wall permeability parameter (s) when m = 0.99, Pr = 6.2, λ = − 1.16and M = R = 0.005.  
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temperature profiles in terms of the variations in the magnetic parameter (M). In these figures, we consider λ = − 1.16, Pr = 6.2, m =
0.99, s = R = 0.005, m1 = 20 [gr], m2 = 30 [gr] and mf = 100 [gr]. We can observe that, when hybrid nanofluid is exposed to a 
magnetic field, both velocity and temperature distributions boost for first solutions. According to Fig. 4, with increasing velocity, the 
local skin friction coefficient increases under M effect. On the other hand, in Fig. 5, we expect that increasing the magnetic parameter 
reduces the local Nusselt number. As a result the magnetic parameter enhancement should have a negative impact on the heat transfer 
rate between the wedge and ambient flow around that. Furthermore, as we know, applying an external magnetic filed should decrease 
the hydrodynamic flow inside the boundary layer due to the Lorentz force. This is incompliance with our numerical results presented in 
Fig. 4. 

Figs. 6 and 7 show the velocity and temperature distributions based on M = R = 0.005, m1 = 20 [gr], m2 = 30 [gr], mf = 100 [gr], 
Pr = 6.2, m = 0.99, λ = − 1.16 and with different values of the parameter s (wall permeability). Three positive values of s (s > 0) have 
been considered for suction case. Fig. 6 shows a decrease in the hydrodynamic boundary layer thickness and an increase in the velocity 
for first solutions. This trend is expectable, because increasing the suction at the surface leads to insert much more flow inside the 
porous wedge and consequently the boundary layer thickness must be reduced. Also, in Fig. 7, reducing the thickness of the thermal 
boundary layer results to enhances the local Nusselt number and thus the heat transfer rate. So, we can conclude that the suction case 
possesses a positive impact on the heat transfer rate. But, the skin friction increment is a critical deficiency and always should be 

Fig. 7. Temperature profiles θ(η)for different values of the Permeability parameter (s) when m = 0.99, Pr = 6.2, λ = − 1.16and M = R = 0.005.  

Fig. 8. Temperature profiles θ(η)for different values of the thermal radiation parameter (M) when m = 0.99, Pr = 6.2, λ = − 1.16and M = s 
= 0.005. 
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controlled. 
Fig. 8 shows the temperature profiles subject to the radiation parameter impact (R), when M = s = 0.005, λ = − 1.16, Pr = 6.2 and 

m = 0.99. Due to the increase in the thickness of the thermal boundary layer for first solutions, we can prove that the local Nusselt 
number decreases imperceptibly under R effect. At the middle of the thermal boundary layer, there is a turning point in which the 
temperature profiles behavior is completely different after that as compared to those before that. Figs. 9 and 10 show the variations in 
the skin friction coefficient and the local Nusselt number considering m1 = 20 [gr], mf = 100 [gr], M = s = R = 0.05, m = 0.9 and Pr =
6.2 with different values of the second nanoparticle mass, respectively. It is observed that, when λc ≤ λ ≤ − 1, there are dual similarity 
solutions for the system of Eqs. (6) and (7) subject to the boundary conditions (8), while there is only unique solution for λ > − 1. Also 
there is no similarity solution for λ < λc. Moreover, we can conclude that m2 does not affect the range of λ for which the solution exists. 
Fig. 9 also shows that the skin friction coefficient vanishes at point (1,0) for first solutions. Physically, when λ = 1, the stretching/ 
shrinking velocity of the wedge and the velocity of the free stream are equal. In fact, there is no shear stress between the wall and the 
fluid, which indicates that the skin friction coefficient will be zero regardless of the values of m2. It is worthwhile to notice here that the 
respective values of the Nusselt number for λ = 1 are not zero because of the fact that the temperature of the wedge and the free stream 

Fig. 9. Variation of the skin friction coefficient with λfor different values of the second nanoparticle mass (m2) when m = 0.9 and Pr = 6.2.  

Fig. 10. Variation of the local Nusselt number with λfor different values of the second nanoparticle mass (m2) when m = 0.9 and Pr = 6.2.  
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are different (see Fig. 10). Moreover, the local skin friction coefficient enhance under the effect of m2 for λc ≤ λ ≤ 1, while the opposite 
trend is true for λ > 1. On the other hand, the local Nusselt number always increases subject to m2 increment. Also when λ > 1, the skin 
friction coefficient will have negative solutions, while for λ < 1 those are positive. Physically, the negative sign of surface friction 
coefficient means the friction force direction applies from the wedge to the fluid around it and vice versa. Fig. 11 shows the local skin 
friction coefficient with specific parameters i.e. m1 = 20 [gr], m2 = 30 [gr], mf = 100 [gr], m = 0.99, Pr = 6.2 and M = R = 0.005 based 
on different values of the wall permeability coefficient (s). As s increases, we clearly see that an increase in the skin friction coefficient 
for the first solutions. This trend is normal because f ′′(0) increases and thus according to Eq. (14), Cf (2Rex/(m + 1))1/2 enhances. Also it 
is observed that s widens the range of λ for which the solution exists. 

Finally, Fig. 12 displays the local Nusselt number variations according to different values of the magnetic parameter (M), 
considering m = 0.9, Pr = 6.2, s = R = 0.005, m1 = 20 [gr], m2 = 30 [gr] and mf = 100 [gr]. It is quit clear that as the magnetic 
parameter increases, this quantity of engineering interest elevates for the first solutions. Therefore, we must improve one of the last 
conclusions about Fig. 5. Our firm conviction is that the magnetic parameter has a positive impact on the heat transfer rate from the 
surface of the wedge according to Fig. 12. In addition, the range of the stretching/shrinking parameter for the wedge will enhance 

Fig. 11. Variation of the skin friction coefficient with λfor different values of the wall permeability parameter (s) when m = 0.99, Pr = 6.2 and M =
R = 0.005. 

Fig. 12. Variation of the local Nusselt number with λfor different values the thermal radiation parameter (M) when m = 0.9, Pr = 6.2 and s = R 
= 0.005. 
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dramatically subject to the observations given in Fig. 12 for which the solution exists. 

6. Conclusions 

In the present investigation, the laminar two-dimensional Falkner–Skan problem considering Fe2O3–CuO/water hybrid nanofluid 
as the working liquid along with the influences of radiation, magnetic field, stretching or shrinking of the wall and wall permeability 
was investigated semi–analytically with help of the mass-based algorithm which used both nanoparticles and base fluid masses instead 
of first and second volume fractions. After implementing Tiwari–Das nanofluid model, non–dimensional form of the governing PDEs 
were written using auxiliary similarity variables, then we attempted to solve them numerically by the bvp4c function from MATLAB. 
Our results demonstrated that the developed model can be used with great certainty to study the flow and heat transfer of hybrid 
nanofluids. In this article, we tried to discuss on important parameters such as radiation, wall permeability, magnetism and nano-
particles mass. The results showed that dual solutions exist for a certain domain of the wedge stretching/shrinking parameter, where 
only the first solutions (the upper branch solutions) are physically the true. The first solutions always have thinner boundary layer 
thicknesses relative to those for the second solutions. We discussed about the parametric range that the dual solutions exist (λc ≤ λ ≤

− 1). We also emphasized that when λ < λc the resultant boundary value problem has no solution, while when λ > − 1 there is only 
unique solution for that. Moreover, the second nanoparticle’s mass, the magnetic parameter as well as the suction parameter has a 
positive influence on the heat transfer rate from the surface of the wedge. It should be noted that the radiation parameter leads to 
increase the thermal boundary layer thickness. Furthermore, the rise in second nanoparticle’s mass is able to increase the velocity 
profiles and simultaneously decrease the temperature distribution inside the boundary layer. Finally, it seems that exploiting the 
hybrid nanofluids will soon open promising insights into modern heat transfer science in the near future. 
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