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An exploration of the unsteady MHD boundary layer flow over a moving vertical porous surface with
nanofluids under the influence of a uniform transverse magnetic field and heat radiation absorption
effects has been brought out. Two different kinds of water-based nanofluids comprising of Al2O3 and
TiO2 are adopted into deliberation. The governing equations for the flow are solved by making use of
the Laplace transform method, and the solutions are displayed in closed form. The velocity, temperature,
concentration, the shear stress, the rate of heat and mass transportations near the surface has been
described graphically for numerous values of the relevant parameters. The velocity and temperature
enhances with increasing radiation absorption parameter. It is also observed that an increase of volume
fraction of nanoparticles leads to the enhancement of the temperature on central line of the flow. Nusselt
number might be tracked down to be elevated for alumina than titanium dioxide nanofluid. The present
investigation originated applications in aerospace engineering as well as industrial many mechanisms.

� 2021 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Ain Shams Uni-
versity. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/

by-nc-nd/4.0/).
1. Introduction

Heat transfer enhancement in electronic, aircraft, medical and
experimental industries needs using efficient methods in equip-
ment. In these industries, due to various dimensions of equipment,
used systems do not have the capability of transferring critical heat
flux caused by low effective methods. By using novel methods
including mini channels and adding nanoparticles with higher
thermal conductivity in cooling liquid, the advantages of utilizing
novel heat transfer processes might be employed in an assortment
of industries. Harmonized blend of nanoparticles comprises of a
fundamental fluids are recognized as Nanofluids. The nanoparticles
employed in nanofluids are utilized of inorganic-nano-tubes, diox-
ides, materials and carbonisation. Base fluids consist of oil, ethy-
lene glycol as well as water. These nanoparticles are also more
significant in the specialties of aerospace and biomedical implica-
tions. A quantity of particles of nanomaterials be able to fasten var-
ious medicinal products, high protein and targeted to carcinoma
dungeons. Being countless particles of nanomaterial must tower-
ing atomic quantities that might manufacture warmth and leads
to the processing of tumour-discerning photo caloric treatment.
The widely held of the particles of nanomaterial might cure and
supports for focused the pernicious carcinoma dungeons. The
MHD revolutionize flow through absorbent middling with particles
of nanomaterials has supplementary momentous solicitations for
medical scientific discipline and engineering regions. Motivated
via the requirements on the basis of utilizations, two considered
together in the industry and different sciences, the scope of engi-
neering challenges has experienced a tremendous progress during
the previous two decades, in what place recent attention has been
placed in excess of previously on non-linearity in a lot of research
problems. Positive outcome is observed in this hypothesis and the
expansion of complicated numerical performances for processing
the straightforward problems. Also provide the addresses of the
challenges and resolving mechanical engineering problems on a
degree of huge complexities. The flow across porous dissemination
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Nomenclature

u Velocity component along x-direction (m s�1)
ðx; yÞ dimensional co-ordinates (m)
t time (s)
cp specific heat at constant pressure (J kg�1 K)
B Magnetic field vector (A/m)
B0 Applied magnetic field (A/m)
E External electric field (c)
T temperature of nanofluid (K)
T1 fluid temperature in the free stream (K)
C species concentration of nanofluid (Kg m�3)
C1 species concentrations of the fluid in the free stream (Kg

m�3)
kf thermal conductivity of the base fluid (Wm�1 K�1)
ks thermal conductivity of the nanoparticles (Wm�1 K�1)
knf thermal conductivity of the nanofluid (Wm�1 K�1)
g acceleration due to gravity (m s�2)
k permeability of the porous medium (m2)
qr radiative heat flux (W/m2)
k� mean absorption coefficient
D chemical modular diffusivity of the fluid (m2 s�1)
M magnetic field parameter
Nr radiation parameter
Pr Prandtl number
Gr Grashof number
K Permeability parameter
Sc Schmidt number
Q radiation absorption parameter
h the convective heat (mass) transfer coefficient of the

flow (m s�1)

L the characteristic length (m)
k1 the thermal conductivity of the fluid (Wm�1 K�1)

Greek symbols:
g non-dimensional co-ordinate
h non-dimensional temperature
/ non-dimensional concentration
lf viscosity of the base fluid (N-s/m2)
lnf dynamic viscosity of the nanofluid (N-s/m2)
bnf thermal expansion coefficient of the nanofluid (K�1)
qnf density of the nanofluid (Kg m�3)
rnf electrical conductivity of the nanofluid (sm�1)
qcp
� �

nf heat capacitance of the nanofluid (J/K)
qcp
� �

f heat capacitance of the base fluid (J/K)
qcp
� �

s heat capacitance of the nanoparticle (J/K)
u solid volume fraction of the nanoparticle,
qf density of the base fluid (Kg m�3)
qs density of the nanoparticle (Kg m�3)
rf electrical conductivity of the base fluid (sm�1)
k direction of motion of plate
r� the Stefan-Boltzmann constant

Subscripts:
nf nanofluid
f base fluid
s solid nanoparticles,
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is momentous in a lot of appliances in scientific discipline as well
as machine building.

In science and engineering, the major curiosity in the excitatory
heat transfer of nanofluids is staggeringly critical. This is a conse-
quence of the assortment of uses in the reproducing of cooling gad-
gets for microelectronic and electronic contraption, solar power
anthropology etc. Several materials for example
H2O; ðCH2OHÞ2;motor or engine lubricants are warming or refrig-
erating agents and perform a decisive task for lukewarm control
of numerous branches of industry with inadequate mild conductiv-
ity. Contemporary inquiries have assigned supplementary notice in
the trend of thermal convection flows. The estimate of energy of
warmth transport pin point to point in numerous buoyancy pro-
cesses. The thermo-energy strenuously builds on the discrepancy
of temperature up at the mobility. Despite that, in heat radiation,
strength of energy transport in the midst of two masses is decided
upon unmitigated warming discrepancy. Lukewarm radiating has
numerous demands in medicinal disciplines. Since its utilization
in medicine therapy, effect of thermally radiation with doubling
diffusion becomes a significant explore topic to lots of experi-
menters. Infrared radiation is a frequently used technique for treat-
ing warmth in different ingredients of the human body. Infrared
radiation is provided of electromagnetic fluctuates. On account of
radiative heat transfer, vitality is transmitted through electromag-
netic waves. It is located connecting the perceptible brightness and
the microwaving. It assists to cure numerous skin troubles.
Depending on the radiating structure, vascularity, pigmentation
of the skin was the wavelength of radiation entering the skin. Infra-
red radiation helps heat therapy, it directly heats the blood capil-
laries of the affected area. It increases the blood supply of the
body that helps in superficial wound infection. It also accentuates
the white blood cells and amputates the wasting merchandise. It is
employed in arthritis joint and further incendiary condition. Blood
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carries a lot of heat in dissimilar ingredients of the human body.
Heat transport takes rest in skin dissension by radiation phenom-
ena. The MHD flows are across the porous media holds quite a lot
of engineering and industrial challenges.

Narayana [1], discussed to study the effects of radiation absorp-
tion and first-order chemical reaction on unsteady mixed convec-
tive flow of a viscous incompressible electrically conducting fluid
through a porous medium of variable permeability between two
long vertical non conducting wavy channels in the presence of heat
generation. Elbashbeshy et al. [2], addressed the results of heat
radiation as well as magnetic field on unsteady combined convec-
tive flow along with heat transport through an exponentially
stretching surface by suction in the existence of inside warmth
production or else assimilation. Das et al. [3], discussed the tran-
sient natural convection in a vertical channel filled with nanofluids
when thermal radiation taken into consideration. Three dimen-
sional natural convective MHD flow of nanofluid through porous
linear stretching surface by the heat radiating phenomenon has
been discussed by Nayak et al. [4],. Chamkha and Aly [5], investi-
gated the numerical solution of steady natural convection
boundary-layer flow of a nanofluid consisting of a pure fluid with
nanoparticles along a permeable vertical plate in the presence of
magnetic field, heat generation or absorption, and suction or injec-
tion effects. Arifuzzaman et al. [6], investigated the modelling of an
unsteady natural convective and higher order chemically reactive
MHD fluid flow through a vertical oscillating porous plate with
the effect of heat and radiation absorption. Combined effects of vis-
cous dissipation and Joule heating on the combination of conduc-
tion and natural convection flow through a vertical flat surface
have been explored by Alim et al. [7],. Ferdows et al. [8], addressed
the consequences of Hall current as well as viscous dissipation on
frontier stratum movement of temperature transport through a
stretching surface. Over the past few days, Heat and mass transfer
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on unsteady MHD Oscillatory flow of blood through porous arteri-
ole has been explained by Veera Krishna et al. [9],. Veera Krishna
et al. [10], explored the heat and mass impacts on unsteady MHD
fluctuated natural convection flow of second order fluid by porous
medium during two perpendicular surfaces. Veera Krishna and
Chamkha [11], addressed the Hall effects on unsteady MHD flow
of second order fluid during porous medium through ramped wall
temperature as well as ramped surface deliberation. Hakeem et al.
[12], investigated second order MHD slip flow of nanofluid past a
permeable surface. Baag et al. [13], examined entropy production
investigation for MHD flow of visco-elastic fluid over a absorbent
stretching sheet. Kalidas et al. [14], examined the flow of Jeffrey
fluid through a stretching sheet with heat transfer and also surface
slip. Veera Krishna and Chamkha [15], investigated the Hall and ion
slip effects on the MHD convective flow of elastico-viscous fluid
through porous medium between two rigidly rotating parallel
plates with time fluctuating sinusoidal pressure gradient. The com-
bined effects of Hall and ion slip on MHD rotating flow of ciliary
propulsion of microscopic organism through porous medium have
been studied by Veera Krishna et al. [16],.

Seth et al. [17], discussed the numerical simulation of the New-
tonian heating effect on unsteady MHD flow of Casson fluid past a
flat vertical plate considering the impact of viscous dissipation,
Joule heating, thermal diffusion, and nth order chemical reaction.
Seth et al. [18], investigated unsteady MHD flow of a Casson fluid
near a vertical oscillating plate through a non-Darcy porous med-
ium and the impact of Joule heating, viscous dissipation, thermo-
diffusion and Newtonian heating are taken into consideration.
The investigation of simultaneous impact of Soret and Dufour
effects on two-dimensional MHD free convective flow of an electri-
cally conducting, viscous, and incompressible visco-elastic fluid
over a nonlinearly stretching surface with Navier’s partial velocity
slip boundary condition has been carried out by Seth et al. [19],.
Seth et al. [20], explored the unsteady MHD natural convection
flow of an optically thin, heat radiating, incompressible, viscous,
chemically reactive, temperature dependent heat absorbing and
electrically conducting fluid past an exponentially accelerated infi-
nite vertical plate having ramped temperature, embedded in a por-
ous medium considering the effects of Hall current and rotation.
Bhattacharyya et al. [21], discussed the nature of two-
dimensional MHD flow of an electro-conductive and thermally
radiating visco-elastic fluid past a non-linear stretching surface,
considering viscous and Joule dissipation.

The effects of Diffusion thermo, radiation absorption and chem-
ical reaction on MHD free convective heat and mass transfer flow
of a nanofluid bounded by a semi-infinite flat plate have been ana-
lyzed by Prasad et al. [22],. The heat generation in peristalsis flow
of MHD nanofluids filled in an asymmetric channel has been pro-
posed by Khan et al. [23],. Siva Reddy and Thirupathi [24], dis-
cussed a comprehensive numerical study of heat transfer
enhancement in MHD free convection flow over vertical plate uti-
lizing nanofluids. Jamal-Abad et al. [25], investigated the forced
convective in a tube filled with porous media is investigated ana-
lytically based on the perturbation methods. An investigation of
the boundary layer nanofluids flow over a porous wedge in the
presence of uniform transverse magnetic field and thermal radia-
tion energy has been analyzed by Kandasamy et al. [26],. Fagbade
et al. [27], discussed the effects of viscous dissipation and vis-
coelastic parameter on MHD natural convection flow of visco-
elastic fluid over an accelerating permeable surface with thermal
radiation and heat source/sink. Shahid et al. [28], investigated
the effects of swimming gyrotactic microorganisms for MHD nano-
fluid using Darcy law. Yousif et al.[29], studied numerical investi-
gation of momentum and heat transfer of MHD carreau nanofluid
over an exponentially stretched plate with internal heat source/
sink and radiation. Ahmed et al. [30], discussed the unsteady
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MHD flow of heat transfer in carbon nanotubes with variable vis-
cosity over a shrinking surface. Hatami and Ganji [31], discussed
the coupled equations of the motion of a particle in a fluid forced
vortex were investigated using the differential transformation
method with the Pade approximation and the differential quadra-
ture method. Pourmehran et al. [32], presented a thermal and flow
analysis of a fin shaped micro-channel heat sink (MCHS) cooled by
different nanofluids (Cu and Al2O3 in water) based on saturated
porous medium and least square method then results are com-
pared with numerical procedure. Three dimensional problem of
steady nanofluid deposition on an inclined rotating disk is illus-
trated by Sheikholeslami et al. [33],. The natural convection heat
transfer of nanofluids in a circular-wavy cavity has been studied
by Hatami et al. [34],. Hatami [35], used the response rurface
methodology to find the optimal profile of wavy-wall for an enclo-
sure to study the nanoparticles treatment around the heated cylin-
der. A new 2D quarter-circular enclosure with two sinusoidal wavy
walls and two straight walls was proposed by Tang et al. [36],.
Hatami and Jing [37], were obtained the best wavy profile for the
bottom plate of a wavy nanofluid-based direct absorber solar col-
lector by numerical and statistical methods. The mixed convection
heat transfer of nanofluids in a T-shaped lid-driven porous cavity
has been studied by Hatami et al. [38],. A sinusoidal wavy structure
of microchannel heat sink intended for active cooling of compact
electronic devices such as insulated-gate bipolar transistor has
been designed by Zhou et al. [39],. Veera Krishna and Chamkha
[40], investigated the diffusion-thermo, radiation-absorption and
Hall and ion slip effects on MHD free convective rotating flow of
nanofluids (Ag and TiO2) past a semi-infinite permeable moving
plate with constant heat source. Ma et al. [46], investigated the
effect of magnetic field on Ag-MgO nanofluid forced convection
and heat transfer in a channel with active heaters and coolers.
Rashad et al. [47], explored the effect of magnetic field and internal
heat generation on the free convection flow in a rectangular cavity,
here, the cavity is filled with a porous medium saturated with Cup-
per Cu–water nanofluid. Bhatti et al. [48], examined the three-
dimensional unsteady MHD boundary layer flow of viscous nano-
fluid having gyrotactic microorganisms through a stretching por-
ous cylinder with simultaneous effects of nonlinear thermal
radiation and chemical reaction, and moreover the effects of veloc-
ity slip and thermal slip.

Keeping on the top of the mentioned information, the investiga-
tion of the unsteady MHD boundary layer flow over a moving ver-
tical porous surface with nanofluids in the presence of a uniform
transverse magnetic field and heat radiation absorption effects
has not been established yet. In direct to pack the breach of the
subsisting literature, in this paper, the unsteady MHD boundary
layer flow over moving vertical porous surface with nanofluids in
the presence of a uniform transverse magnetic field and heat radi-
ation absorption phenomenon has been brought out.
2. Formulation and solution of the problem

We considered the radiation-absorption on the unsteady MHD
free convective flow of a nanofluid past an infinite vertical flat plate
moving with an impulsive motion. Initially the plate is at rest with
the ambient temperature T1. At time t > 0, the plate starts to move
in its own plane with the velocity ku0 in the vertical direction,
where u0 is constant and the temperature of the plate is raised
or lowered to Tw. We choose the x-axis along the plate in the ver-
tical direction and y-axis perpendicular to the plate. A uniform
transverse magnetic field of strength B0 is applied parallel to the
y-axis. The plate coincides with the plane y ¼ 0 and the flow being
confined to y > 0. The physical model of the problem is as shown in
the Fig. 1.



Fig. 1. Physical model of the problem.
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The assumptions of the present problem are made as the
following

1. The pressure gradient is neglected in this problem.
2. A radiative heat flux qr is applied in the normal direction to the

plate.
3. The fluid is a water based nanofluid containing two types of

nanoparticles Al2O3 and TiO2.
4. The base fluid and the suspended nanoparticles are in thermal

equilibrium.
5. The density is assumed to be linearly dependent on tempera-

ture buoyancy forces in the equations of motion.
6. This approximation is exact enough for both dropping fluids

and gases at small values of the temperature difference.

As the plate is infinitely long, the velocity and temperature
fields are functions of y and t alone. The thermophysical properties
of the nanofluids are given in Table 1.

It is assumed that induced magnetic field produced by the fluid
motion is negligible in comparison with the applied one so that we
consider magnetic field B ¼ 0; 0; B0ð Þ:. This assumption is justi-
fied, since the magnetic Reynolds number is very small for metallic
liquids and partially ionized fluids. Also, no external electric field is
applied such that the effect of polarization of fluid is negligible, so
we assume E ¼ 0; 0; 0ð Þ;. Under the above assumptions, the
momentum and energy equations in the presence of magnetic field
and thermal radiation past a moving vertical plate can be
expressed as (Krishna and Chamkha [41], and Das and Jana [42],),

qnf
@u
@t

¼ lnf
@2u
@y2

� rnf B
2
0u� lf

kqnf
uþ gðqbÞnf ðT � T1Þ; ð1Þ

ðqcpÞnf
@T
@t

¼ knf
@2T
@y2

� @qr

@y
þ Q1ðC � C1Þ; ð2Þ

@C
@t

¼ D
@2C
@y2

; ð3Þ
Table 1
Thermophysical properties of H2O, Al2O3 and TiO2 (Reddy et al. [40],).

H2O Al2O3 TiO2

cp(J/Kg K) 4179 765 686.2
q(Kg/m3) 997.1 3970 4250
k(W/m K) 0.613 40 8.9538

b� 10�5(1/K) 21 0.85 0.9

r(S/m) 5:5� 10�6 35� 106 2:6� 106
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The important attributes of nanofluid are,

lnf ¼
lf

1�uð Þ2:5
; qnf ¼ 1�uð Þqf þuqs; qcp

� �
nf

¼ 1�uð Þ qcp
� �

f þu qcp
� �

s;

qbð Þnf ¼ 1�uð Þ qbð Þf þu qbð Þs;

rnf ¼ rf 1þ 3 r� 1ð Þu
rþ 2ð Þ � r� 1ð Þu

� �
; r ¼ rs

rf
; ð4Þ

It is significance declaring that the Eqs. (1)–(3) are restricted to
spherical nanoparticles, where it does not account for other shapes
of nanoparticles. This may be due to high surface area of nanopar-
ticles with spherical morphology. The bond strengths of the small
nanoparticles were more than the larger nanoparticles due to the
size effect. At the same doping volume fraction, the bond energy
of the sphere nanoclusters was significantly larger than the ones
of other shaped nanoparticles. The introduction of sphere nanopar-
ticles and the small-sized nanoparticles has the potential to be an
effective way to improve the properties of the any composites.
Therefore, it is considered the effective thermal conductivity of
the nanofluid (Kakac and Pramuanjaroenkij [43], and Oztop and
Abu-Nada [44],) given by

kn f ¼ kf
ks þ 2kf � 2uðkf � ksÞ
ks þ 2kf þuðkf � ksÞ

� �
; ð5Þ

The initial and boundary conditions be

u ¼ 0; T ¼ T1; C ¼ C1; at t ¼ 0 for all y P 0;

u ¼ ku0; T ¼ Tw C ¼ Cw at t > 0; y ¼ 0;

u ! 0; T ! T1; C ! C1; t > 0 as y ! 1; ð6Þ
Where, k indicates the direction of motion of the plate with k ¼ 0
for the stationary plate, where as k ¼ 1for the forward motion of
the plate. It is assumed that the fluid is an optically thick that is,
photon mean free path is very small, and gray gas, which emits
and absorbs but does not scatter thermal radiation. In an optically
thick medium the radiation penetration length is small compare
to the characteristic length. The photon mean path is the average
distance travelled by a moving photon between successive colli-
sions which modify its direction or energy or other particle proper-
ties. For an optically thick fluid, we can adopt Rosseland
approximation for radiative flux. The Rosseland approximation
(Rosseland [45],) applies to optically thick media and gives the
net radiation heat flux qr through the expression as,
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qr ¼ �4r�

3k�
@T4

@y
; ð7Þ

It is supposed that, the temperature difference T � T1 within
the boundary layer flow is sufficiently small such that the term
T4 may be expressed as a linear function of temperature. This is
done by expanding T4 in a Taylor series about a free stream tem-
perature T1; as pursues,

T4 ¼ T4
1 þ 3T3

1 T � T1ð Þ þ 6T2
1 T � T1ð Þ2 þ :::::::::; ð8Þ

Neglecting higher order terms in Eq. (8) ahead of the first order
in (T - T1), we acquired,

T4 � 4T3
1T � 3T4

1; ð9Þ
On the utilize of Eqs. (7) and (9), Eq. (2) turns into,

@T
@t

¼ 1
qcp
� �

nf

knf þ 16r�T3
1

3k�

 !
@2T
@y2

þ Q1ðC � C1Þ; ð10Þ

Implementing non-dimensional quantities,

g ¼ u0 y
v f

; t� ¼ u2
0 t
v f

; u� ¼ u
u0

; h ¼ T � T1
Tw � T1

; / ¼ C � C1
Cw � C1

;

M2 ¼ rf B
2
0v f

qf u
2
0

; Nr ¼ 16r�T3
1

3kf k
�

Pr ¼ lf cp
kf

; Gr ¼ g bfv f Tw � T1ð Þ
u3
0

; K ¼ k u2
0

v2
f

; Sc ¼ v
D
;

Q ¼ v f Q1ðCw � C1Þ
u2
0ðTw � T1Þ :

Making use of non-dimensional variables, the governing Eqs.
(2), (3) and (10) reduced to (dropping asterisks),

@u
@t

¼ a1
@2u
@g2 � M2 þ 1

K

� �
a3 uþ Gr a2 h; ð11Þ

@h
@t

¼ a4
@2h
@g2 þ Q /; ð12Þ

@/
@t

¼ 1
Sc

@2/
@g2 ; ð13Þ

The initial and boundary conditions are,

u ¼ 0; h ¼ 0; / ¼ 0 at t ¼ 0 for all g P 0;

u ¼ k; h ¼ 1; / ¼ 1 at t > 0 at g ¼ 0;

u ! 0; h ! 0; / ! 0 at t > 0 as g ! 1; ð14Þ
To solve the Eqs. (11)–(13) with initial and boundary conditions

(14) by making use of Laplace transform technique.
Taking Laplace transforms on Eqs. (11)–(13), then the trans-

formed equations are,

a1
@2 u

�

@ g2 � sþ M2 þ 1
K

� �
a3

� �
u
� þGra2 h

�
¼ 0; ð15Þ

a4
@2 h

�

@ g2 � s h
�
þQ /

�
¼ 0; ð16Þ

d2 /
�

dg2 � sSc/
�
¼ 0; ð17Þ

The relevant boundary conditions for u
�
, h
�
and /

�
are
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u
� ¼ k

s
; h

�
¼ 1

s
; /

�
¼ 1

s
at g ¼ 0;

u
� ! 0; h

�
! 0; /

�
! 0 as g ! 1: ð18Þ

Where,

u
�
g; sð Þ ¼

Z 1

0
u g; tð Þe�s tdt; h

�
g; sð Þ ¼

Z 1

0
h g; tð Þe�s tdt;

/� g; sð Þ ¼
Z 1

0
/ g; tð Þe�s tdt;

Transformed solutions of Eqs. (15)–(17) put through the bound-
ary conditions co (18) are obtained and are provided as,

/
�
ðg; sÞ ¼ 1

s
e�g

ffiffiffiffiffi
sSc

p
; ð19Þ

h
�
g; sð Þ ¼ 1

s
þ Qa
Sc� a

� �
e�g

ffiffiffiffiffi
s a

p
þ Qa
Sc� a

1
s2

e�g
ffiffiffiffiffi
sSc

p
; ð20Þ

u
�
g; sð Þ ¼ k

s
þ b1

sðs� b1Þ
þ b2

s2ðs� b1Þ
þ b3

s2ðs� b2Þ
� �

e�g
ffiffiffiffiffiffi
sþc
a1

p

� b1

sðs� b1Þ
e�g

ffiffiffiffiffi
s a

p
� b2

s2ðs� b1Þ
e�g

ffiffiffiffiffi
s a

p
� b3

s2ðs� b2Þ
e�g

ffiffiffiffiffiffi
s Sc

p
; ð21Þ

Taking inverse Laplace transforms of Eqs. (19)–(21), then, we
acquired the solutions for the concentration, temperature and
velocity fields as,

/ðg; tÞ ¼ erfc
g
2

ffiffiffiffiffi
Sc
t

r !
; ð22Þ

hðg; tÞ ¼ erfc
g
2

ffiffiffi
a
t

r !

þ Qa
Sc� a

t 1þ ag2

2t

� �
erfc

g
2

ffiffiffi
a
t

r !
�

ffiffiffiffiffiffi
a
pt

r
g e�

ag2
4t

" #

� Qa
Sc� a

t 1þ Scg2

2t

� �
erfc

g
2

ffiffiffiffiffi
Sc
t

r !
�

ffiffiffiffiffiffi
Sc
pt

r
g e�

Scg2
4t

" #
ð23Þ

uðg; tÞ ¼ k
2

exp �g
ffiffiffiffiffi
c
a1

r� �
erfc

g
2
ffiffiffiffiffiffiffi
a1t

p � ffiffiffiffiffi
ct

p� �
þ exp g

ffiffiffiffiffi
c
a1

r� �
erfc

g
2
ffiffiffiffiffiffiffi
a1t

p þ ffiffiffiffiffi
ct

p� �� �

� b1

b1
exp �g

ffiffiffiffiffi
c
a1

r� �
erfc

g
2
ffiffiffiffiffiffiffi
a1t

p � ffiffiffiffiffi
ct

p� �
þ exp g

ffiffiffiffiffi
c
a1

r� �
erfc

g
2
ffiffiffiffiffiffiffi
a1t

p þ ffiffiffiffiffi
ct

p� ��

� eb1t

2
exp �g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b1 þ c
a1

s !
erfc

g
2
ffiffiffiffiffiffiffi
a1t

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb1 þ cÞt

p� �
þ

"

þexp g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b1 þ c
a1

s !
erfc

g
2
ffiffiffiffiffiffiffi
a1t

p þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb1 þ cÞt

p� �# )

� b2

b2
1

exp �g
ffiffiffiffiffi
c
a1

r� �
erfc

g
2
ffiffiffiffiffiffiffi
a1t

p � ffiffiffiffiffi
ct

p� �
þ exp g

ffiffiffiffiffi
c
a1

r� �
erfc

g
2
ffiffiffiffiffiffiffi
a1t

p þ ffiffiffiffiffi
ct

p� ��
þ

þb1
t
2
� g
4
ffiffiffiffiffiffiffiffi
a1c

p
� �	

exp �g
ffiffiffiffiffi
c
a1

r� �
erfc

g
2
ffiffiffiffiffiffiffi
a1t

p � ffiffiffiffiffi
ct

p� �
þ

þ t
2
þ g
4
ffiffiffiffiffiffiffiffi
a1c

p
� �

exp g
ffiffiffiffiffi
c
a1

r� �
erfc

g
2
ffiffiffiffiffiffiffi
a1t

p þ ffiffiffiffiffi
ct

p� �




M. Veera Krishna, N. Ameer Ahamad and A.J. Chamkha Ain Shams Engineering Journal 12 (2021) 3043–3056
� eb1t

2
exp �g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b1 þ c
a1

s !
erfc

g
2
ffiffiffiffiffiffiffi
a1t

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb1 þ cÞt

p� �
þ

"

þexp g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b1 þ c
a1

s !
erfc

g
2
ffiffiffiffiffiffiffi
a1t

p þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb1 þ cÞt

p� �# )

� b3

b2
2

exp �g
ffiffiffiffiffi
c
a1

r� �
erfc

g
2
ffiffiffiffiffiffiffi
a1t

p � ffiffiffiffiffi
ct

p� �
þ exp g

ffiffiffiffiffi
c
a1

r� �
erfc

g
2
ffiffiffiffiffiffiffi
a1t

p þ ffiffiffiffiffi
ct

p� ��
þ

þb2
t
2
� g
4
ffiffiffiffiffiffiffiffi
a1c

p
� �	

exp �g
ffiffiffiffiffi
c
a1

r� �
erfc

g
2
ffiffiffiffiffiffiffi
a1t

p � ffiffiffiffiffi
ct

p� �
þ

þ t
2
þ g
4
ffiffiffiffiffiffiffiffi
a1c

p
� �

exp g
ffiffiffiffiffi
c
a1

r� �
erfc

g
2
ffiffiffiffiffiffiffi
a1t

p þ ffiffiffiffiffi
ct

p� �


� eb2t

2
exp �g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ c
a1

s !
erfc

g
2
ffiffiffiffiffiffiffi
a1t

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb2 þ cÞt

p� �
þ

"

þexp g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ c
a1

s !
erfc

g
2
ffiffiffiffiffiffiffi
a1t

p þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb2 þ cÞt

p� �# )

þ b1

b1
erfc

g
2

ffiffiffi
a
t

r !
� eb1t

2
e�g

ffiffiffiffiffiffi
ab1

p
erfc

g
2

ffiffiffi
a
t

r
�

ffiffiffiffiffiffiffi
b1t

p !
þ eg

ffiffiffiffiffiffi
ab1

p
erfc

g
2

ffiffiffi
a
t

r
þ

ffiffiffiffiffiffiffi
b1t

p !" # )(

þ b2

b2
1

erfc
g
2

ffiffiffi
a
t

r !
þ b1

(
t 1þ ag2

2t

� �
erfc

g
2

ffiffiffi
a
t

r !
�

ffiffiffiffiffiffi
a
pt

r
g e�

ag2
4t

" #
�

� eb1t

2
e�g

ffiffiffiffiffiffi
ab1

p
erfc

g
2

ffiffiffi
a
t

r
�

ffiffiffiffiffiffiffi
b1t

p !
þ eg

ffiffiffiffiffiffi
ab1

p
erfc

g
2

ffiffiffi
a
t

r
þ

ffiffiffiffiffiffiffi
b1t

p !" # )

þ b3

b2
2

erfc
g
2

ffiffiffiffiffi
Sc
t

r !
þ b2

(
t 1þ Scg2

2t

� �
erfc

g
2

ffiffiffiffiffi
Sc
t

r !
�

ffiffiffiffiffiffi
Sc
pt

r
g e�

Scg2
4t

" #
�

� eb2t

2
e�g

ffiffiffiffiffiffiffi
Scb2

p
erfc

g
2

ffiffiffiffiffi
Sc
t

r
�

ffiffiffiffiffiffiffi
b2t

p !
þ eg

ffiffiffiffiffiffiffi
Scb2

p
erfc

g
2

ffiffiffiffiffi
Sc
t

r
þ

ffiffiffiffiffiffiffi
b2t

p !" # )
;

ð24Þ
Shear stress is the component of stress coplanar with a material

cross section. It arises from the shear force, the component of force
vector parallel to the material cross section. Normal stress, on the
other hand, arises from the force vector component perpendicular
to the material cross section on which it acts. The shear stress at
the surface g ¼ 0 measured as,
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The Nusselt number (Nu) is the ratio of convective to conductive

heat transfer at a boundary in a fluid. Convection includes both
advection (fluid motion) and diffusion (conduction). The conduc-
tive component is measured under the same conditions as the con-
vective but for a hypothetically motionless fluid. The value of
Nusselt number is one represents heat transfer by pure conduction.
A value between one and 10 is characteristic of slug flow or lami-
nar flow. A larger Nusselt number corresponds to more active con-
vection, with turbulent flow typically in the 100–1000 range. The
Nusselt number is named after Wilhelm Nusselt, who made signif-
icant contributions to the science of convective heat transfer.
Therefore, the Nusselt number is the ratio of convective to conduc-
tive heat transfer across a boundary. The convection and conduc-
tion heat flows are parallel to each other and to the surface
normal of the boundary surface, and are all perpendicular to the
mean fluid flow in the simple case.
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The Nusselt number in terms of rate of heat transfer at the plate
g ¼ 0 is given by the formula
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The Sherwood number (Sh) (also called the mass transfer Nus-
selt number) is a dimensionless number used in mass-transfer
operation. It represents the ratio of the convective mass transfer
to the rate of diffusive mass transport, and is named in honour of
Thomas Kilgore Sherwood.

It is defined as follows,

Sh ¼ Convectivemass transfer rate
Diffusionrate

¼ h
D=L

¼ hL
D

The Sherwood number in terms of rate of mass transfer at the
plate g ¼ 0 is given by the formula,
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3. Results and discussion

An exploration of the unsteady MHD boundary layer flow over
an inspiring perpendicular surface by nanofluids in the presence
of a uniform transverse magnetic field and heat radiation absorp-
tion phenomenon has been brought out. It is discussed a clear
insight on the physics of the problem, a parametric study is per-
formed and the obtained computational results are elucidated
through the help of graphical representations. It is presented the
non-dimensional velocity, the temperature, concentration of the
fluid, shear stresses, Nusselt number and Sherwood number for
numerous values of magnetic field parameter M (0 < M 6 4), per-
meability parameter K (0:5 6 K 6 2), radiation parameter Nr
(0:5 < Nr 6 4), volume fraction of nanoparticles (0:05 6 u 6 0:5),
Grashof number Gr (3 < Gr 6 6), radiation absorption parameter
Q (0:5 6 Q 6 2), Prandtl number Pr (0:71 6 Pr 6 7) and time
(0 6 t 6 1) in Figs. 2–14. The default values of the other parameters
are mentioned in the description of the respected figures. Here, it is
considered the non-dimensional velocity and temperature distri-
bution for two types of nanoparticles, namely alumina Al2O3 and
titania TiO2 and constant solid volume fraction is shown in all pro-
files. It is obvious that the velocity distributions for Al2O3–water
and TiO2–water are almost the same as their densities are near
to each other, but due to high density of Al2O3, for Al2O3–water
the dynamic viscosity increases more and leads to a thinner
boundary layer than other particles TiO2–water for the cases of sta-
tionary plate (k ¼ 0) as well as moving plate (k ¼ 1). Table 2 repre-
sents the comparison of the results with the existing work.

Fig. 2 disclosed that the velocity of the fluid decelerates for
increasing values of magnetic parameter M. The momentum
boundary layer thickness decreases with increasing values of M
for the cases of stationary plate as well as moving plate. The veloc-
ity profiles are characterized by distinctive peaks in the immediate
vicinity of the plate and as M increases these peaks decrease and
move gradually downstream. This is due to the fact that the mag-
netic lines of forces move past the plate and the fluid which is
decelerated by the viscous force, receives a disturbance from the
magnetic field which counteracts the viscous effects. Hence the
velocity of the fluid increases as the parameter M increases.
3049
Fig. 3 depicted that the velocity heightens with ever-growing
penetrability parameter K for the cases of stationary plate as well
as moving plate. Evidently, growing the quantities of permeability
parameter K is likely to mounting of the velocity on the permeable
walls and hence improvement in the momentum boundary layer
thickness. Inferior the permeability less significant the fluid speed
was respected inside the vertical surfaces employed by the fluid.

The consequence of radiation parameter Nr on the velocity pro-
files is presented in Fig. 4. The fluid velocity enhances as the value
of Nr increases for both cases of stationary plate as well as moving
plate. The velocity profiles increase sharply near the surface of the
plate and after attaining respective utmost, the curves settle down
to the corresponding asymptotic value. Therefore, Nr behaves like a
supporting force which accelerates the fluid particles near the
vicinity of the plate. Also, it is noted that momentum boundary
layer thickness increases when Nr tends to increase inside a
boundary layer region.

Fig. 5 portray the impact of solid volume fraction u of nanopar-
ticles on the fluid velocity. The velocity of the fluid increases with
increasing values of u for the cases of stationary plate as well as
moving plate. It is also demonstrated that the increase in the val-
ues of u results in the increase of the momentum boundary layer
thickness throughout the fluid region.

The Fig. 6 illustrates that the velocity of the fluid increases with
an increase in Grashof number Gr for the cases of stationary plate
as well as moving plate. This trend is due to the fact that the pos-
itive Grashof number Gr acts like a favourable pressure gradient
which accelerates the fluid in the boundary layer. Consequently,
the velocity increases with an increase in thermal Grashof number
Gr. Grashof number (Gr) that approximates the ratio of the buoy-
ancy force to the viscous force acting. Therefore, the Grashof num-
ber represents the effect of free convection currents. Physically,
Gr > 0 means heating of the fluid of cooling of the boundary sur-
face, Gr < 0 means cooling of the fluid of heating of the boundary
surface and Gr = 0 corresponds the absence of free convection.

The contribution of absorption radiation parameter on the
velocity profiles is noticed in Fig. 7. This divulges that the velocity
enlarges with ever-increasing radiation-absorption parameter Q on
both cases of stationary plate and moving plate, which is due to the
fact that when heat is absorbed the buoyancy force which acceler-
ated the flow rate. Hence, it is finalised that the momentum bound-
ary layer thickness increases an increase in radiation absorption
throughout the boundary layer region. The velocity of the fluid
strengthens with reinforcement in time for both cases of stationary
plate and moving plate (Fig. 8).

The Fig. 9(a-d) revealed that the fluid temperature profiles for
the two types of water-based nanofluids Al2O3–water and TiO2–
water. However, due to higher thermal conductivity of Al2O3–wa-
ter nanofluids, the temperature of Al2O3–water nanofluid is found
to be higher than TiO2–water nanofluids. It is also seen that the
thermal boundary layer thickness is more for Al2O3–water than
TiO2–water nanofluids. The Fig. 9 (a) displayed the effect of volume
fraction u of nanoparticles on the temperature distribution. The
fluid temperature increases as volume fraction parameter u
enlarges. Also, the thermal boundary layer for Al2O3–water is
greater than for pure water (u ¼ 0). This is because Al2O3 has high
thermal conductivity and its addition to the water based fluid
increases the thermal conductivity for the fluid, so the thickness
of the thermal boundary layer increases. It is also observed that
with increasing the volume fraction u of the nanoparticles the
thermal boundary layer is increased. This agrees with the physical
behavior of nanoparticles. This observation shows that the use of
nanofluids will be significance in the cooling and heating pro-
cesses. Fig. 9(b) also represents the variation of nanofluid temper-
ature for Prandtl number Pr. The temperature profiles exhibit that
the fluid temperature decreases as Pr increases. This is due to the



Fig. 2. the velocity profiles for u against M with K ¼ 0:5; Nr ¼ 0:5; u ¼ 0:05; Gr ¼ 3;Q ¼ 0:5; t ¼ 0:1:

Fig. 3. the velocity profiles for u against K with M ¼ 2; Nr ¼ 0:5; u ¼ 0:05; Gr ¼ 3;Q ¼ 0:5; t ¼ 0:1:

Fig. 4. the velocity profiles for u against Nr with M ¼ 2; K ¼ 0:5; u ¼ 0:05; Gr ¼ 3; Q ¼ 0:5; t ¼ 0:1:
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fact that a higher Prandtl number fluid has relatively low thermal
conductivity, which reduces conduction and there by the thermal
boundary layer thickness; and as a result, temperature decreases.
The fluid temperature is high near the plate and decreases asymp-
totically to the free stream with zero- value far away from the
plate. From Fig. 9(c) displayed the effect of radiation parameter
Nr on the temperature delivery. The increase in radiation parame-
ter means the release of heat energy from the flow region and so
the fluid temperature decreases. A decrease in the values of Nr
for given knf and T1 means a decrease in the Rosseland radiation
absorption. Since divergence of the radiative heat flux increases,
radiation absorption decreases which in turn causes to increase
the rate of radiative heat transfer to the fluid and hence the fluid
temperature increases. This represents that, the thermal boundary
3050
layer decreases and more uniform temperature distribution across
the boundary layer. The temperature increases with increasing
radiation absorption parameter (Fig. 9(d)). This is due to the fact
that when heat is absorbed, the buoyancy forces accelerate the
flow and temperature of the fluid.

The Fig. 10 symbolized the concentration distributions with Sc
and time t. Also we realized that the concentration might be zero
as it twitches away through the surface. The concentration lessens
with escalating Sc and enhances with escalating time. It is picked
the Schmidt number esteems as Sc = 0.22, 0.3, 0.6 and 0.78 this cor-
responding to H2, He, H2O– vapour, and NH3 accordingly. The Sch-
midt number defined as the ratio of momentum diffusivity
(kinematic viscosity) to the mass diffusivity. It is used to character-
ize fluid flows in which there are simultaneous momentum and



Fig. 5. the velocity profiles for u against u with M ¼ 2; K ¼ 0:5; Nr ¼ 0:5; Gr ¼ 3; Q ¼ 0:5; t ¼ 0:1:

Fig. 6. the velocity profiles for u against Gr with M ¼ 2; K ¼ 0:5; Nr ¼ 0:5; u ¼ 0:05; Q ¼ 0:5; t ¼ 0:1:

Fig. 7. the velocity profiles for u against Q with M ¼ 2; K ¼ 0:5; Nr ¼ 0:5; u ¼ 0:05; Gr ¼ 3; t ¼ 0:1:
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mass diffusion convection processes. The Schmidt number Sc is
quantizing the virtual efficiency of momentum and mass trans-
portation through dispersion in the speed and solutal boundary
layers. This was acquired that amplify in the quantity of Schmidt
number, which induces the absorption of particles and the bound-
ary layer thickness to diminish extensively. Finally it is noticed
that, the concentration distribution increases with increasing time
throughout the fluid region.

Computational values of the non-dimensional shear stress s at
the plate g ¼ 0are presented in Figs. 11–12(a-f) for several values
of magnetic field parameter M, radiation absorption parameter Q,
permeability parameter K, radiation parameter Nr, Grashof number
Gr, and time t. The disparity of the shear stress swith two nanoflu-
ids is shown in Fig. 11. Since the density of Al2O3–water nanofluid
3051
is lesser than TiO2–water nanofluids, the shear stress for TiO2–wa-
ter nanofluid is established to be lower. Fig. 12(a-b) shows that the
shear stress near the plate g ¼ 0 and it is increases with an increase
in magnetic field parameter M or radiation absorption parameter
for both cases of stationary plate as well as moving plate. It is also
noticed that, shear stresses reduces with increasing the permeabil-
ity parameter K on either cases of the plate (Fig. 12(c)). Also, it is
seen from Fig. 12 (d-f) that, due to the fluid flow the shear stress
decreases with an increase in either radiation parameter Nr or Gra-
shof number Gr or time t for the cases of stationary plate as well as
moving plate. Since the positive buoyancy force acts like a favour-
able pressure gradient, the fluid in the boundary layer is acceler-
ated. Consequently, the hot fluid near the plate surface is carried
away more quickly as Grashof number Gr increases. Therefore,



Fig. 8. the velocity profiles for u against t with M ¼ 2;K ¼ 0:5; Nr ¼ 0:5; u ¼ 0:05; Gr ¼ 3; Q ¼ 0:5:

Fig. 9. (a-d) Temperature profiles for h against u; Pr; Nr andQ :

Fig. 10. the concentration profiles for / with Sc and t.
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Fig. 11. Shear stress for different nano particles Al2O3 and TiO2.
M ¼ 0:5; K ¼ 0:5; Nr ¼ 0:5; u ¼ 0:05; Gr ¼ 3; Q ¼ 0:5.

Fig. 12. (a-f) Shear stresses for Al2O
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the shear stress reduces near the plate. Also it is concluded that,
the shear stress is a decreasing function of volume fraction u of
nanoparticles.

Numerical values of the rate of heat transfer at the plate (Nus-
selt number) are represented in the Fig. 13 for numerous values of
Prandtl number Pr, radiation parameter Nr, volume fraction u of
nanoparticles, and radiation absorption parameter Q. Since the
thermal conductivity of Al2O3 is higher than TiO2, then the rate
of heat transfer is found to be higher for Al2O3–water nanofluid.
The negative value of Nu signifies that the heat flows from fluid
to the plate. This is because there is significant heat generation
near the moving plate then the temperature of the fluid near the
moving plate may exceed the plate temperature. This causes flow
of heat from the fluid to the moving plate even if the temperature
is higher than the ambient temperature. It is seen from the Fig. 13
(a) that the rate of heat transfer at the plate reduces for increasing
values of Pr. Physically, once the fluid attained a higher Prandtl
3 against M, Q, K, Nr, Gr and t.



Fig. 13. (a-d) Nusselt number with Pr, Nr, u and Q.

Fig. 14. (a-b) Sherwood number with Sc and t.

Table 2
Comparison of results for velocity (g ¼ 0:2; k ¼ 0).

M K Nr u Previous work Das and Jana [42], Present workK ! 1; Q ¼ 0

2 0.5 1.0 0.05 0.522142 0.522145
3 0.458448 0.458496
4 0.355487 0.355447

1.0 0.565894 0.565852
1.5 0.605221 0.605241

1.5 0.587447 0.587463
2.0 0.622465 0.622447

0.06 0.545587 0.545599
0.07 0.568024 0.568036
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number, its thermal conductivity is decreased and so its heat con-
duction capacity diminishes. Thereby the thermal boundary layer
thickness is reduced. As a result, the rate of heat transfer at the
plate is reduced as Prandtl number enlarges. The Fig. 13(b) demon-
strates that the rate of heat transfer enhances with an increasing
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values of radiation parameter Nr. This can be accomplished from
the fact that as thermal radiation increases, the domination effect
of temperature gradient augments, leading to an increase in the
rate of heat transfer. The Fig. 13(c) illustrated that, the rate of heat
transfer increases as volume fraction u of nanoparticles enlarges.
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This is owing to the fact that, an increase in thermal conductivity
with the solid volume fractionu of nanoparticles. Also, the thermal
boundary layer thickness reduces with an amplify of nanoparticle
volume fraction u and thus the rate of heat transfer enhances with
increase of volume fraction u of nanoparticles. Further, Fig. 13(d)
discloses that the rate of heat transfer enhances as radiation
absorption parameter Q increases. Which is due to the fact that
whilst heat is absorbed the buoyancy force which accelerated the
flow rate and rate of heat transfer.

From Fig. 14, the Sherwood number lessens with growing Sc
and enlarges with escalating time throughout the fluid region.
The results are good concurrence with outcomes of Das and Jana
[42], (Table 2).

4. Conclusions

The unsteady MHD boundary layer flow over a moving vertical
surface by nanofluids in the influence of a uniform transverse mag-
netic field as well as heat radiation absorption phenomenon has
been explored thoroughly. The conclusions are performed as fol-
lows. Radiation-absorbed parameter performs a leading role to
strengthen the velocity along with temperature in the boundary
layer region. The velocity magnifies with enriches in penetrability
parameter and thermal Grashof number. The results indicated that
an increase of volume fraction of nanoparticles leads to the
enhancement of the temperature of central line of flow. It is also
concluded that, the shear stress is a decreasing function of volume
fractionu of nanoparticles. Nusselt numbermight be tracked down
to be elevated for alumina than titanium dioxide nanofluid. The
accentuation heightenswith accentuates in the severity of themag-
netic field. Some important applications of this problem are, in
chemistry as well as materials science, divergent materials and
molecules absorption of radiation to different extents at different
frequencies, this provides an opportunity for material identifica-
tion. Absorption of nuclear radiations might be utilized for mea-
sured the fluid intensities, densitometry or thickness dimensions
in nuclear physics. In meteorology as well as climatology, global
and local temperatures be dependent in component on the
radiation-absorption by atmospheric gases (in the greenhouse
effect) and land as well as ocean surfaces. Even in optics, sunglasses,
colored filters, dyes, and other materials are intended specifically
with respect to visible wavelengths they absorb radiation.

Appendix A

x1 ¼ ð1�uÞ þu
qs

qf

 !
; x2 ¼ ð1�uÞ þu

qbð Þs
qbð Þf

;

x3 ¼ ð1�uÞ þu
ðq cpÞs
ðq cpÞf

;

x4 ¼ ks þ 2kf � 2uðkf � ksÞ
ks þ 2kf þuðkf � ksÞ ; x5 ¼ 1þ 3 r� 1ð Þu

rþ 2ð Þ � r� 1ð Þu ; x6 ¼ x4
x3

;

a1 ¼ 1

1�uð Þ2:5x1
; a2 ¼ x2

x1
; a3 ¼ x5

x1
; a4 ¼ 1

x3Pr
x4 þ Nrð Þ;

a ¼ 1
a4

; c ¼ a3 M2 þ 1
K

� �
;

b1 ¼ Gr a2
a1a� 1

; b2 ¼ Gr a2 Qa
ða1a� 1Þ ðSc� aÞ ;

b3 ¼ Gr a2 Qa
ða1Sc� 1Þ ðSc� aÞ ; b1 ¼ c

a1a� 1
; b2 ¼ c

a1Sc� 1
:
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