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Abstract. Two-dimensional forced convective steady boundary layer flow of non-Newtonian Eyring–Powell
nanofluid over a moving plate in a porous medium in the presence of a parallel free-stream is investigated. The
governing coupled non-linear partial differential equations (PDEs) along with boundary conditions are transformed
into a set of non-linear coupled ordinary differential equations (ODEs) by using appropriate transformations. The
obtained non-linear ODEs with modified boundary conditions are converted into a system of first-order ODEs which
are solved using the classical and efficient shooting method. Dual solutions for velocity, temperature and nanoparticle
concentration distributions for Eying–Powell fluids similar to Newtonian fluid in some special flow situations are
obtained, when the plate and free-stream are moving along mutually opposite directions. The stability analysis of
the obtained solutions is performed and it is found that the upper branch solutions are physically stable, while lower
branch solutions are unstable. The impacts of different dimensionless physical parameters on velocity, temperature
and nanoparticle concentration are reported in the form of graphs and tables. An important result is obtained and it
reveals that the ‘dual solutions’ character has been destroyed if resistance due to the porous medium is raised up
to a definite level (i.e., permeability parameter K > 0.07979), though the range of existence of unique solution
becomes larger with further increase of resistance due to porous medium. It is also observed that heat transfer rate
diminishes with increasing thermophoresis parameter, Brownian diffusion parameter and Lewis number in all the
cases, whereas mass transfer rate enhances with thermophoresis parameter (for dual solutions), Brownian diffusion
parameter (for unique solutions) and Lewis number (for unique solutions). Further, skin-friction coefficient, i.e., the
surface drag force, increases with permeability parameter, suction/injection parameter and decreases with Eyring–
Powell fluid parameter. Also, increments in permeability parameter and the suction/injection parameter lead to the
delay in the boundary layer separation. The critical values of velocity ratio parameter beyond which the boundary
layer separation appears are − 0.5476432, − 0.5987132, − 0.704862, − 0.816944, − 0.9365732, − 0.96179102,
− 1.057104, − 1.062004, − 1.09222, − 1.115824, − 1.193413, − 1.591023 and − 1.898366 for K = 0, 0.01,
0.03, 0.05, 0.07, 0.074, 0.08, 0.082, 0.085, 0.09, 0.1, 0.15 and 0.2, respectively.

Keywords. Eyring–Powell nanofluids; multiple solutions; moving flat plate; parallel free-stream; porous medium;
stability analysis.
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1. Introduction

In the modern era of science, ultrahigh cooling per-
formance is a vastly indispensable necessity of many
industrial, electronics and engineering processes, but
the primary limitation in obtaining heat-transfer fluids

which have ultrahigh cooling capabilities is the inher-
ently insufficient thermal conductivity of the usual heat
transfer fluids, namely, water, ethylene glycol, oil, poly-
mer solutions and some lubricants. For a long time,
scientists have tried to increase the in-built thermal con-
ductivities of classical fluids by adding solid particles to
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them. However, all the studies on thermal conductivity
of suspensions are based on millimetre or micrometre-
sized particles, but this old approach has a few technical
shortcomings, such as millimetre or micrometre-sized
suspended particles settle rapidly in the fluids, which
can block the microchannels and cause additional pres-
sure drop. To overcome these problems, nanofluids
are formed by suspending nanometre-sized particles or
materials in host fluids, namely, oil, water, ethylene gly-
col, etc. Nanofluids are suspensions of nanoparticles
(metal, metal oxides, etc.) with average sizes between
1 and 100 nm in host fluids, which has drastically
improved thermal properties. The term nanofluid was
coined by Choi [1] and nanofluids exhibit superior
thermal properties compared to their host fluids. The
nanofluid has the capability to show utmost possible
thermal characters at the least possible concentration
(suitably 1% by volume) by identical dispersion of
nanoparticles (preferably < 10 m) in host fluids [2],
which is a stable suspension. The thermal conductivity
of nanofluids enhances enormously which is beyond the
existing theory of heat transfer. The greater thermal con-
ductivity can amplify heat transfer rate which is required
in industrial processes, such as nuclear reactors, trans-
portations, electronics, biomedicine and food. Wong and
Leon [3] investigated the current and future applications
of nanofluids. Because of their higher thermal perfor-
mance, these nanofluids draw considerable attention as
a new generation of modern fluids in heat exchangers, in
plants, in automotive cooling applications, etc. Nanoflu-
ids have various beneficial applications, such as, high
heat transfer, minimum clogging, size reduction of heat
transfer system, microchannel cooling, etc. It is more
relevant to assume the flow of nanofluid as a single-
phase flow because nanofluid contains nanosized solid
particles in low solid concentration [4]. The book by
Das et al [5] and review articles by Daungthongsuk and
Wongwises [6], Trisaksri and Wongwises [7], Wong and
Mujumdar [8–10] and Kakac and Pramuanjaroenkij [11]
contain extensive information on nanofluids. The mech-
anism of nanofluid flow via the moment of nanoparticles
in ordinary host fluid was investigated by Buongiorno
[12]. To study convective heat transfer features in the
nanofluid, here we shall use Buongiorno’s model [12].
Buongiorno considered seven slip mechanisms, such
as inertia, thermophoresis, Brownian diffusion, diffu-
siophoresis, fluid drainage, Magnus effect and gravity,
which are responsible for a parallel velocity between the
nanoparticles and the base fluid. He concluded that out
of these seven mechanisms, only thermophoresis and
Brownian diffusion are important in the absence of tur-
bulence in a nanofluid. Buongiorno’s nanofluid model
was used by Nield and Kuznetsov [13,14], Kuznetsov
and Nield [15,16], Khan and Pop [17], Bachok et al

[18], Khan et al [19] and Ghosh and Mukhopadhyay
[20].

The dynamics of several non-Newtonian fluids
attracted much attention because of their vast industrial,
technical and engineering applications, such as plas-
tics manufacturing, petroleum production, aerodynamic
extrusion of plastic films, bioengineering, polymeric liq-
uids, food processing, etc. The fluids in which shear
stress depends on the rate of shear strain by some
non-linear relationships are familiar as non-Newtonian
fluids. Example of the aforesaid fluids includes paints,
shampoo, custard, clay coating, body fluids, cosmetic
products, grease and many more. The dynamics of
non-Newtonian fluids are not governed by a solitary
constitutive equation. So, to explain the characteris-
tics of non-Newtonian fluids, several types of models,
depending on the stress and shear rate, are available in
the literature. Huge care has been dedicated to examine
various constitutive relations of non-Newtonian fluids.
Among all the non-Newtonian models, a mathemati-
cally complex model is the Eyring–Powell fluid model
[21]. Besides its complexity, it has certain advantages
over other models, such as, it is derived from kinetic
theory of gases rather than empirical relation and it
appropriately reduces to Newtonian flow model for
small and large shear rates and it is comparable to
power-law model which is derived from empirical rela-
tions. The Eyring–Powell fluid model can describe the
properties of human blood, ketchup, paint, toothpaste,
etc. which are shear-thinning fluids. The Eyring–Powell
fluid model has important applications in many chemi-
cal engineering processes and it is also quite beneficial
in designing the manufacturing in material flows. Also,
many researchers [22–28] are working on Eyring–
Powell fluid models. Sowmya et al [29] investigated
Ti6Al4V and AA7075 alloy embedded nanofluid flow
over longitudinal porous fin in the presence of inter-
nal heat generation and convective boundary condition.
Gireesha et al [30] discussed the MHD Jeffrey nanofluid
flow due to the non-linear stretching of a sheet in
porous medium with non-linear thermal radiation and
heat generation/absorption and obtained solutions using
the RKF-45 method. Recently, Gowda et al [31] exam-
ined thermophoretic particle deposition in the time-
dependent flow of hybrid nanofluid over a rotating and
vertically upward/downward moving disk and Reddy et
al [32] and Roja et al [33] considered different non-
Newtonian models as nanofluids in their study.

The flows induced over the moving flat plate in a paral-
lel free-stream have several industrial and engineering
applications, such as in glass blowing, melt spinning
process in extrusion of polymers continuous casting,
squeezing-out of steel, etc. The flow of Newtonian flu-
ids which is viscous incompressible and is moving with
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free-stream velocity Ue on a flat plate was first inves-
tigated by Blasius [34]. The heat transfer analysis for
this problem was firstly done by Pohlhausen [35]. Dif-
ferent forms of flat plate problem which are given by
Blasius were investigated numerically by Howarth [36].
Abu-Sitta [37] explained the existence of solution for
a flow over a flat plate. An analytic solution of Bla-
sius problem using Adomain decomposition method
was obtained by Wang [38], whereas numerical solu-
tion of Blasius problem was developed by Cortell [39].
Sakiadis [40] discussed the same equation which is pro-
posed by Blasius, but with a different set of boundary
conditions because he investigated boundary layer flow
on a moving (with uniform velocity) flat plate in a sta-
tionary fluid, whereas boundary layer flow on a moving
flat plate with a parallel free-stream was investigated
by Abdelhafez [41] and he concluded that problems
introduced by Blasius and Sakiadis are two particular
cases of his study. By introducing combined velocity
U (= Ush + Ue, where Ush is the velocity of moving
plate and Ue is the velocity of free-stream), Afzal et al
[42] obtained a single set of boundary conditions and
able to combine the problems by Blasius and Sakiadis
successfully rather than regardingUsh andUe separately
as investigated by Abdelhafez [41]. By considering the
radiation effect on the boundary layer, Bataller [43]
and Cortell [39] extended the problems of Blasius and
Sakiadis, respectively. The boundary layer flow over a
flat plate which is moving with a uniform velocity in
opposite direction to that of uniform free-stream was
considered by Hussaini et al [44]. The mixed convec-
tive flow over a flat plate which is moving in the identical
or opposite direction of mainstream was examined by
Lin et al [45]. The extensions of the problem which is
introduced by Afzal et al [42] by considering various
flow characters were examined by Ishak et al [46–50],
Weidman et al [51], Ishak [52] and Mukhopadhyay et
al [53] and they obtained dual solutions. Some vital
boundary layer problems with more than one solution
were also analysed by Wang [54], Ishak et al [55,56],
Bhattacharyya [57], Rosali et al [58], Bhattacharyya
and Vajravelu [59], Bachok et al [60], Vajravelu et al
[61], Naganthran et al [62], Seth et al [63], Baka et
al [64] and Mustafa et al [65]. Hayat et al [66] dis-
cussed the impact of convective boundary condition on
Eyring–Powell fluid flow over a moving flat surface.

Motivated by the high heat transfer capacity of the
nanofluid and interesting characters of non-Newtonian
Eyring–Powell fluid model, here we want to investigate
boundary layer flow of Eyring–Powell (non-Newtonian)
nanofluid over a permeable moving plate in porous
medium with a parallel free-stream. The combined
effects of porous medium and nanoparticles on the
heat transfer properties of Eyring–Powell nanofluid flow

with the analysis on the existence of boundary layer
solution of the problem is pretty important in applica-
tion viewpoint and yet to be reported in the literature.
So, we feel that the investigation is completely novel in
many aspects and it will add some points in literature.
The direction of the considered uniform mainstream
(Ue) is taken as fixed towards a direction, but the plate
can move in the same or opposite direction. By using
suitable transformations, the governing non-linear par-
tial differential equations (PDEs) are transformed into a
set of coupled non-linear ordinary differential equations
(ODEs) along with boundary conditions. The composite
velocity ofU described by Afzal et al [42] is used in the
transformations. The transformed ODEs are converted
into a system of first-order ODEs along with initial con-
ditions and solved by very efficient shooting method.
The influences of different physical parameters associ-
ated with the final equations on velocity, temperature
and nanoparticle concentration are obtained and pre-
sented in graphical mode and discussed. There are many
important practical applications of the above investiga-
tion, such as in the cooling of infinite metallic plates in
the cooling shower, the boundary layers along material
handling conveyers and along a liquid film in conden-
sation processes, the aerodynamic extrusion of plastic
films, the cooling of electronic device, melt spinning,
glass blowing, etc.

2. Mathematical model

Consider the two-dimensional steady laminar boundary
layer forced convective flow of viscous incompressible
Eyring–Powell nanofluid over a flat plate which is mov-
ing with uniform velocity Ush in the same direction
as the constant free-stream velocity Ue or opposite to
it. The x-axis is in the direction of flow and along the
plate, while y-axis is normal to the flow direction and the
plate. Let us assume that the temperature and nanoparti-
cle concentration at the plate and free-stream are Tsh, Te,
Csh,Ce, respectively, with Tsh > Te, Csh > Ce. Homo-
geneity and local thermal equilibrium in the porous
medium are assumed and also there is no chemical reac-
tion between the nanoparticles and the base fluid. Now,
using these assumptions and boundary layer approxi-
mations, the governing equations may be written as [22]
(viscous dissipation and radiative heat transfer are neg-
ligible in the flow)

∂u

∂x
+ ∂v

∂y
= 0, (1)

u
∂u

∂x
+ v

∂u

∂y
=

(
υ + 1

ρβd

)
∂2u

∂y2
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Figure 1. Physical sketch of the problem.
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∂T

∂y
= α

∂2T

∂y2

+τ

{
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∂C

∂y

∂T

∂y
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Te

(
∂T

∂y

)2
}

, (3)

u
∂C

∂x
+ v

∂C

∂y
= DB

∂2C

∂y2 + DT

Te

∂2T

∂y2 . (4)

Here, we have considered Darcy’s law for the flow in
a porous medium (Kundu et al [67]) having low flow
velocity, u and v represent velocity components in the
x and y directions respectively, υ = μ/ρ denotes the
kinematic viscosity, μ is the coefficient of fluid viscos-
ity, ρ is the fluid density, d and β are Powell–Eyring
material liquid parameters, k1 = k0x signifies variable
Darcy permeability of porous medium with k0 being
constant, T indicates temperature, α = κ/(ρc) f rep-
resents thermal diffusivity of the liquid with κ being
thermal conductivity of the fluid, τ indicates ratio of
effective heat capacity of nanoparticles to effective heat
capacity of base fluid, DB signifies Brownian diffusion-
coefficient, DT represents thermophoretic diffusion, C
is the nanoparticle concentration. The physical model
of the flow is sketched in figure 1.

The appropriate boundary conditions are given by

u = Ush, v = v1, T = Tsh, C = Csh at y = 0

and

u → Ue, T → Te, C → Ce as y → ∞, (5)

where

v1 = −v0

√
υU

x

is the suction/injection velocity, v0 being a constant
with v0 > 0 for suction and v0 < 0 for injection. The
direction of free-stream (Ue) is taken along the positive
direction of the x-axis.

Now we know that

u = ∂ψ

∂y
and v = −∂ψ

∂x
, (6)

where ψ(x, y) is the stream function.
The dimensionless variables for ψ , T andC are given

by

ψ = √
Uυx f (η), θ(η) = T − Te

Tsh − Te
and

φ(η) = C − Ce

Csh − Ce
, with η = y

√
U

υx
. (7)

Using the transformations given by eqs (6) and (7),
eq. (1) is satisfied identically and eqs (2)–(4) yield

{1 + ε − δε( f ′′)2} f ′′′

+1

2
f f ′′ − K { f ′ − (1 − λ)} = 0, (8)

θ ′′ + 1

2
Pr f θ ′ + PrNt

(
θ ′)2 + PrNbθ ′φ′ = 0, (9)

φ′′ + 1

2
PrLe f φ′ + Nt

Nb
θ ′′ = 0, (10)

and the boundary conditions finally become

f ′(η) = λ, f (η) = s, θ(η) = 1, φ (η) = 1 at η = 0,

f ′(η) → 1 − λ, θ (η) → 0, φ (η) → 0 as η → ∞,

(11)

where primes indicate differentiation with respect to η,

ε = 1

μβd
and δ = U 3

2xυd2
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represent Eyring–Powell fluid parameters,

K = υ

k0U

is the permeability parameter,

λ = Ush

U

is the velocity ratio parameter with U = Ush +Ue,

Pr = υ

α

is the Prandtl number,

Nt = τDT (Tsh − Te)

Teυ

represents the thermophoresis parameter,

Nb = τDB (Csh − Ce)

υ

denotes the Brownian motion parameter,

Le = α

DB

indicates the Lewis number, s = 2v0 denotes suction
(s > 0) or injection (s < 0) parameter.

Skin-friction C f is derived by using Newton’s law,
local Nusselt number Nux is derived from Fourier law
and local Sherwood number Shx is derived from Fick’s
law. These are represented as follows:

C f = τsh

ρU2 , Nux = xqsh
κ (Ts − Te)

,

Shx = xqm
DB (Cs − Ce)

, (12)

where

τsh =
[(

μ + 1

βd

)
∂u

∂y
− 1

6βd3

(
∂u

∂y

)3
]
y=0

is the wall shear stress,

qsh = −κ

(
∂T

∂y

)
y=0

is the wall heat flux and

qm = −DB

(
∂C

∂y

)
y=0

is the wall mass flux.
By using the above relations, we get

C f Re
1
2
x = (1 + ε) f ′′ (0) − ε

3
δ f ′′3(0),

Nux Re
− 1

2
x = −θ ′(0), Shx Re

− 1
2

x = −φ′(0), (13)

where

Rex = Ux

υ

is the local Reynolds number.
Now, solutions of eqs (8)–(10), along with boundary

conditions (11) are obtained by the shooting method
and for this, we convert those equations into a system
of first-order equations as

f ′ = y1, y′
1 = y2, y′

2 = K (y1 − 1 + λ) − 1
2 f y2

1 + ε − δεy2
2

,

θ ′ = y3, y′
3 = −Pr

(
1

2
f y3 + Nty2

3 + Nby3y4

)

and

φ′ = y4,

y′
4 = −1

2
PrLe f y4+ PrNt

Nb

(
1

2
f y3+Nty2

3 +Nby3y4

)

(14)

with initial conditions

f (0) = s, y1 (0) = λ, θ (0) = 1, φ (0) = 1. (15)

For the integration of eqs (14) with initial conditions
(15) as an initial value problem (IVP) we need the val-
ues for y2(0), i.e., f ′′(0), y3(0), i.e., θ ′(0) and y4(0),
i.e., φ′(0) but those values are not specified in the prob-
lem. So, the appropriate guess values for f ′′(0), θ ′(0)

and φ′(0) are chosen and then the integration is per-
formed. Now we compare the obtained values for f ′(η),
θ (η) and φ (η) at η = η∞ (= 40) with the prescribed
boundary conditions f ′ (η∞) = 1 − λ, θ (η∞) = 0
and φ (η∞) = and adjust the approximate values of
f ′′(0), θ ′(0) and φ′(0) using ‘secant method’ to get an
improved estimation of solutions. We consider a series
of values of f ′′(0), θ ′(0) and φ′(0) and implemented
the classical fourth-order ‘Runge–Kutta method’ with
step-size �η = 0.01. The above technique is replicated,
unless the computed results are asymptotically conver-
gent within a tolerance limit of 10−5.

3. Flow stability

In this problem, more than one solution exists in some
flow conditions, and therefore, it is crucial to investigate
which one is physically stable. So, following Merkin
[68] consider the unsteady case for eqs (2)–(4), to exam-
ine flow stability of the obtained dual solutions of eqs
(8)–(10) with boundary conditions (11) and those are
given by

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
=

(
υ + 1

ρβd

)
∂2u

∂y2
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− 1

2ρβd3

(
∂u

∂y

)2
∂2u

∂y2 − υ

k1
(u −Ue) , (16)

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y

= α
∂2T

∂y2 + τ

{
DB

∂C

∂y

∂T

∂y
+ DT

Te

(
∂T

∂y

)2
}

, (17)

∂C

∂t
+ u

∂C

∂x
+ v

∂C

∂y

= DB
∂2C

∂y2 + DT

Te

∂2T

∂y2 , (18)

where t indicates time. Here, we introduce the second
variable

ξ = U

x
t

and the new transformations are

η = y

√
U

υx
, u = U

∂ f (η, ξ)

∂η
,

v = 1

2

√
U

υx

(
η
∂ f (η, ξ)

∂η
− f (η, ξ)

+2ξ
∂ f (η, ξ)

∂ξ

)
,

θ (η, ξ) = T − Te
Ts − Te

,

φ (η, ξ) = C − Ce

Cs − Ce
. (19)

Now using these prescribed transformations given by
eq. (19) in eqs (16)–(18), we get

{1 + ε − δε f 2
ηη} fηηη + 1

2
f fηη − K

{
fη − (1 − λ)

}
+ξ

(
fη fηξ − fξ fηη

) − fηξ = 0, (20)

θηη + 1

2
Pr f θη + PrNtθ2

η

+PrNbθηφη + ξ Pr
(
fηθξ − fξ θη

) − Prθξ = 0,

(21)

φηη + 1

2
PrLe f φη + Nt

Nb
θηη

+ξ PrLe
(
fηφξ − fξφη

) − PrLeθφξ = 0, (22)

with boundary conditions

f (0, ξ) = s, fη (0, ξ) = λ, θ (0, ξ) = 1,

φ (0, ξ) = 1, (23)

fη (η, ξ) → 1 − λ, θ (η, ξ) → 0,

φ(η, ξ) → 0, as η → ∞. (24)

Now, in order to test the stability of steady-state solu-
tions f (η) = f0(η), θ (η) = θ0(η) and φ (η) = φ0(η)

satisfying the boundary value problem (BVP) (8)–(11),
we introduce [51]

f (η, ξ) = f0 (η) + e−γ ξ F (η, ξ) ,

θ (η, ξ) = θ0 (η) + e−γ ξG (η, ξ) ,

φ (η, ξ) = φ0 (η) + e−γ ξ H (η, ξ) ,

⎫⎬
⎭ (25)

where γ is the growth or decay rate of the initial dis-
turbance or perturbation functions F(η, ξ), G(η, ξ) and
H(η, ξ), which are small compared to f0 (η), θ0(η) and
φ0(η). We get a linearised problem on the introduction
of (25) in eqs (20)–(24) as

{1 + ε − δε( f ′′
0 )2}Fηηη + (

1

2
f0 − 2εδ f ′′

0 f ′′′
0 )Fηη

−(K − γ )Fη + 1

2
f ′′
0 F − Fηξ

+ξ [ f ′′
0 (γ F − Fξ ) + f ′

0(Fηξ − γ Fη)] = 0, (26)
1

Pr
Gηη + 1

2
( f0Gη + Fθ ′

0)

+2NtGηθ
′
0 + Nb(θ ′

0Hη + Gηφ
′
0) + γG − Gξ

+ξ [ f ′
0(Gξ − γG) + θ ′

0(γ F − Fξ )] = 0, (27)

Hηη + 1

2
PrLe( f0Hη + Fφ′

0)

+ Nt

Nb
Gηη + PrLeγ H − PrLeHξ

+ξ PrLe[ f ′
0(Hξ − γ H) + φ′

0(γ F − Fξ )] = 0,

(28)

with boundary conditions

F (0, ξ) = 0, Fη (0, ξ) = 0, G (0, ξ) = 0,

H (0, ξ) = 0, (29)

Fη (η, ξ) → 0, G (η, ξ) → 0,

H(η, ξ) → 0, as η → ∞. (30)

Now following Weidman et al [51], to find initial
decay/growth of the solutions of eqs (26)–(28) with
(29) and (30), which gives the stability of steady flow
solutions f0 (η), θ0(η) and φ0(η) are given by putting
ξ = 0. Hence, F(η) = F0(η), G(η) = G0(η) and
H (η) = H0(η). In this respect, from eqs (26)–(28), we
get

{1 + ε − δε( f ′′
0 )2}F ′′′

0

+
(

1

2
f0 − 2εδ f ′′

0 f ′′′
0

)
F ′′

0

−(K − γ )F ′
0 + 1

2
f ′′
0 F0 = 0, (31)

G ′′
0 + 1

2
( f0G

′
0 + F0θ

′
0) + PrNt (2G ′

0θ
′
0 + (θ ′

0)
2)

+PrNb(θ ′
0φ

′
0 + θ ′

0H
′
0 + G ′

0φ
′
0) + PrγG0 = 0,

(32)
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Table 1. Comparison of skin-friction coefficient f ′′(0) with available literature for various values of λ
when ε = 0, δ = 0, K = 0, s = 0.

λ Blasius [34] Sakiadis [40] Ishak et al [49] Present study

Upper branch Lower branch Upper branch Lower branch

− 0.5 0.3990 0.1710 0.39785 0.17103
− 0.4 0.4357 0.0834 0.43559 0.08336
− 0.3 0.4339 0.0367 0.43387 0.03672
− 0.2 0.4124 0.0114 0.41237 0.01143
− 0.1 0.3774 0.0010 0.37738 0.00105

0 0.332 0.3321 0.33206
0.5 0 0
1 − 0.44375 − 0.4438 − 0.44375

Table 2. Comparison of skin-friction coefficient f ′′(0)) obtained by the
shooting and by the ‘bvp4c’ a MATLAB scheme for various values of λ
when ε = 1, δ = 0.2, K = 0.01, s = 0.

Shooting method bvp4c

λ Upper branch Lower branch Upper branch Lower branch

− 0.5 0.32570139 0.10320404 0.32570102 0.10320362
− 0.4 0.33631074 0.05973748 0.33630995 0.05973652
− 0.32 0.33070710 0.04155497 0.33070563 0.04155328
− 0.2 0.30807120 0.30807023
− 0.1 0.27974617 0.27974512

0 0.24475399 0.24475314
0.5 0 0
1 − 0.32151220 − 0.32151220

H ′′
0 + 1

2
PrLe( f0H

′
0 + F0φ

′
0)

+ Nt

Nb
G ′′

0 + PrLeγ H0 = 0, (33)

with boundary conditions

F0 (0) = 0, F ′
0 (0) = 0, G0 (0) = 0, H0 (0) = 0,

F ′
0 (η) → 0, G0 (η) → 0, H0 (η) → 0 as η → ∞.

}

(34)

Now, we get an infinite set of eigenvalues γ1 <

γ2 < γ3 < · · · , on solving the eigenvalue problems
(31)–(33) with (34). The stability of the steady-state
solutions f0 (η), θ0(η) and φ0(η) is determined by the
smallest eigenvalue γ1. If the smallest eigenvalue is
obtained as positive (γ1 > 0), then there should be an
initial decay of the perturbation, i.e., the solutions will be
stable. However, the solutions will be unstable, i.e., there
should be an initial growth of the perturbation, when the
smallest eigenvalue is found negative (γ1 < 0).

4. Results and discussion

Using the aforesaid numerical method, under several
conditions, solutions are obtained and to explore the
impacts of physical parameters, namely, Eyring–Powell
fluid parameters ε and δ, permeability parameter K ,
suction/injection parameter s, velocity ratio parame-
ter λ, thermophoresis parameter Nt, Brownian motion
parameter Nb and Lewis number Le on the existence
of solution, velocity, temperature and nanoparticle con-
centration, the computed numerical results are plotted in
some figures. Also, to ensure the accuracy of the numer-
ical scheme used, the values of skin-friction coefficient
for the Newtonian fluid (ε = 0, δ = 0) without any
porous medium and suction/injection (K = 0, s = 0)
are compared with the previously published results of
Blasius [34], Sakiadis [40] and Ishak et al [49] as pre-
sented in table 1 and those show great agreements. Also,
the existence of multiple solutions is also confirmed by
another numerical scheme known as ‘bvp4c’ [69] of
MATLAB. A comparison of results using two numer-
ical schemes are presented in table 2 and those are in
good agreement. In addition, in the whole computation
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(a) (b)

(c) (d)

(e) (f)

Figure 2. Variations of skin-friction coefficient, local Nusselt number and local Sherwood number vs. λ for different values
of ε and δ .

a fixed value of Prandtl number (Pr = 1) is consid-
ered. Here, two assumptions are taken. The first one is
that the direction of free-stream is prescribed along the
positive direction of x-axis and the second one comes
during the declaration of transformations in (7), which
is U > 0. To discuss the effect of velocity ratio param-
eter λ, different cases are considered: the first case is 0
< λ < 1, i.e., movement of both, plate and free-stream

are in the same direction; the second case is λ < 0,
which means that those move towards opposite direc-
tions. The third case is λ = 0, where the plate is static
and fluid is moving (Blasius flow) and the last one is
λ = 1, i.e., plate is moving, while fluid velocity is zero
(Sakiadis flow). Next case, λ > 1, for which also the
directions of motion of the fluid and the plate must be
opposite with suitable selection of velocities, but here
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(a) (b)

(c) (d)

(e) (f)

Figure 3. Variations of skin-friction coefficient, local Nusselt number and local Sherwood number vs. λ for different values
of K and s.

U > 0, and so the case, λ > 1 is not possible. Hence,
the current study concentrates only on λ ≤ 1. The val-
ues of skin-friction coefficient f ′′(0) are positive when
λ < 0.5 and it becomes negative when λ > 0.5. The
value of f ′′(0) becomes zero when λ = 0.5, which
does not mean separation, but it means equal velocities
of plate and free-stream. Physically, the positive value
of f ′′(0) implies that fluid applied a drag force on the

moving plate and a negative value implies the opposite
phenomenon, i.e., the moving plate exerted a drag force
to the fluid. Figure 2 shows the variations of skin-friction
coefficient f ′′(0), the local Nusselt number −θ ′(0) and
local Sherwood number −φ′(0) for various values of ε

and δ. It is realised that more than one solution exists
for some values of λ < 0, i.e., when both plate and
free-stream move in opposite directions, while unique
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(a) (b)

(c) (d)

(e) (f)

Figure 4. Variations of local Nusselt number and local Sherwood number vs. λ for different values of Nt, Nb and Le.

solution exists when λ ≥ 0. The two branch solutions
coincide with one another at a critical point, say, λ = λc.
Beyond λ = λc solutions do not exist, because boundary
layer structure is destroyed due to the abnormal vor-
ticity generation by the plate velocity and free-stream
velocity. The solid lines exhibit upper branch solution,
whereas dotted lines demonstrate lower branch solu-
tion. Also, skin-friction coefficient f ′′(0) vanishes at

λ = 0.5, but local Nusselt number −θ ′(0) and local
Sherwood number −φ′(0) do not vanish. The obtained
critical values of λ are λc = − 0.548247, − 0.5476432
and − 0.5478132 for ε = 0, 1 and 3.2, respectively,
i.e., small variations in λc are witnessed. We can con-
firm from the figure that λc = − 0.548247 when ε =
0 (Newtonian fluid), which supports the studies already
reported by Afzal et al [42] and Ishak et al [49] and
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(a) (b)

(c)

Figure 5. Variations of velocity, temperature and nanoparticle concentration profiles for different values of ε.

it again confirms the efficiency of the used numerical
scheme. The figure also demonstrates that for the upper
branch solution, values of f ′′(0), −θ ′(0) and −φ′(0)

diminish as ε grows when λc ≤ λ < 0.5, whereas the
opposite tendency is witnessed when 0.5 < λ ≤ 1 and
it decreases with ε for lower branch solution. Physi-
cally this happens, because the Eyring–Powell fluids are
shear-thinning fluids, for which decrement in viscosity
occurs as ε grows. From these figures, it is quite clear
that there is a small increment in values of skin-friction
coefficient, local Nusselt number and local Sherwood
number as δ grows when λc ≤ λ < 0.5, while the oppo-
site is seen when 0.5 < λ ≤ 1. The critical values of
λ are λc = − 0.5476432, − 0.546726 and − 0.545788
for δ = 0.2, 0.5 and 0.8, respectively. From these val-
ues, it exhibits a minor reduction in |λc|. Physically,
viscosity of the fluid increases with rising values of
δ. Next and the most important results, figure 3 dis-
plays the influences of permeability parameter K and
suction/injection parameter s on skin friction coeffi-
cient f ′′(0), local Nusselt number −θ ′(0) and local
Sherwood number −φ′(0). Based on our calculation,
two solution branches exist when λc ≤ λ < −0.0250,

λc ≤ λ < −0.303996, λc ≤ λ < −0.561487, λc ≤
λ < −0.75831, λc ≤ λ < −0.926502, λc ≤ λ <

−0.957295 for K = 0, 0.01, 0.03, 0.05, 0.07, 0.074,
respectively. It is enthralling to note that the range of
existence of lower branch solution diminishes with K
and it disappears as K > 0.07979. The obtained criti-
cal values λc beyond which the separation of boundary
layer takes place are λc = − 0.5476432, − 0.5987132,
− 0.704862, − 0.816944, − 0.9365732, − 0.96179102,
− 1.057104, − 1.062004, − 1.09222, − 1.115824,
− 1.193413, − 1.591023 and − 1.898366 for K =
0, 0.01, 0.03, 0.05, 0.07, 0.074, 0.08, 0.082, 0.085,
0.09, 0.1, 0.15 and 0.2, respectively. So, the value of
|λc| increases as K increases. Hence, larger K delays
the boundary layer separation and also it can kill the
uncertainty of the flow by destroying the lower branch
solution. Physically, this happens because with increas-
ing K the porous medium becomes less permeable and
due to this, the Darcy resistance force to the trans-
port phenomenon becomes larger, which dominates the
generated vorticity and maintains boundary layer for
lager value of |λc|. This extension in existence length of
solution is very useful in many chemical engineering
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problems. Also, the figure reveals that skin-friction
coefficient, i.e., the surface drag force, increases asK
increases for upper branch solution when λc ≤ λ < 0.5,
whereas opposite outcome is found when 0.5 < λ ≤ 1.
It may be noted that for lower branch solution, skin-
friction diminishes with K . In addition, it is seen from
the figure that for the upper branch solution, heat trans-
fer rate (local Nusselt number) increases with K when
λc ≤ λ < 0.5, while it decreases with K when 0.5 <

λ ≤ 1 and it diminishes with K in the case of lower
branch solution. The figure shows that for the upper
branch solution, local Sherwood number increases with
K when λc ≤ λ < 0.5, whereas it decreases when 0.5 <

λ ≤ 1 and it is contrary for the lower branch solution.
The figure also points out that skin-friction coefficient
enhances as s increases for the upper branch solution
when λc ≤ λ < 0.5, whereas opposite behaviour is
seen when 0.5 < λ ≤ 1 and it is decreasing with s for
the lower branch. The obtained critical values of λ are
λc = − 0.567047231, − 0.704862 and − 0.86974 for
s = − 0.25, 0 and 0.25, respectively. From these val-
ues, one can say that critical value |λc| becomes larger
as s goes from injection to suction and this effect will be
applicable when the plate under consideration is porous.
Hence, suction (s > 0) delays boundary layer sepa-
ration, while injection (s < 0) accelerates it. When
suction is enforced, then the fluid mass is taken away
from the flow field, which controls the vorticity gener-
ated and it causes the increment in range of existence
of solution. But, when injection is imposed, the facts
are completely opposite. It is noticed that, for the upper
branch solutions, local Nusselt number and local Sher-
wood number grow with s, whereas for lower branch
solutions it decreases with s. As we know that in the
case of injection (s < 0) fluid mass is taken away from
the plate towards the free-stream which originates a lack
of velocity gradient as it tries to retain the same velocity
in a small region near the plate and contrary character is
witnessed for suction (s > 0). It is also noted that values
of −θ ′(0) and −φ′(0) for a fixed λ are greater for upper
branch solution than for lower branch solution.

Local Nusselt number −θ ′(0) and local Sherwood
number −φ′(0) with λ for different values of ther-
mophoresis parameter Nt, Brownian motion parameter
Nb and Lewis number Le are illustrated in figure 4.
The figure reveals that for both solution branches, local
Nusselt number diminishes with Nt, i.e., heat transfer
rate decreases and this effect of thermophoresis is rel-
evant for many engineering problems where high heat
transfer is involved. The figure also demonstrates that
for the upper branch solution, local Sherwood number
rises with Nt when − 0.86974 ≤ λ ≤ −0.338235
and the same effect for the lower branch solution,
but it diminishes for the upper branch solution when

0.0330882 ≤ λ ≤ 1. Actually, thermophoresis is a
mechanism in which tiny particles are pulled away from
the hot surface to cold, which reduces the level of heat
transfer. The figure also shows that for both solution
branches, local Nusselt number decreases with Nb and
local Sherwood number also rises as Nb grows in the
case of upper branch solution, while it is diminished for
the lower branch. Physically, the growth of Nb implies
the enhancement of Brownian diffusion and as a conse-
quence heat transfer rate from the hot plate enhances.
This impact of Brownian diffusion is also equally signif-
icant, like thermophoresis effect in several engineering
problems to get high cooling rate of the plate. From the
figure, it is noted that for the upper branch solution, local
Nusselt number diminishes with Le, whereas for lower
branch a small increment is seen. But, local Sherwood
number enhances with Le in the upper branch solution,
but for lower branch, it decreases. Physically, a larger
value of Le corresponds to higher viscous diffusion than
Brownian diffusion, which is the reason for the drop in
the heat transfer rate.

Now, figure 5 explains the impacts of Eyring–Powell
parameter ε on the velocity profile f ′(η), temperature
profile θ(η) and nanoparticle concentration profile φ(η).
The figure also confirms the existence of dual solu-
tions. It can be seen that for both solution branches
the velocity diminishes with ε, whereas the momentum
boundary layer becomes thicker. Also, it is fascinating
to note that momentum boundary layer thickness for the
lower branch solution is larger than that for the upper
branch. It is witnessed from the figure that for both solu-
tion branches, the temperature rises as ε grows and the
thermal boundary layer thickness also shows enlarge-
ment. The figure also reveals that for both solution
branches, as ε increases, the nanoparticle concentration
and the corresponding boundary layer thickness also
increase. Higher values of ε correspond to the less vis-
cous fluid due to which velocity profile diminishes and
temperature and concentration profiles enhance. Next,
the impacts of permeability parameter K on f ′(η), θ(η)

and φ(η) are displayed in figure 6. It can be seen that for
the upper branch solution the velocity increases with K ,
whereas momentum boundary layer thickness becomes
thinner, but for lower branch solution the velocity dimin-
ishes with K and momentum boundary layer thickness
increases. This happens because the aforesaid restric-
tive Darcy force increases with K , and so resistance in
transport occurs and as a result, momentum boundary
layer reduces for the upper branch solution. The figure
confirms that for the upper branch solution the thermal
boundary layer thickness and temperature diminish with
K , but in the case of lower branch solution the effects are
opposite. The changes in nanoparticle concentration and
its boundary layer thickness due to K are identical to the
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(a) (b)

(c) (d)

(e) (f)

Figure 6. Variations of velocity, temperature and nanoparticle concentration profiles for different values of K .

temperature profile. Actually, the impact of permeabil-
ity of the porous medium on temperature and nanofluid
concentration is observable through the velocity field.
Also, all velocity, temperature and nanoparticle concen-
tration profiles satisfy the far-field boundary conditions
asymptotically. It is also seen from these figures that
boundary layer thickness corresponding to the lower
branch solution is always thicker than that of the upper
branch solution. It is evident from the last three parts of

figure 6 that only the upper branch solutions exist, while
lower branch solution does not exist. This fact also leads
to the statement that the upper branch solution may be
physically stable, but the lower branch is not. Figure 7
displays the streamline (ψ) patterns of the flow for some
specific cases of dual and unique solutions. From those
streamlines, a concrete idea of flow having two solutions
or one solution with negative λ (for different K ) can be
established.
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(a) (b)

(c) (d)

(e) (f)

Figure 7. Streamline plot for different values of K and λ.

The changes in temperature profiles θ(η) and nanopar-
ticle concentration profiles φ(η) for variations in ther-
mophoresis parameter Nt, Brownian diffusion parame-
ter Nb and Lewis number Le are explored in figure 8.
It reveals that for both solution branches, the ther-
mal boundary layer thickness and temperature enhance
with Nt. Physically, this happens because an increment
in Nt produces a stronger thermophoretic force which
helps more nanoparticles to migrate from hot plate to

cold ambient fluid, whereas for both solution branches,
nanoparticle concentration initially decreases, but for
large η, it increases with Nt. So, due to larger values of
Nt nanoparticle concentration boundary layer becomes
thick for both solutions. The obvious reason for this
is that with larger values of Nt more nanoparticles are
pushed away from the hot surface. From the figure, it
clear that as Nb rises, the thermal boundary layer thick-
ness and temperature grow for both solution branches.
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(a) (b)

(c) (d)

(e) (f)

Figure 8. Variations of temperature and nanoparticle concentration profiles for different values of Nt, Nb and Le.

Physically, a growth in Nb corresponds to the consider-
able movement of nanoparticles, which increases the
nanoparticles’ kinetic energy and as a consequence,
more heat produces. On the other hand, for both solution
branches, as Nb increases, nanoparticle concentration
initially increases, but for large η, it decreases and
nanoparticle concentration boundary layer thickness
also decreases. Physically, this happens because as Nb

increases, the random motion and hence the collisions
of nanoparticles in the fluid rises, which reduces con-
centration boundary layer thickness. The figure shows
that for both solution branches, as Le increases small
increments in thermal boundary layer thickness and tem-
perature occurs. It is interesting to note that for both
solution branches, as Le increases nanoparticle concen-
tration initially increases, but for large η, it decreases and
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Table 3. Smallest eigenvalues γ1 for some values of λ and K with ε = 1, δ = 0.2,
s = 0, Pr = 1, Le = 1, Nb = 0.5, Nt = 0.5.

K = 0.01 K = 0.08 K = 0.2

λ γ1 λ γ1 λ γ1

Upper branch Lower branch

− 0.598 0.01264 − 0.00903 − 1.05 0.09793 − 1.89 0.17148
− 0.59 0.04236 − 0.03304 − 1.02 0.04754 − 1.8 0.13984
− 0.55 0.10621 − 0.06790 − 1 0.00486 − 1.4 0.29218
− 0.5 0.15768 − 0.08197 − 0.8 0.21145 −1 0.46982
− 0.4 0.23438 − 0.07754 − 0.5 0.37599 − 0.5 0.63268
− 0.32 0.28354 − 0.03949 0 0.54029 0 0.72148
− 0.2 0.34526 0.5 0.57813 0.5 0.69922

0 0.42433 1 0.29073 1 0.37828
0.5 0.51172
1 0.25170

concentration boundary layer thickness also reduces.
Physically, as Le increases Brownian diffusion coeffi-
cient decreases which causes short penetration depth
for nanoparticles.

As mentioned in the previous section, the existence
of multiple solutions leads to an obvious requirement of
stability analysis. In the analysis of the stability of dual
and unique solutions for certain values of parameters,
upper branch solution is found to be stable and lower
branch solution is unstable. So, when the solution is
unique, then only upper branch exists, hence it is stable.
In support of confirmation of stability, we have provided
the computed results in table 3 for some values of λ and
K , where the smallest eigenvalue γ1 is positive for all
upper branch solutions in dual and unique solutions,
whereas γ1 is negative in all lower branch solutions.

5. Conclusions

The steady forced-convective boundary layer flow of
Eyring–Powell nanofluid over a moving plate in Darcy
porous medium with a parallel free-stream is analysed.
Dual solutions exist when the plate moves along a
direction opposite to free-stream. The following can be
concluded from the study:

• Multiple solutions are obtained for specific values of
some parameters.

• After stability analysis, upper branch solution is
found to be stable and lower branch is found to be
unstable.

• Based on our calculation, two solution branches
exist when λc ≤ λ < −0.0250, λc ≤ λ <

−0.303996, λc ≤ λ < −0.561487, λc ≤ λ <

−0.75831, λc ≤ λ < −0.926502, λc ≤ λ <

−0.957295 for K = 0, 0.01, 0.03, 0.05, 0.07, 0.074,
respectively. It is thought-provoking to spot that the
range of existence of multiple solutions decreases
with K and ultimately the lower branch disappears
when K > 0.07979.

• Boundary layer separation from the plate is delayed
with higher values of the permeability parameter K
and suction s(>0).

• The values of λc beyond which there is boundary
layer separation are − 0.5476432, − 0.5987132,
−0.704862,−0.816944,−0.9365732,−0.96179102,
− 1.057104, − 1.062004, − 1.09222, − 1.115824,
− 1.193413, − 1.591023 and − 1.898366 for K =
0, 0.01, 0.03, 0.05, 0.07, 0.074, 0.08, 0.082, 0.085,
0.09, 0.1, 0.15 and 0.2, respectively.

• The effects of ε on local skin-friction coefficient,
local Nusselt number and local Sherwood number
are much more significant than that of δ.

• Local skin-friction coefficient increases with increas-
ing values of parameters s and K , while it shows
decreasing behaviour with ε.

• Heat transfer rate increases with parameter s, but it
exhibits a decreasing pattern with increasing ε, Nt,
Nb and Le.

• Mass transfer rate increases with rising values s, Nt,
Nb, Le, but it reduces with ε.

• The velocity increases with permeability parameter
K , but momentum boundary layer becomes thinner;
while opposite is observed with ε.

• Temperature and thermal boundary layer thickness
show increments with increasing values of ε, Nt, Nb
and Le, but opposite is detected with K .

• Nanoparticle concentration and its boundary layer
thickness exhibit growing behaviour with increasing
ε and Nt, however, these display opposite behaviour
with K , Nb and Le.
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