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This paper is basically devoted to carry out an investigation regarding the unsteady flow of dissipative and
heat absorbing hydromagnetic graphene Maxwell nanofluid over a linearly stretched sheet taking momentum
and thermal slip conditions into account. Ethylene glycol is selected as a base fluid while graphene particles
are considered as nanoparticles. The highly nonlinear mathematical model of the problem is converted into
a set of nonlinear coupled differential equations by means of fitting similarity variables. Further, Runge-Kutta
Fehlberg algorithms along with the shooting scheme are instigated to analyse the numerical solution. The vari-
ations in graphene Maxwell nanofluid velocity and temperature owing to different physical parameters have
been demonstrated via numerous graphs whereas Nusselt number and skin friction coefficients are illustrated
in numeric data form and are reported in different tables. In addition, a statistical method is implemented for
multiple quadratic regression estimation analysis on the numerical figures of wall velocity gradient and local
Nusselt number to establish the connection among heat transfer rate and physical parameters. Our numerical
findings reveal that the magnetic field, unsteadiness, inclination angle of magnetic field and porosity param-
eters boost the graphene Maxwell nanofluid velocity while Maxwell parameter has a reversal impact on it.
The regression analysis confers that Nusselt number is more prone to heat absorption parameter as com-
pared to Eckert number. Finally, the numerical findings are compared with those of earlier published articles
under restricted conditions to validate the numerical solution. The comparison of numerical findings shows an
excellent conformity among the results.
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1. INTRODUCTION
In the present scenario, owing to overwhelming signif-
icance in industry and public endeavour, the nanofluid
problems have received notable attentions from researchers
working in the domain of nanotechnology. The nanofluid
foremost termed by Choi1 is a kind of fluid that con-
sists of extremely fine metallic or non-metallic parti-
cles (up to 50 nm in radius). Addition of extremely
fine metallic or non-metallic particles in convectional
fluid influences significantly the fluid characteristics like
heat transfer rate as well as thermal conductivity.2 For
example, in the modern nuclear system addition of nano-
scale metal particles in the convectional fluid augments
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the heat transfer rate characteristics. Nanofluids are enor-
mously useful in various applications including energy
conversion, microsystem’s cooling (due to change in heat
capacity of base fluid by adding metal or metal oxide
particle of nano-sized), nanomedical industry, etc. The
easiest way to enhance the thermophysical properties of
base fluid is by adding the nano-sized particle (metal or
non-metal). The suspension of nano-sized (less than 100
nano-meter) particles (both metal or non-metal) into the
base fluid results in the extreme enhancement in tem-
perature gradient of the fluid.3 Some relevant research
related to nanofluid under various conditions are given by
Refs. [4–5].
Carbon atom’s monomolecular layer having the simi-

lar structure to honeycomb is known as graphene. Owing
to fast mobility of electrons, high thermal conductivity,
stability and expanded surface area the graphene nanopar-
ticles possess the novel material, physical, electrical and
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chemical characteristics.6 Therefore, it has a wide range
of applications including but not limited to electron-
ics, energy sector, sensing outlets, medical sciences, etc.7

Upadhya et al.8 performed the theoretical investigation of
magneto-Carreau fluid by adding the graphene and dust
particles into it and observed that mixtures of ethylene gly-
col and graphene nanoparticles are noteworthy in improv-
ing the heat transport phenomena. Further, this study was
prolonged by Ref. [9] assuming the significance of both
heat generation and thermal radiation and found that both
temperature and velocity profiles are augmented owing
to increase in unsteadiness parameter values. The hydro-
magnetic heat transfer flow problems in the presence of
porous medium has a number of real world and industrial
useful applications, such as plasmas, extraction of energy
from earth, separation of metal from non-metals enclosure,
polymer industries, etc. The significance of problems of
hydromagnetic flow of fluid along with heat transfer char-
acteristics in the existence of porous medium are reported
in literature.10–14

The aforesaid published studies majority of the prob-
lems were confined to the flow of Newtonian fluids. But,
in practical situations it is found that numerous fluids in
various engineering and industrial developments are non-
Newtonian fluids in characteristics, for instance, molten
plastics, polymers, nuclear fuel slurries, pulps, mercury
amalgams, liquid metals, lubrication by heavy oil, etc.
Owing to complex characteristics of these fluids one can’t
find at least one constitutive equation that reveals all the
characteristics of such non-Newtonian fluids. However,
a number of complex constitutive models for the non-
Newtonian fluid’s concept have been proposed by a num-
ber of researchers.15–18 The proposed models are concerned
with the second grade, third grade and fourth grade flu-
ids which can estimate the impact of elasticity while these
models are shear independent and unable to envisage the
significance of shear relaxation.19–20 Moreover, Maxwell
model is proposed for the rate type fluids which can
estimate shear stress relaxation and consequently become
a popular model among the researchers. These models
can also depict the significance of shear-dependent vis-
cosity of boundary layer problems. Following this, many
researchers21–24 reported their investigations on Maxwell
fluid flow problems considering different geometrical con-
figurations to analyse the significance of different germane
parameters on the flow field.

Heat generation/absorption models of fluid flow driven
by permeable stretched sheet have been investigated by
many authors because of its numerous industrial appli-
cations viz. hot rolling, chemical reaction that discharges
heat, endothermic reactions, heat exchange due to nuclear
fuel wastage, glass fiber production, paper production,
etc. Following this, the quiescent fluid flow over an
exponentially stretched sheet amid the significance of
heat source/sink is investigated numerically by Ref. [25].

This study illustrates that the suction can be employed
to cool down the moving continuous surface. Further,
this problem was extended by Elbashbeshy and Bazid26

considering unsteady state conditions. Subsequently, influ-
ence of suction/blowing on magnetohydrodynamic flow
assuming both heat generation and heat absorption over
the oblique stretched surface is reported by Eldahab and
Aziz.27

In above studies, the effect of viscosity is ignored but in
practical situation its effect has a novel role28 and due to
viscosity, viscous dissipation impact has not been consid-
ered as the same is supposed to be low but its relevance
in food processing, instrumentations, lubrications, polymer
manufacturing, etc., is considered as very significant as
it enhances the characteristics of temperature distribution
which induce the heat transfer rate. Some important studies
dealing with the viscous dissipative flow problem induced
by stretched sheets are reported by Refs. [29–33]. Further,
Joule dissipation shows the characteristics alike volumet-
ric heat source in magnetohydrodynamic fluid flows and
the collective influence of viscous dissipation and Joule
dissipations are imperative in context of heat-treated mate-
rials. Following this, several researchers such as Anjali
and Ganga,34 Pal,35 Seth and Singh36 and Seth et al.37

modelled their problems considering the impacts of Joule
and viscous dissipations. A meticulous review of research
papers reported in literature reveals that the majority of the
researchers have considered the no-slip conditions in their
investigations and have ignored the slip conditions. But,
in many physical problems such as low-pressure flows,
micro/nano-scale flows, flow over coated surfaces, etc.
Navier’s partial slip took place. Owing to this reason,
Mukhopadhyay and Gorla38 Singh and Makinde,39 Seth
et al.40–41 studied the boundary layer flow problems taking
partial slip conditions into account.
The present study is mainly concentrated to unfold the

significance of Joule and viscous dissipations on the flow
of heat absorbing graphene Maxwell nanofluid over a lin-
early horizontal stretched sheet under the thermal and
momentum slip conditions. The highly complex governing
mathematical model of the problem is numerically solved
by employing the Runge-Kutta Fehlberg scheme along
with the shooting technique. Further, a statistical approach
is followed for the multiple regression estimation analysis
on the numerical figures of wall velocity gradient and local
Nusselt number. A rigorous review of previously published
research articles confirms that no such attempt has been
made earlier although the fertility of thoughts and the phe-
nomena explained in the present work can be expected
to lead to extremely productive interactions across
disciplines.
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2. GOVERNING MATHEMATICAL
EQUATIONS

The mathematical formulation of the physical problem
has been done by considering the flow of an incom-
pressible, electrically conducting, two-dimensional stream
line and heat absorbing non-Newtonian Maxwell graphene
nanofluid over a linear stretching sheet. The nanofluid con-
sists Ethylene glycol as a base fluid. The flow of fluid
is considered on the two-dimensional Cartesian coordinate
system in which the stretching sheet is along to x-axis
while y-axis is across to it. The fluid flow is limited in
the area y > 0. The nanofluid is induced over a stretching
sheet owing to the unsteady magnetic field B�t�= B0�1−
�t�−1/2 exerted along the y-axis. The influence of induced
magnetic field is assumed to be ignorable with respect
to applied magnetic field. Moreover, it is presumed that
the considered sheet is shrunk owing to two opposite but
equal forces with the time dependent velocity Uw�x� t� =
cx�1−�t�−1� where c and �1−�t�−1 (here �t < 1) are
respectively initial and notable stretching rate. The wall
temperature of nanofluid is considered Tw while the tem-
perature outside the boundary regime known as free stream
is denoted by T�. The geometrical illustration of the prob-
lem is presented in Figure 1.
The prevailing mathematical equations related to

momentum and energy for the Maxwell nanofluid of such
nature of problem42 under the assumptions as considered
above are expressed as
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Fig. 1. Geometrical illustration of the problem.
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boundary conditions for above mathematical modal are
given as:

U �x�0� = Uw �x�0�+ s�nf

�u

�y
� v = 0�

T �x�0� = Tw+D
�T

�y
(4)

at
y →�� u→ 0� T → T� (5)

Notations u� v are the graphene Maxwell nanofluid
velocity in x-direction (primary velocity) and y-direction
(secondary velocity) respectively. �nf indicates the
dynamic viscosity of nanofluid. 	 = 	0�1− �t�, where
	0 is the initial relaxation rate. K = K0�1− �t� is the
porosity parameter. 
nf is symbol of electrical conductivity
of graphene Maxwell nanofluid. � is the angle in anti-
clockwise sense from stretching surface. T denotes tem-
perature of graphene Maxwell nanofluid. knf is the symbol
of heat conductivity of nanofluid. ��cp�nf is the symbol of
specific heat capacitance of graphene Maxwell nanofluid.
Q0 is the heat absorption coefficient. s = s0

√
1−�t is the

slipping factor of velocity and s0 is the slip parameter at
t = 0. D=D0�1−�t� is the slipping factor of temperature
and D0 is the thermal slip parameter at t = 0.

3. NUMERICAL SOLUTION OF PROBLEM
By making use of stream functions � =√
f c/�1−�t�xf ���� � = T −T�/Tw −T� and similar-

ity variable � = √
�c/f �1−�t��y, the mathematical

model represented by Eqs. (2)–(3) along with bound-
ary conditions (4) and (5) are converted to following
non-dimensional forms:

A
(
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2
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�c
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(7)

The dimensionless form of boundary conditions is given
as:

f ′ �0�= 1+A1f ′′ �0� � f �0�= 0� � �0�= 1+��′ �0� (8)

as

�→�� f ′ ���→ 0� � ���→ 0 (9)
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where,
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(10)

In above expressions �nf represents the graphene
Maxwell nanofluid’s density, �f is the base fluid’s den-
sity, �nf denotes dynamic viscosity of graphene Maxwell
nanofluid, �f specifies the density of Maxwell fluid (base
fluid), 
s signifies the electrical conductivity of graphene
nanoparticle, 
f represents the electrical conductivity of
ethylene glycol, ks is the heat conductivity of graphene
particles, kf stands for the heat conductivity of Maxwell
fluid (base fluid), A = �/c is unsteadiness parameter, �
implies the volume fraction of nanoparticle in nanofluid,
�= c	0 denotes the Maxwell parameter,M = 
fB

2
0/�c�f �

presents the magnetic parameter, K1 = f /�cK� denotes
the porous medium parameter, Pr = f /�f indicates the
thermal diffusivity parameter, Q is the heat absorption
parameter, E∗c = U 2

w/�
(
cp
)
f
�Tw −T��� is local Eckert

number, A1 = s0
√
c/f denotes velocity slip parameter

and � = D0

√
c/f represents thermal slip parameter. The

thermophysical properties of Ethylene glycol (base fluid)
and graphene nanoparticles are mentioned in Table I.

From engineering applications view point, the expres-
sions for Sf characterizes skin friction coefficient and local
Nusselt number Nux are defined as51

Sf = �w/��f U
2
w�, Nux = �xqw�/�kf �Tw −T���, where

�w and qw are �w = �nf ��/�y� �u+	v��u/�y��y=0, qw =
−knf ��T /�y�y=0.

Applying the similarity transformation (9), we obtained

Sf
√
Rex = �1−��−2�5 �f ′′ �0�−�f �0�f ′′′�0�

+�f ′�0�f ′′�0�� �

Nux =−�d

√
Rex�

′ �0� �

⎫⎪⎪⎬
⎪⎪⎭ (11)

Table I. Thermophysical properties of Ethylene glycol and graphene
nanoparticles.43� 44

Thermo-physical
properties � (kg/m3) cp (J/kgK) K (W/mK) 
 (S/m)

Ethylene glycol 1114 2415 0.252 5.5×10−6

Graphene 2250 2100 2500 1×10−7

where Rex = xUw �x� t�/f is the local Reynolds
number.

3.1. Implementation of Numerical Method
The complexity of the mathematical model reported in seg-
ment 3 is very high, so analytical solution of the model
can’t be obtained. Therefore, in order to analyse the solu-
tion of highly non-linear ordinary differential equations
mentioned by Eqs. (6) and (7) along with conditions (8)
and (9), numerical solution is analysed employing Runge-
Kutta Fehlberg scheme with shooting technique. At first,
Eqs. (6) and (7) are converted to the form of five first order
differential equations. After this, Runge-Kutta Fehlberg
method is used to solve these set of five differential equa-
tions in which the initial functional values of f ′′�0� and
�′�0� are obtained with the help of shooting technique. The
value of similarity variable � is chosen � = 7 as aimed
at infinite boundary conditions whereas the step size is
considered as 0.001 during the numerical computation. To
achieve precise result the tolerance error is taken as 10−6.
The complete method is repeated till the anticipated cor-
rectness in the results is attained.

3.2. Validation of Numerical Solution
For the validation of numerical solution obtained in this
paper, we have done a comparison of −f ′′�0� for various
values of Prandtl number Pr and unsteadiness parameter
A and with those of Ref. [44] when � =M = K1 = Q =
Ec = A1 = � = 0 and are presented in Table II. Table II
shows an excellent conformity of numerical results which
validates the correctness of our numerical solution.

4. RESULTS AND DISCUSSION
In this segment, numerical computation is executed and
the results are reported to demonstrate a comparative anal-
ysis revealing the impacts of several parameters on the
flow field. Throughout our numerical computation, the
default values of various non-dimensional parameters are
assumed as Prandtl number Pr= 5, unsteadiness parameter
A = 0�1� thermal slip parameter � = 0�1, Eckert number
Ec = 0�1, magnetic parameter M = 1, Maxwell parame-
ter � = 0�5, heat absorption parameter Q = 3 and poros-
ity parameter K1 = 0�1. These values remain unchanged
throughout the analysis while the varying values of param-
eters are specified in respective figures. In all the figures,
solid lines indicate the impact of pertinent flow param-
eters under no-slip condition while dashed lines specify
the impact under slip condition. Figures 2–5 illustrate the
influence of magnetic field, porous medium, Maxwell and
unsteadiness parameters on velocity of graphene Maxwell
nanofluid. Figures 6–9 have been plotted to describe the
significance of heat absorption, viscous dissipation, ther-
mal slip and unsteadiness parameter on temperature of
graphene Maxwell nanofluid. Figure 2 elucidates that

J. Nanofluids, 10, 600–607, 2021 603
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Table II. Comparison of −f ′′�0� with previously published paper.

0.8 1.2 2

A Pr Elbashbeshy and Bzid44 Present result Elbashbeshy and Bzid44 Present result Elbashbeshy and Bzid44 Present result

0.01 1.3321 1.3382 1.4691 1.4637 1.7087 1.6979
0.1 1.3321 1.3382 1.4691 1.4637 1.7087 1.6979
1 1.3321 1.3382 1.4691 1.4637 1.7087 1.6979
10 1.3321 1.3382 1.4691 1.4637 1.7087 1.6979

graphene Maxwell fluid velocity decreases due to mag-
netic field parameter �M� enhancement under both slip
�A1= 0�3� and no-slip �A1= 0� velocity conditions. This
type of behaviour is happened due to resistive Lorentz
force; that enhance sowing to increase of strength of the
magnetic field. Figure 3 explores the effect of porosity
medium �K1� on nanofluid velocity. It is seen that due
to increase in porosity the fluid velocity is decreasing.
The reason behind this nature of velocity is that resis-
tance opposes the fluid flow is experienced due to incre-
ment in porous medium. Figure 4 shows that velocity
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fI (
)

M =1, 2, 3
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Fig. 2. Velocity profiles due to variation in magnetic parameter.
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Fig. 3. Velocity profiles due to variation in permeability parameter.

of graphene Maxwell fluid increases due to increase in
Maxwell parameter ���. Figure 5 exhibits that graphene
Maxwell fluid velocity is getting reduced owing to increase
in unsteadiness parameter �A�. Further, it is to be noted
from Figures 2–5 that graphene Maxwell nanofluid veloc-
ity is higher in case of no-slip condition than that of
slip condition. Figure 6 depicts that graphene Maxwell
nanofluid temperature is reduced due to enhancement in
heat absorption parameter �Q�. This is owing to the rea-
son that increment in heat absorption parameter results the
heat absorbing capacity of fluid throughout the boundary
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Fig. 4. Velocity profiles due to variation in Maxwell parameter.
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Fig. 5. Velocity profiles due to variation in unsteadiness parameter.
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Fig. 6. Temperature profiles due to variation in heat absorption
parameter.

layer region. It is apparent from Figure 7 that by enhanc-
ing the Eckert number �Ec�, graphene Maxwell nanofluid
temperature can also be increased. The reason behind this
behaviour of graphene Maxwell nanofluid is that Eckert
number signifies the ratio of kinetic energy to enthalpy
and the total work is done against viscosity where the
kinetic energy is converted into internal energy. Hence,
viscous dissipation has a nature to increase the tempera-
ture of fluid in whole boundary layer. Figure 8 presents
that graphene Maxwell fluid temperature is reducing due
to enhancing the thermal slip parameter �. Reason for
this tendency of fluid temperature presented by Figure 8
is that due to increment in thermal slip parameter less
heat is flowing from surface to fluid. Hence, tempera-
ture is getting reduced. One can observe from Figure 9
that, due to increase in unsteadiness parameter, graphene
Maxwell temperature is also increasing. It is to be noted
from Figures 6–9 that graphene Maxwell nanofluid tem-
perature is higher in case of no-slip condition than that of
slip conditions.
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Fig. 7. Temperature profiles due to variation of viscous dissipation.

Fig. 8. Temperature profiles due to variation in thermal slip parameter.

From engineering interest viewpoint, the numerical find-
ings of coefficient of skin friction and Nusselt num-
ber are also presented in Table III and Table IV. In
order to get this accomplished, default values of non-
dimensional flow parameters are considered as Prandtl
number Pr = 5, unsteadiness parameter A = 0�1� ther-
mal slip parameter � = 0�1� Eckert number Ec = 0�1,
magnetic parameter M = 1, Maxwell parameter � = 0�5�
heat absorption parameter Q = 3 and porosity parameter
K1 = 0�1. It is obvious from Table III that an enhance-
ment in skin friction takes place due to increase in Mag-
netic field, porosity and unsteadiness parameters. It is
also evident from Table III that the values of skin fric-
tion gradually fall down upon increasing Maxwell param-
eter. It is clearly noticed from Table IV that Nusselt
number gets enhanced owing to increase in heat absorp-
tion and thermal slip parameters while it gets reduced
due to increase in viscous dissipation and unsteadiness
parameters.
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Fig. 9. Temperature profiles due to variation in unsteadiness parameter.
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Table III. Rate of skin friction under both no-slip �A1 = 0� and slip
�A1= 0�3� conditions.

−Sf (Skin friction coefficient)

M K1 � A A1 = 0 A1 = 0�3

0.5 0.787379 0.570593
1.0 0.882133 0.625934
1.5 0.967014 0.673278

0.1 0.882133 0.625934
0.5 0.972393 0.676207
0.9 1.054559 0.719910

0.3 0.882133 0.625934
0.4 0.876288 0.624883
0.5 0.866181 0.623490

0.1 0.889231 0.629416
0.5 0.955140 0.666416
0.9 1.017890 0.700466

4.1. Multiple Regression Analysis: Estimation of
Nusselt Number and Skin Friction Coefficients

Multiple regression analysis is basically a statistical tool
which is used to estimate the relationship between two
or more variables. Generally, regression analysis is ben-
eficial to distinguish in what way a specific value of a
dependent variable change sowing to variation in inde-
pendent variable though other independent variables are
assumed constant. In this portion, quadratic regression
estimation analysis for Nusselt number and skin friction
coefficients has been presented. The model of multiple
quadratic regression estimation for coefficient of skin fric-
tion is mentioned for 100 different values of M and K1,
obtained arbitrarily from the intervals [1,7] and [0.1, 0.5]
respectively for two different values of � = 0�1 and � =
0�5. Apart from this, model of multiple quadratic regres-
sion estimation for the Nusselt number is provided for a
set of 100 values of Ec and Q analysed arbitrarily from
the intervals [0.1, 0.3] and [1, 3] for two different values
of Pr = 5 and Pr = 10. During the estimation process, the
remaining parameters are kept constant as stated.

Table IV. Rate of heat transfer at the stretching sheet under both no-slip
�A1= 0� and slip �A1= 0�3� conditions.

−Nux (Nusselt Number)

Nr Ec � A A1 = 0 A1 = 0�3

0.1 1.793817 1.782474
0.3 1.609518 1.569714
0.5 1.352808 1.286409

0.10 1.493379 1.439736
0.25 0.680038 0.656444
0.40 0.580038 0.473152

0.10 1.493379 1.439736
0.25 1.215093 1.201549
0.40 1.024231 1.030984

0.1 1.493379 1.439736
0.4 1.341298 1.253572
0.7 1.157093 0.995805

Table V. Error bound � and multiple quadratic regression coefficients
for the estimated CfxRe

1/2
x with variations in M and K1.

B Cf b1 b2 b3 b4 b5 �

0.1 −0.9310 −0.2160 −0.3164 0.0070 0.0417 0.0227 0.0042
0.5 −0.8742 −0.2352 −0.3806 0.0089 0.0655 0.0317 0.0066

Table VI. Error bound � and multiple quadratic regression coefficients
for the estimated NuRe1/2x with variations in Ec and Q.

Pr Nu c1 c2 c3 c4 c5 �1

5 −1.3931 −0.7258 1.6353 0.0768 0.4318 −0.2417 0.000024
10 −1.7862 −0.9962 2.6242 0.1319 0.6564 −0.4804 0.000028

The estimated quadratic regression model for CfxRe
1/2
x

corresponding to magnetic field and porous medium
parameter is given as follows

Cfest = Cf +b1M +b2K1+b3M
2+b4K

2
1 +b5MK1 (12)

While the regression formula for NuxRe
1/2
x correspond-

ing to Eckert number Ec and heat absorption parameter Q
is given as

Nuest = Nu+ c1Ec+ c2Q+ c3Ec
2+ c4Q

2+ c5EcQ (13)

Tables V and VI present the coefficients of multiple
quadratic regression estimated findings of skin friction
coefficients and Nusselt number for different parameters.
The maximum relative error bound for skin friction � =
�Cfest−Cf �/Cf and Nusselt number �1 = �Nuest−Nu�/Nu
are also obtained and presented in the Tables V and VI
respectively. From the tabulated values, it is evident that
the coefficient of porous medium parameter is higher than
that of magnetic field parameter, which suggests that the
variation in skin friction is more sensitive for the values
of K1 than M for both values of �. In the same way we
can observe that Nusselt number is more prone to heat
absorption parameter Q for both values of Pr as compared
to Eckert number Ec.

5. CONCLUDING REMARKS
The noteworthy findings of the current investigation can
be summarized as follows:
The graphene Maxwell nanofluid velocity gets reduced

owing to enhancement in magnetic field, porosity of
porous medium and unsteadiness parameters whereas
behaviour of fluid velocity gets reversed due to Maxwell
parameter. The heat absorption and thermal slip parame-
ters reduce the temperature of graphene Maxwell nanofluid
in the boundary layer regime while the temperature of
Maxwell nanofluid is increased owing to increase in vis-
cous dissipation and unsteadiness parameters. Magnetic
field, porosity and unsteadiness parameters improve the
shear stress at the stretched sheet. The rate of heat transfer
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of nanofluid is augmented owing to heat absorption and
thermal slip parameters while it is reduced due increase in
viscous dissipation and unsteadiness parameters.
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