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Natural convection flow from a continuously moving vertical
surface immersed in a thermally stratified medium
H. S. Takhar, A. J. Chamkha, G. Nath

Abstract Natural convection boundary layer ¯ow over a
continuously moving isothermal vertical surface immersed
in a thermally strati®ed medium has been investigated
here. The non-linear coupled partial differential equations
governing the non-similar ¯ow have been solved numerically using an implicit ®nite difference scheme. For small
values of the streamwise distance the partial differential
equations are solved by using a perturbation expansion
procedure and also using the Shanks transformation. The
results indicate that the thermal strati®cation signi®cantly
affects both the surface shear stress and the surface heat
transfer. The buoyancy parameter and the Prandtl number
increase signi®cantly, both the surface shear stress and
heat transfer. Also the buoyancy force gives rise to an
overshoot in the velocity pro®le.

1
Introduction
Heat transfer processes by natural convection in a thermally strati®ed medium frequently occur in the natural
environment and in many industrial and technical applications. Strati®cation is important in lakes, rivers and the
sea, and in condensers of power plants and various industrial units. The natural convection ¯ow over a heated
vertical surface with uniform temperature immersed in an
ambient ¯uid whose temperature increases linearly with
height has been studied by Eichhorn [1], Chen and Eichhorn [2], and Venkatachala and Nath [3]. They solved the
partial differential equations governing the ¯ow by a using
series solution method, the local non-similarity method
and an implicit ®nite difference scheme, respectively.
Kulkarni et al. [4] have obtained a similarity solution of
the above problem.
The ¯ow and heat transfer in the boundary layer induced by a surface moving with uniform or non-uniform
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velocity in an otherwise ambient ¯uid has many practical
applications in manufacturing processes in industry.
Sakiadis [5] was the ®rst to study the ¯ow due to a solid
surface moving with a constant velocity in an ambient
¯uid. Since then several investigators [6±12] have considered various aspects of this problem such as the heat
transfer with prescribed wall temperature or heat ¯ux,
mass transfer, non-uniform wall velocity, surface suction
or blowing, effect of a magnetic ®eld or (and) a parallel
free stream velocity etc. In almost all the cases self-similar
solutions were obtained. However, Jeng et al. [14] and
Chiam [20] have studied the non-similar ¯ow and heat
transfer. In all the above studies the buoyancy forces resulting from the temperature differences in the ¯uid were
neglected. Moutsoglou and Chen [22] have considered the
effect of the buoyancy forces on the ¯ow and heat transfer
characteristics of the laminar boundary induced by an
inclined, continuous ¯at surface that moves with a constant velocity in a ¯uid at rest. Subsequently, Ramachandran et al. [23] have presented the correlation equations
for the local and average Nusselt numbers.
In this paper, we have investigated the ¯ow and heat
transfer characteristics of the steady laminar boundary
layer induced by a vertical ¯at surface that moves with a
constant velocity in a stable thermally strati®ed ¯uid at
rest. We have considered the effect of the buoyancy forces
which arise due to the temperature differences in the ¯uid.
The coupled non-linear partial differential equations
governing the ¯ow have been solved numerically using an
implicit ®nite-difference method [24]. For small values of
the streamwise distance, the governing equations have
been solved by using a perturbation expansion technique
[25] along with the Shanks transformation [26]. For some
particular cases, the results have been compared with the
theoretical and experimental results of Tsou et al. [8], the
theoretical results of Erickson et al. [6] and Moutsoglou
and Chen [22] and the experimental results of Grif®n and
Throne [7].
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wall temperature Tw moving with constant velocity U in
the x-direction, in a stable thermally strati®ed ambient
¯uid. The ambient temperature T1 x is assumed to vary
linearly with the height x. The buoyancy force arises due to
the temperature differences in the ¯uid. We choose a
rectangular Cartesian coordinate system with its origin
®xed at the leading edge of the vertical surface, such that
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the x-axis is directed upwards along the wall and the y-axis
is measured normal to the surface, going into the ¯uid (see
Fig. 1). Under the foregoing assumptions, the boundary
layer equations with the Boussinesq approximations governing the ¯ow and heat transfer on a continuously
moving surface are given by [2, 4, 8, 14, 22];

ux  vy  0

1

u ux  v uy  gb T
18

T1   m uyy ;

2

u Tx  v Ty  a Tyy ;
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where

T1 x  T0  ax;

a  dT1 =dx > 0 :
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The boundary conditions are given by;

u x; 0  U;

v x; 0  0;

u x; 1  0;

T x; 1  T1 x;

u 0; y  0;

T x; 0  Tw ;

T 0; y  T1 x;

5
y>0 :

to the Eqs. (1)±(3) and we ®nd that Eq. (1) is identically
satis®ed and the Eqs. (2) and (3) reduce to;

f 000  2 1 ff 00  knh  n f 0 of 0 =on
00

0

h  2 1 Pr f h

f 00 of =on ;

S Prnf 0  Prn f 0 oh=on

7

0

h of =on :
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The boundary conditions (5) can be re-written as;

f n; 0  0; f 0 n; 0  1;
f 0 n; 1  h n; 1  0 :

h n; 0  1

Sn;
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Here g and n are the transformed coordinates, w and f are
the dimensional and dimensionless stream functions, h is
the dimensionless temperature, L is the characteristic
length, S is the dimensionless strati®cation parameter, Gr
and Re are the global Grashof number and Reynolds
number, k is the buoyancy parameters, and k > 0 for
Tw > T0 , Pr is the Prandtl number, and prime denotes
derivative with respect to g.
It may be remarked that for S  0 (without strati®cation), k  0 (without buoyancy force) and n  0 (selfsimilar ¯ow), Eqs. (7)±(9) are the same as those of
Erickson et al. [6] and Tsou et al. [8]. Also Eqs. (7)±(8)
for S  0 are identical to those of Moutsoglou and Chen
[22] if we replace kn by n1 .
The skin friction coef®cient Cfx and the heat transfer
coef®cient in terms of the Nusselt number Nux , can be
expressed as;

Here u and v are the velocity components in the x and y
directions, T is the temperature, g is the acceleration due
to gravity, U is the wall velocity, b is the coef®cient of
thermal expansion, m is the kinematic viscosity, a is the
thermal diffusivity, T0 is the ambient temperature at
x  0, a is the strati®cation rate of the slope of the ambient temperature pro®le with the vertical distance x taken as a constant in this study, and a > 0 implies that
the ambient ¯uid is stably strati®ed, the subscripts w and
2
1=2 00
1 denote conditions at the wall and in the ambient ¯uid, Cfx  2l ou=oyy0 =qU  2 Rex f n; 0 ;
and the subscripts x and y denote derivative with respect
10a
to x and y.
In order to make Eqs. (1)±(3) dimensionless, we apply Nux  x oT=oyy0 = Tw Tw   Rex 1=2 h0 n; 0 ;
the following transformations;

g  U=mx1=2 y;
h n; g  T x; y
S  aL= Tw
Re  UL=m;

n  x=L;

w x; y  mxU1=2 f n; g;

T1 x= Tw

T0  > 0;

T0 ;

Gr  gb Tw
2

k  Gr= Re ;

Tw

T0 > 0;

T0 L3 =m2 ;

Pr  m=a ;
6

10b

where l is the coef®cient of viscosity and Rex (=Ux=y) is
the local Reynolds number.

3
Method of solution
The partial differential Eqs. (7) and (8) under the
boundary conditions (9) have been solved by using an
implicit, iterative tridiagonal ®nite difference scheme
similar to that of Blotnner [24]. All the ®rst-order derivative with respect to n are replaced by two-point backward
difference formulae;
oR=on  Ri; j

Fig. 1. Schematic diagram of the physical system

Ri

1; j =Dn

;
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where R is any dependent variable and i and j are the node
locations along the n and g directions, respectively. First
the third-order partial differential Eq. (7) is converted into
a second-order by substituting F  f 0 . Then the secondorder partial differential equations for F and h are discretized by using three-point central difference formulae
and all the ®rst-order partial differential equations are
discretized by employing the trapezoidal rule. At each
time-step of constant n, a system of algebraic equations are
solved iteratively by using the well-known Thomas algorithm (see Blotnner [24]). The same process is repeated for
the next n value and the equations are solved line by line

until the desired n value is reached. A convergence criterion based on the relative difference between the current
and previous iterations is used. When this difference
reaches 10 5 , the solution is assumed to have converged
and the iterative process is terminated.
We have examined the effect of grid size Dg and Dn and
the edge of the boundary layer g1 on the solution. The
results presented here are independent of grid size and g1
at least up to the 4th decimal place.

The zeroth-order approximation given by Eqs. (13) corresponds to the self-similar ¯ow on a moving surface in an
ambient ¯uid studied by Sakiadis [5] and Tsou et al. [8]
and the solutions are well known. The subsequent order
approximations are linear equations and were solved by
using the method of superposition [27].
The quantities of physical interest are the skin friction
coef®cient Cfx and the Nusselt number Nux which are
given by Eq. (10) and these are re-written as;

4
Perturbation expansion procedure
It is also possible to solve Eqs. (7)±(9) by using a perturbation expansion procedure [25] in terms of the streamwise distance n. This method is valid for small values of n,
but the range of validity of n can be increased by using the
Shanks transformation [26]. This method gives good results and the advantage has that one has to solve a system
of ordinary differential equations instead of the partial
differential equations.
We have assumed a regular perturbation expansion for
f and h in powers of n;
1
1
X
X
f n; g 
nn fn g; h n; g 
nn hn g :
12

2 1 Re1=2
x Cfx 
Re1=2
x Nux 

f 00 n; 0 

1
X
n0

h0 n; 0 

1
X
n0

nn fn00 0 ;

nn h0n 0 :

16a
16b

Equations (16) are valid for small values of n, but the
convergence of the above series can signi®cantly be
improved by using the Shanks transformation [26] which
is expressed as

e Hn   Hn1 Hn

1

Hn2 = Hn1  Hn

1

2Hn  ;
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where Hn is the partial sum of n terms of the series and e is
the
operator. Here we have taken n  4 and the above
n0
n0
transformation is applied twice to Eq. (16). The results
Substituting relations (12) into Eqs. (7)±(9), equating codiffer by less than 1% from the numerical results in the
ef®cients of like powers of n and truncating the expansion
range 0  n  1.
at the nth term, we obtain for n  0;

f0000  2 1 f0 f000  0 :

13a

h000  2 1 Pr f0 h00

13b

f00

 h0  1 at g  0;
f0  0;
0
f0  h0  0 as g ! 1 :

13c

For n  1, we obtain;

f1000  2

1

f0 f100  f00 f1   kh0  f00 f10

h001  2 1 Pr f0 h00  h00 f1 

f000 f1  ;

Pr S f00  Pr f00 h1

14a
h00 f1  ;
14b

f10

f1   0; h1  S at g  0;
f10  h1  0 as g ! 1 :

14c

5
Results and discussion
We have validated our results by comparing the velocity
pro®le u=U  f 0  for S  0 (no strati®cation), k  0 (no
buoyancy force) and n  0 (self-similar case) with the
theoretical and experimental results of Tsou et al. [8] in
Fig. 2. We ®nd that the velocity pro®le u=U is in very good
agreement with the theoretical values. It also agrees well
with the experimental values near the wall. Also we have
compared the Nusselt number Nux , for S  n  0 with the
theoretical value of Erickson et al. [6] and the experimental values of Grif®n and Throne [7]. This comparison
is shown in Fig. 3 and results are found to be in good
agreement with the theoretical and experimental results,

Similarly, for n  2, we obtain;

fn000  2


1

n
X
m0

n 1
X

fm fn00

 Pr

n
X

m0
n
1
X

n

m0

 khn

m fm0 fn0

n

m0

h00n  2 1 Pr

m

fm h0n

m

m

m fm0 hn

1

fm00 fn
S Pr fn0
m

f0  fn0  h0  0 at g  0;
fn0  hn  0 as g ! 1 :

m

;

15a
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h0m fn

m

;

15b
15c

Fig. 2. Comparison of the velocity pro®le u=U for S  k  n  0
with that of Tsou et al. [8]
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Fig. 3. Comparison of the Nusselt number Nux for S  k  n  0
with that of Erickson et al. [6] and Grif®n and Throne [7]

when the wall velocity U  8:92. Further, we have compared the values of the surface shear stress f 00 n; 0 and
the surface heat transfer h= n; 0 for S  0 with those
of Moutsoglou and Chen [22]. For direct comparison we
have to replace kn by n1 and hence no=on  n1 o=on1 . The
results are in excellent agreement. The comparison is
presented in Table 1. Here we have considered the natural
convection ¯ow over a vertical surface moving with constant velocity in a thermally strati®ed medium. This
problem is different from that over a stationary surface
studied in references [1±4]. Hence it is not possible to
compare our results with those given in [1±4].
The effect of the ambient thermal strati®cation parameter S on the surface shear stress f 00 n; 0 at three locations downstream of the leading edge of the surface (i.e.,
for three values of n) and for two values of the Prandtl
number Pr is shown in Fig. 4. An increase in the thermal
strati®cation parameter S tends to reduce the velocity and
the boundary layer thickness (slightly) which is evident
from Fig. 4. Consequently, the velocity gradient is increased and hence the surface shear stress f 00 n; 0 is
increased. The effect of the strati®cation parameter S is
more pronounced for lower values of the Prandtl number

Fig. 4. Effect of the thermal strati®cation parameter S on the
surface shear stress f 00 n; 0

Pr. For n  0:5, k  1, the surface shear stress f 00 n; 0
increases by about 143% as S increases from 0 to 1 when
Pr = 0.7 and by about 57% when Pr = 7. It may be noted
that f 00 n; 0 < 0 implies that the ¯uid near the wall is
being dragged by the moving wall and f 00 n; 0 > 0 implies
that the plate is being dragged by the ¯uid. Hence the
vanishing of the surface shear stress f 00 n; 0 does not
imply separation [22]. Since the strati®cation parameter S
is multiplied by n (see Eqs. (7)±(9)), it has no effect at the
leading edge of the plate (i.e., at n  0). For k  1,
n < 0:6625 and Pr  0:7, f 00 n; 0 < 0 for all values of S in
the range of 0  S  1, but for n > 0:6625, f 00 n; 0 > 0
for some values of S. For example, for n  k  1, Pr  0:7,
f 00 n; 0 > 0 for S < 0:32 and f 00 n; 0 < 0 for S > 0:32. For
®xed values of n, S and k, the surface shear stress f 00 n; 0
increases with the Prandtl number Pr due to the reduction
in the momentum boundary layer. For S  k  1, n  0:5,
f 00 n; 0 increases by about 49% as Pr increases from 0.7
to 7.
Figure 5 presents the effect of the strati®cation parameter S on the surface heat transfer h0 n; 0 for three values
of n and two values of Pr when the buoyancy parameter
k  1. As mentioned earlier, there is no effect of S at the
leading edge of surface n  0 as is evident from Eqs. (7)±
(9). It is observed that the surface heat transfer h0 n; 0

Table 1. Comparison of the surface shear stress f ¢¢(n1 ,0) and the surface heat transfer )h¢(n1 , 0) for S = 0 with those
of Moutsoglou and Chen [22]
n1

Present results

Moutsouglou and Chen

Pr = 0.7
00

0
0.5
1.0
1.5
2.0
3.0
4.0
5.0

Pr = 7.0
00

Pr = 0.7
00

Pr = 7.0

f (n1 , 0)

)h¢(n1 , 0)

f (n1 , 0)

)h¢(n1 , 0)

f (n1 , 0)

)h¢(n1 , 0)

f 00 (n1 , 0)

)h¢(n1 , 0)

)0.44372
)0.10556
0.19423
0.47217
0.73556
1.23107
1.69657
2.13993

0.34922
0.41317
0.45502
0.47761
0.50035
0.53685
0.56613
0.59090

)0.44372
)0.28373
)0.12874
0.02107
0.16883
0.45321
0.72694
0.99207

1.38698
1.41317
1.43706
1.45932
1.48032
1.53647
1.55340
1.58517

)0.44375
)0.10558
0.19425
0.47214
0.73552
1.23103
1.69652
2.13988

0.34924
0.41320
0.45505
0.47764
0.50031
0.53681
0.56609
0.59086

)0.44375
)0.28376
)0.12876
0.02105
0.16880
0.45318
0.72697
0.99201

1.38703
1.41322
1.43712
1.45938
1.48026
1.53641
1.55334
1.58510
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Fig. 5. Effect of thermal strati®cation parameter S on the surface Fig. 6. Effect of the buoyancy parameter k on the surface shear
stress f 00 n; 0
heat transfer h0 n; 0

reduces with increasing values of S. The effect of the
strati®cation becomes more pronounced with increasing n,
because S is multiplied by n (see Eqs. (8) and (9)). For
k  n  1, Pr = 7.0, the surface heat transfer h0 n; 0
decreases by 100% as the value of S increases from 0 to 1.
The reason for the reduction in the surface heat transfer is
that the temperature decreases with an increasing strati®cation parameter S (see Fig. 9). Hence the temperature
gradient at the wall decreases and the surface heat transfer
also decreases. For ®xed values of S, k and n, the surface
heat transfer h0 n; 0 increases with the Prandtl number
Pr due to signi®cant reduction in the thermal boundary
layer thickness. The reason for the strong dependence of
the surface heat transfer on Pr is that Pr occurs explicitly
in the energy equation (see Eq. (8)). For S  k  1,
n  0:5, the surface heat transfer h n; 0 increases by
about 27% as Pr increases from 0.7 to 7.
The effect of the buoyancy parameter k on the surface
shear stress f 00 n; 0 for 0  n  1, S  0:5 and Pr = 0.7
is displayed in Fig. 6. The surface shear stress f 00 n; 0
increases very signi®cantly with the buoyancy parameter
due to the signi®cant reduction in the boundary layer
thickness caused by the increase in the buoyancy force,
which acts like a favourable pressure gradient. For n  1,
S  0:5, Pr = 0.7, the surface shear stress increases by
about 300% as k increases of 0 to 5. The reason for the
strong dependence of the shear stress on the buoyancy
parameter k is that it occurs explicitly in the momentum
equation (see Eq. (7)). Also the surface shear stress
changes signi®cantly with the streamwise distance n for
large values of the buoyancy parameter k, because k is
multiplied by n (see Eq. (7)). For k  5, Pr = 0.7, S  0:5,
f 00 n; 0 decreases by about 270% as n increases from 0 to
1. For k < 1:21, Pr = 0.7, S  0, f 00 n < 0 for all values of
n in 0  n  1. For k > 1:21, f 00 n; 0 > 0 for some locations of n. The signi®cance of f 00 n; 0 ? 0 has been explained earlier. The reason for this trend is that the
positive buoyancy force (k > 0) acts like a favourable
pressure gradient and accelerates the ¯uid motion. Consequently, as k increases beyond a certain value, the velocity of the ¯uid near the wall exceeds the velocity at the

surface. Hence the velocity gradient and the surface shear
stress become positive.
The effect of the buoyancy parameter k on the surface
heat transfer for 0  n  1, Pr = 0.7, S  0:5 is presented
in Fig. 7. For n > 0, the surface heat transfer h0 n; 0
increases with the buoyancy parameter k due to the reduction in the thermal boundary layer thickness (see
Fig. 7). For n  1, S  0:5, Pr = 0.7, the surface heat
transfer h0 n; 0 increases by about 81% as k increases
from 0 to 5. Also for k > 0:32, h0 n; 0 ®rst increases with
n, and then decreases. However, for k  0:32, it continuously decreases as n increases.
The effect of the thermal strati®cation parameter S on
the velocity and temperature pro®les f 0 n; g; h n; h for
k  1, n  0:5, Pr = 0.7 is shown in Figs. 8 and 9. The
effect of S on the temperature pro®les is found to be more
pronounced than that on the velocity pro®les, because S
occurs explicitly in the equation as well as in the boundary
conditions for temperature h (see Eqs. (8) and (9)),
whereas the effect of S on the velocity pro®les f 0 n; g is
indirect. Both velocity and temperature pro®les f 0 n; g,

Fig. 7. Effect of the buoyancy parameter k on the surface heat
transfer h0 n; 0
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Fig. 8. Effect of the thermal strati®cation parameter S on the
velocity pro®les f 0 n; g

Fig. 10. Effect of the buoyancy parameter k on the velocity pro®les f 0 n; g

Fig. 9. Effect of the thermal strati®cation parameter S on the
temperature pro®les h n; g

Fig. 11. Effect of the buoyancy parameter k on the temperature
pro®les h n; g

h n; g decrease with increasing S. The thermal boundary
layer is found to be thinner than the momentum boundary
layer. Further the temperature on the wall h n; 0 decreases by about 48% as S increases from 0 to 0.95.
Figures 10 and 11 present the effect of buoyancy parameter k on the velocity and temperature pro®les f 0 n; g,
h n; g for S  n  0:5, and Pr = 0.7. Since the positive
buoyancy parameter k acts like a favourable pressure
gradient, it increases the velocity and causes an overshoot
in the velocity near the wall when k exceeds a certain value.
Similar trend was observed Moutsoglou and Chen [22] for
S  0 (without strati®cation). For n  S  0:5, Pr = 0.7,
the velocity overshoot occurs for k > 2:26 and for k  5,
the velocity overshoot is about 14%. The thermal boundary layer decreases with increasing k.
The effect of Prandtl number Pr on the velocity and
temperature pro®les f 0 n; g; h n; g for k  1,
S  n  0:5 is shown in Figs. 12 and 13. The effect of Pr is
more pronounced on the temperature pro®les h n; g than Fig. 12. Effect of the Prandtl number Pr on the velocity pro®les
f 0 n; g
on the velocity pro®les f 0 n; g, because Pr occurs

surface shear stress and the surface heat transfer. The
buoyancy force gives rise to an overshoot in the velocity
pro®les near the wall. Also for small values of the Prandtl
number and for large streamwise distances, the surface
shear stress changes very signi®cantly. The results of the
perturbation procedure used along with the Shanks transformation are in very good agreement with those obtained
by using the numerical method.
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