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A B S T R A C T

The two-phase flow and heat transfer of a Cu–Al2O3 water hybrid nanofluid in a wavy enclosure partially filled
with a porous medium is investigated. The concentration gradient of the composite nanoparticles is modeled
considering the thermophoresis and Brownian motion nanoscale forces. The porous medium is also modeled
using the local thermal non-equilibrium model. The governing equations are converted into a non-dimensional
form and then solved using the finite element technique. The impact of the Darcy number, convection interface,
and the wave amplitude on the concentration distribution of nanoparticle flow and heat transfer is addressed.
The outcomes show that the convective heat transfer in the liquid and solid phases could be increased by
4.5 and 2.7 folds by increasing the Darcy number from 10−5 to 10−2. The growth of the concentration of the
nanoparticles from 0 to 0.04 improves the liquid Nusselt number by 17%. The hybrid nanofluid shows a better
heat transfer enhancement compared to simple nanofluids.
. Introduction

The transfers of heat energy become a necessary task for world
ndustry. The improvement of heat transfer in an industrial process can
inimize process time, saving energy, thermal rate rising and keeping

he life of the equipment work. There are comprehensive methods of
nhancement heat transfer in mechanical systems. Some of them are
he utilization of the porous medium. However, there are wide heat
ransfer applications in porous media, as mentioned in Nield et al.
2006), Rashed et al. (2021). It is useful in the recovery and storage of
nergy, the building’s insulation, reservoirs of geothermal, the storage
f grain and coal, chemical reactor engineering, etc. The porous layer
nside a cavity partly saturated by a porous layer may be oriented either
orizontally (Filahi et al., 2021; Celli et al., 2020; Mutschler and Mo-
tabi, 2020) or vertically (Miroshnichenko et al., 2018; Selimefendigil
nd Öztop, 2020). Researchers have presented the famous models
f non-Darcy models to analyze the flow through the porous media:
he Darcy–Brinkman model and the Forchheimer–Brinkman-extended
arcy model.

∗ Corresponding author.
E-mail addresses: mohammad.ghalambaz@tdtu.edu.vn (M. Ghalambaz), ishak_h@ukm.edu.my (I. Hashim).

For example, to use the Forchheimer–Darcy–Brinkman model to
study nanofluids’ convection, one can refer to the studies (Sivasankaran
et al., 2011; Ambreen et al., 2020; Das et al., 2016; Khoei et al., 2020;
Nayak et al., 2020; Haider et al., 2021). Hussain et al. (2020) reported
on the heat transfer in an open trapezoidal cavity holding a porous layer
using the Darcy–Forchheimer model. Aly and Raizah (2020) simulated
the natural convection inside a wavy cavity that is filled by a partly-
layered non-Darcy porous medium in the presence of solid particles.
The natural convection in a complex cavity saturated by Fe3O4-water
nanofluid and porous media was presented by Molana et al. (2020). To
explain the heat properties inside porous media numerically, there are
two approaches. First, the local thermal equilibrium (LTE) approach,
which adopted in the studies of Nguyen et al. (2015), Chen et al.
(2016), Sheremet et al. (2017a), Ghasemi and Siavashi (2017) and
Almuhtady et al. (2021), and the other is named the local thermal
non-equilibrium (LTNE) approach, which was applied in Chen et al.
(2018), Wang et al. (2019), Ghalambaz et al. (2019), Mikhailenko and
Sheremet (2020), Mehryan et al. (2020) and Zhang et al. (2021).
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Nomenclature

𝐴 Amplitude
𝐷 Dimensionless thickness of the nanofluid

layer, 𝐷 = 𝑑∕𝐿
𝐷𝑎 Darcy number
𝐷𝐵 Brownian diffusion coefficient
𝐷𝐵0 Reference Brownian diffusion coefficient
𝑑𝑓 Diameter of the base fluid molecule
𝑑𝑝 Diameter of the nanoparticle
𝐷𝑇 Thermophoretic diffusivity coefficient
𝐷𝑇 0 Reference thermophoretic diffusion coeffi-

cient
𝐶𝑝 Specific heat capacity
g Gravitational acceleration
𝐻 Inter-phase heat transfer coefficient
𝑘 Thermal conductivity
𝐾 Permeability of the porous medium
𝐿 Width and height of the square cavity
𝐿𝑒 Lewis number
𝑁 Number of undulations
𝑁𝐵𝑇 Ratio of Brownian to thermophoretic diffu-

sivity
𝑁𝑢 Average Nusselt number
Pr Prandtl number
𝑅𝑎 Rayleigh number
𝑅𝑒𝐵 Brownian motion Reynolds number
𝑇 Temperature
𝑇𝑓𝑟 Freezing point of the base fluid (273.15 K)
𝐯, 𝐕 Velocity and dimensionless velocity vector
𝑢𝐵 Brownian velocity of the nanoparticle
𝑥, 𝑦&𝑋, 𝑌 Space coordinates & dimensionless space

coordinates

Greek symbols

𝛼 Thermal diffusivity
𝛽 Thermal expansion coefficient
𝛾 Modified conductivity ratio
𝜀 Porosity of the medium
𝛿 Normalized temperature parameter
𝜃 Dimensionless temperature
𝜇 Dynamic viscosity
𝜈 Kinematic viscosity
𝜌 Density
𝜑 Solid volume fraction
𝜑∗ Normalized solid volume fraction
𝜙 Average solid volume fraction

subscript

𝑏 Bottom
𝑐 Cold
𝑓 Base fluid
ℎ Hot
𝑚 Porous layer (porous media)
𝑛𝑓 Nanofluid phase
𝑝 Solid nanoparticles
𝑠 Solid phase

The LTE model depends on only one energy equation to describe
he heat transfer because this model takes the solid matrix and the
aturated fluid together in local thermodynamic equilibrium. While in
2

the LTNE model, it is necessary to take two energy equations to control
the up-growth of temperature for the fluid and solid phases. The LTE
and LTNE models’ advancement is summarized in the paper of Baytas
and Pop (2002). Alomar et al. (2020) investigated the convective heat
transfer inside a square porous cavity containing two perpendicular
plates using a non-Darcian flow and the Local Thermal Non-Equilibrium
(LTNE) assumptions. Under the LTNE approach, Wang et al. (2021)
investigated free convection in a porous cavity with an internal circular
cylinder. They indicated that the solid heat transfer rate increased as
the LTNE parameters increased.

Several experimental and numerical investigations on nanofluid
flow and heat transfer through porous media inside a cavity with a
wavy surface were presented. A famous technique used for enhance-
ment of heat transfer inside cavities is applying complex geometry
shapes like wavy shapes because they have more area than the reg-
ular shapes (Misirlioglu et al., 2005; Revnic et al., 2020). The wavy
shape through a square cavity’s left wall filled with a heat-generating
porous medium was analyzed by Ahmed and Rashed (2019). They
observed that both the undulation number and the wavy contraction
ratio improve the heat transfer rate. Natural convection within a tilted
curved open porous enclosure filled by nanofluids was investigated by
Bondareva et al. (2016). Oğlakkaya and Bozkaya (2018) investigated
the unsteady mixed convection numerically into a lid-driven cavity in-
cluding sinusoidal curved surface. Alsabery et al. (2018) explained the
convective flow and heat transfer inside a base heated curved porous
enclosure. The simulation of a nanofluid’s natural convection into a
wavy enclosure including partly-layered non-Darcy porous medium was
studied by Aly and Raizah (2020) and Elshehabey et al. (2020). Under
the impact of a uniform vertical magnetic field, Parveen and Mahapatra
(2019) provided a numerical investigation of steady double-diffusive
free convection from water-based nanofluid inside a curved cavity with
an interior heater. More examples of applied wavy walls of the cavities
can be found in the studies (Shenoy et al., 2016; Alsabery et al.,
2019a; Ashorynejad and Shahriari, 2018; Cho, 2020; Rashed et al.,
2020; Sadeghi et al., 2021). They all determined that the heat and mass
transfer was affected by the number of the wave wall and its amplitude.

For many past years, researchers and engineers in the field of fluids
have introduced their work using nanofluids due to their properties
that make them distinct and more effective than the traditional fluids.
To analyze the nanofluids numerically, different methods for classify-
ing them within two groups: Single-phase and two-phase approaches.
Moreover, the two-phase approach has various methods, namely the
Eulerian Mixture model (EMM) (Li et al., 2019; Bozorg and Siavashi,
2019), Eulerian–Lagrangian model (Borah and Pati, 2021), the volume
of fluid (VOF) (Chen et al., 2016), Eulerian–Eulerian model (Mehryan
et al., 2020), Buongiorno model (Ahmed and Rashed, 2019; Bondareva
et al., 2016; Oğlakkaya and Bozkaya, 2018; Alsabery et al., 2018;
Elshehabey et al., 2020; Parveen and Mahapatra, 2019; Shenoy et al.,
2016; Alsabery et al., 2019a; Ashorynejad and Shahriari, 2018; Cho,
2020; Rashed et al., 2020; Sadeghi et al., 2021; Li et al., 2019; Bozorg
and Siavashi, 2019; Borah and Pati, 2021; Sheremet et al., 2017b;
Alsabery et al., 2019b, 2020), and the double-diffusive model (Raizah
and Aly, 2021). The two-phase nanofluid model has the ability to
enhance the heat transfer and energy efficiency in thermal systems,
so it is applied in many industrial fields, such as power electron-
ics, transportation, microelectronics, heat pipes, nuclear engineering,
air-conditioning, refrigeration, and heat pump systems.

According to the above literature review and to the best of the
authors’ knowledge, no investigation was reported on convection heat
transfer inside a partially filled porous wavy cavity with the application
of the local thermal non-equilibrium condition. Therefore, this fun-
damental study primary examines the influence of non-homogeneous
hybrid nanofluid and the local thermal non-equilibrium method on
natural convection into a wavy cavity partly filled with a porous layer.
This investigation can enhance the cooling of electric, electronic and

nuclear designs and control the fluid movement and heat transfer of
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Fig. 1. Physical model of the wavy-walled cavity together with the coordinate system.
Fig. 2. FEM grid-points distribution for the grid size of 10222 elements.
the solar thermal processes, thermal domain and porous media appli-
cations. Also, such a study will be significant in processing composite
materials, nuclear reactor maintenance, flows in microchannels and
convection in stellar atmospheres.

2. Mathematical formulation

Two-dimensional steady-state natural convection in a wavy cavity
partly filled with a porous layer with length 𝐿 is represented by
Fig. 1. The examined cavity is divided into two layers (segments).
The first layer remains loaded with a porous material that is saturated
by a hybrid nanofluid, and the second layer is filled with a hybrid
nanofluid. The wavy (vertical left) surface is kept at a fixed hot tem-
perature of 𝑇ℎ, while the vertical right wavy surface remains fixed
at a constant cold temperature 𝑇𝑐 . In contrast, the top and bottom
horizontal surfaces remain preserved adiabatic. The edges regarding
the domain are considered impermeable except the interface surface
which remains permeable; and the liquid inside the examined cavity
is a water-based hybrid nanofluid holding Cu-Al2O3 nanoparticles. The
Forchheimer–Brinkman-extended Darcy model along with the Boussi-
nesq approximation, are relevant. Furthermore, the hybrid nanofluid
3

phase’s convection and the solid matrix are in a local thermodynamic
non-equilibrium state. The type of porous media is considered as glass
balls. Acknowledging the specified theories, the continuity, momentum
and energy equations for laminar Newtonian flow would be addressed
as follows:

For the hybrid nanofluid layer:

∇ ⋅ 𝐯ℎ𝑛𝑓 = 0, (1)

𝜌ℎ𝑛𝑓 𝐯ℎ𝑛𝑓 ⋅ ∇𝐯ℎ𝑛𝑓 = −∇𝑝 + ∇ ⋅ (𝜇ℎ𝑛𝑓∇𝐯ℎ𝑛𝑓 ) + (𝜌𝛽)ℎ𝑛𝑓 (𝑇 − 𝑇𝑐 )𝑔, (2)

(𝜌𝐶𝑝)ℎ𝑛𝑓 𝐯ℎ𝑛𝑓 ⋅ ∇𝑇ℎ𝑛𝑓 = ∇ ⋅ (𝑘ℎ𝑛𝑓∇𝑇ℎ𝑛𝑓 ) − 𝐶𝑝,𝑝𝐽𝑝 ⋅ ∇𝑇ℎ𝑛𝑓 , (3)

𝐯ℎ𝑛𝑓 ⋅ ∇𝜑 = − 1
𝜌𝑝

∇ ⋅ 𝐽𝑝. (4)

For the porous layer:

∇ ⋅ 𝐯𝑚 = 0, (5)
𝜌ℎ𝑛𝑓
𝜀2

(

𝐯𝑚 ⋅ ∇𝐯𝑚
)

= −∇𝑝 + ∇ ⋅
(𝜇ℎ𝑛𝑓

𝜀
∇𝐯𝑚

)

−

(

𝜇ℎ𝑛𝑓 𝐯𝑚 − 𝐹
𝜌ℎ𝑛𝑓 𝐯𝑚 |𝐮|

√

)

+ (𝜌𝛽)ℎ𝑛𝑓 (𝑇 − 𝑇𝑐 )𝑔, (6)

𝐾 𝐾
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Fig. 3. (a) streamlines of Beckermann et al. (1988) (left) and present study (right); (b) isotherms for 𝑅𝑎 = 3.70 × 106, 𝐷𝑎 = 1.370 × 10−5, 𝜀 = 0.9, 𝐷 = 0.5 𝑁 = 0, 𝑘𝑒𝑓𝑓
𝑘𝑓

= 1.362 and
Pr = 6.44.
(𝜌𝐶𝑝)ℎ𝑛𝑓
(

𝐯𝑚 ⋅ ∇𝑇𝑚
)

= ∇ ⋅
(

𝜀𝑘ℎ𝑛𝑓∇𝑇𝑚
)

− 𝜀𝐶𝑝,𝑝𝐽𝑝 ⋅ ∇𝑇𝑚 + ℎ
(

𝑇𝑠 − 𝑇𝑚
)

, (7)

0 = (1 − 𝜀)𝑘𝑠
(

∇𝑇𝑠
)

+ ℎ
(

𝑇𝑚 − 𝑇𝑠
)

, (8)
1
𝜀
(

𝐯𝑚 ⋅ ∇𝜑
)

= − 1
𝜌𝑝

∇ ⋅ 𝐽𝑝, (9)

where the subscripts ℎ𝑛𝑓 , 𝑚 and 𝑠 stand for the hybrid nanofluid
layer, porous layer (nanofluid phase) and porous layer (solid phase),
respectively. |𝐮| =

√

𝑢2 + 𝑣2 is the Darcy velocity, 𝑔 is the acceleration
due to gravity and 𝜀 is the porosity of the medium.

𝐾 is shown the permeability of the porous medium which is defined
as follows:

𝐾 =
𝜀3𝑑2𝑚

150(1 − 𝜀)2
. (10)

Based on the two-phase approach, the nanoparticles mass flux (𝐽𝑝)
is formulated as:

𝐽𝑝 = 𝐽𝑝,𝐵 + 𝐽𝑝,𝑇 , (11)

𝐽𝑝,𝐵 = −𝜌𝑝𝐷𝐵∇𝜑, 𝐷𝐵 =
𝑘𝑏𝑇 , (12)
4

3𝜋𝜇𝑓𝑑𝑝
𝐽𝑝,𝑇 = −𝜌𝑝𝐷𝑇
∇𝑇
𝑇

, 𝐷𝑇 = 0.26
𝑘𝑓

2𝑘𝑓 + 𝑘𝑝

𝜇𝑓
𝜌𝑓𝑇

𝜑. (13)

Here 𝑑𝑚 represents the medium particle dimension regarding the
porous bed.

The hybrid nanofluids adequate physical features remain performed
into the following system:

The hybrid nanofluid heat capacitance (𝜌𝐶𝑝)ℎ𝑛𝑓 is provided as:

(

𝜌𝐶𝑝
)

ℎ𝑛𝑓 = 𝜑Cu
(

𝜌𝐶𝑝
)

Cu+𝜑Al2O3

(

𝜌𝐶𝑝
)

Al2O3
+
(

1 − 𝜑Cu − 𝜑Al2O3

)

(

𝜌𝐶𝑝
)

𝑓 .

(14)

The hybrid nanofluid density 𝜌ℎ𝑛𝑓 is present as:

𝜌ℎ𝑛𝑓 = 𝜑Cu𝜌Cu + 𝜑Al2O3
𝜌Al2O3

+
(

1 − 𝜑Cu − 𝜑Al2O3

)

𝜌𝑓 . (15)

The hybrid nanofluid buoyancy coefficient (𝜌𝛽)ℎ𝑛𝑓 is defined by:

(𝜌𝛽) = 𝜑 (𝜌𝛽) + 𝜑 (𝜌𝛽) +
(

1 − 𝜑 − 𝜑
)

(𝜌𝛽) . (16)
ℎ𝑛𝑓 Cu Cu Al2O3 Al2O3 Cu Al2O3 𝑓
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Fig. 4. Streamlines of (left) Khanafer et al. (2009) and (right) current work; (b) isotherms of (left) Khanafer et al. (2009) and (right) current work for 𝑅𝑎 = 105, 𝐷𝑎 = 10−2, 𝜀 = 0.9,
𝑁 = 3 and Pr = 1.
The dynamic viscosity ratio concerning nanofluids is obtained by Cor-
cione (2011):

𝜇𝑛𝑓
𝜇𝑓

= 1

1 − 34.87
(

𝑑𝑝
𝑑𝑓

)−0.3
𝜑1.03

. (17)

and the thermal conductivity ratio concerning nanofluids is estimated
through the Corcione et al. model (Corcione, 2011) as:

𝑘𝑛𝑓
𝑘𝑓

= 1 + 4.4Re0.4𝐵 Pr0.66
(

𝑇
𝑇𝑓𝑟

)10 ( 𝑘𝑝
𝑘𝑓

)0.03

𝜑0.66, (18)

Using the above discussed models, we perform innovative forms asso-
ciated with the dynamic viscosity ratio and thermal conductivity ratio
of water-Cu-Al2O3 hybrid nanofluid toward 33 and 29 nm particles by
the following:

𝜇ℎ𝑛𝑓

𝜇𝑓
= 1

1 − 34.87
(

𝑑𝑓
)0.3

[

(

𝑑Cu
)−0.3 (𝜑Cu

)1.03 +
(

𝑑Al O

)−0.3 (
𝜑Al O

)1.03
] , (19)
5

2 3 2 3
𝑘ℎ𝑛𝑓
𝑘𝑓

= 1 + 4.4Re0.4𝐵 Pr0.66
(

𝑇
𝑇𝑓𝑟

)10
(

𝑘𝑓
)−0.03

×
[

(

𝑘Cu
)0.03 (𝜑Cu

)0.66 +
(

𝑘Al2O3

)0.03 (
𝜑Al2O3

)0.66
]

, (20)

where Re𝐵 of the hybrid nanofluid is defined as:

Re𝐵 =
𝜌𝑓 𝑢𝐵

(

𝑑Cu + 𝑑Al2O3

)

𝜇𝑓
, 𝑢𝐵 =

2𝑘𝑏𝑇

𝜋𝜇𝑓
(

𝑑Cu + 𝑑Al2O3

)2
. (21)

The molecular diameter of water (𝑑𝑓 ) is computed by Corcione (2011):

𝑑𝑓 = 0.1
[

6𝑀
𝑁∗𝜋𝜌𝑓

]
1
3
. (22)

The following non-dimensional variables are now proposed as:

𝐕(ℎ𝑛𝑓 ,𝑚) =
𝐯(ℎ𝑛𝑓 ,𝑚)𝐿

𝜈
, 𝑃 =

𝑝𝐿2

2
, 𝜑∗ =

𝜑
𝜙
, 𝐷∗

𝐵 =
𝐷𝐵
𝐷

, 𝐷∗
𝑇 =

𝐷𝑇
𝐷

,

𝑓 𝜌ℎ𝑛𝑓 𝜈𝑓 𝐵0 𝑇 0
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Fig. 5. Streamlines, isotherms of nanofluid phase, isotherms of solid phase and nanoparticle distribution with various Darcy numbers (𝐷𝑎); hybrid nanofluid, 𝜙 = 0.02, 𝛾 = 10,
𝐴 = 0.1 and 𝜀 = 0.5.
𝛿 =
𝑇𝑐

𝑇ℎ − 𝑇𝑐
, 𝜃(ℎ𝑛𝑓 ,𝑚) =

𝑇(ℎ𝑛𝑓 ,𝑚) − 𝑇𝑐
𝑇ℎ − 𝑇𝑐

,

𝜃𝑠 =
𝑇𝑠 − 𝑇𝑐
𝑇ℎ − 𝑇𝑐

, 𝐷 = 𝑑
𝐿
, 𝐶𝐹 = 1.75

√

150
. (23)

This then yields the following dimensionless governing equations:
In the hybrid nanofluid layer:

∇ ⋅ 𝐕ℎ𝑛𝑓 = 0, (24)

𝐕ℎ𝑛𝑓 ⋅ ∇𝐕ℎ𝑛𝑓 = −∇𝑃 +
𝜌𝑓
𝜌ℎ𝑛𝑓

𝜇ℎ𝑛𝑓
𝜇𝑓

∇2𝐕ℎ𝑛𝑓 +
(𝜌𝛽)ℎ𝑛𝑓
𝜌ℎ𝑛𝑓 𝛽𝑓

1
Pr

𝑅𝑎𝜃, (25)

𝐕ℎ𝑛𝑓 ⋅ ∇𝜃ℎ𝑛𝑓 =
(𝜌𝐶𝑝)𝑓
(𝜌𝐶𝑝)ℎ𝑛𝑓

𝑘ℎ𝑛𝑓
𝑘𝑓

1
Pr

∇2𝜃 +
(𝜌𝐶𝑝)𝑓
(𝜌𝐶𝑝)ℎ𝑛𝑓

𝐷∗
𝐵

Pr ⋅𝐿𝑒
∇𝜑∗ ⋅ ∇𝜃ℎ𝑛𝑓

+
(𝜌𝐶𝑝)𝑓
(𝜌𝐶𝑝)ℎ𝑛𝑓

𝐷∗
𝑇

Pr ⋅𝐿𝑒 ⋅𝑁𝐵𝑇

∇𝜃ℎ𝑛𝑓 ⋅ ∇𝜃ℎ𝑛𝑓
1 + 𝛿𝜃ℎ𝑛𝑓

, (26)

𝐕 ⋅ ∇𝜑∗ =
𝐷∗

𝐵
𝑆𝑐

∇2𝜑∗ +
𝐷∗

𝑇
𝑆𝑐 ⋅𝑁𝐵𝑇

⋅
∇2𝜃ℎ𝑛𝑓
1 + 𝛿𝜃ℎ𝑛𝑓

. (27)

In the porous layer:

∇ ⋅ 𝐕 = 0, (28)
6

𝑚

1
𝜀2

(

𝐕𝑚 ⋅ ∇𝐕𝑚
)

= −∇𝑃 +
𝜌𝑓
𝜌ℎ𝑛𝑓

𝜇ℎ𝑛𝑓
𝜇𝑓

∇2𝐕𝑚
𝜀

−
𝜌𝑓
𝜌ℎ𝑛𝑓

𝜇ℎ𝑛𝑓
𝜇𝑓

𝐕𝑚
𝐷𝑎

−
𝐶𝐹

√

𝑈2 + 𝑉 2
√

𝐷𝑎

𝐕𝑚

𝜀3∕2
+

(𝜌𝛽)ℎ𝑛𝑓
𝜌ℎ𝑛𝑓 𝛽𝑓

𝑅𝑎
Pr

𝜃𝑚, (29)

𝐕𝑚 ⋅ ∇𝜃𝑚 =
(𝜌𝐶𝑝)𝑓
(𝜌𝐶𝑝)eff

𝑘eff
𝑘𝑓

1
Pr

∇2𝜃𝑚 +
(𝜌𝐶𝑝)𝑓
(𝜌𝐶𝑝)eff

𝜀𝐷∗
𝐵

Pr ⋅𝐿𝑒
∇𝜑∗ ⋅ ∇𝜃𝑚

+
(𝜌𝐶𝑝)𝑓
(𝜌𝐶𝑝)eff

𝜀𝐷∗
𝑇

Pr ⋅𝐿𝑒 ⋅𝑁𝐵𝑇

∇𝜃 ⋅ ∇𝜃𝑚
1 + 𝛿𝜃𝑚

+
(𝜌𝐶𝑝)𝑓
(𝜌𝐶𝑝)ℎ𝑛𝑓

𝐻
(

𝜃𝑠 − 𝜃𝑚
)

, (30)

0 = 𝜃𝑠 +
𝜕2𝜃𝑠
𝜕𝑌 2

+ 𝛾𝐻
(

𝜃𝑚 − 𝜃𝑠
)

, (31)

𝜕
𝜕𝜏

+ 1
𝜀
(

𝐕 ⋅ ∇𝜑∗) =
𝐷∗

𝐵
𝑆𝑐

∇2𝜑∗ +
𝐷∗

𝑇
𝑆𝑐 ⋅𝑁𝐵𝑇

⋅
∇2𝜃
1 + 𝛿𝜃

. (32)

The dimensionless boundary conditions of Eqs. (24)–(32) are:

On the adiabatic top horizontal surface:

𝑈 = 𝑉 = 0,
𝜕𝜑∗

𝜕𝑛
= 0,

𝜕𝜃(ℎ𝑛𝑓 ,𝑚,𝑠)
𝜕𝑛

= 0, (33)

On the left hot wavy surface: 1 − 𝐴(1 − cos(2𝑁𝜋𝑋)), 0 ≤ 𝑌 ≤ 1
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Fig. 6. Local velocity (a) and local normalized solid volume fraction (b) with the vertical line (interface) (𝑌 ) for 𝑋 = 0.5 for different 𝐷𝑎; hybrid nanofluid, 𝜙 = 0.02, 𝛾 = 10,
𝐴 = 0.1 and 𝜀 = 0.5.
Fig. 7. Streamlines (left), isotherms (solid lines for nanofluid phase and dashed lines for solid phase) (middle), and nanoparticle distribution (right) with various modified
conductivity ratios (𝛾); hybrid nanofluid, 𝐷𝑎 = 10−3, 𝜙 = 0.02, 𝐴 = 0.1 and 𝜀 = 0.5.
7
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Fig. 8. Local velocity (a) and local normalized solid volume fraction (b) with the vertical line (interface) (𝑌 ) for 𝑋 = 0.5 for different 𝛾; hybrid nanofluid, 𝐷𝑎 = 10−3, 𝜙 = 0.02,
𝐴 = 0.1 and 𝜀 = 0.5.
Fig. 9. Streamlines (left), isotherms (solid lines for nanofluid phase and dashed lines for solid phase) (middle), and nanoparticle distribution (right) with various amplitude (𝐴);
hybrid nanofluid, 𝐷𝑎 = 10−3, 𝜙 = 0.02, 𝛾 = 10 and 𝜀 = 0.5.
8
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Fig. 10. Local velocity (a) and local normalized solid volume fraction (b) with the vertical line (interface) (𝑌 ) for 𝑋 = 0.5 for different 𝐴; hybrid nanofluid, 𝐷𝑎 = 10−3, 𝜙 = 0.02,
= 10 and 𝜀 = 0.5.
= 𝑉 = 0,
𝜕𝜑∗

𝜕𝑛
= −

𝐷∗
𝑇

𝐷∗
𝐵
⋅

1
𝑁𝐵𝑇

⋅
1

1 + 𝛿𝜃
𝜕𝜃
𝜕𝑛

, 𝜃(𝑚,𝑠) = 1, (34)

On the right cold wavy surface: 𝐴(1 − cos(2𝑁𝜋𝑋)), 0 ≤ 𝑌 ≤ 1

𝑈 = 𝑉 = 0,
𝜕𝜑∗

𝜕𝑛
= −

𝐷∗
𝑇

𝐷∗
𝐵
⋅

1
𝑁𝐵𝑇

⋅
1

1 + 𝛿𝜃
𝜕𝜃
𝜕𝑛

, 𝜃ℎ𝑛𝑓 = 0, (35)

On the adiabatic bottom horizontal surface:

𝑈 = 𝑉 = 0,
𝜕𝜑∗

𝜕𝑛
= 0,

𝜕𝜃(ℎ𝑛𝑓 ,𝑚,𝑠)
𝜕𝑛

= 0. (36)

The dimensionless boundary positions through the interface per-
meable surface between the hybrid nanofluid and the porous layer
and by considering the similar dynamic viscosity (𝜇ℎ𝑛𝑓 = 𝜇𝑚) in both
layers. Therefore, the interface dimensionless boundary conditions are
formulated in the following form (Zargartalebi et al., 2016):

𝜃ℎ𝑛𝑓 ∣𝑌=𝐷+ = 𝜃𝑚∣𝑌=𝐷− , (37)
𝜕𝜃ℎ𝑛𝑓
𝜕𝑌

|

|

|

|𝑌=𝐷+
=

𝑘𝑒𝑓𝑓
𝑘𝑛𝑓

𝜕𝜃𝑚
𝜕𝑌

|

|

|

|𝑌=𝐷−
, (38)

𝑈ℎ𝑛𝑓 ∣𝑌=𝐷+ = 𝑈𝑚∣𝑌=𝐷− , (39)

𝑉ℎ𝑛𝑓 ∣𝑌=𝐷+ = 𝑉𝑚∣𝑌=𝐷− , (40)

𝜑∗∣𝑌=𝐷+ = 𝜑∗∣𝑌=𝐷− , (41)
𝜕𝜑∗

𝜕𝑛
∣𝑌=𝐷+ =

𝜕𝜑∗

𝜕𝑛
∣𝑌=𝐷− , (42)

here 𝐷 performs the hybrid nanofluid layer’s thickness and the sub-
cripts + and − are indicated the corresponding quantities that es-
imated while approaching the interface of the porous and hybrid
anofluid layers, respectively. 𝑅𝑎 = 𝑔𝛽𝑓 (𝑇ℎ−𝑇𝑐)𝐿3

𝜈𝑓 𝛼𝑓
, Pr = 𝜈𝑓

𝛼𝑓
and 𝛼𝑓 =

𝑘𝑓
(

𝜌𝐶𝑝
)

𝑓
are Rayleigh number, Prandtl number and thermal diffusivity of

the base liquid (water).
The local Nusselt numbers (𝑁𝑢𝑛𝑓 and 𝑁𝑢𝑠) at the wavy vertical

(left) surface for hybrid nanofluid and solid phases, respectively, as
follows:

𝑁𝑢𝑛𝑓 = −
𝑘𝑒𝑓𝑓
𝑘𝑓

( 𝜕𝜃ℎ𝑛𝑓
𝜕n

)

n
. (43)

𝑢𝑠 = −
𝑘𝑠
𝑘𝑓

(

𝜕𝜃𝑠
𝜕n

)

n
, (44)

here n determines the entire length of the curved heat source.
Lastly, the average Nusselt numbers at the wavy vertical surface

within the hybrid nanofluid and the solid phases are given by the
9

following equations:

𝑁𝑢𝑛𝑓 = ∫

n

0
𝑁𝑢𝑛𝑓 dn, (45)

𝑁𝑢𝑠 = ∫

n

0
𝑁𝑢𝑠 dn. (46)

3. Numerical method and validation

The governing dimensionless equations Eqs. (24)–(32) subject to the
boundary conditions (33)–(42) do solve by the Galerkin weighted resid-
ual finite element technique. The computational region does discretize
toward small triangular portions.

These small triangular Lagrange components with various forms
are applied to each flow variable within the computational region.
Residuals for each conservation equation exist accomplished through
substituting the approximations within the governing equations. The
Newton–Raphson iteration algorithm is adopted for clarifying the non-
linear expressions into the momentum equations. The convergence
from the current numerical solution does consider, while the corre-
sponding error toward each of the variables does fill the resulting
convergence criteria:
|

|

|

|

𝛤 𝑖+1 − 𝛤 𝑖

𝛤 𝑖+1

|

|

|

|

≤ 𝜂,

where 𝑖 represents the iteration number and 𝜂 is the convergence
criterion. In this study, the convergence criterion was set at 𝜂 = 10−6

(see Fig. 2).
Concerning the validation of current data, the existing outcomes

examine among earlier published experimental outcomes that achieved
by Beckermann et al. (1988) for natural convection within a square
cavity having fluid and porous layers, as shown in Fig. 3. Besides, the
existing outcomes are associated with previously published numerical
outcomes received by Khanafer et al. (2009) concerning the situation
of natural convection heat transfer into a wavy non-Darcian porous
cavity, as exhibited within Fig. 4. The numerical outcomes concerning
the current code produce a high degree of reliability according to these
achievements.

4. Results and discussion

Outcomes represented through streamlines, isotherms of nanofluid
phase, isotherms of solid phase, and nanoparticle concentration are
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Fig. 11. Streamlines, isotherms of nanofluid phase, isotherms of solid phase and nanoparticle distribution with various porosity of the medium (𝜀); hybrid nanofluid, 𝐷𝑎 = 10−3,
𝜙 = 0.02, 𝛾 = 10 and 𝐴 = 0.1.
Table 1
Thermo-physical properties of water, Cu nanoparticles, Al2O3 nanoparticles and glass
balls at 𝑇 = 310K (Bergman and F.P., 2011).

Physical properties Fluid phase (water) Cu Al2O3 Glass balls

𝐶𝑝 (J∕kgK) 4178 385 765 840
𝜇 × 106 (kg∕ms) 695 – – –
𝜌 (kg∕m3) 993 8933 3970 3100
𝑘 (Wm−1K−1) 0.628 400 40 1.05
𝛽 × 105 (1∕K) 36.2 1.67 0.85 –
𝑑𝑝 (nm) 0.385 29 33 –

examined into this segment. We modified the following four param-
eters; Darcy number (10−6 ≤ 𝐷𝑎 ≤ 10−2), nanoparticle volume fraction
(0 ≤ 𝜙 ≤ 0.04), modified conductivity ratio (0.1 ≤ 𝛾 ≤ 1000), amplitude
(0 ≤ 𝐴 ≤ 0.2) and the porosity of the medium (0.2 ≤ 𝜀 ≤ 0.8). The
values of Rayleigh number, number of undulations, inter-phase heat
transfer coefficient and Prandtl number are fixed at 𝑅𝑎 = 106, 𝑁 = 3,
𝐻 = 10 and Pr = 4.623, respectively. Table 1 displays the thermos-
physical properties of the base fluid (water), solid Cu and Al2O3 phases
at 𝑇 = 310K.
10
Fig. 5 depicts the streamlines, isotherms for fluid and solid phases,
and the nanoparticle distribution within the cavity for different values
of the Darcy number (𝐷𝑎). The cavity is heated from the left, so the
heated fluid in that region goes upwards and is replaced by cold fluid
coming from the right side, resulting in a flow recirculation cell moving
in the clockwise direction. It can be seen that for 𝐷𝑎 = 10−5, the
flow is mostly taking place in the region of free nanofluid, as limited
streamlines are seen in the porous medium region. As 𝐷𝑎 increases
above that value, the flow takes over in the whole cavity, and the
intensity of circulation intensifies, as evidenced by the value of the
absolute stream function. Indeed, 𝐷𝑎 is an indicator of the medium’s
permeability and the ease at which the fluid can flow inside it, which
explains the intensification of the flow at higher 𝐷𝑎. The nanofluid
isotherms are directed vertically near the walls where conductive heat
transfer is dominant. The isotherms become horizontal in the middle of
the fluid circulation cell, indicating an intensification of the convective
heat transfer where the nanofluid is flowing. So this remains limited to
the free circulation zone for 𝐷𝑎 = 10−5. This behavior can be observed
in the discontinuities that appear in the fluid streamlines for low 𝐷𝑎
at the interface between the porous medium and the free region. The
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Fig. 12. Local velocity (a) and local normalized solid volume fraction (b) with the vertical line (interface) (𝑌 ) for 𝑋 = 0.5 for different 𝜀; hybrid nanofluid, 𝐷𝑎 = 10−3, 𝜙 = 0.02,
= 10 and 𝐴 = 0.1.
Fig. 13. Variations of (a) average Nusselt number of nanofluid phase and (b) average Nusselt number of solid phase with 𝐷𝑎 for different for various types of nanoparticles at
= 0.02, 𝛾 = 10, 𝐴 = 0.1 and 𝜀 = 0.5.
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olid streamlines show a low sensibility to the variation of 𝐷𝑎 as their
hape shows a slight variation when 𝐷𝑎 is increased.

On the other hand, the isotherms of the solid and nanofluid phases
re very similar for low 𝐷𝑎, indicating a thermal equilibrium between
he two phases. This thermal equilibrium vanishes when 𝐷𝑎 is in-
reased, as the increase of convective heat transfer in the fluid tends to
aise the temperature difference between the nanofluid and the porous
ayer. The nanoparticles are concentrated near the walls in all the
ases, while lower concentrations are seen in the middle of the cavity.
he nanoparticles’ concentration is greater near the cold right wall
ompared to the left hot wall due to the thermophoretic force that tends
o move the particles in a direction as opposed to the thermal gradient,
.e., from the high-temperature zones to the lower temperature zones.

To better illustrate the distributions of the flow velocity and the
anoparticle distribution, Fig. 6 shows the variations of the local ve-
ocity 𝑈 and the local normalized solid volume fraction 𝜑∗ along with
he vertical interface for various values of 𝐷𝑎. It is shown that the
elocity over the interface is close to zero for 𝐷𝑎 = 10−5, as in that
ase, the flow is limited to the free zone, and the interface acts as
sidewall due to the very low permeability of the porous medium.
hen 𝐷𝑎 is raised, the velocity magnitude increases due to the reduced

esistance of the porous medium. The velocity is positive in the bottom
alf and negative in the bottom one, indicating the flow’s clockwise
irection. As for the nanoparticle volume fraction, it is clear that it is
11
reater than 1 near the upper and lower walls, while it is less than
in the middle region, confirming the higher concentration tendency

ear the wall. Nonetheless, the nanoparticles present a more uniform
istribution for 𝐷𝑎 = 10−5, when the flow is limited in the zone to the
ight of the interface. For 𝐷𝑎 = 10−2, when the porous material has a
egligible effect on the flow due to the nanofluid’s enhanced convective
ffects.

The streamlines, the isothermal contours, and the nanoparticle dis-
ribution contours are plotted in Fig. 7 for different values of the
onductivity ratio 𝛾. The streamlines show similar patterns in all the
ases. The main effect of 𝛾 appears in the isotherms contours. It is clear
hat increasing 𝛾 tends to assimilate the isotherms of the fluid phase
o those of the solid phase, indicating that the thermal equilibrium
an be applied in that case. In fact, as can be seen from Eq. (29),
he temperature difference between the solid matrix and the nanofluid
s greater when 𝛾 is reduced. Changing 𝛾 shows a slight effect on
he nanoparticle concentration near the walls, while the nanoparticles’
istribution is more uniform for the highest value of 𝛾. This is due to the
hermal non-equilibrium observed for lower 𝛾, and the amplification of

the thermophoretic force at the interface between the solid and liquid
phases in that case. These observations are confirmed in Fig. 8, which
illustrates the variations of 𝑈 and 𝜑∗ along with the vertical interface
for different values of 𝛾. The magnitude of the velocity shows a higher
amplitude when 𝛾 is reduced, indicating flow intensification. At the
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Fig. 14. Variations of (a) average Nusselt number of nanofluid phase and (b) average Nusselt number of solid phase with 𝐷𝑎 for different 𝜙 at hybrid nanofluid, 𝛾 = 10, 𝐴 = 0.1
and 𝜀 = 0.5.
Fig. 15. Variations of (a) average Nusselt number of nanofluid phase and (b) average Nusselt number of solid phase with 𝛾 for different 𝜙 at hybrid nanofluid, 𝐷𝑎 = 10−3, 𝐴 = 0.1
nd 𝜀 = 0.5.
Fig. 16. Variations of (a) average Nusselt number of nanofluid phase and (b) average Nusselt number of solid phase with 𝐷𝑎 for different 𝐴 at hybrid nanofluid, 𝜙 = 0.02, 𝛾 = 10
nd 𝜀 = 0.5.
c
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0
o
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ame time, the volume fraction shows a higher concentration near the
pper and lower walls, with a more uniform distribution when 𝛾 is
ncreased.

The effect of the wall undulation amplitude 𝐴 on the flow and
sothermal patterns and on the nanoparticle distribution is shown in
ig. 9. The value 𝐴 = 0 represents a square cavity with straight
alls. The main effect of the wall undulation is the disturbance of the

low patterns by creating a larger flow boundary layer near the walls.
his results in a stagnant flow in the wavy wall crests and localized
igh velocities near the wall troughs. When 𝐴 is increased to 0.2,
wo recirculation cells appear in the cavity and are localized in the
12

l

entral region. The isotherms follow the variation of the streamlines
nd shift toward the center when 𝐴 is increased. For 𝐴 = 0 and 𝐴 =
.1, the isotherms are horizontal in the middle of the cavity, pointing
ut a dominant convective heat transfer. The convective effects are
iminished for 𝐴 = 0.2 when the flow is squeezed into the central
egion.

Moreover, in the last case, the isotherms of the fluid and solid phases
re closer to each other, indicating an intensification of the thermal
on-equilibrium when 𝐴 is reduced. Following these observations, the
oncentration of the nanoparticle near the walls is more pronounced for
ower 𝐴. The variations of 𝑈 and 𝜑∗ along with the vertical interface,
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Fig. 17. Variations of (a) average Nusselt number of nanofluid phase and (b) average Nusselt number of solid phase with 𝐷𝑎 for different 𝜀 at hybrid nanofluid, 𝜙 = 0.02, 𝛾 = 10
nd 𝐴 = 0.1.
t
f
o

lotted in Fig. 10 for various values of 𝐴, confirm the localized increase
n velocity when 𝐴 is increased above 0.1 due to the wall undulation.
oreover, it can be seen that the distribution of the nanoparticles along

he interface is more uniform for higher 𝐴 and disturbed by the high
ndulation amplitude.

Fig. 11 shows the streamlines, isotherms, and contours of nanopar-
icle distribution concerning different values of the medium porosity
. The parameter 𝜀 has a similar effect to the parameter 𝐷𝑎 discussed
n Fig. 5, in the sense that it also captures the thermal resistance of
he porous medium. Nonetheless, it also indicates the contribution of
he solid matrix within the porous medium to heat transfer. In fact,
n increase in 𝜀 indicates a lower volume portion of the solid part,
nd therefore, more freedom for the nanofluid to flow. This results
n a higher velocity amplitude for higher 𝜀, as exhibited by Fig. 12,
espite presenting similar flow patterns. On the other hand, when 𝜀 is

raised, less thermal interaction among nanofluid and solid phases from
the porous material, which results in a higher shift between the fluid
and solid isotherms. As for the nanoparticles, despite remaining further
concentrated adjacent to the surfaces, a less uniform pattern remains
existing for higher 𝜀, as observed in Fig. 12, which is due to the rise of
the thermophoretic effects on the interface within the solid layer and
the nanofluid at the interface resulting from the temperature difference.

The variations of the average Nusselt numbers for the fluid phase
𝑁𝑢𝑛𝑓 and for the solid phase 𝑁𝑢𝑠 as functions of 𝐷𝑎 are plotted in
ig. 13 for different nanofluid types. Both 𝑁𝑢𝑛𝑓 and 𝑁𝑢𝑠 increase with

the rise of 𝐷𝑎. This increase is slow for 𝐷𝑎 lower than 10−5; then the
slope is sharp before starting to stabilize after 𝐷𝑎 = 10−3. 𝑁𝑢𝑛𝑓 and 𝑁𝑢𝑠
increase respectively by around 4.5 and 2.7 times when 𝐷𝑎 is elevated
from 10−5 to 10−2. For very low 𝐷𝑎, the flow resistance provided by
the porous slows down the fluid and hinders heat transfer. Once the
fluid starts to move with more ease at higher 𝐷𝑎, the heat transfer
intensifies, as indicated by the rise of the Nusselt numbers. Regarding
the nanoparticle type, a slight increase in the values of Nusselt number
is observed for the Water–Cu–Al2O3 nanofluid compared to the others,
indicating a better heat transfer when a hybrid nanofluid is used.

The variations of 𝑁𝑢𝑛𝑓 and 𝑁𝑢𝑠 as functions of 𝐷𝑎 are plotted in
ig. 14 for various values of the nanoparticle concentration 𝜙. It is

clear that both 𝑁𝑢𝑛𝑓 and 𝑁𝑢𝑠 increase for higher 𝜙. The lowest rates
f the Nusselt number continue to perform within the case of a pure
luid (𝜙 = 0). Such observation illustrates the importance of adding
anoparticles to the enhancement of the thermal conductivity of the
anofluid. This trend of variation is more apparent as 𝐷𝑎 grows, which
ntensifies the flow circulation. However, increase in Nusselt number
s not substantial, as only a 17% rise in 𝑁𝑢𝑛𝑓 is observed when 𝜙 is
ncreased from 0 to 0.04 for 𝐷𝑎 = 10−2.

Fig. 15 illustrates the impact of 𝜑 on the variations of 𝑁𝑢𝑛𝑓 and 𝑁𝑢𝑠
as functions of 𝛾. The trend of variation 𝛾 with is similar to the one
13
observed in the two previous graphs with 𝐷𝑎. For low 𝛾, typically less
than 1, 𝑁𝑢𝑛𝑓 and 𝑁𝑢𝑠 increase with a low slope with 𝛾, then an abrupt
rise in 𝑁𝑢𝑛𝑓 and 𝑁𝑢𝑠 is present when 𝛿 is between 1 and 100 due to the
improvement of the thermal conductivity of the fluid, before stabilizing
for 𝛾 greater than 100. The effect of 𝜙 on the variations of the two
Nusselt numbers is less pronounced for 𝑁𝑢𝑠 compared to 𝑁𝑢𝑛𝑓 , as the
nanoparticles mainly affect heat transfer in the nanofluid. Nonetheless,
similar to the observation of Fig. 14, Both Nusselt numbers increase
when 𝜙 is raised.

Fig. 16 shows the variations of 𝑁𝑢𝑛𝑓 and 𝑁𝑢𝑠 as functions of 𝐷𝑎 for
various values of 𝐴. For low 𝐷𝑎, approximatively less than 10−4, the
wo Nusselt numbers increase for higher values of 𝐴 and are maximum
or 𝐴 = 0.2. However, when 𝐷𝑎 is raised beyond that value, the
pposite trend occurs and both 𝑁𝑢𝑛𝑓 and 𝑁𝑢𝑠 have their minimal

values obtained for 𝐴 = 0.2. The effect of the amplitude 𝐴 on the
average Nusselt numbers depends on the value of 𝐷𝑎. In fact, for low
𝐷𝑎, when the flow circulation is hindered by the increased solid volume
in the porous medium, the rise of the undulation amplitude provides
better mixing in the fluid and better thermal transfer with the solid
matrix. When 𝐷𝑎 is increased, the convective effects are enhanced due
to the intensified flow circulation. In that case, raising the amplitude
of the undulations reduces the flow intensity due to the greater flow
boundary layer and the stagnant fluid zones that may occur in the wavy
wall crests.

For large values of Darcy number, Fig. 16(b) shows that the Nusselt
number increases by the increase of amplitude when 𝐴 in the range of
0 to 0.1. However, further increase of amplitude significantly decreases
the average Nusselt number of the solid phase. When the amplitude is
small, there is a uniform temperature gradient along hot surface and
the increase of the amplitude reduces the distance between the hot
and cold regions and boosts the temperature gradient and consequently
average 𝑁𝑢𝑠. However, a further increase of the amplitude results in
building regions between undulations with high temperatures but low
temperature gradients, which tend to change the trend of the results
and decrease 𝑁𝑢𝑠.

The effect of 𝜀 on the variations of 𝑁𝑢𝑛𝑓 and 𝑁𝑢𝑠 as functions of 𝐷𝑎
is illustrated in Fig. 17. For low 𝐷𝑎, the effect of 𝜀 is negligible, as the
flow resistance is great regardless of the porosity. On the other hand,
for 𝐷𝑎 greater than 10−4, raising 𝜀 leads to a considerable increase in
the Nusselt numbers, due to the enhanced flow circulation and resulting
heat transfer. 𝑁𝑢𝑛𝑓 gets 6 times higher when 𝜀 is raised from 0.2 to 0.8
for 𝐷𝑎 = 10−2.

5. Conclusions

The problem of natural convection steady flow and the heat trans-
fer concerning hybrid nanofluids inside a complex cavity with wavy
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hot and cold sidewalls is considered. The hybrid nanofluid was mod-
eled using the non-homogeneous procedure, and the distribution of
nanoparticles in the enclosure was analyzed using concentration con-
tours. The concentration of composite nanoparticles was low at the
enclosure’s central regions and high next to the walls. The significant
conclusions regarding the existing research will be summarized as
follows:

1. Raising the Darcy number 𝐷𝑎 intensifies the flow circulation due
to the increased permeability. This results in more important
convective effects and enhanced heat transfer. 4.5 and 2.7 times
respective increase is observed in 𝑁𝑢𝑛𝑓 and 𝑁𝑢𝑠 when 𝐷𝑎 is
varied from 10−5 to 10−2. The thermal equilibrium within the
solid and liquid in the porous medium remains more evident
for the lower 𝐷𝑎. The nanoparticles are concentrated near the
walls, with more important concentrations adjacent to the right
wavy cold surface, due to the thermophoretic force that moves
the particle from hot zones toward the cold ones.

2. Increasing the ratio of thermal conductivity 𝛾 within the
nanofluid and the solid matrix improves heat transfer due to
the nanofluid’s improved thermal conductivity. Moreover, rais-
ing 𝛾 improves the thermal equilibrium among the solid and
liquid phases and results in a more uniform distribution of the
nanoparticles and the interface within the porous and free liquid
zones.

3. A slight improvement in heat transfer is obtained when the
nanoparticle concentration is increased. 𝑁𝑢𝑛𝑓 raises by 17%
when 𝜙 is increased from 0 to 0.04 for 𝐷𝑎 = 10−2. Moreover, this
improvement is better when a hybrid water–Cu–Al2O3 is used
compared to other nanofluids.

4. The effect of the amplitude 𝐴 of the wall undulations depends on
the value of 𝐷𝑎. For low 𝐷𝑎, using a cavity with a greater value
of 𝐴 enhances heat transfer, while the opposite is observed for
higher values of 𝐷𝑎.

The summary of these results can be helpful for the design of
thermal systems based on nanofluids and porous media, to optimize
the design parameters for a better performance and lower cost. The
focus should be on the selection of the nanoparticles of the nanofluid,
as well as on the material of the porous medium and its permeability.
As observed, increasing the thermal conductivity ratio between the
nanofluid and the porous medium, and increasing the permeability in
the enclosure are more efficient in enhancing heat transfer compared
to the use of wavy walls instead of straight ones. In addition, using Cu-
Al2O3 based hybrid nanofluids was found more performant. However,
topics such as the cost associated with the different technical solutions
can be subject of future research.
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