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In this paper, we develop and apply a semi-analytical method called the Method of Directly Defining 
inverse Mapping (MDDiM) to obtain a series solution for the propagation of harmonic waves in a nonlinear 
generalized thermo-elasticity with relaxation time, heating, rotation, and magnetic field. We obtained third-

order approximate solutions for the displacement and the temperature fields of the waves with variations in the 
magnetic field, the relaxation time, and the rotation. The obtained results, with minimum errors, are presented 
graphically and discussed. Our new extended MDDiM out performs the existing Optimal Homotopy Analysis 
Method (OHAM) with minimum error and a faster convergent rate. The method can be applied to various 
systems of nonlinear partial differential equations arising in science and engineering.
1. Introduction

Nonlinear partial differential equations (PDEs) can be used to model 
many physical systems such as fluid flow, wave propagation, and pop-

ulation dynamics. Finding an analytical solution to a nonlinear partial 
differential equation is challenging, and techniques for finding solu-

tions exist for only some special cases of nonlinear PDEs. Since many 
real-world problems can be represented as systems of nonlinear partial 
differential equations, developing solution techniques for such models 
are a worthy pursuit. Homotopy Analysis Method (HAM) is one such 
techniques [1–3]. Liao [1] introduced HAM to solve a nonlinear ordi-

nary differential equation. Later, several investigators [4,5] found out 
that the HAM does not guarantee a convergent solution. Hence, they in-

troduced the Optimal Homotopy Analysis method (OHAM) to overcome 
from this obstacle. This Optimal Homotopy Analysis Method is a semi-

analytical method used to solve coupled nonlinear ordinary differential 
equations and systems of nonlinear ordinary differential equations.

Later, Liao [6] introduced an analytical method called the Method 
of Directly Defining the inverse Mapping (MDDiM). This method signif-

icantly reduces the computational time. He used this novel technique to 
solve a single nonlinear ordinary differential equation. Recently, Dewa-

surendra et al. [7–10] extended this method to solve systems of coupled 
nonlinear ordinary differential equations. Later, other researchers (see 

* Corresponding author.

E-mail address: kuppalapalle.vajravelu@ucf.edu (K. Vajravelu).

[11–14]) used successfully this method to solve systems of coupled non-

linear ordinary differential equations arising in real-world applications.

Motivated by the above studies, we extended MDDiM used to solve 
the systems of nonlinear ordinary differential equations to solve a sys-

tem of coupled nonlinear partial deferential equations. Further, as an 
example, we used this new method to analyze the harmonic wave 
propagation in a nonlinear thermo-elasticity with relaxation time, heat-

ing, rotation, and magnetic field [15]. As we know, propagation of 
harmonic waves appears in the study of circled fuel reactor, high-

temperature hydrodynamics, and thermo-elasticity problems. There are 
several real-world applications that describe this phenomenon such as, 
magneto-active elastomers which proposed to use in vibration control 
and robotic applications, thermo-magneto-mechanical coupling frame-

work for magneto-rheological elastomers and continuum modeling ap-

proaches [16–18].

2. Methodology

2.1. Construction of the inverse Mapping to solve a system of nonlinear 
partial differential equations

Consider a system of nonlinear partial differential equations

𝑁𝑗 [�̄�(�̄�)] = 0 �̄� ∈𝛺 𝑗 = 1,2, ...,𝑁, (1)
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subject to the boundary conditions

𝐵𝑖,𝑗 [�̄�(�̄�)] = 𝛽𝑖 �̄� = �̄�𝑖 𝑖 = 1,2, ..., 𝜇𝑗 , (2)

where, �̄�(�̄�) = {𝑢1(�̄�), 𝑢2(�̄�), ..., 𝑢𝑁 (�̄�)} is an unknown function, �̄� is an 
independent variable, 𝑁𝑗 denotes the non-linear operator, 𝐵𝑖,𝑗 denotes 
the linear operator, 1 < 𝜇𝑗 < 𝑛𝑗 are positive integers �̄�𝑖 ∈ 𝛺 and 𝛽𝑖 are 
constants.

By constructing a family of equations with one parameter together 
with a homotopy parameter 𝑞 ∈ [0, 1] to obtain continuous deformation 
equations,

𝜙(�̄�; 𝑞) = {𝜙1(�̄�; 𝑞), 𝜙2(�̄�; 𝑞), ..., 𝜙𝑁 (�̄�; 𝑞)},

(1 − 𝑞)𝐿𝑗 [𝜙𝑗 (�̄�; 𝑞);𝑢0,𝑗 (�̄�))] = 𝑞ℎ𝑗𝑁𝑗 [𝜙(�̄�; 𝑞)], 𝑞 ∈ [0,1], (3)

subject to the conditions

(1 − 𝑞)𝐵𝑖,𝑗 [𝜙𝑗 (�̄�; 𝑞);𝑢0,𝑗 (�̄�)] = 𝑞ℎ𝑗𝐵𝑖,𝑗 (𝜙(�̄�; 𝑞)) − 𝛽𝑖,𝑗 , �̄� = �̄�𝑖. (4)

By assuming

𝜙𝑗 (�̄�; 𝑞) = 𝑢0,𝑗 (�̄�) +
+∞∑
𝑘=1

𝑢𝑘,𝑗 (�̄�)𝑞𝑘,
1
𝑛!

𝜕𝑘

𝜕𝑞𝑘
𝜙𝑗 (�̄�; 𝑞)|𝑞=0 =𝐷𝑘𝜙𝑗 (�̄�; 𝑞), (5)

and applying homotopy derivative into the zeroth-order equations 
(3)-(4), one can develop the higher-order deformation equations in 
the framework of OHAM (see [6] and [7] for more details). However, 
finding the inverse operator to solve linear sub-problems is still compu-

tationally expensive. Here, the freedom of choosing the linear operator 
in OHAM led Liao to define an inverse linear mapping directly in MD-

DiM.

Let 𝑆∞,𝑗 = {𝛾1,𝑗 (�̄�), 𝛾1,𝑗 (�̄�), ...} be a linearly independent set of infinite 
number of base functions and define the space function as their linear 
combination to be 𝑉𝑗 =

∑+∞
𝑘=0 𝛾𝑘,𝑗 (�̄�). This is, the space where the approx-

imation solution comes from. Next, define the space for the initial guess 
𝑉 ∗
𝑗
=
∑𝜇𝑗
𝑘=0 𝛾𝑘,𝑗 (�̄�) by taking a linear combination of the first 𝜇𝑗 functions 

of the set 𝑆∞,𝑗 and 𝑉𝑗 =
∑+∞
𝑘=𝜇𝑗+1

𝛾𝑘,𝑗 (�̄�) so that 𝑉𝑗 = 𝑉𝑗 ∪ 𝑉 ∗
𝑗

. Simi-

larly, let 𝑆𝑅,𝑗 = {𝜓1,𝑗 (�̄�), 𝜓1,𝑗 (�̄�), ...} and then define 𝑈𝑗 =
∑+∞
𝑘=0 𝜓𝑘,𝑗 (�̄�)

so that 𝑢𝑗 (�̄�) ∈ 𝑈𝑗 . Finally by directly defining the inverse mapping 
𝒥 ∶ 𝑈𝑗 ⟶ 𝑉𝑗 , we obtain the following higher-order deformation equa-

tions for the MDDiM.

𝑢𝑘,𝑗 (�̄�) = 𝜒𝑘𝑢𝑘−1(�̄�) + 𝑐0,𝑗𝒥[𝛿𝑘−1,𝑗 (�̄�)] +
𝜇∑
𝑛=1

𝑎𝑘,𝑛,𝑗𝜑𝑛,𝑗 (�̄�). (6)

For the error analysis, we first consider the 𝑛-term solution (also called 
the approximate series solution) �̂�𝑗 (�̄�) = 𝑢0,𝑗 (�̄�) +

∑𝑛−1
𝑘=1 𝑢𝑘,𝑗 (�̄�) by using 

equation (6) and choosing appropriate initial guess 𝑢0,𝑗 (�̄�). Then by 
adding the first 𝑛 terms of the series solution, we define square residual 
error functions 𝐸𝑗 (ℎ) to find the ℎ values which give the optimal errors, 
as

𝐸𝑗 (ℎ) = ∫
𝛺

(𝑁𝑗 [�̂�𝑗 (�̄�)])2𝑑�̄� 𝑗 = 1,2, ...,𝑁. (7)

Sometimes, integration over an infinite domain is difficult. So, we 
used weighted sum in (8) to calculate the square residual error. Here 
𝑀 is the number of points we wish to use. This Square residual error 
function is a polynomial in ℎ that can be minimized.

𝐸(ℎ) = 1
𝑀

𝑀−1∑
𝑗=0

( [�̂�])2
(
𝑥𝑗
)

(8)

2.2. Example: propagation of harmonic waves in non-linear generalized 
magneto-thermoelasticity under the influence of rotations

Propagation of harmonic waves is very common in thermoelasticity 
problems, high-temperature hydrodynamics, and study of circled fuel 
reactor [19,20].
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The governing equations of harmonic wave propagation is a system 
of coupled nonlinear partial differential equations given by (for details 
see [15])(
1 + 𝜎1

)
𝑢𝑡𝑡 +𝛺𝑢𝑡 − 𝑢𝑥𝑥

(
1 − 𝜎2 + 2𝛾𝑢𝑥 + 3𝛿𝑢2𝑥

)
− 𝛽1

(
1 − 𝑖𝜔𝜏2

)
𝜃𝑥

− 𝛽2
(
𝜃𝑢𝑥

)
𝑥
= 0, (9)(

𝜃
(
1 − 𝑖𝜔𝜏1

)
− 𝑎𝑢𝑥

(
1 − 𝑖𝜔𝛿𝜏1

)
− 1

2
𝑏𝑢2𝑥

)
𝑡
−
[(
1 + 𝛼𝑢𝑥

)
𝜃𝑥
]
𝑥
= 0, (10)

where, 𝑥 and 𝑡 are independent variables, 𝑢(𝑥, 𝑡) and 𝜃(𝑥, 𝑡) are displace-

ment and the temperature fields respectively, 𝜎1, 𝜎2, 𝛺, 𝛾 , 𝛽1, 𝛽2, 𝑎, 𝑏, 
and 𝛼 are arbitrary constants.

The initial conditions are

𝑢(𝑥,0) = 𝜃(𝑥,0) =𝐴(1 − cos(𝑥)), (11)

𝑢𝑡(𝑥,0) = 𝜃𝑡(𝑥,0) = 0. (12)

Here, 𝐴 is an arbitrary constant and the boundary conditions are,

𝑢(0, 𝑡) = 𝜃(0, 𝑡) = 0, (13)

𝑢𝑡(0, 𝑡) = 𝜃𝑡(0, 𝑡) = 0. (14)

By taking the left hand side of equations (9) and (10) as the nonlin-

ear equations for this problem, we can write 𝑁1[𝑢(𝑥, 𝑡), 𝜃(𝑥, 𝑡)] = 0 and 
𝑁2[𝑢(𝑥, 𝑡), 𝜃(𝑥, 𝑡)] = 0 respectively. Now, we defined the sets

𝑉 =

{ ∞∑
𝑛=0

𝑐𝑛(1 − cos𝑥)𝑡𝑛 | 𝑐𝑛 ∈𝑅

}
, (15)

𝑉 ∗ =
{
𝑐𝑛(1 − cos𝑥) | 𝑐𝑛 ∈𝑅

}
(16)

𝑉 =

{ ∞∑
𝑛=1

𝑐𝑛(1 − cos𝑥)𝑡𝑛 | 𝑐𝑛 ∈𝑅

}
and (17)

𝑆 =

{ ∞∑
𝑛=0

𝑑𝑛(1 − cos𝑥)𝑡𝑛 | 𝑑𝑛 ∈𝑅

}
, (18)

𝑆∗ =
{
𝑑𝑛(1 − cos𝑥) | 𝑑𝑛 ∈𝑅

}
, (19)

�̂� =

{ ∞∑
𝑛=1

𝑑𝑛(1 − cos𝑥)𝑡𝑛 | 𝑑𝑛 ∈𝑅

}
. (20)

Note that 𝑉 = 𝑉 ∗ ∪ 𝑉 and 𝑆 = 𝑆∗ ∪ �̂�. Let the third-order approximate 
solutions for 𝑢(𝑥, 𝑡) and 𝜃(𝑥, 𝑡) be ∑3

𝑛=0 𝑢𝑛(𝑥, 𝑡)𝑞𝑛 and ∑3
𝑛=0 𝜃𝑛(𝑥, 𝑡)𝑞𝑛 re-

spectively. Plugging 𝑡 = 0 here and comparing coefficients of 𝑞0 together 
with initial conditions, we obtained initial guesses as

𝑢0(𝑥, 𝑡) =𝐴(1 − cos𝑥) ∈ 𝑉 ,

𝜃0(𝑥, 𝑡) =𝐴(1 − cos𝑥) ∈ 𝑆.

In the frame of the MDDiM, we have grate privilege to directly de-

fined the inverse mapping, 𝒥 ∶𝑈𝑗 ⟶𝛩𝑗 ,

𝒥[𝑡𝑘] = 𝑡𝑘+1

𝐵𝑘+ 1
for 𝑘 ≥ 0, (21)

where 𝐵 is constant to be chosen. The special solutions are

𝑢𝑘(𝑥, 𝑡) = 𝜒𝑘𝑢(𝑥, 𝑡)𝑘−1 + ℎ𝒥[𝐷1
𝑘−1] + 𝑎𝑘,0 + 𝑎𝑘,1𝑡 for 𝑘 ≥ 1, (22)

𝜃𝑘(𝑥, 𝑡) = 𝜒𝑘𝜃(𝑥, 𝑡)𝑘−1 + ℎ𝒥[𝐷2
𝑘−1] + 𝑏𝑘,0 + 𝑏𝑘,1𝑡 for 𝑘 ≥ 1, (23)

where 𝑎𝑘,0, 𝑏𝑘,0, 𝑎𝑘,1 and 𝑏𝑘,1 determined by 𝑢𝑘(𝑥, 0) = 0, 𝜃𝑘(𝑥, 0) = 0, 
𝑢𝑘(0, 𝑡) = 0 and 𝜃𝑘(0, 𝑡) = 0 respectively.

Here 𝜒𝑘 is a step function defined by,

𝜒𝑘 =

{
0 𝑘 ≤ 1
1 𝑘 > 1,

and
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Fig. 1. Solution curves for 𝑢(𝑥, 𝑡) and 𝜃(𝑥, 𝑡) respectively, when 𝜏1 = 0 and 𝜏2 = 1.

Fig. 2. Solution curves for 𝑢(𝑥, 𝑡) and 𝜃(𝑥, 𝑡) respectively, when 𝜏1 = 1 and 𝜏2 = 0.
𝐷1
𝑘−1 =

1
(𝑘− 1)!

(
𝜕𝑘−1

𝜕𝑞𝑘−1
𝑁1

[ 3∑
𝑛=0

𝑢𝑛(𝑥, 𝑡)𝑞𝑛,
3∑
𝑛=0

𝜃𝑛(𝑥, 𝑡)𝑞𝑛
])

, (24)

𝐷2
𝑘−1 =

1
(𝑘− 1)!

(
𝜕𝑘−1

𝜕𝑞𝑘−1
𝑁2

[ 3∑
𝑛=0

𝑢𝑛(𝑥, 𝑡)𝑞𝑛,
3∑
𝑛=0

𝜃𝑛(𝑥, 𝑡)𝑞𝑛
])

. (25)

3. Results and discussion

Using the above equations we obtained the following first four terms 
of the series solutions for 𝑢(𝑥, 𝑡) and 𝜃(𝑥, 𝑡) (Figs. 1 and 2).

𝑢(𝑥, 𝑡) =𝐴(1 − cos𝑥) − 2ℎ𝑡(𝐴 cos𝑥)(1 − 𝜎2 + 3𝛿𝐴2 sin2 𝑥) + 𝛽1𝐴 sin𝑥)

+ 2ℎ𝑡𝐴(1 − 𝜎2) + ℎ(−(135(𝐴4 cos𝑥5𝛿2 + (4∕15)𝐴3 cos𝑥4𝛽2𝛿

− (8∕5)𝛿((1∕3)𝐴 sin𝑥𝛾 +𝐴2𝛿 + (1∕8)𝐴𝛽2 − (1∕6)𝜎2

+ 1∕6)𝐴2 cos𝑥3 − (11∕45((2∕11(𝛼𝛽2 + (3∕2)𝛽1𝛿))𝐴 sin𝑥+𝐴2𝛽2𝛿

+ (−(2∕33)𝜎2 + 4∕33)𝛽2 + (4∕33)𝛽1(−𝛼𝑖𝜔𝜏2 + 𝛼 + 𝛾)))𝐴 cos𝑥2

+ ((16∕45(𝐴2𝛾𝛿 − (1∕24)𝛽1𝛽2 − (1∕12)𝛾(𝜎2 − 1)))𝐴 sin𝑥

+ (3∕5)𝐴4𝛿2 + (7∕45)𝐴3𝛽2𝛿 − (2∕9)𝛿(𝜎2 − 1)𝐴2

− (1∕135)𝛽2(𝜎2 − 2)𝐴+ (1∕135)(𝜎2 − 1)2) cos𝑥+ (((2∕135)𝛼𝛽2

+ (1∕45)𝛽1𝛿)𝐴2 + (1∕135)𝐴𝛽1𝛽2 − (1∕135)𝛽1(𝑖𝜔𝜏2 + 𝜎2 − 2)) sin𝑥

+ (1∕45)𝐴(𝐴2𝛽2𝛿 + (−(1∕3)𝜎2 + 2∕3)𝛽2

+ (2∕3)𝛽1(−𝛼𝑖𝜔𝜏2 + 𝛼 + 𝛾))))ℎ𝐴𝑡2∕(𝐵 + 1)

− (135(−(1∕45)𝐴2𝛺 cos𝑥3𝛿 + (1∕45)𝛺(𝐴2𝛿 − (1∕3)𝜎2 + 1∕3) cos𝑥

+ (1∕135) sin𝑥𝛺𝛽1 + (1∕135)𝛺(𝜎2 − 1)))ℎ𝐴𝑡) + ... (26)

𝜃(𝑥, 𝑡) =𝐴(1 − cos𝑥)) − 2ℎ𝑡(𝛼𝐴2 cos𝑥 sin𝑥+ (1 + 𝛼𝐴 sin𝑥)𝐴 cos𝑥)

+ 2ℎ𝑡𝐴+ ℎ((−𝛼𝐴 cos𝑥ℎ(𝛼𝐴2 sin𝑥2 − 2𝛼𝐴2 cos𝑥2

(2

0.
fo

𝜏2

3.

fo

ra

in

ti

𝑁

𝐸
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+ (1 + 𝛼𝐴 sin𝑥)𝐴 sin𝑥) − 𝛼ℎ(𝐴 cos𝑥(1 − 𝜎2 + 3𝐴2𝛿 sin𝑥2)

+ 18𝐴3 cos𝑥 sin𝑥2𝛿 − 6𝐴3 cos𝑥3𝛿 + 𝛽1𝐴 sin𝑥)𝐴 sin𝑥

− (1 + 𝛼𝐴 sin𝑥)ℎ(7𝛼𝐴2 cos𝑥 sin𝑥+ (1 + 𝛼𝐴 sin𝑥)𝐴 cos𝑥)

− 𝛼ℎ(𝐴 sin𝑥(1 − 𝜎2 + 3𝐴2𝛿 sin𝑥2) − 6𝐴3 cos𝑥2𝛿 sin𝑥

− 𝛽1𝐴 cos𝑥)𝐴 cos𝑥)𝑡2∕(𝐵 + 1) + (−𝑖𝜔𝜏1 + 1)(ℎ(−𝛼𝐴2 cos𝑥 sin𝑥

− (1 + 𝛼𝐴 sin𝑥)𝐴 cos𝑥) + ℎ𝐴)𝑡

+ 𝑎(𝛿𝑖𝜔𝜏1 − 1)ℎ(𝐴 sin𝑥(1 − 𝜎2 + 3𝐴2𝛿 sin𝑥2) − 6𝐴3 cos𝑥2𝛿 sin𝑥

− 𝛽1𝐴 cos𝑥)𝑡− 𝑏𝐴 sin𝑥ℎ(𝐴 sin𝑥(1 − 𝜎2 + 3𝐴2𝛿 sin𝑥2)

− 6𝐴3 cos𝑥2𝛿 sin𝑥− 𝛽1𝐴 cos𝑥)𝑡) + ... (27)

The optimal values of ℎ for third-order approximate solutions of 
6) and (27) obtained by setting 𝐵 = 1 and 𝛿 = 1, 𝜎1 = 0.2, 𝜎2 = 0.1, 𝛺 =
1, 𝑎 = 0.5, 𝐴 = 0.001, 𝑏 = 0.5, 𝛼 = 1, 𝛽1 = 0.5, 𝛽2 = 0.05, 𝛾 = 1 and 𝜔 = 0.02
r the following cases (see Table 2 and 4).

Solutions are more accurate when 𝜏1 = 0 and 𝜏2 = 1 than 𝜏1 = 1 and 
= 0 case (see Table 1). The results are presented in Tables 2 and 4.

1. Error calculation

We calculated the squared residual errors 𝐸(ℎ) of 𝑢(𝑥, 𝑡) and 𝜃(𝑥, 𝑡)
r the four term solutions. To compute the ℎ (converge control pa-

meter) values for two cases, we evaluated the error function defined 
 equation (28) and minimized it over ℎ. Here we used the equa-

on of weighted sum (see equation (8)) to calculate the errors when 
=𝑀 = 50. (See Figs. 3–6.)

(ℎ) = 1
𝑁 ⋅𝑀

𝑁−1∑
𝑖=0

𝑀−1∑
𝑗=0

(
𝑘

[
𝑢

(
𝑖

𝑀
,
𝑗

𝑀

)
, 𝜃

(
𝑖

𝑀
,
𝑗

𝑀

)])2
for 𝑘 = 1,2

(28)
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Table 1

MDDiM approximate solutions for 𝑢 and 𝜃 for two cases.

𝑥 𝑡 𝑢(𝑥, 𝑡) 𝜃(𝑥, 𝑡)

When 𝜏1 = 0 and 𝜏2 = 1 When 𝜏1 = 1 and 𝜏2 = 0 When 𝜏1 = 0 and 𝜏2 = 1 When 𝜏1 = 1 and 𝜏2 = 0

0 0 0 0 0 0

5 5 0.0025188 0.0028808 0.00046146 0.0004615

10 10 0.0204884 0.0219394 0.00850872 0.0046576

15 15 0.0507389 0.0542651 0.02977487 0.0085087

20 20 0.1020411 0.1096074 0.03919234 0.0297775

25 25 0.1214099 0.1280485 0.03975977 0.0397598

30 30 0.0546584 0.0497893 0.39192342 0.3919234
Case I: When 𝜏1 = 0 and 𝜏2 = 1

Table 2

Comparison of MDDiM results with OHAM results when 𝜏1 = 0
and 𝜏2 = 1 (order 3).

MDDiM results OHAM results

ℎ 𝐸(ℎ) ℎ 𝐸(ℎ)

𝑢(𝑥, 𝑡) −0.36306 6.69465 × 10−7 −0.97543 7.9675 × 10−7

𝜃(𝑥, 𝑡) −0.53009 1.08924 × 10−5 −0.97543 2.1432 × 10−5

Table 3

Comparison of MDDiM results of second and third order approx-

imate solutions when 𝜏1 = 0 and 𝜏2 = 1.

Second-order Third-order

ℎ 𝐸(ℎ) ℎ 𝐸(ℎ)

𝑢(𝑥, 𝑡) 0.91701 8.06243 × 10−6 −0.36306 6.69465 × 10−7

𝜃(𝑥, 𝑡) −0.52501 1.25752 × 10−5 −0.53009 1.08924 × 10−5

Fig. 3. Corresponding error graphs for 𝑢(𝑥, 𝑡) and 𝜃(𝑥, 𝑡) are curve 1 and curve 2 
respectively, when 𝜏1 = 0 and 𝜏2 = 1 (order 3).

Case II: When 𝜏1 = 1 and 𝜏2 = 0

Table 4

Comparison of MDDiM results with OHAM results when 𝜏1 = 1
and 𝜏2 = 0 (order 3).

MDDiM results OHAM results

ℎ 𝐸(ℎ) ℎ 𝐸(ℎ)

𝑢(𝑥, 𝑡) −0.37241 1.93730 × 10−5 −0.95623 1.37312 × 10−3

𝜃(𝑥, 𝑡) −0.53009 4.40052 × 10−7 −0.95623 1.3242 × 10−2
110
Table 5

Comparison of MDDiM results of second and third order approxi-

mate solutions when 𝜏1 = 1 and 𝜏2 = 0.

Second-order Third-order

ℎ 𝐸(ℎ) ℎ 𝐸(ℎ)

𝑢(𝑥, 𝑡) 0.95968 2.60704 × 10−5 -0.37241 1.93730 × 10−5

𝜃(𝑥, 𝑡) -0.676613 4.60369 × 10−7 -0.53009 4.40052 × 10−7

Fig. 4. Corresponding error graphs for 𝑢(𝑥, 𝑡) and 𝜃(𝑥, 𝑡) are curve 1 and curve 2 
respectively, when 𝜏1 = 1 and 𝜏2 = 0 (order 3).

Fig. 5. Corresponding error graphs for 𝑢(𝑥, 𝑡), for order 2, when 𝜏1 = 0 and 𝜏2 = 1
curve 1 and when 𝜏1 = 1 and 𝜏2 = 0 curve 2, and for order 3, when 𝜏1 = 0 and 
𝜏2 = 1 curve 3 and when 𝜏1 = 1 and 𝜏2 = 0 curve 4, respectively.

When the errors of second and third order approximation solutions 
of displacement 𝑢(𝑥, 𝑡) and temperature 𝜃(𝑥, 𝑡) fields are compared, we 
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Fig. 6. Corresponding error graphs for 𝜃(𝑥, 𝑡), for order 2, when 𝜏1 = 0 and 𝜏2 = 1
curve 1 and when 𝜏1 = 1 and 𝜏2 = 0 curve 2, and for order 3 when 𝜏1 = 0 and 
𝜏2 = 1 curve 3 and when 𝜏1 = 1 and 𝜏2 = 0 curve 4, respectively.

can clearly observe that the squared residual errors become smaller 
when we include higher order terms (see Tables 3 and 5).

In Tables 2 and 3, our MDDiM results are compared with the OHAM 
results of [15]. From these tables, we can conclude that the convergence 
rate of MDDiM solutions is much faster than those of OHAM solutions.

4. Conclusions

In this study, we developed the Method of Directly Defining the in-

verse Mapping to solve a system of coupled nonlinear partial differential 
equations. The study also shows how to apply MDDiM for a system of 
coupled partial differential equations and the ability of MDDiM as a 
relatively efficient computational device for obtaining solutions to prob-

lems arising in real-world applications. The computations and graphs 
associated with the example in this paper are generated using the maple 
package 16. We obtained the approximate solutions with less compli-

cated terms in terms of series solutions to reduce the computational 
time. Our MDDiM solutions are in good agreement with the solutions 
obtained by other analytical methods. By comparing both MDDiM and 
OHAM results, we can conclude that MDDiM solutions converge much 
faster than those of the OHAM solutions. Moreover, this novel method 
can be used to analyze more complicated models that arise in Science 
and Engineering.
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