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Abstract

In this investigation, a comprehensive and accurate numerical analysis of the local thermal non-equilibrium effects on
he natural convection characteristics in a horizontal elliptical porous annulus saturated with nanofluid has been carried out
sing finite volume technique. The internal surface is isothermally heated while the external one is fixed at uniform lower
emperature. The nanofluid phase and the solid phase of the porous structure are out of local thermal equilibrium situation.
he heat and the hydrodynamics equations in their dimensionless form under Darcy–Brinkman Forchheimer model were solved
omputationally by the finite volume technique using the standard SIMPLER algorithm. The results have been examined for
arious porous medium properties under the LTNE condition. The standard 0.05 significance level was used to identify the
ocal thermal equilibrium within the system. According to the obtained results, the higher the Darcy number and the smaller
he non-dimensional heat transfer coefficient for the solid/nanofluid interface, the modified thermal conductivity ratio and the

edia’s porosity, the higher are the LTNE effects. In addition, the spatial distribution contours of the LTNE sources within the
orous annulus were schematized.
2021 International Association for Mathematics and Computers in Simulation (IMACS). Published by Elsevier B.V. All rights

eserved.

eywords: Natural convection; Nanofluid; Thermal local non-equilibrium (LTNE); Darcy–Forchheimer model; Elliptical annulus

1. Introduction

Because of the numerous industrial applications including thermal isolation, heat exchangers, electronic
omponents cooling, thermal reservoirs, petroleum processing, groundwater, drying, nuclear reactors, solar energy,
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uel cells, building energy technology, combustion technology, and so on [17,25,28,33,34,37], the process of
onvective transport in porous materials is a very active field of research. The importance of the convective transport
n porous materials has attracted numerical, analytical, and experimental studies in recent years in order to improve
he efficiency of their utilization in industrial applications [4,18,21,22,29,31,32,35,41–43,46].

It is said that thermal-convection in porous materials saturated by fluids occurs in local thermal equilibrium
LTE) when the temperatures of the rigid matrix and those of the fluid phase in the porous structure are identical
nd similar throughout the study domain. Otherwise, heat transfer in the porous media is carried out outside of the
ocal thermal equilibrium (LTNE). From a practical standpoint, the LTNE approach is important in porous media
pplications such as cooling computer microprocessors with porous metal foams [10], food drying/freezing [47],
icrowave heating [13], and so on.
Many computational, theoretical, and experimental studies have been conducted to better understand the thermo-

onvection mechanism within fully or partially porous systems saturated with different fluids under the LTNE
pproach. In this inventory, we expose some most recent works related to our study. Badruddin et al. [9] employed
EM to computationally examine the heat transport caused by LTE and LTNE in a porous annulus with a square
ection. The LTNE effects are determined by using an extra heat equation that quantifies the heat distribution
n the porous structure’s solid matrix, which is separate from the fluid phase. Wu et al. [40] used the LTNE
ssumption to explore the impact of sinusoidal thermal boundary conditions with partial heating vertical walls
n thermo-free convection in a porous domain occupied with a regular fluid. It was claimed that increasing the
eat transfer coefficient between the two porous media phases, as well the heat conductivity ratio leads to the LTE
ituation in the porous medium. Chamkha et al. [11] investigated 2-D thermo-free-convection in a cavity with three
arts: the first is solid, the second is filled with hybrid nanofluids, and the third is a porous layer loaded with
ybrid nanofluid under LTNE condition. The natural convective heat transfer was observed to be increased as the
ortion of the cavity that is filled with the hybrid nanofluid expanded. Using the LTNE approach for the porous
tructure and Buongiorno’s model for the nanofluid, Sheremet and Pop [36] investigated thermo-free convection
n an angled porous chamber loaded with a nanofluid as a function of size and location of a hot part on the
avity bottom. It was discovered that reducing the gap between the hot part and the cold wall on the left could
nhance the thermal exchange performance. Computational investigation via the Galerkin finite element method
n thermo-buoyancy-driven convection within a porous cavity utilizing the LTNE and Darcy models is addressed
y Mehryan et al. [27]. They found that decreasing nanoparticles’ concentration and increasing modified thermal
onductivity reduces the LTNE effects. Non-equilibrium thermal convective nanofluid transport features in a porous
oam metal are simulated by Xu et al. [45]. Three different cases were considered. In another study, Xu et al. [44]
onducted a CFD investigation of thermal convective transport along with an entropy generation analysis of a
anofluid in porous foams considering LTNE condition between the flowing nanofluid and the metal foam. Findings
how that the Nusselt number rises with decreasing porosity and rising Reynolds number, permeability, the thermal
onductivity of nanomaterials and solid matrix, and nanoparticles’ concentration. Izadi et al. [24] used the LTNE
odel to simulate magneto-natural convective transport of a hybrid nanofluid flowing in a porous domain with

wo semi-cylindrical heat sources and two magnetic sources mounted to the walls. They suggested that the local
hermal equilibrium model is justified at high Hartmann numbers. Alsabery et al. [7] elaborated a computational
nvestigation of the thermo-buoyancy-driven convection in nanofluid-filled different porous domains with irregular
alls by adopting the LTNE and the Forchheimer–Brinkman-extended Darcy designs. They evaluated the influence
f involved physical parameters to demonstrate the LTNE effects within the porous domain. Ahmed [1] designed a
FD code based on Galerkin finite element method (FEM) to model the nanoliquid flow and thermal characteristics
ithin an inclined anisotropic non-Darcy porous domain using the LTNE model. The thermal equilibrium state was

onfirmed to be validated for Nield numbers larger than 100. Izadi et al. [23] investigated thermal-free convection of
uO–water micropolar nanofluid inside a square domain filled with a porous media using the LTNE. They reached

he conclusion that increasing the thermal conductivity ratio lowers the mixture’s thermal resistance, which promotes
he rate of heat exchange. The combination of the two heat transfer modes (convection and conduction) in a porous
omain outside the local thermodynamic equilibrium saturated by a hybrid nanofluid was performed by Ghalambaz
t al. [19]. They examined the effects of hybrid nanofluid and porous medium proprieties on the heat transfer
nside the system. Ali et al. [5] employed the Galerkin finite element method to simulate thermo-free convection
f nano-encapsulated phase change materials saturating porous media enclosed between two cylindrical cylinders

nder LTNE condition. Effects of Rayleigh number, Stefan number, melting point temperature, the concentration of
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Table 1
Water-based fluid and copper nanomaterials properties [14,15].

Cp(J/kg K) λ (W/m K) ρ(kg/m3) β (1/K)

Water (Pr = 6.2) 4179 0.613 997.1 21 × 10−5

Cu (d p = 30 nm) 385 401 8933 1.67 × 10−5

the nanoparticles, cylinders’ radii ratio, annulus’s eccentricity, Darcy number, media’s porosity, and non-dimensional
heat transfer coefficient for the solid/nanofluid interface have been examined. A transient computational analysis of
free convection in a partly porous chamber equipped with a thermo-generating/conducting portion on the bottom
wall using the LTNE approach is carried out by Astanina et al. [8]. The influence of physical parameters on the heat
transfer and the flow within the enclosure is investigated. Alomar et al. [6] studied laminar- thermo-buoyancy-driven
convective flow in a non-Darcian porous square chamber equipped with L shape heated plate. It was found a strong
influence of non-Darcian design and LTNE effects on the thermo-convection process within the domain. Recently,
Wang et al. [39] constructed LB models for the thermo-buoyancy-driven convection process in a porous chamber
with a circular cylinder using the LTNE approach. The temperature-dependent viscosity is investigated, and it was
found to have a major impact on fluid and solid heat transfer. Other related works, such as in refs. [2,3,20,26,38]
can be found in the literature.

Despite its significant engineering applications in the heat exchangers industry as well as in solar thermal
nstallations, and previous research available to date, thermo-natural convection in porous annuli remains an issue
hat requires further investigation. Here, we were interested in assessing the effects of LTNE on thermo-free
onvection in a horizontal elliptical porous annulus saturated with a nanofluid. The outcomes have been evaluated
or various porous medium properties under the LTNE condition. The standard 0.05 significance level was used to
dentify the LTE within the system. In addition, the spatial distribution contours of the LTNE sources within the
orous annulus were represented.

. Modeling approach

.1. Physical model definition

The 2-D steady thermo-free convection problem in a porous annulus delimited by double horizontal elliptical

ylinders with eccentricities of e1 =

√
A2

1−B2
1

A1
= 0.9 and e2 =

√
A2

2−B2
2

A2
= 0.4, respectively as sketched in Fig. 1. The

internal surface having a constant hot temperature Th , while the external surface is fixed at constant cold temperatures
Tc. The domain’s borders are considered to be impermeable. The Forchheimer–Brinkman-extended Darcy design,
as well as the Boussinesq approximation, is considered. The convective heat transfer between the solid and the
nanofluid phase is outside of LTNE situation. The heat transfer agent within the annulus is a water-based nanofluid
containing copper nanomaterials. Table 1 gives the based liquid and nanomaterials properties [14,15].

2.2. Nanofluids properties

The following formulas are established to estimate the overall thermal properties of the employed nanoliquid:

ρn f = (1 − φ) ρ f + ρCuφ (1)

(ρCp)n f = (1 − φ) (ρCp) f + (ρCp)Cuφ (2)

(ρβ)n f = (1 − φ) (ρβ) f + (ρβ)Cuφ (3)

For the dynamic viscosity and heat conductivity, Corcione correlations were employed [12]:

µn f = µ f /(1 − 34.87
(
dcu/d f

)−0.3 (φCu)1.03) (4)

Here: d f = 0.385 nm is the diameter of water molecule

λn f = λ f (1 + 4.4Re0.4 Pr0.66 (
T/T f r

)10 (
λcu/λ f

)0.03 (φCu)0.66) (5)

Wherever, Re is determined as:

Re = 2k ρ T/πµ2 d (6)
b f f cu
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Fig. 1. Schematic diagram of the porous annulus system.

2.3. Governing equations

In the LTNE approach, heat transfer occurs between solid matrix and working nanofluid. In such an approach,
two energy equations should be introduced. By considering the assumptions mentioned in the previous section, the
motion and heat equations for the incompressible Newtonian nanofluid, steady state and laminar flow through a
porous material can be formulated as:

∂u
∂x

+
∂v

∂y
= 0 (7)

ρn f

ε2

(
u
∂u
∂x

+ v
∂u
∂y

)
= −

∂p
∂x

+
µn f

ε

(
∂2u
∂x2 +

∂2u
∂y2

)
−

(
µn f

K
u −

1.75
√

150ε3/2

ρn f u |U|
√

K

)
(8)

ρn f

ε2 (u
∂v

∂x
+ v

∂v

∂y
) = −

∂p
∂y

+
µn f

ε

(
∂2v

∂x2 +
∂2v

∂y2

)
−

(
µn f

K
v −

1.75
√

150ε3/2

ρn f v |U|
√

K

)
+ (ρβ)n f g(Th − Tc) (9)

u
∂T f

∂x
+ v

∂T f

∂y
=

ελn f

(ρC p)n f

(
∂2T
∂x2 +

∂2T
∂y2

)
+

h(Ts − T f )
(ρC p)n f

(10)

(1 − ε)λs

(
∂2Ts

∂x2 +
∂2Ts

∂y2

)
= h(Ts − T f ) (11)

We define:⎧⎨⎩
u =

∂ψ

∂y

v = −
∂ψ

∂x

(12)

Here:

|U | =

√
u2 + v2

K =
ε3d3

m

150(1 − ε)2
m is the porous bed’s mean particle size.
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Fig. 2. Variation of the Nu f _avg and Nus_avg with the grid size at Ra=105, Da=10−3 H = 1, γ = 10, φ = 0.02, and ε=0.5.

We implemented the following dimensionless parameters to formulate the above equations in their non-
imensional form:

(X, Y ) =
(x, y)

L
, (U, V ) =

(u, v)
α f

L , P =
p
p0
, p0 = ρ f

α2
f

L2 , θ =
T f − Tc

Th − Tc
, θs =

Ts − Tc

Th − Tc
,

Ψ =
ψ

α f
, λe f f = (1 − ε)λs + ελ f , γ =

ελ f

(1 − ε)λs
, H =

hL
εk f

, F =
1.75

ε1.5
√

150
,

Ra =
gβ f (Th − Tc)L3

υ f α f
, Pr =

υ f

α f

With:

L = (A2 − A1)/2.

The dimensionless equations are written as follows:

∂U
∂X

+
∂V
∂Y

= 0 (13)

1
ε2

(
U
∂U
∂X

+ V
∂U
∂Y

)
= −

∂P
∂X

+
ρ f

ρn f

µn f

µ f

Pr
ε

(
∂2U
∂X2 +

∂2U
∂Y 2

)
−
ρ f

ρn f

µn f

µ f

Pr
Da

U

−
F

√
U 2 + V 2
√

Da
U (14)

1
(U
∂V

+ V
∂V

)

ε2 ∂X ∂Y
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Fig. 3. Comparison of stream function and temperature isolines with Ref. [16] for two different Rayleigh.

= −
∂P
∂Y

+
ρ f

ρn f

µn f

µ f

Pr
ε

(
∂2V
∂X2 +

∂2V
∂Y 2

)
−
ρ f

ρn f

µn f

µ f

Pr
Da

U −
F

√
U 2 + V 2
√

Da
V

+
(ρβ)n f

ρn f β f
Ra Prθ f (15)

1
ε

(
U
∂θ f

∂X
+ V

∂θ f

∂Y

)
=
λe f f

λ f

(ρC p) f

(ρC p)n f

(
∂2θ f

∂X2 +
∂2θ f

∂Y 2

)
+

(
ρC p

)
f(

ρC p
)

n f

H (θs − θ f ) (16)

∂2θs

∂X2 +
∂2θs

∂Y 2 = +γ H (θs − θ f ) (17)⎧⎨⎩
U =

∂Ψ

∂Y
V = −

∂Ψ

∂X

(18)

he dimensionless boundary conditions are written as:{
Inner ellipse surface : U = V = Ψ = 0 and θs = θ f = 1

Outer ellipse surface : U = V = Ψ = 0 and θ f = 0
(19)

o evaluate the heat exchange rate, we calculate the local and mean Nusselt numbers on the hot ellipse as:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Nu f =
λe f f

λ f

(
∂θ f

∂n

)
n

Nus =
λs

λ f

(
∂θs

∂n

)
n

Nu f avg =
1
s

∫ s

0
Nu f ds

Nus avg =
1
s

∫ s

0
Nusds

(20)

here s is the dimensionless length along the hot ellipse surface.
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Fig. 4. Effect of Da on streamlines, fluid phase isothermal lines, solid phase isothermal lines, and non-equilibrium thermal source contours

hen Ra = 105, γ = 10, H = 10, and ε = 0.5.

3. Numerical approach and code validation

The non-dimensional transport equations that govern the solution of the problem are solved using the finite
volume formulation [30]. The momentum and energy equations are solved by the second-order upwind method,
whereas the pressure and velocity are coupled by SIMPLE algorithm. The under-relaxation technique is adopted
to promote stability during the iteration process. A value of 10−6 was selected as a convergence criteria for all
equations in order to obtain sufficiently accurate results. Grid sensitivity test was performed for the representative
values of Ra = 105, ε = 0.5, Da=10−3, H=1, γ=10 and φ=0.02 to establish the independence of the grid on
the numerical solutions. Results for mean Nusselt numbers of the two constituent phases of the porous structure
considering various grid sizes are portrayed in Fig. 2. Consequently, a grid of 51 × 121 was retained. Further,
our code was validated by comparing the computed numerical data quantitatively and qualitatively against results

Elshamy et al. [16] (see Fig. 3 and Table 2).
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Fig. 5. Effect of H on streamlines, fluid phase isothermal lines, solid phase isothermal lines, and non-equilibrium thermal source contours
when Ra = 105, Da=10−3, γ = 10, and ε = 0.5.

Table 2
Comparison of mean Nusselt numbers with those observed by Ref. [16] for various values of Rayleigh.

Our data Ref. [16] (Pr = 0.70, e1 = 0.9, e2 = 0.4)

Rayleigh (Ra) 104 6 × 104 2 × 105 104 6 × 104 2 × 105

Outer boundary 1.14 1.81 2.35 1.19 1.78 2.22
Inner boundary 3.53 5.48 7.21 3.53 5.5 7.25

4. Results and discussion

In the following section of the study, we attempt to examine the effects of LTNE condition between the phases of
he porous structure on thermal-free convection inside a nanofluid-saturated elliptical porous annulus by reporting
he effect of the relevant dimensionless parameters, e.g. Da, ε, H, and γ on streamlines, thermal distributions in the

uid of the fluid and solid mediums, non-equilibrium thermal source contours, flow intensity, and heat transfer rates

131



T. Tayebi, A.J. Chamkha, H.F. Öztop et al. Mathematics and Computers in Simulation 194 (2022) 124–140

0

Fig. 6. Effect of γ on streamlines, fluid phase isothermal lines, solid phase isothermal lines, and non-equilibrium thermal source contours
when Ra = 105, Da=10−3, H = 10, and ε = 0.5.

at a given Rayleigh number (Ra=105) and nanomaterials concentration in the water (φ = 0.02). The isothermal maps
of the nanofluid phase are the results of Eq. (16), which describe the solution of the dimensionless heat equation
within the nanofluid phase, and the isothermal maps of the solid matrix are the results of Eq. (17) which describe the
solution of the dimensionless heat equation in the solid phase of the porous structure. Also, in order to accurately
identify the spatial distribution of the LTNE sources within the porous medium, several criteria have been admitted
in the literature. The criterion adopted in this study is based on the difference in local temperatures of the fluid
phase and the solid phase at each point in the computational domain. The dimensionless temperature differences
maps ∆θ = (θ f − θs) through which we can delineate the zones where there is a LTE and the zones where there is
a LTNE are graphically plotted. Besides, the absolute temperature differences are averaged on the total volume of
the domain as:

⏐⏐∆θ ⏐⏐ =
1
V

∫ ⏐⏐(θ f − θs)
⏐⏐ dV . Based on the standard 0.05 significance level, a result value lower than

.05 means that the LTE case is verified.
Fig. 4 depicts the effects of the Darcy parameter (Da) on the stream function isolines (Ψ ), isothermal lines of

the fluid phase (θ ), isothermal lines of the solid phase (θ ), and non-equilibrium thermal source contours within
f s
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Fig. 7. Effect of ε on streamlines, fluid phase isothermal lines, solid phase isothermal lines, and non-equilibrium thermal source contours

hen Ra = 105, Da=10−3, γ = 10, and H = 10.

the porous medium (∆θ ) at a given non-dimensional heat transfer coefficient for the solid/nanofluid interface (H
= 10), modified thermal conductivity (γ = 10), and porosity (ε = 0.5). The streamlines show that the flow forms
a symmetric pair of counter-rotating vortices within the porous annulus under the effect of the buoyancy-driven
motion generated between the hot internal boundary and the cold external boundary for all Darcy numbers. It is
also seen that for the low magnitude of Darcy number, due to low permeability, the streamlines demonstrated a
very weak nanofluid circulation because the porous matrix restricts the flow and prevents the nanofluid from freely
permeating through the porous medium, resulting in weak flow circulation. Besides that, the isotherms of both
phases in the annulus are almost parallel, concentric, and correspond to the active walls, indicating that the heat
transfer occurs essentially by the conduction mode. In this stage, heat is observed to be simply distributed from
the hot inner boundary to the cold outer boundary through the porous annulus. When Darcy’s number increases,
the porous matrix provides less resistance to the nanofluid motion, the convection enhances, and the mode of heat
transfer shifts from conductive mode at low Da into convective mode at high Da. It should be noted that an inactive
flow region (inert zone) has formed at the lower extremity of the porous annulus.
133
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Fig. 8. Effect of Da on Nu f _avg , Nus_avg , and |Ψmax | when Ra = 105, H = 10, ε = 0.5.

Moreover, at low Da, the dimensionless fluid-to-solid temperature differences contours, (∆θ ) in Fig. 4 show
hat the highest LTNE source zones are visible in the lower portion of the porous annulus (with negative values
ndicating that the solid temperatures are greater than those of the nanofluid) and in the upper part of the annulus
with positive values indicating that the nanofluid temperatures are greater than those of the solid), while the lowest
TNE source zones are on both sides of the annulus. As the Darcy number increases, the highest LTNE source
one in the upper region rises toward the top of the annulus and expands along the cold outer surface, while the
ighest LTNE source zone in the bottom region stretches along the hot inner surface except for the thermal plume
hat develops on the top of the hot ellipse. At this stage, LTE can be found in the inactive region in the lower
xtremity of the porous annulus. The values of

⏐⏐∆θ ⏐⏐ and
⏐⏐∆θ ⏐⏐max are found to be augmented with Da indicating

that the effects of the LTNE are more important at high Darcy numbers, resulting in a notable difference in the
isothermal lines’ distribution between the two phases in the porous annulus. Furthermore, regarding the values of⏐⏐∆θ ⏐⏐, and since are less than the standard 0.05 significance level, it can be stated that the LTE case is considered
erified in the entire porous system for all values of Da when H = 10, γ = 10, and ε = 0.5.

The implications of the non-dimensional heat transfer coefficient for the solid/nanofluid interface (H) on the
treamlines, isothermal lines distribution of nanofluid and solid phases, and dimensionless temperature differences
ontours inside the porous annulus are depicted in Fig. 5. The other parameters are kept constant as Da=10−3,

= 10, and ε = 0.5. As shown, increasing H raises the stream function’s maximum value, implying that
he convection is enhanced due to improved thermo-exchange nanofluid/solid matrix within the porous annulus.
urthermore, augmenting H causes the temperature difference between the nanofluid phase and the solid phase in

he porous annulus to be as small as possible, implying that increasing H makes the LTE situation easier to achieve,
r in another word, the LTE approach would be adequate at higher values of H. Besides that, as shown by the

⏐⏐∆θ ⏐⏐
values in this figure, LTE is considered verified in the entire porous annulus for H > 10.

Fig. 6 shows the consequences of the change in the thermal conductivity ratio (γ ) on Ψ , θ f , θs , and (∆θ ). An
examination of this figure reveals that the nanofluid flow circulation decreases with γ . This is because augmenting
134
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Fig. 9. Effect of H and γ on Nu f _avg , Nus_avg , and |Ψmax | when Ra = 105, Da=10−3, ε = 0.5.

he heat conductivity of the nanofluid phase increases the amount of heat transfer compensation between phases.
s a result, more thermal energy is lost which leads to a weaker convective flow. Consequently, when the ratio of

hermal conductivity between the two phases is very low, the convective heat transfer between the solid matrix and
he nanofluid is weak, and hence, the LTNE effects are found to be at their strongest and attained at large distances.
t is also possible to indicate that the situation of the LTE in the entire system is verified for γ >10 though H is
eak (H = 10) as one can see it by the values of

⏐⏐∆θ ⏐⏐.
According to Fig. 7, the flow motion within the porous annulus is observed to be augmented as the media’s

orosity value increases, since a porous medium with a high porosity provides more ability for the fluid to move
reely within the annulus. Changing ε parameter has little effect on the shape of the flow vortices relative to their
trength. In addition, LTNE effects become even larger when ε takes smaller values.

Fig. 8 describes the mean Nusselt numbers for the fluid phase (Nu f avg) and the solid phase (Nus avg), and flow
strength flow intensity |Ψmax |) variations with Da for different γ when Ra = 105, H = 10, ε = 0.5. It is clear that
as Da augments, for a given γ , the mean Nusselt number of both nanofluid and solid phases augments, notably for

a > 10−4 because of a stronger nanofluid circulation. The converging values of Nu f avg and Nus avg at lower Da
ignal the LTE situation, as previously stated. The effects of γ on Nusselt numbers are more significant for high
a values with more important progression for Nus avg. It can also be seen that the nanofluid circulation strength

increases with Da at a given γ and decreases with γ at given Da.
Effects of H and γ on Nu f avg , Nus avg , and |Ψmax| when Ra = 105, Da=10−3, ε = 0.5 are portrayed in Fig. 9.

hrough these curves, we realize that at low values of γ especially, Nu f avg undergoes a rapid decrease with H,
while Nus avg follows an inverse behavior due to the fact that the decrease in Nu f avg is compensated by an increase
in Nus avg . It is to note that at high values of γ , Nu f avg becomes independent of H, while Nus avg increase with H
or all values of γ except for γ = 0.1. Besides, Nu f avg is observed to increase with γ for all values of H, except for

lower H (H = 1) where Nu f avg is found independent of γ , while Nus avg increase with γ for all H values. Further,
the nanofluid circulation decreases rapidly with γ , notably for high H values where the heat transfer compensation
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b
t

Fig. 9. (continued).

etween phases of the porous medium is at its maximum. While, the intensity of the nanofluid recirculation within
he annulus enhances as H increase and becomes independent of H for high values of γ .

Fig. 10(a)–(b) show that the decrease in the porosity (ε) causes an increase in the average Nusselt numbers
(Nu f avg and Nus avg). This can be attributed to the enhancement in the porous medium’s effective heat conductivity.
Moreover, as is seen in Fig. 10(c), the natural convective nanofluid flow is improved with the increment in the ε
parameter

Table 3 presents some benchmark results for the case of (Ra = 105 and ε = 0.5). The results confirm that the
higher the value of Da and the smaller value of H and γ , the higher are the LTNE effects.

5. Conclusion

The following outstanding results were obtained through this investigation:

• Increasing Da, and ϵ lead to an enhancement of the thermo-natural convective circulation of nanofluid within
the porous annulus irrespective of the values of γ and H.

• The nanofluid circulation is found to increase with H until it becomes independent of it for high values of γ ,
and it decreases with γ , notably for large values of H.

• Heat transfer rate can be enhanced for both phases within the porous annulus by increasing Da, notably for
Da > 10−4.

• Nu f avg can be decreased by increasing H. The decrease in Nu f avg is compensated by an increase in Nus avg .
When the parameter γ is high enough, Nu f avg is independent of the H parameter.

• Increasing γ is accompanied by a rise in Nus avg . Additionally, increasing γ improves Nu f avg , which is
particularly noticeable when H is high.

• Increasing ε is accompanied by a diminish in both Nu and Nu .
s avg f avg
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Fig. 10. Effect of ε on Nu f _avg , Nus_avg , and |Ψmax | when Ra = 105, Da =10−3, H = 10.

• High LNTE effects sources are located at the top of the porous annulus with θ f > θs , and at the bottom with
θs > θ f . The values of

⏐⏐∆θ ⏐⏐ and
⏐⏐∆θ ⏐⏐max are found to be augmented by augmenting Da and diminishing H,

γ and ε.
• LTNE effects were suggested to be more significant at higher Da
• The higher the value of Da and the smaller value of H, γ and ε, the higher are the LTNE effects.

Nomenclature
• A Ellipse’s major axis (m)
• B Ellipse’s minor axis (m)
• C p Massic heat capacity (J/kg K)
• Da Darcy number
• F Forchheimer coefficient
• H Heat transfer coefficient for the solid/nanofluid interface
• g Gravitational acceleration (m/s−2)
• K Permeability (m2)
• kb Boltzmann’s constant, 1.380648 × 10−23 (J/K)
• L Characteristic length (m)
• p, P Pressure (Pascal) and dimensionless pressure
• T Temperature (K)
• T f r Freezing point of the base liquid (K)
• u, v Velocities (m/s)
• U, V Nondimensional velocities
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Table 3
Benchmark results for

⏐⏐(∆θ )
⏐⏐ when Ra = 105 and ε = 0.5.

•x, y Cartesian coordinate system (m)
•X, Y Nondimensional Cartesian coordinate system
Greek letters
• α Thermal diffusivity (m2/s)
• β Thermal expansion coefficient (1/K)
• γ Modified thermal conductivity ratio
• φ Solid fraction of the nanomaterials
• θ Nondimensional temperature
• ψ,Ψ Stream function (m2/s) and dimensionless stream function
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• λ Thermal conductivity (W/m K)
• µ Fluid dynamic viscosity (kg/m s)
• υ Fluid kinematic viscosity (Pa s)
• ρ Density (kg/m3)
• ε Porosity of the porous medium
Subscripts
• avg Average
• c Cold
• Cu Copper
• f Fluid (water)
• h Hot
• p Porous
• nf Nanoliquid
• s Solid
Abbreviations
• LTE Local Thermal Equilibrium
• LTNE Local Thermal Non-Equilibrium
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[13] D.D. Dinčov, K.A. Parrott, K.A. Pericleous, Heat and mass transfer in two-phase porous materials under intensive microwave heating,

J. Food Eng. 65 (3) (2004) 403–412.
[14] A.S. Dogonchi, A.J. Chamkha, D.D. Ganji, A numerical investigation of magneto-hydrodynamic natural convection of Cu–water

nanofluid in a wavy cavity using CVFEM, J. Therm. Anal. Calorim. 135 (4) (2019) 2599–2611.
[15] A.S. Dogonchi, M.A. Ismael, A.J. Chamkha, D.D. Ganji, Numerical analysis of natural convection of Cu–water nanofluid filling

triangular cavity with semicircular bottom wall, J. Therm. Anal. Calorim. 135 (6) (2019) 3485–3497.
[16] M.M. Elshamy, M.N. Ozisik, J.P. Coulter, Correlation for laminar natural convection between confocal horizontal elliptical cylinders,

Numer. Heat Transfer 18 (1) (1990) 95–112, http://dx.doi.org/10.1080/10407789008944785.
[17] M.H. Esfe, M. Bahiraei, H. Hajbarati, M. Valadkhani, A comprehensive review on convective heat transfer of nanofluids in porous

media: Energy-related and thermohydraulic characteristics, Appl. Therm. Eng. 178 (2020) 115487.
[18] X.B. Feng, Q. Liu, Y.L. He, Numerical simulations of convection heat transfer in porous media using a cascaded lattice Boltzmann

method, Int. J. Heat Mass Transfer 151 (2020) 119410.
[19] M. Ghalambaz, M.A. Sheremet, S.A.M. Mehryan, F.M. Kashkooli, I. Pop, Local thermal non-equilibrium analysis of conjugate free

convection within a porous enclosure occupied with Ag–MgO hybrid nanofluid, J. Therm. Anal. Calorim. 135 (2) (2019) 1381–1398.
[20] N.S. Gibanov, M.A. Sheremet, H.F. Oztop, N. Abu-Hamdeh, Effect of uniform inclined magnetic field on mixed convection in a
lid-driven cavity having a horizontal porous layer saturated with a ferrofluid, Int. J. Heat Mass Transfer 114 (2017) 1086–1097.

139

http://refhub.elsevier.com/S0378-4754(21)00407-9/sb1
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb1
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb1
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb2
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb2
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb2
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb3
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb3
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb3
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb4
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb4
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb4
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb5
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb5
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb5
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb6
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb6
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb6
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb7
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb7
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb7
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb8
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb8
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb8
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb9
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb9
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb9
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb10
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb11
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb11
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb11
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb12
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb12
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb12
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb13
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb13
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb13
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb14
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb14
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb14
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb15
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb15
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb15
http://dx.doi.org/10.1080/10407789008944785
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb17
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb17
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb17
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb18
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb18
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb18
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb19
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb19
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb19
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb20
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb20
http://refhub.elsevier.com/S0378-4754(21)00407-9/sb20
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