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Abstract
A nanofluid flow under the influence of magnetic field with heat generation/absorption is considered in the cooling of elec-
tronic systems, nuclear reactors and physical phenomena such as geology. For the first time, in the present work, natural 
convection heat transfer in a two-dimensional enclosure with three types of wall shapes filled with a cu-water nanofluid in 
terms of the effect of Brownian motion of nanoparticles with heat generation/absorption and in the presence of a magnetic 
field is investigated by using the Lattice Boltzmann Method (LBM). The left vertical wall of the enclosure is examined in 
two modes: constant temperature heating and linear temperature heating and the cold wall of the enclosure in three different 
forms (a) diagonal, (b) curved and (c) smooth. The effect of parameters such as the Hartmann number, nanoparticle volume 
fraction, heat generation/absorption coefficient, cold wall shape and the type of wall heating on the nature of flow and heat 
transfer is investigated. The results of the authors' research were validated with other sources, and the accuracy of the out-
puts was ensured. The outcomes of research show that in all instances, increasing the strength of the magnetic field and the 
heat generation/absorption coefficient decrease the average Nusselt number. In addition, the effect of Hartmann number in 
various states is different. The highest heat transfer also occurs when the vertical wall has a constant temperature. In this 
case, the average Nusselt number is about 35% higher on average. The effect of the magnetic field is greater when the cold 
wall is smooth. By keeping all the parameters constant, the diagonal wall design increases the average Nusselt number by an 
average of about 30%. The effect of adding nanoparticles to the base fluid on decreasing or increasing the average Nusselt 
number depends on the Hartmann number and the heat generation/absorption coefficient. Using this numerical simulation, 
a comprehensive view on the optimal design of heat transfer from equipment can be obtained.

Keywords Heat generation/absorption · Lattice Boltzmann method · Magnetic field · Nanofluid · Natural convection · 
Variation of wall shape

List of symbols
Bo  Magnetic field strength (T)
c  Lattice speed (m  s−1)
Cp  Specific heat at constant pressure (J  kg−1  K−1)
d  Nanoparticle diameter
F (N)  External forces
f  Functions of density distribution
feq  Equilibrium density distribution functions
g  Internal energy distribution functions
geq  Equilibrium internal energy distribution 

functions
g  Gravity vector (m  s−2)

H  Cavity length (m)
Ha  Hartmann number
k  Thermal conductivity (w  m−1  K−1)
Nu  Nusselt number
Pr  Prandtl number
Q  Heat absorption/generation coefficient (W  K-1)
Ra  Rayleigh number
T  Temperature (K)
u(u,v)  Velocity components (m  s−1)
x (x,y)  Cartesian coordinates (m)

Greek symbols
α  Thermal diffusivity  (m2  s−1)
β  Thermal expansion coefficient  (K−1)
τf  Relaxation time for flow
τg  Relaxation time for temperature
υ  Kinematic viscosity  (m2  s−1)
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ρ  Density (kg  m−3)
µ (pa s)  Dynamic viscosity
φ  Solid volume fraction
σ  Electrical conductivity  (s3A2kg−1m−1)
θ  Dimensionless temperature

Greek symbols
c  Cold
f  Fluid
h  Hot
nf  Nanofluid
p  Particle

Introduction

Through the rapid advancement in the electronics industry, 
there are some essential problems related to the cooling of 
its products, and therefore, the greater the performance, the 
higher the heat generation. As a consequence, ordinary cool-
ing methods and common coolants do not meet the cool-
ing requirements for electronic chips with high heat flux. 
As a result, high efficiency electronic devices require new 
approaches and coolants having great thermal performance 
to dissipate their generated heat for reaching expected effi-
ciency and reliability [1]. According to the recent researches, 
the cooling systems with liquids as coolant are the most effi-
cient approaches in modern electronics cooling. The investi-
gations performed show nanofluids, suspensions containing 
solid nanoparticles, demonstrate noticeably greater thermal 
attributes compared with conventional coolants [2]. Nemati 
et al. [3] investigated the effect of adding copper nanoparti-
cles to the base fluid by considering the effect of Brownian 
motions on the forced convection heat transfer within the 
wavy cavity. The results showed that increasing the volume 
fraction of nanoparticles generally increases the Nusselt 
number. Tahmooressi et al. [4] studied the effect of adding 
nanoparticles on natural convection heat transfer based on 
variable thermal conductivity. The results showed that the 
shape, placement and size of nanoparticles have a significant 
effect on the amount and nature of heat transfer. Siavashi 
et al. [5] investigated the effect of adding aluminum oxide 
nanoparticles to the non-Newtonian base fluid in the two-
phase mode and reported the optimal ratio of the thermal 
conductivity of the nanofluid to the base fluid.

Natural convection heat transfer has always been of inter-
est to researchers and engineers in various sectors of the 
industry, such as engineering and geophysical systems, due 
to its ease of use, low noise, and the elimination of moving 
components such as fans [6–10]. Since in natural convec-
tion heat transfer systems, fluid motion is caused by tem-
perature or concentration differences, this motion is weak, 

and as a result, the design of the geometric shape can affect 
heat transfer [11]. Therefore, designing systems based on 
natural convection heat transfer is very practical and chal-
lenging, because it is used in cases such as solar collectors 
and air conditioning in buildings. Under the influence of a 
magnetic field, nanofluid has the property of having both 
magnetic and fluid properties. Fluid flow is affected by the 
magnetic field in the cooling of electronic systems, nuclear 
reactors, physical phenomena such as geological phenom-
ena and atmospheric currents is important to note [12–16]. 
Numerous researches have been done in this field numeri-
cally, laboratory and analytically. Sheikholeslami et al. [17] 
investigated the effect of magnetic field on the natural con-
vection heat transfer of water-copper nanofluid by the lattice 
Boltzmann method. The results showed that increasing the 
strength of the magnetic field reduces the velocity of the 
fluid flow and heat transfer. Sheremet et al. [18] investigated 
the effect of increasing the Hartmann number on the natural 
convection heat transfer of water-copper nanofluid within a 
wavy wall inclined chamber. Ghasemi and Siavashi [19] and 
Ashorynejad and Shahriari [20] studied the effect of increas-
ing the volume fraction of nanoparticles and Hartmann num-
ber on the natural convection heat transfer inside a square 
porous chamber and the natural convection heat transfer 
inside a wavy semi-open chamber by numerical method.

The results of a study by Ma et al. [21] on natural con-
vection heat transfer of nanofluid within a U-shaped cavity 
showed that increasing the strength of the magnetic field 
causes the suppression of flow fluid and slowing down the 
speed and rate of heat transfer. Taybi et al. [22] examined the 
heat transfer of natural convection heat transfer of nanofluid 
inside a square cavity with a circular heater under a magnetic 
field. Their results show that in all values of the Hartmann 
and Rayleigh numbers, increasing the volume fraction of 
solid to base fluid leads to increasing the average Nusselt 
number. Increasing the Rayleigh number also increases the 
effect of the Hartmann number on reducing heat transfer. In 
addition, increasing the Rayleigh number and the volume 
fraction of the solid and decreasing the Hartmann number 
increase the strength of the vortices formed inside the cavity.

Garandet et al. [23] presented an analytical method for 
studying the effect of a magnetic field on natural convection 
within a two-dimensional cavity. Sajjadi et al. [24] examined 
the effect of the magnetic field on the natural convection 
heat transfer inside three-dimensional cavities based on the 
lattice Boltzmann multiple-relaxation-time model. Their 
results show that increasing the Grashof number and buoy-
ancy power affect the influence of the magnetic field and 
also for all values of the Grashof number, increasing the 
Hartmann number leads to decreasing the average Nusselt 
number. Sheikholeslami et al. [25] investigated the natural 
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convection heat transfer of nanofluids by considering the 
effects of Brownian motion with different shapes under the 
effect of magnetic field. The results showed that the tem-
perature gradient decreased with increasing the Hartmann 
and Rayleigh numbers. The shape of the nanoparticles also 
affects the rate of heat transfer.

Heat generation/absorption plays a very important role 
in various phenomena such as nuclear energy and combus-
tion modeling. One of the methods used by researchers to 
enhance the thermal performance of energy systems is to 
transfer heat to the cavity under the influence of a magnetic 
field with heat generation/absorption [26–30]. Hussain et al. 
[31] investigated the effect of heat generation/absorption on 
the natural convection heat transfer of nanofluid within a 
three-dimensional cavity numerically. Tayebi et al. [32] also 
investigated the effect of heat generation/absorption on the 
entropy generation of nanofluid inside the elliptical cham-
ber. The results showed that the highest flow power inside 
the chamber and the average Nusselt number are observed 
in the highest values of heat production coefficient and heat 
absorption coefficient, respectively.

Jami et al. [33] numerically investigated the natural con-
vection heat transfer within a square cavity with a circular 
cylinder in which there was heat generation/absorption. 
Mahmoudi et al. [34] studied the natural convection heat 
transfer of nanofluid inside a semi-open cavity in the pres-
ence of a magnetic field using the lattice Boltzmann method. 
Their results show that the heat transfer rate decreases with 
the rise of the Hartmann number and increases with the 
augmentation of the Rayleigh number. The nanoparticles 
effect is more important at a high Rayleigh number. Also, the 
nanoparticles effect is more important for heat generation 
condition than heat absorption condition. Abbasi et al. [35] 
examined the natural convection heat transfer of nanofluid 

under the influence of a magnetic field inside a square cavity 
with a wall with a linear temperature distribution with heat 
generation/absorption. The results showed that increasing 
the strength of the magnetic field reduces the rate of heat 
transfer and the changes in heat generation / absorption coef-
ficient have a significant effect on the flow and heat transfer 
shape, so that increasing the heat generation/absorption coef-
ficient increases the maximum value of the stream function.

Nemati et al. [36] investigated the mixed convection 
within a porous chamber by moving the walls in different 
directions due to uniform/periodic magnetic field and heat 
generation/ absorption by the Boltzmann lattice method. 
One of the points to consider in the research on the natural 
convection of nanofluids is the mismatch between experi-
mental results and numerical work [37]. Perhaps one of the 
reasons for this discrepancy is the lack of purpose of some 
phenomena, including the effect of Brownian motion on the 
natural convection heat transfer coefficient. The Brownian 

Fig. 1  Geometry of the present 
study with three AB ways: a 
diagonal wall, b curved wall, c 
smooth wall
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Table 1  Thermophysical properties of base fluid(water) and nanopar-
ticles (copper) [52]

Thermo-physical proper-
ties

Base fluid (water) Nanoparticles(copper)

Cp∕Jkg
−1K−1 4179 385

�∕kgm−3 997.1 8933
k∕Wm−1K−1 0.631 401
�∕K−1 21 ×  10–5 1.67 ×  10–5

�∕s3A2kg−1m−1 0.05 5.96 ×  107

�∕Pa ⋅ s 0.001003 –
d∕nm 0.384 100
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motion of nanoparticles in nanofluids is actually a random 
and continuous motion in the fluid. Fluid molecules con-
stantly strike nanoparticles and scatter them inside the fluid 
[38, 39]. In the present paper, the effect of this phenomenon 
on the thermal conductivity of nanofluid is considered.

Advances in technology and the need to install electronic 
components in confined spaces have made the issue of natural 
convection heat transfer in formable (non-square) enclosures 
important and necessary. In most recent studies, square and 
rectangular cavities have become more common for a variety 
of reasons, including the simplicity of the computational field. 
Shaped enclosures are used in microchannels, the casting indus-
try, and the placement of an electronic component in unwanted 
spaces [40–44].

In recent years, the lattice Boltzmann method has grown sig-
nificantly in fluid flow analysis as an alternative to conventional 
methods in computational fluid dynamics. The advantage of this 
method compared to other conventional methods is the ease of 
application of boundary conditions, simpler calculations and 
parallelism, which is widely used to solve problems with com-
plex geometry [45–50].

The objective of this study is to investigate numerically the 
magnetic field effect and the heat generation or absorption effect 
on natural convection heat transfer in a Cu-water nanofluid filled 
two-dimensional cavity with different geometries and different 
thermal boundary condition. The Lattice Boltzmann Method is 
applied to solve the coupled equations of flow and temperature 
fields. The study of wall shape in the presence of the mentioned 
effects such as heat generation/ absorption, magnetic field and 
nanofluid using the lattice Boltzmann method has not been 
studied so far. The results of LBM are validated with previous 
numerical investigations. The effects of the Hartmann number, 
heat generation/absorption coefficient, cold wall shape, volume 
fraction of nanoparticles and the type of the vertical wall heating 
of the cavity are researched.

The different parts of the essay are organized as follows: 
The second part describes the physical model of the present 
study. In the third part, the governing equations, in forth section 
numerical method and in the fifth part, the validation of the 
present work with previous studies along with independence 
of the solution from the selection network are presented. The 
analysis and expression of the simulation results are presented 
in the sixth section. Finally, in the seventh section, the summary 
of the outcomes of the present work is written.

Problem statement

The geometry of the problem is shown in Fig. 1. According 
to Fig. 1, point A is connected to point B in three ways: (a) 
a diagonal wall, (b) a curved wall, and (c) a smooth wall. 

The height of the cavity is twice the length of the cavity. The 
AB wall is examined in two modes: constant temperature 
heating and linear temperature heating, and the other walls 
are at a constant cold temperature. The magnetic field is 
applied on the cavity from left to right and perpendicular to 
the gravity force.

The cavity is filled with a suspension of copper nano-
particles in water with a volume fraction of � . The studied 
flow is laminar, Newtonian, two-dimensional, steady and 
incompressible, using the Boussinesq approximation and the 
heat transfer of radiation and the loss of viscosity is negli-
gible. The base fluid and the nanoparticles are in thermal 
equilibrium and the nanofluid is assumed to be similar to 
a pure fluid.

Brownian particle velocity is up =
2kBT

��fd
2
p

 that  kB is Boltz-

mann constant, which is equal to 1.3807 ×  10–23 (J/0 K). The 
effective electrical conductivity ( �nf ), the effective density 
( �nf ), the heat capacitance ( (cp)nf ), the thermal  expan-
sion coefficient ( �nf ), the thermal diffusivity ( �nf ), the effec-
tive dynamic viscosity ( �nf ), and the thermal conductivity 
of the nanofluid ( knf ) are, respectively, defined as below 
[51]:
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Fig. 2  Lattice arrangement for  D2Q9
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The thermophysical properties of nanoparticles and base 
fluids are presented in Table 1.

Considering the effect of the Brownian motion, the value 
of the thermal conductivity of the nanofluid is greater than 
that which is not considered. Equations (1-7) are for nano-
fluids containing spherical nanoparticles with volume frac-
tion between 1 and 8% and the base fluid can be ethylene 
glycol or water [52]. In this relationship, parameter c is an 
experimental coefficient that for water-copper nanoparticles 
is 36000 and  df and  dp are the diameters of water molecules 
and copper nanoparticles, respectively.

The purpose of this study is to investigate the effect of heat 
generation/absorption coefficient (q = −10, −5, 0, + 5, + 10), 
Hartmann number (Ha = 0, 15, 30, 45 and 60), type of verti-
cal wall heating of the cavity, volume fraction ( � = 0,0.03 and 
0.06) and the shape of the cold wall of the cavity on the natu-
ral convection heat transfer. In the present work, the Rayleigh 
number is  105.

Governing equations

Considering the incompressible flow and the application of 
the Boussinesq approximation, the equations of mass conser-
vation, momentum and energy are presented in Eqs. (8) to 
(11) [39].

By using dimensionless parameters in relation (12), the 
governing equations are written as relations (13) to (16).

(4)(��)nf = (1 − �)(��)f + �(��)p

(5)�nf =
knf(

�Cp

)
nf

(6)�nf = �f(1 − �)−2⋅5

(7)
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kp

kf
(1 + cPe)
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dp

�
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�u
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Q
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Numerical method

Flow field and temperature field

Two distribution functions fi and gi are used to calculate 
the flow field density and the temperature field at each 
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Fig. 3  The boundary of the curved wall and the nodes
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lattice node, respectively. The present work employs two 
distribution functions for the flow and temperature fields 
that satisfy the equations of continuity, the Navier–Stokes 
and the energy equations at the macroscopic scale and are 
applied  D2Q9 grid arrangement to both fields. Figure 2 
shows the lattice arrangement for  D2Q9. The details and 
form of this grid arrangement and its advantages are men-
tioned in various references [53].

The macroscopic variables are related to the distribu-
tion functions as follows [53]:

The evolution equations are [53]:

where Δt denotes lattice time step which is set to unity and 
Fi is the effect of Buoyancy and magnetic force in the form 
of a source term in Eq. (18) [52].

For a two-dimensional model  (D2Q9), the lattice velocities 

are chosen to be

(17)� =
∑

i

fi, �u(x, t) =
∑

i

fici, T =
∑

i

gi

(18)

f
i

(
x + ciΔt, t + Δt

)
= f

i
(x, t) −

[
f
i
(x, t) − f

eq

i
(x, t)

]

�f
+ Fi

(19)g
i

(
x + ciΔt, t + Δt

)
= g

i
(x, t) −

[
g
i
(x, t) − g

eq

i
(x, t)

]

�g
+

Q

(�Cp)nf
(T − Tc)

(20)Fi =
�iciF

c2
s

, F = (��)nfg(T − Tc) −
Ha2�nf

H2
v

τf and τg τg are independent relaxation parameters for flow 
and temperature field, respectively.

ωi is the weighting factor with ω0 =
4∕9 , ω1−4 =

1∕9 , 
ω5−8 =

1∕36 . The equilibrium distribution functions are 
given as below [34]:

In order to ensure the correct operation of the present code 
in the non-compressible mode range, the characteristic speed 
for natural convection heat transfer must be much smaller 
than the sound speed in the fluid. In the present work, the 

(21)
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Table 2  Average Nusselt number on hot wall for pure fluid for dif-
ferent mesh sizes in variations of Hartmann number and wall shapes, 
q = 0 = ϕ and linear temperature heating

Mesh size 20×40 40×80 80×160 160×320

Diagonal Ha = 0 5.128 5.345 5.466 5.525
Error (%) _ 4.12 2.21 1.05
Ha = 60 4.815 4.925 5.001 5.047
Error (%) _ 2.23 1.52 0.95

Curved Ha = 0 3.735 3.891 4.012 4.065
Error (%) _ 4.15 3.01 1.35
Ha = 60 3.013 3.132 3.211 3.246
Error (%) _ 3.76 2.55 1.09

Smooth Ha = 0 3.698 3.875 4.001 4.082
Error (%) _ 4.75 3.25 2.01
Ha = 60 2.725 2.835 2.916 2.957
Error (%) _ 4.01 2.75 1.45

Table 3  Comparison of the average Nusselt Number on the hot wall 
between the present work and Reference [56]

Ha Present work Reference [56] Percentage 
of differ-
ence

0 13.18 12.23 0.98
50 12.77 12.75 1.21
100 12.13 13.18 2.04

Table 4  Comparison of the average Nusselt Number on the hot wall 
between the present work, references [57] and [58]

Ra ϕ Present work Reference [57] Reference [58]

104 0 2.021 1.997 2.013
0.05 2.191 2.099 2.185

105 0 4.001 3.972 3.995
0.05 4.295 4.263 4.285
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characteristic speed is considered to be 0.1 of the speed of 
sound. It should be noted that with the constant numbers of 
Rayleigh number, Prandtl number and Much number, the kin-
ematic viscosity is calculated as follows [54]:

It should also be noted that the convergence criterion in the 

present work is considered as  � =

N∑
i=1

M∑
j=1
�Tn+1−Tn�

N∑
i=1

M∑
j=1

�Tn�
≤ 10−7 that 

n and n + 1 represent the old and new time phases, χ repre-
sent the permissible error, and N and M represent the num-
ber of nodes in the x and y directions, respectively.

Boundary conditions

The bounce back model has been used to model the smooth 
walls [53]. For example, for the left vertical wall of the cavity, 
for the boundary conditions of velocity and temperature are 
defined as below:

To calculate the velocity and temperature on curved 
boundaries, methods provided by Tao et al. [55] have been 
used. Figure 3 shows the curved boundary and their grid 
arrangement.

In this method, out of the nodes in the solid boundary 
area, only nodes enter the computational domain adjacent to 
the curved boundary. These nodes are marked with the subti-
tle b. The intersection of the network's eighty directions with 
the curved boundary with the subtitle w is shown. The first 
and second nodes in each of the mentioned directions within 
the computational area are also denoted by the subtitles f 
and ff, respectively. In this method, after the collision step, 
the density and energy distribution functions for the nodes 
adjacent to the boundary within the domain are calculated 
using the extrapolation and with the temperature conditions 
and curve boundary velocity.

For the streaming step, the calculated distribution func-
tions in the solid boundary nodes are transferred to the 
nodes within the solution domain. The extrapolation will 
be from the first or second order, depending on the intersec-
tion of the curved boundary and the grid network directions. 
For this purpose, the parameter Δ is defined in the form 

(25)υf =

√
Pr

Ra
MacsH

(26)f1 = f3, f5 = f7, f8 = f6

(27)g1 = Th(�1 + �3) − g3

(28)g8 = Th(�8 + �6) − g6

(29)g5 = Th(�5 + �7) − g7

Δ = ||xf − xw
||∕||xf − xb

|| to be used to calculate density and 
energy distribution functions.

It is necessary to state that the vertical and diagonal/
curved/smooth walls of the cavity are at a constant hot and 
cold temperature, respectively. Mathematical relations of 
the boundary conditions of the present simulation are in the 
form of relation (30).

Grid independence study and model 
validations

To obtain a suitable lattice that leads to the independence 
of the results from the selected network, the lattice with 
dimensions of 20 × 40, 40 × 80, 80 × 160 and 160 × 320 
were selected. According to Table 2, it can be seen that 
for a network with dimensions larger than 80 × 160, no 
significant change is seen in the results and the accuracy 
of the results can be ensured. In order to save time and cost 
and with a maximum error of 2.01%, the network with the 
above dimensions was selected for simulation.

In order to check the numerical method and ensure the 
performance of natural convection heat transfer simula-
tion by the present code under the influence of a mag-
netic field, the present numerical code has been validated 
with the published study of reference [56] for the same 
cavity which is given in Table 3 for Ra =  105. In this test 
case, natural convection occurs inside the square chamber 
while the left wall of the chamber has a linear temperature 
distribution. To validate the model used for nanofluids, 
the present work is compared with the published study of 
References [57] and [58] with same conditions in Table 4. 
For validation of numerical code on curved boundaries, 
a comparison has been made with Reference [59] shown 
in Fig. 4. According to the validations performed, the 
correctness of the code written in Fortran language was 
confirmed.

(30)
Hotwall ∶ U = V = 0, � = 1, Coldwall ∶ U = V = 0, � = 0

Fig. 4  Comparison of isothermal lines for Ra =  105 between a numer-
ical study by Reference [59] and b the present work
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Results and discussion

Due to the validation of the computer program and ensuring 
the accuracy of the results, in this section the results of the 
simulations are presented and expressed.

The aim is to investigate the effect of the parameters such 
as Hartmann number (Ha), heat generation/absorption coef-
ficient (q), nanofluid volume fraction (ϕ), cold wall shape 
and the type of cavity heating on the nature and function of 
natural convection heat transfer.

Figure 5 shows the stream lines for different values of 
heat generation/absorption coefficient and three Hartmann 
numbers in constant temperature heating. As can be seen in 
Fig. 5, for the Hartmann number less than 30 (Ha < 30) and 
for the values of heat generation/absorption coefficient less 
than + 5 (q <  + 5), only the clockwise rotation inside the cav-
ity is formed. For the values greater than zero heat genera-
tion/absorption heat coefficients (q > 0), a secondary vortex 
is formed with a lower power for q =  + 5 and a higher power 

for q =  + 10 near the hot wall. Because with increasing heat 
generation coefficient, nanofluid temperature increases and 
heat transfer from the fluid to the hot wall takes place. But 
for the Hartmann number (Ha = 60), only one vortex is cre-
ated except in q =  + 10.

In all cases, increasing the Hartmann number reduces the 
maximum value of the stream lines, as increasing the mag-
netic field strength reduces the nanofluid velocity inside the 
cavity. For example, in absence heat generation/absorption, 
increasing the Hartmann number from 0 to 60 reduces the 
maximum value of stream lines by 84%. Also, increasing the 
heat generation/absorption coefficient leads to an increase in 
the nanofluid velocity inside the cavity and an increase in the 
flow power, but as the single vortex becomes two vortices, 
the power of the main vortex decreases.

Figure 6 shows the isothermal lines for the diagonal wall 
at different values of q, two types of the wall heating and 
the volume fraction 0 and 0.06. It is observed that for q < 0 

Fig. 5  Streamlines for pure 
fluid in different values of heat 
generation/absorption coef-
ficient and Hartmann number 
for smooth wall at constant 
temperature heating
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where there is heat absorption, the nanofluid temperature 
inside the cavity is much lower than the temperature of the 
hot wall of the cavity, which increases the density of the iso-
thermal lines near the hot wall. Conversely, for q > 0, where 
heat generation occurs, because the nanofluid temperature is 
higher than the hot wall temperature, the density of the lines 
near the hot wall is much lower and the heat transfer from 
the nanofluid to the wall takes place. In addition, when the 
wall is at a constant temperature, the isothermal lines near 
the hot wall are denser, indicating that the heat transfer rate 
is higher. As can be seen in Fig. 6, the change in heat gen-
eration/absorption coefficient significantly affects the flow 
structure and the type of heat transfer.

According to Fig. 7, which shows the isothermal lines 
for different values of the Hartmann number for two types 
of vertical wall heating, constant and linear, it is observed 
that increasing the Hartmann number reduces the curvature 
of the lines and the lines run parallel to the walls. This fac-
tor indicates the predominance of conduction and the inef-
fectiveness of convection and consequently the reduction of 
heat transfer. It is also observed that when the wall is heated 
to a constant temperature, the density of the lines will be 
higher and the heat transfer rate will be higher.

Figure 8a shows the dimensionless temperature for dif-
ferent values of heat generation/absorption coefficient. As 
can be seen in Fig. 8a, as the q increases, the nanofluid tem-
perature inside the cavity increases, and the range of these 
changes is high. That is, at q =  + 10 nanofluid has the highest 
temperature. It should also be noted that when the wall has a 
constant temperature, the fluid temperature inside the cavity 
is higher than when the wall heating is linear. Figure 8b also 
shows the dimensionless temperature for different values of 

volume fraction in two Hartmann numbers (Ha = 15 and 45). 
It is observed that in Ha = 45, the predominant phenomenon 
is conduction heat transfer. Also, the temperature increases 
with increasing volume fraction to X = 0.4, but for larger 
values of X, the velocity profile is fixed, indicating that the 
addition of nanoparticles is ineffective. For Ha = 15, two 
areas are noteworthy; for 0 < X < 0.4, increasing the volume 
fraction causes an increase in temperature, and for X > 0.4, 
the opposite effect is observed.

The nanofluid has a higher thermal conductivity than the 
base fluid, which adding it to base fluid increases the heat 
transfer in the vicinity of the hot wall and reduces the heat 
transfer near the cold wall, which is observed for the smaller 
Hartmann number but for larger Hartmann number, only the 
increase in heat transfer near the hot wall can be seen, and 
this effect can be obscured near the cold wall.

Tables 5–10 show the average Nusselt number on the hot 
wall of the cavity for different Hartmann number, heat gen-
eration/absorption coefficient, cold wall shape, and heating 
type of the left vertical wall of the cavity. It is observed that 
in all cases, increasing the strength of the magnetic field 
causes a decrease in the average Nusselt number. Because, 
by increasing the Hartmann number, the Lorenz force, the 
force resisting the motion of the current, increases and 
causing the nanofluid to slow down, thus reducing the flow 
strength and density of the isothermal lines near the hot wall. 
It should be noted that this effect increases with increasing 
the heat generation/absorption coefficient from −10 to + 10, 
because increasing both parameters reduces the average 
Nusselt number.

Fig. 6  Isothermal lines for 
different values of heat genera-
tion/absorption coefficient in 
diagonal wall and two types of 
vertical wall heating

q = 10q = 5q = – 10 q = – 5 q = 0

Constant 

temperature 

heating 

Linear 

temperature 

heating 
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For example, if the diagonal wall and the temperature of 
the hot wall are constant, increasing the Hartmann number 
from zero to 60 will cause a 7% and 65% decrease in the 
average Nusselt number for q = −10 and q =  + 10, respec-
tively. In addition, the effect of the magnetic field on all three 
types of walls in the case where the wall has linear heating 
is less than the constant temperature state. In q = 0 and the 
curved wall, increasing the Hartmann number from 0 to 60 
causes a decrease of 8.5 and 17.5% of the Nusselt number 
for linear and constant temperature heating, respectively. It 
can be seen that with the stability of the other parameters, 
the highest value of the average Nusselt number belongs to 
the diagonal, curved and smooth walls, respectively.

Also, the effect of increasing the Hartmann number in 
decreasing the average Nusselt number in the smooth wall 
mode is the highest and the diagonal wall is the lowest. 
Because when the wall is smooth, the force of movement 
and motion of nanofluid within the cavity is greater than 
when the wall is diagonal, and therefore increasing Hart-
mann number has a greater effect on reducing the curvature 
of the isothermal lines. For example, if q =  + 5 and the wall 

Ha = 60Ha = 30Ha = 0

(a) Constant temperature heating

(b) Linear temperature heating

Fig. 7  Isothermal lines for pure fluid at different values of Hartmann 
number for curved wall and two types of heating in the absence of 
heat generation/absorption, � = 0.0 (Continues lines) and � = 0.0.05 
(Discontinues lines)
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Fig. 8  Dimensionless temperature at Y = 0.5 in constant temperature 
heating and the curved wall a different heat generation/absorption 
coefficient at Ha = 0 and b volume fraction of nanoparticles in the 
absence of heat generation/absorption

Table 5  Average Nusselt number at the hot wall for pure fluid at diag-
onal wall and constant temperature heating

q =  − 10 q =  − 5 q = 0 q =  + 5 q =  + 10

Ha = 0 10.866 9.051 7.711 5.632 1.566
Ha = 15 10.637 8.687 8.322 5.281 1.362
Ha = 30 10.331 8.311 6.862 4.712 1.096
Ha = 45 10.232 8.099 6.619 4.559 0.943
Ha = 60 10.131 7.882 6.351 4.233 0.552
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heating is linear, increasing the Hartmann number from zero 
to 60 causes a decrease of 10.2, 56 and 67% of the average 
Nusselt number for the diagonal, curved and smooth wall, 
respectively.

In addition, with other parameters constant, increasing the 
heat generation/absorption coefficient reduces the average 
Nusselt number, because by increasing the heat generation/
absorption coefficient from -10 to + 10, the density of the 
isothermal lines decreases. For example, in the case of a 
smooth wall, a linear heating wall, and in the absence of a 
magnetic field, increasing q from −10 to + 10 causes a 93% 
decrease in the average Nusselt number. The reason for the 
negativity of the average Nusselt number on the hot wall is 

Table 6  Average Nusselt number at the hot wall for pure fluid at diag-
onal wall and linear temperature heating

q =  − 10 q =  − 5 q = 0 q =  + 5 q =  + 10

Ha = 0 7.412 6.183 5.466 4.416 1.237
Ha = 15 7.392 6.108 5.274 4.275 1.145
Ha = 30 7.373 6.033 5.133 4.066 1.052
Ha = 45 7.362 5.999 5.079 4.045 0.964
Ha = 60 7.351 5.966 5.001 3.966 0.863

Table 7  Average Nusselt number at the hot wall for pure fluid at 
curved wall and constant temperature heating

q =  − 10 q =  − 5 q = 0 q =  + 5 q =  + 10

Ha = 0 9.833 8.003 6.412 3.252 0.711
Ha = 15 9.392 7.438 5.762 2.732 0.553
Ha = 30 8.952 6.733 5.005 2.153 0.398
Ha = 45 8.825 6.431 4.525 1.461 0.201
Ha = 60 8.711 6.116 4.016 0.733  − 0.0411

Table 8  Average Nusselt number at the hot wall for pure fluid at 
curved wall and linear temperature heating

q =  − 10 q =  − 5 q = 0 q =  + 5 q =  + 10

Ha = 0 6.166 4.854 4.012 2.612 0.554
Ha = 15 6.073 4.636 3.664 2.145 0.461
Ha = 30 5.951 4.383 3.333 1.652 0.355
Ha = 45 5.932 4.349 3.211 1.394 0.268
Ha = 60 5.916 4.316 3.065 1.133 0.211

Table 9  Average Nusselt number at the hot wall for pure fluid at 
smooth wall and constant temperature heating

q =  − 10 q =  − 5 q = 0 q =  + 5 q =  + 10

Ha = 0 9.798 7.983 6.337 3.016 0.592
Ha = 15 9.412 7.352 5.191 2.533 0.311
Ha = 30 8.966 6.685 4.983 1.962 0.148
Ha = 45 8.822 6.386 4.385 1.078 0.072
Ha = 60 8.683 6.066 3.866 0.254  − 0.196

Table 10  Average Nusselt number at the hot wall for pure fluid at 
smooth wall and linear temperature heating

q =  − 10 q =  − 5 q = 0 q =  + 5 q =  + 10

Ha = 0 6.091 4.842 4.001 2.551 0.422
Ha = 15 6.036 4.651 3.683 1.989 0.324
Ha = 30 5.916 4.333 3.283 1.516 0.203
Ha = 45 5.891 4.299 3.101 1.031 0.113
Ha = 60 5.866 4.267 2.916 0.854 -0.042
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the absence of heat generation/absorption and smooth wall for two 
types of heating, a constant temperature heating and b linear tempera-
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that the temperature of the fluid is higher than the wall and 
the heat is transferred from the fluid to the wall.

Figure 9 shows that increasing the Hartmann number 
reduces the velocity due to the increase in nanofluid resist-
ance. This reduces the power flow and then reduces the heat 
transfer. For example, when the wall has linear heating, 
increasing the Hartmann number from zero to 60 leads to 
85% reduction in the maximum speed. It is also seen that 
when the wall has linear heating, the fluid velocity is less 
than when the temperature wall is constant.

Given Fig. 10a, it can be seen that heat generation/absorp-
tion coefficient is a determining parameter on the effect of 
adding nanoparticles. It is observed that in q = −10, the addi-
tion of nanoparticles increases the amount of the average 
Nusselt number, and the greatest effect of adding nanopar-
ticles occurs in this amount of heat generation/absorption 
coefficient(q = −10). However, in q = −5, the effect of adding 
nanoparticles to the average Nusselt number is negligible. 
For q > −5, adding nanoparticles reduces the average Nusselt 
number, which is more pronounced for q >  + 5. This effect 
is due to the storage of energy in nanoparticles.

Figure 10b shows the control effect of the addition of nan-
oparticles by the magnetic field. For Ha < 15, the addition of 
nanoparticles increases the heat transfer, while for Hartmann 
number values greater than 15, the average Nusselt number 
decreases. Also, the greatest effect of adding nanoparticles 
is observed in the highest amount of Hartmann number. It 
is worth noting that when the Hartmann number is low, it is 
necessary to add nanoparticles to increase the heat transfer. 
However, for high Hartmann numbers, it is not necessary to 
add nanoparticles because the heat transfer rate is reduced 
by adding nanoparticles.

Conclusions

In this numerical simulation, the simultaneous effect of cav-
ity wall shape changes, magnetic field and heat generation/
absorption on natural convection of nanofluid was inves-
tigated for the first time by the lattice Boltzmann method. 
In this work, water-copper nanofluid was considered as the 
operating fluid by considering the Brownian motion of nan-
oparticles. Used  D2Q9 lattice arrangement to model both 
flow and temperature fields. By matching the results with 
the results of previous studies, the correctness of the code 
written in Fortran language was ensured. In this numerical 
study, the effect of the Hartmann number, heat generation/
absorption coefficient, cold wall shapes, volume fraction of 
nanoparticles and the type of vertical wall heating of the cav-
ity are investigated. The summary of the obtained results is 
given in the following points for all considered cases:

• In all cases, increasing the Hartmann number by reduc-
ing the velocity of the fluid inside the cavity reduces the 
power of the fluid and the average Nusselt number, which 
is increased by increasing the heat generation/absorption 
coefficient.

• For heat generation/absorption coefficient (q = 0), up 
to the Hartmann number (Ha = 15), increasing volume 
fraction of nanoparticles ( � ) leads to an increase in 
the average Nusselt number, and for Hartmann number 
values greater than 15 (Ha > 15), increasing the volume 
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fraction of the solid particles causes a decrease in the 
average Nusselt number.

• By keeping all the parameters constant, increasing 
the heat generation/absorption coefficient due to the 
increase in nanofluid temperature reduces the average 
Nusselt number on the hot wall of the cavity.

• The maximum value of the average Nusselt number 
is related to the left vertical wall of the cavity is at a 
constant temperature, in which case the effect of the 
magnetic field is also greater.

• The highest average Nusselt number is obtained when 
the cold wall of the cavity is diagonal, but the effect of 
the magnetic field is less in this case.

• For the case of Hartmann number Ha = 30 and with a 
negative heat generation/absorption coefficient (q < 0), 
an increase in the volume fraction of nanoparticles ( � ) 
leads to an increase in the average Nusselt number. 
However, for a positive heat generation/absorption 
coefficient (q > 0), an increase in the volume fraction 
of the particles reduces the heat transfer rate.
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