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Abstract
In this study, a theoretical analysis is performed to address the features of heat andmass transfer phenomena of two-dimensional
viscous fluid flow of Oldroyd-B nanofluid over a vertical stretched sheet which contains gyrotactic microorganisms by
considering the mixed convection and inclined magnetic field effects. The induced flow features have been considered by
triple stratified medium. Additionally thermal radiation effect is included in the energy equation. To make the present study
reasonably worthy, impact of Joule heating and heat sink/source is also considered. By applying the defined similarity
transformations physical flow system is reduced to nonlinear system. Thereafter, numerical solution with desired accuracy
is obtained with the help of RKF-45 method. Graphical representation is done for the flow controlling parameters involved
in this analysis. Main observations of the present study are velocity distribution declined with a relaxation time and thermal
stratification parameter and motile density profile is promoted by increasing bioconvection Rayleigh number and buoyancy
ratio. These results are reasonable correlated with the previous findings reported in literature. Based on these scientific reports,
this work is relevant to bio-inspired nanofluid-enhanced fuel cells and nanomaterials fabrication processes.

Keywords Triple stratification · Oldroyd-B fluid · Gyrotactic microorganisms · Nonlinear radiation · Inclined magnetic field

1 Introduction

In present world advancement, the researchers have given
their remarkable thought to inspect the properties of non-
Newtonianmaterials because of their entrancing applications
concerning physiology, engineering, synthetic and oil indus-
try. The diverse thought of these fluid models made them
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more confounded instead of Newtonian liquids. A couple of
fluids like starch,molasses, blood, nectar, syrups and silicone
oils are examples of non-Newtonian liquids. Regardless, the
rheological lead of such fluidmodels cannot be given a single
relationship. Subsequently, the researchers have shown their
significant premium to introduce and exhibit some excep-
tional mathematical verbalizations for each non-Newtonian
material.

Among a couple of non-Newtonian models, Oldroyd—B
fluidmodel is the class of uncommon sort fluid which is good
for expecting the stress retardation and relaxation effects. The
principle element of theOldroyd-B fluid is to portray the pos-
sibility of the stress relaxation and retardation, which cannot
be explored by the Maxwell fluid model. The critical part of
thismodel is its capacity to determine the huge end results for
Maxwell fluid and visco-elastic fluid models. The possibility
of the boundary layer flow of theOldroyd—Bfluid instigated
by the linear stretching of a surface was first started by Sajid
et al. [1]. It is hypothesized by Shehzad [2] that because
of the surface stretching in both directions there occurred
a flow generation by discussing the impact of thermal con-
ductivity of temperature-dependent on the three-dimensional
Oldroyd-B flow of fluid model. Mahanthesh et al. [3] studied
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the nonlinear stretched flow of Oldroyd-B fluid with mixed
convection. Awasthi [4] addressed the linear stability of the
visco-elastic liquid and a viscous gas. Hafeez and Khan [5]
presented the heat generation or absorption and chemical
reaction effects on visco-elastic fluid over a rotating disk.
Haneef et al. [6] obtained the numerical solutions for the flow
of heat flux theories and thermal enhancement in hybridity
of Oldroyd-B nanofluid in the presence of mass transfer. The
boundary layer flow and elasto-viscoplastic non-Newtonian
fluidwas reported byCheng et al. [7]. The numerical solution
for a two-dimensional generalized Oldroyd-B fluid flowing
in a semi-infinite domain was studied by Chi and Jiang [8].
Irfan et al. [9] obtained the analytical solution for chemi-
cally reactive Oldroyd-B nanoliquid withmagnetic and Joule
heating aspects. Liang et al. [10] explored the rotating elec-
troosmotic flow of Oldroyd-B fluid in a micro channel with a
slip boundary condition. Tlili et al. [11] studied the thermal
transport of the thin-film flow of unstableMHDOldroyd—B
ferrofluid. Sadiq Hashmi et al. [12] investigated the isother-
mal and exothermal stretching disk induced heat and mass
transfer analysis for steady flow Oldroyd-B fluid.

Various products such as bio-fuel from waste, ethanol
and fertilizers in commercial and industrial fields use the
Microorganism particles significantly in their production. In
order to avoid attraction such as gravity, oxygen, daylight,
motile microorganisms are self-propelled and the density of
ordinary liquids is increased by swimming vertically inside
the material while nanoparticles cannot swim. The pro-
duction of significant sustainable energy sources, biodiesel
and hydrogen production and water treatment plants have
used gyrotactic microorganisms. For this reason, analyz-
ing the mass transfer characteristics and swimming patterns
of microorganisms is required in order for the needs of
organisms to become more useful, gainful and important for
the future of all humanity. As automotive microorganisms
have denser instinctive swimming of microorganisms than
water various types of random fluid sequences are developed
at the microscopic level called bioconvection. Swimming
microorganisms are affected by sensitive processes such as
the searching for nutrients oxygen for inspiration, and the
improvement of light entry for photosynthesis. The diffusion
features of thermophoretic and Brownian result in creating
nanoparticles with arbitrary movements then they are carried
by drift of the base liquid. As nanofluids strongly support
the improvement of mass transport and induce mixing, espe-
cially in micro volumes [13], they are widely used in micro
fluidic tools. Kuznetsov used the bioconvection of nanofluids
idea with the gyrotactic microorganisms in [14] and Bhattiet
considers this gyrotactic microorganism and then reported
the analysis of magneto Jeffrey nanoliquid in [15]. Khashiie
[16] explored numerical solution for the gyrotactic microor-
ganisms in the mixed convection stagnation point flow of
Cu − Al2O3/water hybrid nanofluid toward an immovable

plate. Ramzan et al. [17] reported the three-dimensional tan-
gent hyperbolic nanofluid flow with Hall current and Ion slip
influenced by a strong magnetic field past a stretched sheet.
Hayat et al. [18] developed the MHD bioconvection Walter-
B nanofluid flow with motile microorganism and melting
phenomena. Khan et al. [19] reported the bioconvection
micropolar nanofluid flow past a thin moving needle consid-
ering of gyrotactic microorganisms. The mixed convection
boundary layer flow of time-dependent heat transport for the
MHD flow of nanofluid containing motile microorganisms
through porous media was reported by Hussain et al. [20]
Waqas et al. [21] studied the flow of Sutter by nanofluid with
applied magnetic field and convective boundary conditions
over a two coaxially rotating stretching disks. Ali et al. [22]
reported the unsteady rotating flow of Oldroyd-B nanofluid
with Cattaneo-Christov heat flux.

The improvement of heat transfer from the point of view
of energy saving is of great attention in the case of many
technical and industrial problems. To improve heat trans-
fer, various methods, namely changing of flow geometry,
adding radiation effects, changing the boundary conditions,
and increasing of fluid thermal conductivity are used. In this
perspective, several theoretical and experimental works have
exposed that suspendingmicro-solid particles with increased
thermal conductivity improved the heat transfer properties
of the base fluid. However, preventing the solid particles
from setting out of suspension, there is no adequate way
because of their high density and larger size. The use of
particles in lesser convectionsmay avoid the problemof hard-
ening, for example, like in nanofluids. Choi [23] first invented
the term nanofluid which referred as liquid that contains
solid particles with high thermal conductivity sub-micronic
(nanoparticles) dispersion in a base liquid. Compared to the
solid–liquid suspension, nanofluids act as a single-phasefluid
since such parameters are interestingly ultrafine (i.e., of the
order of 1 to 50 nm). The chemically stable metals, car-
bides, oxides and nitrides or non-metals are generally formed
to make the nanoparticles that used in nanofluids. In gen-
eral the base liquid is a conductive fluid such as water, oil
(and other lubricants), ethylene glycol (or other coolants),
bio-fluids, polymer solutions and other commonfluids.Addi-
tionally, in contrast to non-metallic particles, the improved
electrical and thermal conductivity and the rate of overall
heat transfer has observed with the metallic nanoparticles
from various experimental works. The medical suspension
sterilization, automotive coolants, polymer coating, delivery
devices, aerospace tribology found, nonmaterial processing,
microbial fuel cell technology, intelligent buildingdesign and
microfluidics are the broad range of applications of nanofluid
analysis and because of it gains a significant amount of
attention. Various studies have been conducted on the bio-
convection of nanofluids due to the improved heat transfer
rate and significant applications, under a variety of physical
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Fig. 1 Physical sketch of the flow problem

conditions. Extensive discussions of published work on con-
vection heat transfer in nanofluids are presented in the same
way by Das’s book [24] and review articles [25–57].

The existing literature shows that no attempt has been
done on bioconvection phenomenon for the mixed convec-
tion MHD flow over a vertical stretched sheet with nonlinear
radiations and heat source/sink. So that present study is novel
and interesting. Therefore, this research is focused on cov-
ering this topic. Due to the corresponding flow similarities,
the relevant PDEs are transformed into a system of nonlin-
ear differential equations. Numerical solution for proposed
system is obtained with desired accuracy by means of RKF-
45. Graphical and tabular representation is done for the flow
controlling parameters associated with this study to analyze
the features of flow and heat transfer rates. Accuracy of the
proposed method is done by comparing the results of this
study and previously reported results. A good agreement is
noticed.

2 Problem Formulation

A visco-elastic flow of Oldroyd-B nanofluid is considered
here which caused by a non-isothermal vertical surface
containing floating nanoparticles and gyrotactic microorgan-
isms. On the surface, x̂1 and ŷ1 are the coordinates that
expand along the surface and the normal to that one. Fig-
ure 1 shows the process of flow with the uw � ax̂1veloci ty
that was started by increasing the sheet in a vertical direction
and here the stretching speed is indicated by a > 0. Here, this
considered the nonlinear thermal radiation and calculation of
the heat source/heat sink.

In this, considered applied magnetic field is presented in
vertical direction. The effects of induced magnetic field on
the basis of small Reynolds number are neglected. According
to the ̂Tw � ̂T0 +b1 x̂1, the wall temperature Tw can be varied
along the x̂1-direction.This physicalmodel includes the Joule
heating and viscous dissipation. The governing equations for
Oldroyd –B nanofluid with triple stratified medium under
given assumptions are (Elanchezhian et al. [25], Khan et al.
[26]):
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û1
∂ û1
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)

− (

n̂ − n̂∞
)

gγ
(

ρm − ρ f
)

, (2)

û1
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The definition for the boundary conditions are expressed
as follows (Khan et al. [26]),

û1 � ûw � ax̂1, v̂1 � 0, T̂ � T̂w � T̂0 + b1 x̂1,

Ĉ � Ĉw � Ĉ0 + d1 x̂1, n̂ � n̂w � n̂0 + e1 x̂1, as ŷ1 � 0,
(6)

û1 → 0,
∂ û1
∂ ŷ1

→ 0, T̂ � T̂∞ � T̂0 + b2 x̂1,

Ĉ � Ĉ∞ � Ĉ0 + d2 x̂1, n̂ � n̂∞ � n̂0 + e2 x̂1, as ŷ1 → ∞.

(7)
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where in (̂x1, ŷ1) directions the velocity components are
(̂u1, v̂1), ρ density of fluid, μ f viscosity of fluid, k f thermal
conductivity, σ electrical conductivity, DT and DB are the
thermophoretic diffusion and Brownian motion coefficients,

respectively, τ � (ρc)p
(ρc) f

is the effective heat capacity ratio of

nanoparticle to the heat capacity of base fluid, A1 relaxation
time, A2 retardation time, α f thermal diffusivity of the fluid,
qr is the radiative heat flux.

The radiative heat flux (Raptis [28], Brewster [29], and
Sparrow and Cess [30]) obtained by the implementation of
Rossel and approximation on to optically thick medium for
thermal radiation can be given as,

qr � −4σ∗
3k∗
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∂ ŷ1
, (8)

where k∗and σ ∗ signifies the mean absorption coefficient
and Stefan-Boltzmann constant, respectively.Therefore, it
can stated Eq. (3) as
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∂ ŷ1

]

+ τ

⎡

⎣DB
∂Ĉ
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The radiative heat fluxmodeling uses the nonlinear Rossel
and approximation according to the previous studies [27, 31].

The variable with non-dimension is introduced for com-
puting the flow geometry-independent solutions [25]:
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The following equations are obtained by the above trans-
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The boundary conditions specified in the following man-
ner
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In addition to the local density number, the non-
dimensional system of local Nusselt number also the local
Sherwood number of the motile microorganisms are given
by using Eq. (10) as,
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where Re � uw x̂1
υ

� local Reynolds number.

3 Method of Solution

The 4th–5th order method of Runge–Kutta-Fehlberg and
shooting technique are used in this to solve the nonlinear
ordinary differential Eqs. (11)–(14) of systemwith boundary
conditions (14). The f1 and θ, φ and � are the fourth-order
and second-order, respectively, in this system.

As shown in below, f1, θ, φ and � are reduced in a first
stage into nine simultaneous first-order differential equations
of a system.
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and prime denotes a derivative of the function with respect
to η.

Then the equivalent boundary conditions can be as follows

�1 � 0, �2 � 1, �5 − 1 + S1 � 0, �7 − 1 + S2 � 0,

�9 − 1 + S3 � 0, At η � 0, (28)

�2 → 0, �3 → 0, �5 → 0, �7 → 0, �9 → 0, as η → ∞. (29)

The values of �3(0),�6(0),�8(0) and �10(0) are
unknown so that to find them the shooting technique is
employed. They are obtained by firstly started with guess-
ing the initial ones for some particular set of parameters and
repeated this process with other values of η∞ up to the two
successive values of �3(0),�6(0),�8(0) and �10(0) when
they only differ by the preferred accuracy. The comparison
between the calculated f ′

1, θ, φ and � values at η∞ � 15
is done with the specified boundary conditions along with
adjustment of estimated f ′′

1(0), θ
′(0), φ′(0) and 0′(0) val-

ues is also done to provide an improved approximation. If
the values of temperature, velocity, etc., have observed a
negligible variation then it is required to take finite values
of η otherwise has to take infinity condition at large. The
asymptotical far-field boundary conditions can be achieved
sufficiently by considering the bulk computations with the
value of η∞ � 10 or 15 for the all considered parameter
values.

The method of Runge–Kutta-Fehlberg—45 (RKF-45) is
used once fixing finite value of η∞, to carry out the integra-
tion. If the method uses an appropriate step size h then it has
a process to determine the solution. The approximation is
made for the solution and then compared between two dis-
tinctive in every step and accepted the approximation if the
comparison results a close agreement between two answers
or it reduced the step size until getting the necessary accuracy.

The step size of �η � 0.001, η∞ � 10 or 15 is taken
in this present work and getting the accuracy with the sixth
decimal places.

4 Validation of Solution

For approval purpose of the proposed technique and results,
Outcomes of this study are compared with previously
recorded outcomes in [32–34] and it is shown in Table 1. An
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Table 1 Comparison results of
− f ′′(0) for various values of β1
in limiting case when
M � α1 � λ � Nr � 0 � Rb

β1 Abel et al. [32] Megahed [33] Abbasi et al. [34] Present results

0.0 0.999962 0.999978 1.00000 1.000000

0.2 1.051948 1.051945 1.05189 1.051898

0.4 1.101850 1.101848 1.10190 1.101905

0.6 1.150163 1.150160 1.15014 1.150142

0.8 1.196692 1.196690 1.19671 1.196711

1.2 1.285257 1.285253 1.28536 1.285363

1.6 1.368641 1.368641 1.36873 1.368734

2.0 1.447617 1.447616 1.44781 1.447812

Table 2 Comparison results of−θ ′(0) for various values of Pr in limit-
ing case when M � α1 � β1 � λ � Nr � 0 � Rb � Nt � Nb � S1

Pr Khan and Pop [35] Makinde and Aziz
[36]

Present results

0.07 0.0663 0.0656 0.065563

0.2 0.1691 0.1691 0.169089

0.7 0.4539 0.4539 0.453916

2.0 0.9113 0.9114 0.911358

7.0 1.8954 1.8954 1.895403

20 3.3539 3.3539 3.353904

70 6.4621 6.4622 6.462200

incredibly comprehension of this study is seen with available
examination results. Further, Table 2 is ready to contrast our
outcomes and those of Khan and Pop [35],Makinde andAziz
[36] for viscous case by keeping M � α1 � β1 � S1 � λ �
Nr � Rb � Nt � 0 � Nb. A decent understanding is
noticed between results.

5 Results and Discussion

Here, actual understanding of effect of Oldroyd-B nanofluid
flow over a stretchy sheet with swimming microorganisms
with triple stratified medium is analyzed thoroughly by
means of graphs and tables. Particularly, velocity, motile
density of microorganism, nanoparticle concentration and
temperature profiles are analyzed by varying the flow con-
trolling parameters. Moreover, linear regression slop method
(

Slp
)

is also used in this study to investigate the variation of
the engineering quantities of interest more realistically. This
method has quantified and the effects among various param-
eters are differentiated in accordance with Afridi, Saha and
Wakif from [37, 38] and [39], respectively. For numerical
results, we considered the non-dimensional parameter values
as β1 � M � α1 � Nt � Q � Rd � Nb � S2 � Lb �
S3 � Pe � 0.1, α � π

3 , λ � 2, Rb � 0.2,� 1.2, Ec �
0.5, S1 � 0.2, θw � 5 and� � 2.With the exception of the
deviations from the corresponding figures and tables, those

values remain the same throughout the study. The range of
the parameters are taken as β1 � M � α1 � Nt � Q �
Rd � Nb � S2 � Lb � S3 � Pe � 0.1, α � π

3 , λ �
2, Rb � 0.2,� 1.2, Ec � 0.5, S1 � 0.2, θw � 5 and
0.1 ≤ Rd ≤ 0.25.

The impact of relaxation time α1 and retardation time β1

is shown in Fig. 2 on velocity field. The reduction in veloc-
ity has shown by the relaxation time that is associated with
the parameter α1 because of the visco-elastic nature of fluid.
Actually, the particle’s velocity of fluid is resisted by the high
viscous forces that increase corresponding increase in the
material parameter α1 value. In addition it was also observed
that a slight phase shift was also appeared in the velocity
of oscillation. It was observed as expected that for the dif-
ferent values of β1, improvement is observed in the velocity.
Therefore the particle’s velocity of fluid enhances by such β1

because of its physical importance which contains retarda-
tion time. This same effect was taken in [25, 26] of previous
works. The influence of S1 (thermal stratification) and the Rb
(bioconvection Rayleigh) number on distribution of velocity
are presented in Fig. 3. A higher velocity without dimension
is found at the surface when the bioconvection parameter is
absent. The increasing in Rb results the buoyancy force at
large that forces the Bioconvection to reduces the behavior
in velocity. In addition, the convection ability is reduced by
the stratification constant S1 between the heated sheet and
the away from sheet. Previous investigations (Mahdy [42],
Elanchezhian et al. [25]) also reported the same observation.
As the Lorentz force operated like a decelerating force the
system’s velocity profile gets reduced as shown in Fig. 4 for
large implicit values ofM andα. Themovement of the fluid at
that moment contradicted that increases the frictional resis-
tance by the decelerating force. There is an improvement
results in applied magnetic field when there is an increase
in angle of inclination. At some point, velocity decreases as
the inclination angles increase. For this reason, as the angle
increases, the intensity of the magnetic field increases and
therefore the velocity decreases.

The effectiveness of both λ (convection) and S1 (temper-
ature stratification) constants is shown in Fig. 5 along the
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Fig. 2 Velocity distribution via α1 and β1

Fig. 3 Velocity distribution via S1 and Rb

temperature distribution. It can be observed that rate of heat
transfer increases by λ due to the higher buoyancy force and
accordingly the temperature of the fluid decreases. It is also
observed that the large S1 increases the thermal boundary
layer. In fact, the difference in temperature between the dis-
tanced from surface and the heated surface decreases as S1
increases and therefore, it is founded that there was decrease
in temperature of the fluid. The difference between the α1

(relaxation) and β1(retardation) time contestants on θ (η)
(temperature distribution) is as shown in Fig. 6. Here, as
increase with α1 there is increase in θ (η). The production
of heat increases the temperature because of rise in relax-
ation time α1, Due to the control of viscous force there is
an upsurge in relaxation time α1, as a result, we can see the
enhancement in temperature and in production of heat.

For the presence of high retardation time β1 elasticity of
the fluid is raised, consequently, decrease in the function

Fig. 4 Velocity distribution via M and α

Fig. 5 Temperature distribution via λ and S1

Fig. 6 Temperature distribution via α1 and β1
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Fig. 7 Temperature distribution via Nt and Nb

of θ (η) is observed. The same result was noted by Khan
et al. [26]. Figure 7 portrays the effect of Brownian diffu-
sion parameter Nb and thermophoresis parameter Nt on the
temperature distribution θ (η). In fact, the random movement
of suspended particles in the liquid is the Brownian motion.
Due to the accidental collision of suspended particles in the
liquid, the temperature of the fluid increases, which in turn
further expected to improvement of the temperature profile
θ (η). In thermophoresis, ultimate improvement of the fluid
temperature result as the migrating of smallest particles from
the high temperature range to the low temperature range. The
similar pattern was noted by Acharya [40]. Figure 8 repre-
sents the influence of temperature profile for diverse values
of heat source/sink parameter Q and radiation parameter Rd.
Here the temperature distribution was observed as it was an
increasing function of the heat source/sink and the radiation
parameters; this also increases the thickness of the thermal
boundary layer because of the improvement of the radia-
tion parameter which means a decrease in the absorption of
Rosseland radiation. The divergence of the radiant heat flux
qr is therefore increases with the decrease in as the absorp-
tion coefficient. Then the radiant heat rate transferred to the
fluid increases and as a result the temperature of the fluid
increases.

Figure 9 shows the improvement of Nt and S2 on concen-
tration profileφ(η).While augmenting the S2, itwas observed
that the volumetric fraction between reference nanoparticles
and concentration of surface reduced. Therefore, concentra-
tion distribution reduces. In addition concentration profiles
also increases as increase in Nt . The buoyancy ratio con-
stant Nr performance and bioconvection Rayleigh number
Rb performance on concentration distribution is shown in
Fig. 10. It has been seen that the volume fraction of the
nanoparticles increases with the increase in Nr .v Further-
more, the variation in concentration develops between the

Fig. 8 Temperature distribution via Q and Rd

Fig. 9 Nanoparticle volume fraction distribution via Nt and S2

surface and the reference microorganisms with the increase
in Rb. This leads to an increase in the concentration of
the liquid. Figure 11 shows the efficiency of the Brownian
motion constant Nb and the regular Lewis number Le on the
concentration distribution. As increase with Lewis number,
the thickness of the concentration boundary layer decreases
because it depends on theLewis number. The volume fraction
of the nanoparticles decreases rapidly with large Lewis num-
bers since the Brownian coefficient of motion decreases with
increasing transverse distance. The effects Lewis number Lb
bioconvection and the difference in constant concentration of
microorganisms � are examined in Fig. 12 on the density of
motile. Density profile is also observed that it was decrease
with increasing of �. The diffusivity of the microorganisms
is reduced at higher values of Lb and therefore the density
of motile density decreases.

The influence of motile density stratification parameter
S3 and bioconvection Péclet number Pe on the density of

123



Arabian Journal for Science and Engineering

Fig. 10 Nanoparticle volume fraction distribution via Nr and Rb

Fig. 11 Nanoparticle volume fraction distribution via Nb and Le

Fig. 12 Motile density distribution via Lb and �

Fig. 13 Motile density distribution via S3 and Pe

Fig. 14 Motile density distribution via Nr and Rb

motile microorganisms in nanofluids is shown in Fig. 13.
It was shown that the as S3 value is high there observed
a smaller thickness values of motile microorganism bound-
ary layer. Similarly the high in Pe decreases the density of
motile. Figure 14 shows the effects of the buoyancy coeffi-
cient parameter and the bioconvectionRayleigh number. Due
to the high density of fluid the total buoyancy is significantly
improved by the Nr and Rb values.

Table 3 shows the numerical values of local Nusselt
numbers for various values of M, α1, β1, α, Rd, Q, Nb and
Nt . It was seen by strongly examine the values that the β1

and Rd got maximum values on local Nusselt number. The
1.983563 and 16.05475 rate of increase is observed, respec-
tively, by the slope analysis. The values of Nur are decrease
for M, α1, α, Q, Nb and Nt at the rates, respectively,
−4.03496,−2.21178,−0.33988,−4.52359,−1.58322
and −27.9106. Table 4 shows the numerical local
Sherwood number observation on different parameters.
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The parameters M, β1, α, Le, Lb and Nr have closely
observed the large mass transfer rate at the rates of
0.060865, 0.070458, 0.007411, 0.338786, 0.080422 and
0.064902, respectively. The Sherwood number decreases
at the rates −0.06373 and −0.29395 corresponding to
the parameters α1 and Rb. Table 5 shows the numerical
density number of microorganism observations on different
parameters. The parameters M, β1, α, Le, Lb and Pe have
observed the large motile microorganisms density number
where as α1 and Rb have observed small. The linear regres-
sion slop in Table 5 for the parameters M, β1, α,�, Lb
and Pe shows increment in Xnr at the rates, respectively,
0.000685, 0.047355, 0.000724, 0.118897, 0.950152 and
3.520057. Further, Xnr decreased at the rate of −0.0369
and −0.09352 for the parameters α1 and Rb.

6 Concluding Remarks

The physical description and the usefulmathematical expres-
sions are discussed in this paper for the bioconvection flow
of Oldroyd-B nanofluid flow, which contains swimming
microorganisms with an inclined magnetic field. Nonlin-
ear thermal radiation and triple stratification are included
in the present analysis. In addition, the presence of a heat
sink/source within the system is assumed. Moreover, the
effects of Brownian motion and thermophoresis are also
studied. The properties of heat and mass transfer are shown
graphically and quantitatively discussed in relation to the
variation of the control parameters. The following key find-
ings come from the present analysis.

Due to the presence of stress retardation and relaxation,
velocity and temperature profiles are quite opposite for the
Deborah number effect.

1. Increase in temperature profile and decrease in velocity
profile are found for the parameter called relaxation time
which plays a significant role in them.

2. The velocity, motile density and the concentration of
nanoparticles are reduced for the bioconvection Rayleigh
number effect.

3. Both temperature distribution and thickness of the
thermal boundary layer increases with increasing heat
source/sink and radiation parameters.

4. The local Nusselt number increases with the increase
in Beborah number in terms of retardation time and
radiation parameters, while opposite trend is noted for
Brownian motion, heat sink/source parameter.

5. The density of motile microorganisms decreases with
both bioconvection Péclet number and microorganism’s
stratification number, while it increases with bioconvec-
tion Rayleigh number and buoyancy ratio.

Table 3 Numerical values of Nur for different values of the physical
parameters

M α1 β1 α Rd Q Nb Nt Nur

0.1 0.1 0.1 π/3 0.1 0.1 0.1 0.1 6.957599

0.2 6.550135

0.3 6.145677

0.4 5.743573

0.5 5.343399

Sl p − 4.03496

0.3 6.503369

0.5 6.057056

0.7 5.618635

0.9 5.188185

Sl p − 2.21178

0.3 7.483717

0.5 7.908524

0.7 8.261563

0.9 8.552239

Sl p 1.983563

0 7.350191

π/4 7.088387

π/3 6.957599

π/2 6.827111

Sl p − 0.33988

0.2 9.465428

0.3 11.173766

0.4 12.461139

0.5 13.487116

Sl p 16.05475

− 0.2 8.348186

− 0.1 7.992290

0 7.515573

0.1 6.957599

0.2 6.603737

Sl p − 4.52359

0.3 6.713631

0.5 6.368909

0.7 6.033514

0.9 5.714439

Sl p − 1.58322

0.12 6.816745

0.14 6.637646

0.16 5.980152

0.18 4.584835

Sl p − 27.9106
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Table 4 Numerical values of Shr for different values of the physical
parameters

M α1 β1 α Le Lb Nr Rb Shr

0.1 0.1 0.1 π/3 2 0.1 0.1 0.2 1.241107

0.2 1.247888

0.3 1.254024

0.4 1.259855

0.5 1.265556

Sl p 0.060865

0.3 1.225378

0.5 1.211761

0.7 1.200056

0.9 1.190038

Sl p − 0.06373

0.3 1.258165

0.5 1.273237

0.7 1.286295

0.9 1.297500

Sl p 0.070458

0 1.232300

π/4 1.238387

π/3 1.241107

π/2 1.243672

Sl p 0.007411

3 1.665055

4 2.018079

5 2.326705

6 2.604212

Sl p 0.338786

0.2 1.256269

0.3 1.265911

0.4 1.271125

0.5 1.273890

Sl p 0.080422

0.5 1.228005

1.0 1.176765

1.5 1.329451

2.0 1.342421

Sl p 0.064902

0.3 1.214274

0.4 1.184861

0.5 1.154520

0.6 1.124007

Sl p − 0.29395

Table 5 Numerical values of Xnr for different values of the physical
parameters

M α1 β1 α � Lb Pe Rb Xnr

0.1 0.1 0.1 π/3 2 0.1 0.1 0.2 0.505634

0.2 0.505793

0.3 0.505839

0.4 0.505870

0.5 0.505938

Sl p 0.000685

0.3 0.496322

0.5 0.488453

0.7 0.481756

0.9 0.476019

Sl p − 0.0369

0.3 0.516365

0.5 0.526269

0.7 0.535315

0.9 0.543514

Sl p 0.047355

0 0.504732

π/4 0.505389

π/3 0.505634

π/2 0.505838

Sl p 0.000724

3 0.623174

4 0.741727

5 0.861115

6 0.981149

Sl p 0.118897

0.2 0.611588

0.3 0.711625

0.4 0.802666

0.5 0.885171

Sl p 0.950152

0.2 0.850378

0.3 1.201534

0.4 1.556169

0.5 1.912767

Sl p 3.520057

0.3 0.495759

0.4 0.486190

0.5 0.477035

0.6 0.468238

Sl p − 0.09352
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6. The Sherwood number increase with an increase in
retardation time and inclination angle, but decreases as
relaxation time parameter increases.

7. The density number of motile microorganism’s increases
with increase in retardation time and bioconvection
Lewis and Péclet numbers, but decreases as bioconvec-
tion Rayleigh numbers increase.

The current model has been restricted to steady—state
non-Newtonian flow in stratified medium. Further investiga-
tions will address both time-dependent and non-Newtonian
bioconvection nanofluid flows with chemically reactive
species, and these are also relevant to nanomaterials pro-
cessing operations.
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