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ABSTRACT: This article provides a numerical study on carbon nanotube−water nanofluid convection in a three-dimensional
cavity under a magnetic field effect. Two walls are kept at a hot temperature, and the upper and lower horizontal walls are considered
adiabatic. As a new configuration, the beneficial effect of using a nanofluid is coupled with the incorporation of cold V-shape obstacle
placed in the cubic cavity; in addition, an external magnetic field is applied toward the horizontal x-axis direction. The finite element
method based on the Galerkin’s Weighted Residual technique is used to solve the three-dimensional governing equations. In this
paper, the ranges of the parameters used are the Hartmann number, varied from 0 to 100, Rayleigh number from 103 to 105,
nanofluid volume fraction between 0% and 4.5%, and the body V-shaped opening angle varied from 0 to 80°. The effect of the
obstacle shape and the added nanoparticle concentration on the flow behaviors, the different instabilities generated, and the heat
transfer exchanged were exposed. An enhancement in heat transfer was recorded by increasing the obstacle opening angle and the
volume fraction of the carbon nanotubes. Special attention has also been devoted to the calculation of the different kinds of entropy
generations.

■ INTRODUCTION

The control of convective heat transfer in cavities has attracted
the interest of many researchers in view of its beneficial technical
applications. In some processes such as heat exchangers, thermal
engines, furnaces, steam boilers, etc., the aim is to intensify and
improve heat transfer. In other processes such as crystal growth,
the aim is to minimize convection. Therefore, having a tool for
controlling and mastering heat transfer in the same enclosure
will be of great interest to engineers. Today, among the vast array
of methods available to improve or reduce heat transfer, it was
decided in this work to couple three mature techniques: two
passive techniques, namely, the use of an adjustable shape
obstacle with the addition of nanoparticles, and also an active
technique using an external magnetic field. In this context, it
should be noted that several studies have focused on enhancing
or decreasing heat transfer. Gangawane et al.1 analyzed the
impact of the position and size of a heated triangular body inside

a 2D cavity. They showed that there is a direct correlation
betweenNuav and the position and size of the block in the cavity.
Increases of more than 50% were achieved after optimizing the
obstacle location and dimension.
Kolsi et al.2 considered a closed cavity equipped with sharp-

edged fins. The 3D calculation of heat transfer and
irreversibilities through the generated entropy was performed.
The authors were able to find the best fin inclination giving the
highest heat exchange and the minimum entropy generation.
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Rathor and Aharwal3 presented an experimental study to
expose the variation in the Nu number of several inclined ribs
implanted in a rectangular duct representing a solar air heater.
The liquid crystal thermography technique was adopted to
visualize the temperature distribution. An increase on the order
of 229% was recorded.
Du et al.4 numerically studied the natural convection inside an

isolated cavity containing a hot baffle. This cavity, subjected to a
magnetic field, contains two diagonally opposed openings
located on either side of the vertical walls. The openings allow
the creation of a cold fluid flow composed of hybrid nanofluids.
The authors were able to demonstrate that the transfer is even
better with the inclusion of nanoparticles and, conversely, the
use of magnetic fields significantly reduces thermal convection.
The effect of an obstacle5−8 (square or circular, fixed or

rotating) in a lid-driven closed enclosure or of several
obstacles9−11 (of different shapes) in a square cavity subjected
to an external magnetic field has been widely treated with the
aim of optimizing and improving heat transfer.
Hassen et al.12 tried to intensify the heat transfer using hot

rectangular obstacles of different sizes and at different positions.
The enhancement technique was done by creating an electric
potential difference between the obstacle and the cavity walls.
They were therefore able to set up an electric field that allowed
the heat transfer to be improved up to 530%. In another
complementary paper,13 the authors tested the coupling of two
intensification techniques: electric field and addition of
MWCNT. An improvement of around 43% was recorded.
Xiao et al.14 proposed the use of inclined baffles to enhance

heat exchange performances, in particular the cooling of a solar
concentrator focus via thermal oil. The idea is to test three types
of baffles which by impact with the fluid will create longitudinal
vortices and improve convection. They solved the problem
numerically and found that the average global performance and
the operating exergy were improved by 0.52% and 0.22%,
respectively.
Ajeel et al.15 numerically simulated the flow and heat transfer

through a curved-corrugated pipe filled with a nanofluid in the
presence of L-shaped baffles. Their results revealed the
development of a vortex flow and an improvement in turbulence
as a result of the influence of the wave walls and the baffles. For a
specific geometry and amount of the used nanoparticles, an
improvement in heat transfer of about 142% was achieved.
Luan and Phu16 were able to develop correlations for

estimating Nuav and a friction coefficient for a solar air heater
fitted with tilted obstacles. The correlations were validated
experimentally with an error of less than 8%. The authors
focused mainly on the estimation of the solar collector efficiency

as a function of the tilt angle of the obstacles. The result was that
horizontal baffles give the worst efficiency, whereas with baffles
sloping between 60° and 120° a high efficiency of up to 62% can
be achieved.
The effects of a short, thin fin attached to the hot wall of a

partially differentially heated encloser was studied by Torabi et
al.17 The goal of the work is to show how to control the heat
transfer by simply adjusting the position of the fin. The authors
have shown that it is possible to increase the average Nu up to
250%, as it is also possible to decrease it drastically with a careful
choice of the fin. Similarly, Mehryan et al.18 examined the
problem of a differentially heated enclosure with a baffle
installed on the hot wall. In this study, the baffle is elastically
flexible, and the fluid flowing through the cavity can be
Newtonian or non-Newtonian. It was proven that the variation
of the modulus of elasticity of the baffle has practically no effect
on the heat transfer.
Yang et al.19 investigated the 3D turbulent forced convection

in a channel filled with nanofluid. The channel with a constant
wall temperature is provided with a rectangular groove. In this
study two models were considered: the single-phase and the
two-phase (solid−liquid) models treating the nanoparticles and
the base fluid separately. The authors mentioned that using
grooves can improve the heat transfer by 18.2%.
An experimental study on the heat transfer in a channel

equipped with a matrix consisting of a set of 30 V-shaped fins
and multiple counter-rotating ribbons was performed by
Promvonge.20 The results revealed that depending on the
shape of the ribbons the heat transfer can be enhanced by 63%.
Li et al.21 studied the natural convection of the alumina

dispersed in water mixture. The enclosure is inclined and
subjected to a uniform lateral magnetic field. A hot baffle was
positioned in the center of the cavity. The results concluded that
an increase in the Rayleigh number and the Hartmann number
leads to a 350% amplification and a 45% reduction, respectively,
in the Nusselt number. Other articles on this topic can be found
in the literature.22,23

The control of heat transfer by natural convection through the
coupling of several passive and active techniques provides good
energy efficiency and flexibility of operation of different systems
such as electronic equipment, renewable energy technologies,
ventilation and heating of buildings, etc. Based on the above
literature review and to the best of our knowledge, three-
dimensional systems coupling the addition of nanoparticles and
a complex shaped obstacle as passive techniques and the
application of an external magnetic field as the active technique
are almost nonexistent.

Figure 1. Studied configuration;: (a): 3D geometry and (b) central xy plane.
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This paper is therefore an original work devoted to the
understanding of the behavior of the different instabilities that
can arise after the application of an external magnetic field on a
nanofluid filled enclosure fitted with a complex V-shaped
obstacle. The temperature, velocity, entropy, and electric
potential fields for different Rayleigh numbers, Hartmann
numbers, nanoparticle volume fractions, and obstacle opening
angles will be presented, detailed, and discussed.
The remainder of this paper is organized as follows. In

Methodology and Mathematical Modeling, the physical model,
governing equations, and numerical method are formulated. A
subsection presents the Model Verification and Grid Sensitivity
Test. The Results and Discussion are presented next. Finally, we
end with a Conclusion section.

■ METHODOLOGY AND MATHEMATICAL
MODELING

Physical Problem. A 3D enclosure filled with CNT−water
is considered (Figure 1). The left and right walls are kept at a hot

temperature, while two cold fins are attached to the top wall. The
flow is considered incompressible under the dual effects of
buoyancy force based on the Boussinesq approximation and the
Lorentz force generated by the applied magnetic field in the “x”
direction ( ⃗ = B eB x0

÷◊÷ ).
The volume fraction of the nanofluid never exceeds 5%, so it

can be considered that the mixture is homogeneous and single-
phase.
Governing Equations. Under the above-mentioned

assumptions, the governing equations are given as

∇· ′ =V 0
÷ ◊÷÷÷

(1)

ρ ρ
ν

β

∂ ′
∂ ′
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Thus, the governing equations becomes as follows:

∇· =V 01 (6)
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(10)
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f f
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Boundary conditions are stated as

• x = 0; x = 1; T = Th; u = v = w = 0

• y = z = 0; y = z = l; ∂
∂
T
n
= 0; u = v = w = 0

• On obstacle: T = Tc; u = v = w = 0; ϕ∂
∂n

= 0; J·⃗n⃗ = 0

• ϕ∂
∂n

= 0 at all walls

• J·⃗n⃗= 0 on all walls

Considering the MHD effect, the entropy generation is
expressed as

Table 1. Properties of Water (Base Fluid) and CNT
(Dispersed Nanoparticles)29−32

physical properties water CNT

CP (kJ·kg−1·K−1) 4.179 0.425
ρ (kg·m−3) 997.1 2600
μ (Pa·s) 10−3 -
k (kW·m−1·K−1) 0.613 × 10−3 6.6
β (K−1) 2.1 × 10−6 16 × 10−7

σ (Ω−1·m−1) 5 × 10−2 48 × 10−8

Table 2. Comparison of Nuav with the Findings of Ozoe and
Okada33

Nuav

Ha = 100 present model 4.448
Ozoe and Okada33 4.457

Ha = 200 present model 2.919
Ozoe and Okada33 2.917

Ha = 300 present model 2.254
Ozoe and Okada33 2.251

Table 3. Grid Sensitivity Check for Ra = 105, ϕ = 0.03, Ha =
50, and θ = 40°

Nuav percentage increase incremental increase

E1: 93175 4.6892 - -
E2: 169537 4.7812 1.961955 -
E3: 429511 4.9661 5.905058 3.86723
E4: 1227850 5.01 6.841252 0.883993
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Using the above-mentioned dimensionless variable, the local
generated entropy (Ns) becomes
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with = α
Δ( )I T

l Ts
2

0
f as the irreversibility coefficient.

The total generated entropy is expressed as
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(16)

The effective properties (Table 1) of the CNT−nanofluid
are24−29

ρ ϕ ρ ϕρ= − +(1 )nf f s (17)
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With a = 13.5 and b = 904.4 for tube shaped nanoparticles
(Hamilton and Crosser model),
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Numerical Method. The FEM method based on the
Galerkin’s Weighted Residual technique is employed to solve
the set of the dimensionless governing eqs 6−10. The Lagrange
polynomials are expressed as

∑= Ω
=

g G
j

N

j j
1

s
s

• Ω: shape function
• G: values at the nodes of the elements.
• Time dependent parts are treated by the backward

differentiation formula (BDF)

Figure 2. Flow field for different Ha numbers and inclination angle of
the fins for Ra = 105.
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• The convergence criterion is ≤Γ − Γ
Γ

−+

+ 10 6n n

n

1

1

Model Verification and Grid Sensitivity Test. The
verification of the present model (Table 2) is performed by
comparison with the 3D findings of Ozoe and Okada.33 The
comparison shows a good agreement between the results.
To check the grid sensitivity (Table 3), the results of Nuav are

compared for three mesh element numbers, namely, E1, E2, E3,
and E4, for Ra = 105, ϕ = 0.03, Ha = 50, and θ = 40°. The
difference between the result of the mesh E3 and and that of
mesh E4 is only 0.88%; thus, in order to get accurate results
while saving the computation time, the mesh number E3 is
opted for in all the numerical executions.

■ RESULTS AND DISCUSSION

Figure 2 illustrates the 3D flow structure for two the values of θ
in the absence and presence of the magnetic field. From this
figure it can be noticed that the flow structure is highly affected
by the angle between the obstacles. In fact, a multivortex regime
is created just by varying the θ angle from 0 to 80°. However,
when the baffle was fixed at θ = 0°, the cavity gets divided into
two parts, and each section behaves in one vortex; when it is
fixed at θ = 80°, the flow becomesmulticellular. In the absence of
the magnetic field, the addition of a CNT (ϕ = 0.045) reduces
the flow intensity by 23.33% for θ = 0 and 28.12% for θ = 80°.

Figure 3. Effects of fin inclination angle for different nanoparticle volume fractions, Ha numbers, and inclination angles for Ra = 105.

Figure 4. Temperature distribution for Ra = 105. Colors (ϕ = 0.045)
and gray (ϕ = 0) indicate different angles between the fins.
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This is due to the increase of the viscous dissipations. On the
other hand, for Ha = 100, the flow intensity is slightly reduced
27.8% for θ = 0 and remains quasi-constant for θ = 80°. The
magnetic field has a flow damping effect due to the generated
Lorentz force. It is also to bementioned that, for all the cases, the
flow has a 3D character with a complex structure, and in addition
to the main flow, a transversal flow occurs toward the z-axis.

Thus, Figure 3 is presented for a better understanding of the flow
behavior and cellular behavior.
Figure 3 illustrates the effects of the angle between the fins on

the main central flow structure.
It is to be mentioned that, for all the considered cases, the

addition of CNTs reduces the flow intensity due to the increase
of the viscosity. As an illustration, for Ha = 0, the addition of
nanoparticles causes a reduction of the magnitude of the velocity
by about 35% for all the cases. Also, the application of the
magnetic field causes a Lorentz force that opposes the thermal
buoyancy and induces a square shaped flow near the walls.
For θ = 0, the flow is composed of two counter-rotating

vortexes that rise up by applying the magnetic field. The increase
of the angle between the cold fins causes the apparition of a
multivortex structure, especially for higher CNT volume fraction
and Hartman numbers.

Figure 5.Temperature field at the z = 0.5 plane for Ra = 105 at different
nanoparticle volume fractions and inclination angles of the fins.

Figure 6.Nuav versus CNT volume fraction for various Ra values at θ =
40° and Ha = 50.

Figure 7. Nuav versus Hartman number for various Ra values at ϕ =
0.03.

Figure 8. Nuav versus the inclination between the fins for Ha = 50, ϕ =
0.03, and various values of Ra.

Figure 9. Effect of θ on the entropy generation for Ra = 105: (a)
thermal, (b) viscous, (c) magnetic, (d) total, and (e) Bejan Number.
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Figures 4 and 5 present the temperature iso-surfaces and the
temperature fields, respectively, for Ra = 105 at different angles
between the fins. In the absence of themagnetic effect and due to
the intensity of the flow, distortions and vertical stratifications of
the iso-surfaces of temperature are encountered. These
distortions and vertical stratifications become more important
by adding the CNT. Themagnetic effect reduces the distortions;
the iso-surfaces of the temperature become parallel to the cold
fins, and the temperature field becomes similar to that of a purely
conductive regime due to the damping effect of the induced
Lorentz force. It is also noticed that the temperature gradients
close to the active walls are increased by adding the CNT and
reduced by increasing Hartman number. This finding means
that the heat transfer is enhanced by the increase of the

nanoparticle’s concentration and damped by the presence of the
magnetic field.
Figure 6 illustrates the effect of the CNT volume fraction on

the heat transfer rate for θ = 40° andHa = 50. The increase of Ra
is obviously found to increase Nuav due to the increase of the
buoyancy forces. The addition of nanoparticles ameliorates the
properties of the nanofluid and consequently enhances the heat
transfer. In fact, Nuav is approximatively doubled by increasing
the CNT volume fractions from 0 to 0.045.
The effect of the applied external magnetic field on Nuav is

presented in Figure 7. For all the considered Ra values, Nuav is
significatively reduced by the applied magnetic field. For
example, for Ra = 105 a reduction of about 43% occurs. This
reduction is justified by the induced Lorentz force that opposes
the convective flow and reduces the temperature gradient close
to the active walls.
As presented in Figure 8 and in opposition with the effect of

Ha, the increase of the angle between the fins causes a
considerable enhancement of the heat transfer rate. In fact, the
Nuav number is doubled by increasing the angle from 0 to 80°.
This is due to the fact that the hot and cold surfaces become
closer, which causes the intensification of the thermal buoyancy
in the created tight regions.
The effect of the angle between the fins on the irreversibility

productions is depicted in Figure 9, for Ra = 105 and variousHa
and ϕ values. It is to be mentioned that the irreversibility
coefficient is fixed at Is = 10−4. The angle between the fins has
different effects on the evaluated types of irreversibility. In fact, it
increases the thermal entropy and decreases both the viscous
and magnetic entropy generations. The increase of the thermal
entropy production is due to an increase of the temperature
gradients when the cold fins come close to the hot walls, while
the viscous entropy generation decreases due to the opposition
of fins to the flow when the angle between the fins is higher. The
variation of the total entropy generation has different behaviors
in the presence and in the absence of themagnetic field. In fact, it
is decreasing and then increasing forHa = 0 and is increasing for
Ha = 100. It is also to be mentioned that the addition of CNT
nanoparticles causes the increase of all the types of entropies
and, in opposition, the application of the magnetic field reduces
them. The variation of the Be number is also monotone,
indicating that the increase of the angle between the fins favors
the thermal entropy generation compared to the other kinds of
entropies.
Figure 10 presents the iso-surface of the electrical potential for

Ra = 105,Ha = 50, andϕ = 0.045 and various angles between the
fins. The maximum and minimum values of the electrical
potential are located at the corner and are mainly null in the core
region of the cavity. The increase of the angle causes a distortion
of these iso-surfaces.
Figure 11 illustrates the current density at the central xz-plane

for Ra = 105 and Ha = 50. It is noticed that the current lines are
closed due to electrical insulation of the walls with the apparition
of counter-rotative cells at the corners. This is due to the
dominance of the electrical potential (−∇⃗φ) compared to the
induced electrical current (V⃗ × eB⃗). The increases of the angle
between the fins reduce the size of the principal cells of the
current density. It is also noticed that the addition of CNT
causes an increase in the magnitude of the current density due to
the enhancement of the electrical conductivity.

Figure 10. Electrical Potential for Ra = 105, Ha = 50, and ϕ = 0.045.

Figure 11.Current density at the central xz plane for Ra = 105 andHa =
50.
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■ CONCLUSION
A 3D numerical simulation on the MHD convective heat
transfer of CNTs dispersed in water in a cubic cavity equipped
with two inclined fins is performed using the FEM. The main
conclusions can be summarized as follows.

• The use of nanoparticles can enhance the heat transfer
rate by 100% and augments the entropy production by
30%.

• The increase of the angle between the fins causes
considerable changes in the flow and temperature fields.

• The application of the magnetic field allows a control of
the flow and the heat transfer. A reduction of about 100%
in the Nusselt number was recorded just by varying Ha
from 0 to 100.

• The variation of the fin inclination from 0 to 80%
intensifies the heat transfer by 218%.

• The electromagnetic variables are affected by the presence
of the fins.

• For a strong magnetic field (Ha = 100), the viscous
entropy is destroyed at the expense of the magnetic
entropy.

• Increasing the fin angle decreases the viscous entropy but
increases the thermal and magnetic entropy.

• The use of CNT reduces the flow intensity and causes an
augmentation of the magnitude of the electrical current
density.
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■ NOMENCLATURE
B⃗ dimensionless magnetic field = ′B B( / )0

÷ ◊÷÷

Be Bejan number
Cp specific heat capacity, kJ·kg−1·K−1

eB
÷ ◊÷÷ direction of the magnetic field
E⃗ dimensionless electric field
F⃗ dimensionless Lorentz force
g⃗ gravitational acceleration, m·s−2

Ha Hartmann number
IS irreversibility coefficient
J ⃗ dimensionless density of electrical current
K thermal conductivity, kW·m−1·K−1

Nu Nusselt number
NS dimensionless local generated entropy
P dimensionless pressure
Pr Prandtl number
Ra Rayleigh number
S′gen entropy generation, J·K−1

Stot dimensionless total generated entropy
T dimensionless temperature
t dimensionless time
V⃗ dimensionless velocity vector
x, y, z dimensionless Cartesian coordinates
Greek Characters
α thermal diffusivity, m2·s−1

β thermal expansion coefficient, K−1

μ dynamic viscosity, Pa·s
ν kinematic viscosity, m2·s−1

ρ density of the fluid, kg·m−3

σ electric conductivity, Ω−1·m−1

Subscripts
av average
c cold
fr friction
h hot
m magnetic
nf nanofluid
p solid particle
th thermal

■ ABBREVIATIONS
BDF backward differentiation formula
CNTs carbon nanotubes
FEM finite element method
MHD magnetohydrodynamics
MWCNTs multiwall carbon nanotubes
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