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A B S T R A C T

The principal goal of the present investigation is to inspect the flow characteristics of an
electrically conducting hybrid nanofluid containing copper and graphene nanoparticles past a
linearly stretched sheet with velocity slip condition at the interface. Since, the non-Newtonian
fluid models result in a better understanding of the flow and heat transfer attributes of the
nanofluids, therefore, non-Newtonian Maxwell nanofluid has been chosen as the base fluid in
our study with an unsteady magnetic field applied at a certain angle to the direction of the
flow. Consideration of thermal radiation along with heat absorption under the mutual influence
of viscous and Joule dissipations is one of the key features of this research investigation.
With the help of similarity transformations, the governing flow equations have been converted
into a system of coupled non-dimensional differential equations. After that, Shooting method
along with Runge–Kutta–Fehlberg numerical technique is employed to find the solutions for
velocity and temperature of the hybrid nanofluid. The obtained numerical results are well
demonstrated with a number of graphs and tables. Apart from this numerical technique,
a statistical method is implemented of multiple quadratic regression estimation analysis on
the various graphs of skin friction coefficient and wall temperature gradient to establish the
connection among physical entities and heat transfer rate. The applications of this investigation
in solar energy, ventilation, heating as well as refrigeration , medical science, defence sector etc.
Some noteworthy findings include that Maxwell parameter, velocity slip and porosity have a
tendency to reduce the hybrid nanofluid velocity whereas graphene Maxwell hybrid nanofluid’s
temperature is getting enhanced for rising the values of magnetic field’s inclination angle,
radiation, unsteadiness parameters, Biot number and viscous dissipation whereas a reverse
trend is visible for heat absorption parameter. Furthermore, the permeability of the porous
medium has a more significant impact on changing the nanofluid velocity than that of magnetic
parameter whereas the rate of heat transfer is high sensitive for thermal radiation than that of
viscous dissipation. As per authors’ knowledge there is no such attempt where the mutual effects
of hybrid Maxwell nanofluid (graphene and copper), porous media and viscous dissipation have
been considered.
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1. Introduction

In present scenario, study of nanofluid are getting a lot of attention, due to its noteworthy applications in industries because
f its boosting nature of rate of heat transfer. Choi [1] was the first scientist who noticed that a noble enhancement is occurring
hen non-metallic/metallic particles are mixed with fluid. Adding the extra fine particle in fluid is the reason of notable changing
f fluid nature like thermal conductivity and heat transfer rate [2]. Nanofluids have a lot of applications in energy conversion,
ooling of microsystem’s, optical devices and sensor. Both experimental and numerical reviews were done by Rashidi et al. [3]
nd they expressed the significance as well as disadvantages of nanofluid in evaporating systems. Das et al. [4] studied the double
iffusive natural convection flow of nanofluid over a plate which is inclined at particular angle. Seth et al. [5] analysed the entropy
eneration mechanism for the dissipative flow of carbon nanotubes in rotating frame with Darcy–Forchheimer porous medium.
nalysing the nature of MHD stagnation point viscous nanofluid flow passing through a curved surface was carried out by Nadeem
t al. [6]. Rheological influence because of oscillating field on unsteady boundary layer flow of magnetic nanofluid passing through
rotational disc has been studied by Ram et al. [7]. Rana and Nawaz [8] analysed the nature of Sutterby nanofluid and found

nhancement of rate of heat transfer. Ma et al. [9] has shown the effect of geometry and Baffle on forced convection on the backward
nd forward steps channel, by employing of lattice Boltzmann methods. Xu et al. [10] described the optomechanical wagon-wheel
ffects for bidirectional sorting of dielectric nanoparticles. Zhang and Zhang [11] presented an experimental study on enhanced
eat transfer and flow performance of magnetic nanofluids under alternating magnetic field.

The monomolecular layer of carbon atom which has the structure similar to that of honeycomb is known as graphene. Because
f having high thermal conductivity, fast mobility of electrons and expanded surface area, the graphene nanoparticles exhibit
he novel material, physical, electrical and chemical characteristics [12]. Naturally, it finds a large scale application in various
lectronics as well as energy sectors [13]. While performing the theoretical investigation of magneto-Carreau fluid containing the
raphene and dust particles, Upadhya et al. [14] observed a significant enhancement in the heat transport phenomenon. Later,
ahesha et al. [15] extended this investigation by considering different aspects such as thermal radiation and heat generation and

ound a noteworthy improvement in the heat transfer mechanism. Hydromagnetic fluid flow through porous medium has some
rucial applications in variety of engineering and industrial sectors which include separation of metal from non-metallic enclosures,
xtraction of energy from earth, polymer industries, etc. Some notable research works regarding the fluid flow through porous
edium are due to [16–20].

Majority of above mentioned research articles are related to Newtonian fluids. But practical situation is quite different, many
on-Newtonian fluids such as polymers, pulps, lubrication, liquid metals are frequently used in several industrial and engineering
rocess. Due to its complicated characteristics, till no one found the single equation which can present all the nature of this types of
on-Newtonian categories of fluids. Various complicated model was proposed by many investigators such as, Baris and Dokuz [21],
aroun [22], Sajid et al. [23] and Hayat et al. [24], etc. Models are related to 2nd , 3rd and 4th grade fluids which exhibit the
onsequences of elasticity whereas the mathematical models are not dependent on shear and not able to imagine the importance
f shear relaxation [25]. Further, Maxwell model is given because it can measure relaxation of shear stress and thus construct a
amous model by the several investigators. These mathematical models can also interpret the importance of viscosity problem in
oundary layer. Consequently, a number of researchers such as Fetecau and Fetecau [26], Wang and Hayat [27] and Heyhyat and
habazi [28] mentioned their investigation on Maxwell fluid flow problems under the consideration of various geometrical sketch

o study the importance of various germane parameter on fluid flow.
From the past few years, the study regarding the implementation of hybrid nanofluid to improve heat transfer has been a hot

opic in the fluid dynamics community. For instance, Devi and Devi [29] investigated the flow features past a stretching sheet
onsidering Cu–Al2O3/water hybrid nanofluid. Here authors have introduced a new thermophysical model of hybrid nanofluid. In
ontinuation of this work, Suresh et al. [30] verified and validated this thermophysical model with the experimental data. After
hat Devi and Devi [31] extended their work taking three-dimensional flow subject to the Newtonian heating condition. With their
xperiment, they came to the conclusion that the rate of heat transfer in case of hybrid nanofluid is much higher than that of
egular nanofluid. Prakash and Devi [32] unfolded the impact of hydromagnetic hybrid Al2O3–Cu/water nanofluid flow over a

slendering stretching sheet with prescribed surface temperature. Bahiraei and Mazaheri [33] discussed the applications of a novel
hybrid nanofluid containing graphene–platinum nanoparticles in a chaotic twisted geometry for utilization in miniature devices.
Aziz et al. [34] presented the outcomes of entropy generation due to Maxwell hybrid nanofluid flow under the influence of inclined
magnetic field, thermal radiation and Joule heating. The flow characteristics of hybrid nanofluid flow through an exponentially
stretching/shrinking sheet with mixed convection and Joule heating have been analysed by Yashkun et al. [35]. Sharma et al. [36]
performed a numerical as well as statistical approach to study the nature of graphene Maxwell nanofluid flow past a linearly
stretched sheet. Zhang et al. [37] portrayed the effects of graphite particles/Fe3+ on the properties of anoxic activated sludge.
Other remarkable researches in this fields have been investigated by [38–40].

In view of industrial applications, one cannot ignore the features of surface heat transfer due to thermal radiation in various
processes such as design of furnace, solar power technology, missiles devices, electrical power generation etc., that requires a very
high temperature. At present, it is becoming a trend to depend more on renewable as well as sustainable energy sources by the
industrial sectors rather than conventional energy sources. The major source of renewable energy is the solar energy whereas thermal
radiation plays a significant role in converting the solar energy into the suitable form required by the industries. In this regard, some
noteworthy research works are due to [41–46].

One point to note here that, in all the aforementioned literatures, the influence of viscous dissipation has not been considered
1279
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instrumentations etc. Vajravelu and Hadjinicolaou [47] discussed the consequences of heat transfer in case of viscous fluid flow
at stretching sheet considering the effect of viscous dissipation along with heat generation. Some other significant contributions
in this regard are due to Partha et al. [48], Cortell [49] and El-Aziz [50], etc. Later this, various investigators namely Devi and
Ganga [51] and Daniel et al. [52] framed their problems by taking into account of the mutual influence of both viscous and Joule
dissipations. After this, Mukhopadhyay and Gorla [53] and Singh and Makinde [54] investigated the fluid flow model considering
the case of partial slip under the impact of magnetic field.

The principal goal of the current investigation is to unfold the impact of thermal radiation and heat absorption as well as viscous
nd Joule dissipations on Maxwell hybrid (taking copper and graphene nanoparticles) nanofluid flow past a linearly varying stretched
heet which is kept horizontally under the condition of velocity slip. Shooting scheme is employed with the help of Runge–Kutta–
ehlberg technique to solve the highly non-linear governing flow equations numerically. Moreover, multiple regression estimation
nalysis has also been performed on the figures of local Nusselt number and wall velocity gradient. In the best of our knowledge,
o such attempt has been made earlier although the fertility of thoughts and the phenomena explained in the present work can be
xpected to lead to extremely productive interactions across disciplines.

. Development of our model

An electrically conducting, optically thick, unsteady two-dimensional flow of heat-absorbing Maxwell hybrid nanofluid past a
inearly stretched sheet embedded in a porous medium has been considered. The hybrid nanofluid is manufactured by adding copper
Cu) nanoparticle into the ethylene glycol (base fluid) at a contact volume fraction (𝜙1) then graphene nanoparticles are dispersed

into the copper–ethylene glycol nanofluid to make it a hybrid nanofluid at volume fraction (𝜙2). Table 1 portrays the thermophysical
properties of the base fluid as well as the nanoparticles. The orientation of Cartesian coordinate system is chosen in such a way
that the stretching sheet is aligned to 𝑥-axis while 𝑦-axis is perpendicular to it. The flow is constrained in the region 𝑦 > 0. Fig. 1
represents the physical sketch of the coordinate system along with the flow configuration.

In order to carry out the present investigation, the following assumptions we have made:

• The sheet is being stretched with a time-dependent velocity 𝑈𝑤(𝑥, 𝑡) = 𝑐𝑥(1 − 𝛼𝑡)−1, where 𝑐 and (1 − 𝛼𝑡)−1 (here 𝛼𝑡 < 1) are
the initial and effective stretching rates.

• Between the base fluid and the nanoparticles, there exist a state of thermal equilibrium.
• The size of nanoparticles is small as compared to the size of the pores.
• An unsteady magnetic field 𝐵(𝑡) = 𝐵0(1 − 𝛼𝑡)−1∕2 is applied at an angle 𝛾 about the 𝑥-axis.
• Since the magnetic Reynolds number is chosen to be very small, the impact of magnetic field induced by the fluid flow is

neglected [17].
• The influence of polarization is also ignored due to the absence of any externally applied electric field.
• The simultaneous effect of viscous as well as Joule dissipations have been taken into account.
• The wall temperature of the hybrid nanofluid is considered to be 𝑇𝑤 while the temperature outside the boundary regime,

known as free stream temperature, is denoted by 𝑇∞.

Based on the above assumptions, the constitutive flow equations for conservation of mass, momentum and energy for the hybrid
axwell nanofluid are given by [34,36,55]:
The equation of continuity:

𝜕𝑢
𝜕𝑥

+ 𝜕𝑣
𝜕𝑦

= 0. (1)

The momentum equation:
( 𝜕
𝜕𝑡

+ 𝑢 𝜕
𝜕𝑥

+ 𝑣 𝜕
𝜕𝑦

)

𝑢 =
𝜇ℎ𝑛𝑓
𝜌ℎ𝑛𝑓

( 𝜕2𝑢
𝜕𝑦2

)

− 𝜆
(

𝑢2 𝜕
2𝑢
𝜕𝑥2

+ 2𝑢𝑣 𝜕
2𝑢

𝜕𝑥𝜕𝑦
+ 𝑣2 𝜕

2𝑢
𝜕𝑦2

)

−
𝜎ℎ𝑛𝑓𝐵2(𝑡)𝑢

𝜌ℎ𝑛𝑓
sin2𝛾 −

𝜈ℎ𝑛𝑓
𝐾

𝑢. (2)

The energy equation:
( 𝜕
𝜕𝑡

+ 𝑢 𝜕
𝜕𝑥

+ 𝑣 𝜕
𝜕𝑦

)

𝑇 =
𝑘ℎ𝑛𝑓

(𝜌𝐶𝑝)ℎ𝑛𝑓

( 𝜕2𝑇
𝜕𝑦2

)

− 1
(𝜌𝐶𝑝)ℎ𝑛𝑓

[ 𝜕𝑞𝑟
𝜕𝑦

+𝑄0(𝑇 − 𝑇∞)
]

𝜎ℎ𝑛𝑓𝐵2(𝑡)𝑢2

(𝜌𝐶𝑝)ℎ𝑛𝑓
sin2𝛾 +

𝜇ℎ𝑛𝑓
(𝜌𝐶𝑝)ℎ𝑛𝑓

( 𝜕𝑢
𝜕𝑦

)2
. (3)

The boundary conditions are

𝑢 = 𝑈𝑤 + 𝑠𝜇ℎ𝑛𝑓
( 𝜕𝑢
𝜕𝑦

)

, 𝑣 = 𝑉𝑤, − 𝑘𝑓
( 𝜕𝑇
𝜕𝑦

)

= ℎ𝑓 (𝑇𝑤 − 𝑇 ) at 𝑦 = 0, (4)

𝑢 → 0, 𝑇 → 𝑇 as 𝑦→ ∞. (5)
1280
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Fig. 1. Schematic diagram of the problem.

Table 1
Thermophysical properties of base fluid and nanoparticles [34,36].
Thermophysical properties 𝜌 (kg/m3) 𝑐𝑝 (J/kg K) 𝑘 (W/mK) 𝜎 (S/m)

Ethylene glycol 1114 2415 0.252 5.5 × 10−6

Copper 8933 385 401 5.96 × 107

Graphene 2250 2100 2500 1 × 107

Here 𝑢 and 𝑣 are, respectively, the graphene Maxwell hybrid nanofluid velocities along 𝑥-direction and 𝑦-direction, 𝑡 represents
time. 𝜇ℎ𝑛𝑓 , 𝜈ℎ𝑛𝑓 , 𝜌ℎ𝑛𝑓 , 𝜎ℎ𝑛𝑓 , 𝑘ℎ𝑛𝑓 and (𝜌𝐶𝑝)ℎ𝑛𝑓 signify dynamic viscosity, kinematic viscosity, density, electrical conductivity, thermal
conductivity and specific heat capacity of the hybrid nanofluid respectively. 𝜆 = 𝜆0(1 − 𝛼𝑡) denotes thermal relaxation, where 𝜆0 is
the initial relaxation rate. 𝐾 = 𝐾0(1 − 𝛼𝑡) is the porosity parameter where 𝐾0 represents the porosity at 𝑡 = 0. 𝑇 , 𝑞𝑟 and 𝑄0 indicate,
respectively, the temperature of the hybrid nanofluid, thermal radiation and heat absorption. 𝑠 = 𝑠0

√

(1 − 𝛼𝑡) is the velocity slip
factor where 𝑠0 is the initial slip at 𝑡 = 0. 𝑉𝑤 implies suction/injection for the hybrid nanofluid. The terms 𝑘𝑓 and ℎ𝑓 signifies the
thermal conductivity and heat transfer coefficient of the hybrid nanofluid respectively. The expressions of different thermophysical
properties for both normal nanofluid and hybrid nanofluid are depicted in Table 2.

According to Rosseland approximation [56], for an optically thick radiative fluid, the expression for thermal radiation 𝑞𝑟 is given
by

𝑞𝑟 = −4𝜎∗
3𝑘∗

𝜕𝑇 4

𝜕𝑦
, (6)

where 𝑘∗ represents absorption coefficient and 𝜎∗(= 5.67 × 10−8 W∕m2 K4) denotes Stefan–Boltzmann constant.

3. Solution of the problem

Our chosen problem is comprised of a set of partial differential equations which are coupled in nature. Hence, to obtain an exact
solution is quite challenging with the known techniques. That is why, with an aim to have a similar solution of the problem, the
similarity variable 𝜂 =

√ 𝑐
𝜈𝑓 (1−𝛼𝑡)

𝑦, stream function 𝜓 =
√

𝑐𝜈𝑓
1−𝛼𝑡𝑥𝑓 (𝜂) and non-dimensional temperature 𝜃 = 𝑇−𝑇∞

𝑇𝑤−𝑇∞
are introduced to

convert the mathematical model into dimensionless forms.
Now in terms of stream function 𝜓 , the velocity components of hybrid nanofluids 𝑢 and 𝑣 are defined by 𝑢 = 𝜕𝜓

𝜕𝑦 and 𝑣 = − 𝜕𝜓
𝜕𝑥 ,

which satisfy the continuity Eq. (1).
Making use of above mentioned similarity transformations, the non-dimensional form of momentum Eq. (2) and energy Eq. (3)

are given by

𝐴
( 𝜂

𝑓 ′′ + 𝑓 ′
)

+ 𝑓 ′2 − 𝑓𝑓 ′′ −
𝜙𝑎 (𝑓 ′′′ +𝐾1𝑓

′
)

+ 𝛽
(

𝑓 2𝑓 ′′′ − 2𝑓𝑓 ′𝑓 ′′
)

+
𝜙𝑒𝑀sin2𝛾𝑓 ′ = 0, (7)
1281
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Table 2
Thermophysical attributes of normal nanofluid and hybrid nanofluid [34,35].
Thermophysical properties Normal nanofluid Hybrid nanofluid

Density 𝜌𝑛𝑓 = (1 − 𝜙1)𝜌𝑓 + 𝜙1𝜌𝑛1 𝜌ℎ𝑛𝑓 = (1 − 𝜙2)[(1 − 𝜙1)𝜌𝑓 + 𝜙1𝜌𝑛2 ] + 𝜙2𝜌𝑛1
Heat capacity (𝜌𝐶𝑝)𝑛𝑓 = (1 − 𝜙1)(𝜌𝐶𝑝)𝑓 + 𝜙1(𝜌𝐶𝑝)𝑛1 (𝜌𝐶𝑝)ℎ𝑛𝑓 = (1 − 𝜙2)[(1 − 𝜙1)(𝜌𝐶𝑝)𝑓 + 𝜙1(𝜌𝐶𝑝)𝑛1 ] + 𝜙2(𝜌𝐶𝑝)𝑛2
Dynamic viscosity 𝜇𝑛𝑓 = 𝜇𝑓

(1−𝜙1 )2.5
𝜇ℎ𝑛𝑓 = 𝜇𝑓

(1−𝜙1 )2.5 (1−𝜙2 )2.5

Thermal conductivity 𝑘𝑛𝑓 =
𝑘𝑛1 +2𝑘𝑓−2𝜙1 (𝑘𝑓−𝑘𝑛1 )

𝑘𝑛1 +2𝑘𝑓+𝜙1 (𝑘𝑓−𝑘𝑛1 )
× 𝑘𝑓 𝑘ℎ𝑛𝑓 =

𝑘𝑛2 +2𝑘𝑛𝑓−2𝜙2 (𝑘𝑛𝑓−𝑘𝑛2 )

𝑘𝑛2 +2𝑘𝑛𝑓+𝜙2 (𝑘𝑛𝑓−𝑘𝑛2 )
× 𝑘𝑛𝑓

Electrical conductivity 𝜎𝑛𝑓 = 1 +
3
( 𝜎𝑛1

𝜎𝑓
−1
)

𝜙1

2+
𝜎𝑛1
𝜎𝑓

−
( 𝜎𝑛1

𝜎𝑓
−1
)

𝜙1

× 𝜎𝑓 𝜎ℎ𝑛𝑓 =
𝜎𝑛2 +2𝜎𝑛𝑓−2𝜙2 (𝜎𝑛𝑓−𝜎𝑛2 )

𝜎𝑛2 +2𝜎𝑛𝑓+𝜙2 (𝜎𝑛𝑓−𝜎𝑛2 )
× 𝜎𝑛𝑓

𝜃′′
(

1 + 1
𝜙𝑑

Pr𝑁𝑟
)

+ Pr
𝜙𝑐
𝜙𝑑

(

𝑓𝜃′ − 𝐴
𝜂
2
𝜃′
)

+ Pr
𝜙𝑑

[

𝜙𝑒𝑀Ecsin2𝛾𝑓 ′2 − 𝐺𝜃 + 𝜙𝑎Ec𝑓 ′′2
]

= 0. (8)

The corresponding boundary conditions in the non-dimensional form become

𝑓 ′(0) = 1 + 𝜙𝑎𝐴1𝑓
′′(0), 𝑓 (0) = 𝑆, 𝜃′(0) = −Bi

(

1 − 𝜃(0)
)

, (9)

𝑓 ′(𝜂) → 0, 𝜃(𝜂) → 0 as 𝜂 → ∞. (10)

where 𝜙𝑎 = 𝜇ℎ𝑛𝑓
𝜇𝑓

, 𝜙𝑏 = 𝜌ℎ𝑛𝑓
𝜌𝑓

, 𝜙𝑐 = (𝜌𝐶𝑝)ℎ𝑛𝑓
(𝜌𝐶𝑝)𝑓

, 𝜙𝑑 = 𝑘ℎ𝑛𝑓
𝑘𝑓

and 𝜙𝑒 = 𝜎ℎ𝑛𝑓
𝜎𝑓

. The primes stand for differentiation of function with respect

o 𝜂. 𝐴 = 𝛼
𝑐 is the unsteadiness parameter, 𝛽 = 𝑐𝜆0 is the Maxwell parameter, 𝑀 =

𝜎𝑓𝐵2
0

𝑐𝜌𝑓
indicates magnetic parameter, 𝐾1 = 𝜈𝑓

𝑐𝐾0

enotes the porosity parameter, Pr = 𝜈𝑓
𝛼𝑓

is the Prandtl number, 𝛼𝑓 = 𝑘𝑓
(𝜌𝐶𝑝)𝑓

is the thermal diffusivity parameter, 𝑁𝑟 = 16
3

𝜎∗𝑇 3
∞

𝑘∗𝜈𝑓 (𝜌𝐶𝑝)𝑓

s the radiation parameter, 𝐺 = 𝑄0(1−𝛼𝑡)
𝑐(𝜌𝐶𝑝)𝑓

implies the heat absorption parameter, Ec = 𝑈2
𝑤

(𝐶𝑝)𝑓 (𝑇𝑤−𝑇∞) stands for local Eckert number,

1 = 𝑠0
√ 𝑐

𝜈𝑓
𝜇𝑓 is the velocity slip parameter, 𝑆 = −𝑉𝑤

√

1−𝛼𝑡
𝑐𝜈𝑓

is the suction/injection parameter and Bi = ℎ𝑓
𝑘𝑓

√

𝜈𝑓 (1−𝛼𝑡)
𝑐 denotes the

Biot number.

4. Physical quantities of engineering interests

In view of engineering and practical applications, the exploration of some physical quantities i.e. the skin friction coefficient 𝐶𝑓
and local Nusselt number 𝑁𝑢𝑥 have enormous significance. These physical quantities are defined as [34].

𝐶𝑓 =
𝜏𝑤

𝜌𝑓𝑈2
𝑤

and 𝑁𝑢𝑥 =
𝑥𝑞𝑤

𝑘𝑓 (𝑇𝑤 − 𝑇∞)
, (11)

where 𝜏𝑤 = 𝜇ℎ𝑛𝑓
(

𝜕𝑢
𝜕𝑦

)

𝑦=0
denotes the wall skin friction and 𝑞𝑤 = −𝑘ℎ𝑛𝑓

(

1 + 16
3

𝜎∗𝑇 3
∞

𝑘∗𝜈𝑓 (𝜌𝐶𝑝)𝑓

)(

𝜕𝑇
𝜕𝑦

)

𝑦=0
indicates the wall heat flux.

Applying the dimensionless similarity transformations, we obtain

𝐶𝑓𝑅𝑒
1∕2
𝑥 = 𝜙𝑎𝑓

′′(0) and 𝑁𝑢𝑥𝑅𝑒
−1∕2
𝑥 = 𝜙𝑑 (1 +𝑁𝑟)𝜃′(0), (12)

where 𝑅𝑒𝑥 = 𝑈𝑤(𝑥)
𝜈𝑓

is the local Reynolds number.

. Implementation of numerical method

Due to complexity and highly nonlinearity of the mathematical model represented by Eqs. (7) and (8) along with the boundary
onditions (9) and (10), it is not possible to solve those with the aid of analytical techniques. Therefore, we solved the system of
quations by employing shooting technique with the help of Runge–Kutta–Fehlberg method (RKF45). In this technique, at first the
qs. (7) and (8) are converted into five first order differential equations. After that, Runge–Kutta–Fehlberg method is executed to
olve these sets of five differential equations. The detailed explanation of Shooting technique and Runge–Kutta–Fehlberg method
re given below:

.1. Shooting method

The Shooting method is technique for obtaining the solution of boundary value problem (BVP). In this technique, we are
onverting the given higher order boundary value problem into a system of first order initial value problem (IVP). In this technique,
e choose the random value of one end of the initial value problem and try to get the solution at other end with the help of
unge–Kutta–Fhelburg method (RKF45) by taking suitable step-size ℎ. If we are getting the solution at other end which is equal to

given boundary value problem then our guess is correct otherwise, again make the guess with the help of Secant method and repeat
the same process until we are not getting the desired solution at other end.
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5.2. Runge–Kutta–Fehlberg method (RKF45)

One way to guarantee accuracy in the solution of an IVP is to solve the problem twice using step sizes ℎ and ℎ∕2 and compare
nswers at the mesh points corresponding to the larger step size. But this requires a significant amount of computation for the
maller step size and must be repeated if it is determined that the agreement is not good enough.

The Runge–Kutta–Fehlberg method (denoted RKF45) is one way to try to resolve this problem. It has a procedure to determine
f the proper step size ℎ is being used. At each step, two different approximations for the solution are made and compared. If the
wo answers are in close agreement, the approximation is accepted. If the two answers do not agree to a specified accuracy, the
tep size is reduced. If the answers agree to more significant digits than required, the step size is increased.

Each step requires the use of the following six values:

𝑘1 = ℎ𝑓
(

𝑡𝑘, 𝑦𝑘
)

,

𝑘2 = ℎ𝑓
(

𝑡𝑘 +
1
4
ℎ, 𝑦𝑘 +

1
4
𝑘1
)

,

𝑘3 = ℎ𝑓
(

𝑡𝑘 +
3
8
ℎ, 𝑦𝑘 +

3
32
𝑘1 +

9
32
𝑘2
)

,

𝑘4 = ℎ𝑓
(

𝑡𝑘 +
12
13
ℎ, 𝑦𝑘 +

1932
2197

𝑘1 −
7200
2197

𝑘2 +
7296
2197

𝑘3
)

,

𝑘5 = ℎ𝑓
(

𝑡𝑘 + ℎ, 𝑦𝑘 +
439
216

𝑘1 − 8𝑘2 +
3680
513

𝑘3 −
845
4104

𝑘4
)

,

𝑘6 = ℎ𝑓
(

𝑡𝑘 +
1
2
ℎ, 𝑦𝑘 −

8
27
𝑘1 + 2𝑘2 −

3544
2565

𝑘3 +
1859
4104

𝑘4 −
11
40
𝑘5
)

. (13)

Then an approximation to the solution of the IVP is made using a Runge–Kutta method of order 4:

𝑦𝑘+1 = 𝑦𝑘 +
25
216

𝑘1 +
1408
2565

𝑘3 +
2197
4101

𝑘4 −
1
5
𝑘5, (14)

where the four function values 𝑓1, 𝑓3, 𝑓4 and 𝑓5 are used. Notice that 𝑓2 is not used in formula (14). A better value for the solution
is determined using a Runge–Kutta method of order 5:

𝑧𝑘+1 = 𝑦𝑘 +
16
135

𝑘1 +
6656
12825

𝑘3 +
28561
56430

𝑘4 −
9
50
𝑘5 +

2
55
𝑘6. (15)

The optimal step size 𝑠ℎ can be determined by multiplying the scalar 𝑠 times the current step size ℎ. The scalar 𝑠 is

𝑠 =
( tol ℎ
2|𝑧𝑘+1 − 𝑦𝑘+1|

)1∕4
≈ 0.84

( tol ℎ
|𝑧𝑘+1 − 𝑦𝑘+1|

)1∕4
(16)

where tol is the specified error control tolerance.
The derivation of formula (16) can be found in advanced books on numerical analysis. It is important to learn that a fixed step

size is not the best strategy even though it would give a nicer-appearing table of values. If values are needed that are not in the
table, polynomial interpolation should be used.

6. Mesh independence analysis and validation of numerical solutions

With the perspective of validating the results obtained by us employing the numerical technique, we have made a comparison
of the numerical values of local Nusselt number 𝑁𝑢𝑥 with those of Asim et al. [34] and have presented the results in tabular
form. This validation procedure has been conducted along with the mesh independency test. For this purpose, we have first set
𝐾1 = 0 and 𝐺 = 0 in order to make our mathematical model similar to Asim et al. [34]. In the next step we have computed the
values of 𝑁𝑢𝑥 for the variations of two parameters 𝛽 and 𝐴 with our developed code of Runge–Kutta–Fehlberg numerical technique
by considering the thermophysical properties of ferro-copper (Fe3O4–Cu) nanoparticles (as chosen by Asim et al. [34]) instead
of graphene nanoparticles. The developed code has been executed taking different element sizes and it was found that solution
becomes independent of element size after taking the mesh (element) size smaller than 0.005 (Table 3). It is very clear from these
comparisons that there is an outstanding agreement among the numerical solutions which justifies the accuracy and validity of our
obtained numerical results.

7. Results and discussion

In order to establish and discuss the significance of various pertinent flow parameters on the hybrid nanofluid velocity as well
as the hybrid nanofluid temperature some graphical and tabular representations are necessary. By implementing above mentioned
numerical technique, we have prepared the graphs and tables. Throughout the numerical computations, the default values of the
flow parameters have been chosen as Pr = 5,𝑀 = 0.3, 𝐾1 = 0.1, 𝛾 = 𝜋∕4, 𝛽 = 0.1, 𝐴 = 0.1, 𝑆 = 0.1, 𝑁𝑟 = 0.2,Ec = 0.1,Bi = 0.1 and
𝐺 = 0.2 until and otherwise specified particularly. In the figures, no-slip condition 𝐴1 = 0 is depicted by solid lines whereas dashed
lines stand for the slip condition 𝐴 ≠ 0.
1283
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Table 3
Comparison of the numerical values of local Nusselt number (−𝑁𝑢𝑥Re1∕2𝑥 ) for the variations in 𝛽 and 𝐴.

𝛽 A Asim et al. [34] Present result

ℎ = 0.05 ℎ = 0.01 ℎ = 0.005 ℎ = 0.001

0.01 0.0824 0.08278689 0.08258523 0.08258570 0.08258570
0.1 0.6 0.0819 0.08236297 0.08203496 0.08203498 0.08203498
0.3 0.0808 0.08102047 0.08083967 0.08083977 0.08083977

0.6 0.0824 0.08278689 0.08258523 0.08258570 0.08258570
0.01 1.6 0.0879 0.08823968 0.08804172 0.08804185 0.08804185

2.6 0.0899 0.09051023 0.08994563 0.08994581 0.08994581

Velocity profile
Figs. 2–7 display the behaviour of graphene Maxwell hybrid nanofluid velocity under the influence of magnetic parameter,

orosity parameter, Maxwell parameter, magnetic field’s inclination angle, Maxwell parameter, unsteadiness parameter and
uction/injection parameter. In Fig. 2 we see that the nanofluid velocity decreases when there is an increment in parameter of
agnetic field (𝑀) due to both velocity slip (𝐴1 = 0.4) and velocity no-slip (𝐴1 = 0) conditions. The reason behind this phenomenon

s that as the strength of magnetic field is gradually increased, a retarding body force named as Lorentz force is enhanced which
as a tendency to oppose the fluid motion. As a result of which a downfall in hybrid nanofluid velocity is noticed. From Fig. 3 it
s perceived that there is a decrement in the velocity profile whenever the permeability of porous medium (𝐾1) is intensified. This
act can be justified as an increment in the porosity parameter leads to the thickness of velocity boundary layer and consequently,
he fluid flow slows down. Fig. 4 implies that an magnetic field’s inclination angle (𝛾) causes a reduction in velocity of the hybrid
anofluid. The logic for this nature is that, 𝑀 has tendency to decrease the velocity of Maxwell graphene hybrid nanofluid and
he resistive force’s strength is optimum whenever the direction of applied magnetic field is transverse to stretched surface. The
ptimized resistive force is known as Lorentz force which suppresses the motion of fluid. The intensification in (𝛽) and (𝐴) result
n reduction in velocity of Maxwell graphene hybrid nanofluid, as portrayed in Figs. 5 and 6. At higher Deborah numbers, the
aterial behaviour changes to increasingly dominated by elasticity, demonstrating solid like behaviour, thereby slowing down the

low velocity and increasing the temperature of the fluid. It is visible from Fig. 7 that intensification in (𝑆) results in reduction in
elocity of Maxwell graphene hybrid nanofluid as due to suction, momentum boundary stick very near to the sheet surface and as
result it spoil the flow momentum, which cause for the fall in fluid velocity. It can also be concluded from all above mentioned

igures that hybrid nanofluid velocity in case of slip condition is lower than that of no-slip condition.

emperature profile
It is elucidated from Fig. 8 that with an increment in radiation parameter (𝑁𝑟), the temperature of the hybrid nanofluid gets

mproved. Actually, radiation tends to upsurge the conduction influence of fluid and as a result of which thickening of thermal
oundary layer takes place and in turn fluid temperature gets reduced. One can notice through Fig. 9 that temperature of the
anofluid acts as an increasing function of the magnetic field’s inclination angle (𝛾). It can be perceived by Fig. 10 that enhancing
alues of Eckert number (Ec) results in an augmentation in the temperature profile. This feature of Maxwell fluid with copper and
raphene nanoparticle can be explained with the fact that Ec makes the relation between enthalpy and the kinetic energy and also
he entire work gets complete in under the existence of viscosity while kinetic energy is transformed to internal energy. Therefore,
iscous dissipation has a property to accelerate the fluid’s temperature. Fig. 11 portrays that Biot number Bi causes an enhancement
n the Maxwell graphene nanofluid temperature. This can be justified on the basis that the enhancement in Biot number causes an
ncrement in the convective heat transfer at the surface and as a result of which, temperature is getting enhanced. Fig. 12 implies
hat, due to increase in unsteadiness parameter (𝐴), the temperature of Maxwell hybrid nanofluid gets risen. Fig. 13 implies that,
ecause of enhancement in heat absorption parameter (𝐺), a reduction in temperature profile is perceived. As 𝐺 increases, absorbing
apacity of heat from the fluid is enhancing and consequently, there is fall in fluid temperature. Further, it is to be noticed from
igs. 8–13 that under the condition with slip, the nanofluid temperature is lower than that of condition of without slip.

ariation of skin friction coefficient and Nusselt number
Due to real application view point, we have also presented the numerical values of wall gradient and heat transfer’s rate in

abular form via Tables 4 and 5 for various values of regulatory flow parameters. For this, we have considered Pr = 5,𝑀 = 0.3, 𝐾1 =
.1, 𝛾 = 𝜋∕4, 𝛽 = 0.1, 𝐴 = 0.1, 𝑆 = 0.1, 𝑁𝑟 = 0.2,Ec = 0.1,Bi = 0.1 and 𝐺 = 0.2. There values are kept unchanged while other

values keep changing on computation process. It is visible from Table 4 that coefficient of skin friction under both with slip and
without slip situations is enhanced because of enhancement due to unsteadiness parameter, Maxwell parameter, magnetic field,
porosity parameter, magnetic field’s inclination and suction parameter. Table 5 presents that rate of heat transfer (Nusselt number)
is enhanced due to positive change in radiation parameter, viscous dissipation, Biot number, unsteadiness parameter, magnetic field’
1284

inclination while it is reduced due to an increment in heat absorption parameter.
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Fig. 2. Velocity profile due to variation in magnetic parameter 𝑀 for both slip and no-slip conditions.

Fig. 3. Velocity profile due to variation in unsteadiness parameter 𝐾1 for both slip and no-slip conditions.

Fig. 4. Velocity profile due to variation in angle of inclination of magnetic field 𝛾 for both slip and no-slip conditions.

Fig. 5. Velocity profile due to variation in Maxwell parameter 𝛽 for both slip and no-slip conditions.
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Fig. 6. Velocity profile due to variation in unsteadiness parameter 𝐴 for both slip and no-slip conditions.

Fig. 7. Velocity profile due to variation in suction/injection parameter 𝑆 for both slip and no-slip conditions.

Fig. 8. Temperature profile due to variation in radiation parameter 𝑁𝑟 for both slip and no-slip conditions.

Fig. 9. Temperature profile due to variation in angle of inclination of magnetic field 𝛾 for both slip and no-slip conditions.

. Multiple regression analysis: Analysis of both Nusselt number and coefficient of skin friction

We did statistical approach for the multiple quadratic regression analysis to get an overview of the relationship between two
1286
r more physical parameters. In this segment, we did the multiple quadratic regression estimation analysis for Nusselt number and
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Fig. 10. Temperature profile due to variation in Eckert number Ec for both slip and no-slip conditions.

Fig. 11. Temperature profile due to variation in Biot number Bi for both slip and no-slip conditions.

Fig. 12. Temperature profile due to variation in unsteadiness parameter 𝐴 for both slip and no-slip conditions.

Fig. 13. Temperature profile due to variation in heat absorption parameter 𝐺 for both slip and no-slip conditions.

kin friction coefficient. The regression estimation of skin friction coefficient is written for 125 various values of 𝐾1 and 𝑀 , taken
andomly within the intervals [0.1, 0.5] and [1, 7] respectively for two different values of 𝑏𝑒𝑡𝑎 i.e., 𝛽 = 0.1 and 𝛽 = 0.5. Similarly,
1287
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Table 4
Variation of skin friction coefficient (𝐶𝑓Re1∕2𝑥 ) under both no-slip (𝐴1 = 0) and slip (𝐴1 = 0.4) conditions.

Flow parameters −𝐶𝑓Re1∕2𝑥 (Skin friction coefficient)

𝐴 𝛽 𝑀 𝐾1 𝛾 𝑆 𝐴1 = 0 𝐴1 = 0.4

0.1 2.119119 1.074128
0.5 0.1 1 0.2 𝜋∕3 0.2 2.245460 1.116515
1.0 2.396955 1.163965

0.1 2.151116 1.085115
0.2 0.3 1 0.2 𝜋∕3 0.2 2.264423 1.101748

0.5 2.380236 1.117955

0.3 1.877803 0.986543
0.2 0.1 1 0.2 𝜋∕3 0.2 2.151116 1.085115

1.8 2.423517 1.170927

0.1 2.103521 1.068919
0.2 0.3 1 0.5 𝜋∕3 0.2 2.287521 1.129487

0.8 2.415685 1.168611

𝜋∕4 2.025930 1.041667
0.2 1 0.2 𝜋∕3 0.2 2.151116 1.085115

𝜋∕2 2.268901 1.123601

0.1 2.065655 1.061107
0.2 2 1 0.2 𝜋∕3 0.4 2.340535 1.135533

0.7 2.681634 1.217680

Table 5
Variation of Nusselt number (𝑁𝑢𝑥Re1∕2𝑥 ) under both no-slip (𝐴1 = 0) and slip (𝐴1 = 0.4) conditions.

Flow parameters −𝑁𝑢𝑥Re1∕2𝑥 (Nusselt number)

𝑁𝑟 𝐺 Ec Bi 𝐴 𝛾 𝐴1 = 0 𝐴1 = 0.4

0.2 0.153773 0.065753
0.4 3 0.2 0.1 0.2 𝜋∕3 0.171339 0.081228
0.6 0.191230 0.097837

1 0.269744 0.115214
0.2 2 0.2 0.1 0.2 𝜋∕3 0.193026 0.081940

3 0.153773 0.065753

0.1 0.090806 0.047191
0.2 3 0.2 0.1 0.2 𝜋∕3 0.153773 0.065753

0.3 0.216740 0.084314

0.1 0.153773 0.065753
0.2 3 0.2 0.2 0.2 𝜋∕3 0.176746 0.091783

0.3 0.198521 0.116419

0.1 0.151586 0.065517
0.2 3 0.2 0.1 0.5 𝜋∕3 0.160498 0.066503

1.0 0.172148 0.067861

𝜋∕4 0.136232 0.061635
0.2 3 0.2 0.1 0.2 𝜋∕3 0.153773 0.065753

𝜋∕3 0.170475 0.069213

the intervals [0.2, 0.6] and [0.1, 0.3] respectively for two separate values of Pr i.e., Pr = 5 and Pr = 10. Remaining parameters
are kept fixed, during the process of estimation which is mentioned in Section 7. The model of estimated quadratic regression for
𝐶𝑓𝑅𝑒

1∕2
𝑥 due to changing values of 𝐾1 and 𝑀 are as follows:

𝐶𝑓𝑒𝑠𝑡 = 𝐶𝑓 + 𝑏1𝑀 + 𝑏2𝐾1 + 𝑏3𝑀2 + 𝑏4𝐾2
1 + 𝑏5𝑀𝐾1, (17)

whereas the model of estimated quadratic regression for 𝑁𝑢𝑥𝑅𝑒
1∕2
𝑥 due to changing values of 𝐸𝑐 and thermal radiation parameters

are provided as:

𝑁𝑢𝑒𝑠𝑡 = 𝑁𝑢 + 𝑐1Ec + 𝑐2𝑁𝑟 + 𝑐3Ec2 + 𝑐4𝑁𝑟2 + 𝑐5Ec𝑁𝑟. (18)

Tables 6 and 7 illustrate the coefficients of multiple quadratic regression estimated for various values of coefficient of skin
friction coefficient and Nusselt number due to variation in different parameters. The largest error bound for Nusselt number
𝜀1 = (𝑁𝑢𝑒𝑠𝑡 −𝑁𝑢)∕𝑁𝑢 and for skin friction 𝜀 = (𝐶𝑓𝑒𝑠𝑡 − 𝐶𝑓 )∕𝐶𝑓 are also provided in above tables. It is evident from these tabular
numeric values that porous medium parameter’s coefficient is larger than magnetic field parameter’s coefficient which explores the
findings that coefficient of skin friction is higher sensitive for changing in 𝐾1 than 𝑀 for given two values of 𝛽. Similarly, we can
1288

notice that Nusselt number is high sensitive for 𝑁𝑟 than Ec.
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Table 6
The numerical values of 𝐶𝑓𝑅𝑒

1∕2
𝑥 and error bound for different values of 𝑀 and 𝐾1.

𝛽 𝐶𝑓 𝑏1 𝑏2 𝑏3 𝑏4 𝑏5 𝜀

0.1 −0.9224 −0.2182 −0.3293 0.0073 0.0376 0.0227 0.0058
0.5 −0.9153 −0.2169 −0.3190 0.0070 0.0476 0.0187 0.0060

Table 7
The numerical values of 𝑁𝑢𝑥𝑅𝑒

1∕2
𝑥 and error bound for different values of Ec and 𝑁𝑟.

Pr 𝑁𝑢 𝑐1 𝑐2 𝑐3 𝑐4 𝑐5 𝜀1
5 −3.0416 1.2816 −2.6638 −0.1796 1.0634 1.1216 0.000001064
10 −4.0875 1.9619 −4.0412 0.0702 2.0579 1.5836 0.000026918

9. Final outcomes

Noteworthy findings of the present investigation can be summarized as follows: Because of intensification of the angle at which
agnetic field is inclined, unsteadiness parameter, magnetic field, permeability of porous medium, suction parameter and maxwell
arameter, velocity of graphene Maxwell hybrid nanofluid is reduced. In the regime of boundary layer region, graphene Maxwell
ybrid nanofluid’s temperature is getting enhanced for rising the values of magnetic field’s inclination angle, radiation, unsteadiness
arameters, Biot number and viscous dissipation whereas a reverse trend is visible for heat absorption parameter. Wall gradient at
tretching sheet increases significantly for Magnetic field, porosity, unsteadiness parameter, Maxwell parameter, suction/injection
arameter and angle at which magnetic field is inclined. Radiation, viscous dissipation, Biot number, unsteadiness parameter and
nclination angle of magnetic field tend to enhance heat transfer rate of nanofluid whereas opposite behaviour of heat transfer rate
s noticed because of augmentation in heat absorption parameter. Moreover, while performing regression analysis, it is notable that
all gradient is less sensitive to magnetic field effect compared to porous medium permeability whereas heat transfer rate is less

ensitive to viscous dissipation compared to thermal radiation.
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