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ABSTRACT
In the existence of mixed convection and double stratification, the
2D, viscous, incompressible, steady, laminar boundary layer flow
of Prandtl-Eyring nanofluid over the inclined non-linear expanding
sheet in Darcy-Forchheimer porous medium is scrutinized. To ana-
lyze the impacts of Brownian motion and thermophoretic force on
diffusion of nanoparticles Buongiornomodel has been utilized. Flow
governing equations are non-linear, higher order, coupled PDEswith
no slip boundary condition, which are transforming into coupled,
non-linear, higher order ODEs via suitable transformations. Obtained
ODEs are solved using MATLAB bvp4c function. The impacts of flow
governing parameters on flow associated distributions are acknowl-
edged through graphs. In limiting sense, to check the credibility
of numerical method, present results are compared with previously
published data. The analysis reveals that fluid velocity displays an
enhancement with first Prandtl-Eyring parameter α and a diminu-
tion with second Prandtl-Eyring parameter β . Whereas, due to pres-
ence of both stratifications (thermal and solutal) there is a decline in
fluid velocity. Also, nanofluid temperature is augmented with Forch-
heimer number F∗

r and inclination angle γ , whereas it declines with
α and thermal stratification parameter S∗

t . Nanoparticle concentra-
tion escalates with γ , whereas it drops with concentration stratifi-
cation parameter S∗

c . For larger thermophoresis parameter Nt, the
nanoparticle concentration achieves higher level than its initial value
in mid-region of boundary layer, while near surface it assumes lower
value. The surface drag-force elevateswithβ andNt. Whereas surface
cooling rate enhances with S∗

t and it weakens with F∗
r .
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1. Introduction

The poor heat conduction abilities of the base fluids, namely water, oil, Ethylene glycol,
etc. sufficiently intensifies with the addition of metallic strong conductive nanosized solid
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particles which are specified as nanoparticles and the mixture is termed as ‘nanofluid’. So,
nanofluids are suspension of nanoparticles having sizes under 100 nmwith the base fluids.
The enhancement of the cooling capacity in industries is a challenging task in present-day
engineering. For fulfillment of this goal, nanofluid can play huge role and consequently, it
has attractedmodern researchers. The heat transfer rate enriches strongly due to the use of
nanofluids, which has several applications, namely in nuclear reactors, mechanical cooling,
micro-electromechanical systems, heat exchangers, blood flow in cardiovascular systems,
etc. In areas, such as air-conditioning, micro-manufacturing, thermal therapy treatment for
cancer and tumor, and microelectronics, nanofluids exhibit its imperative advanced ther-
mal features. The drastic change of thermal characteristics of fluid after adding nanopar-
ticles in base fluid was proved by Choi [1] by his experiments. Later on, the convective
transport of nanofluids modeled by Buongiorno [2], he described the effects of Brown-
ian diffusion and thermophoresis on transport of nanofluids. Brownian motion impact of
nanoparticles on thermal conductivity of nanofluid was analyzed by Evans et al. [3]. After-
ward, various enthralling attempts have been studied by renowned researchers(Bachok
et al. [4], Kandasamy et al. [5], Sibanda and Khidir [6], Reddy et al. [7], Sreedevi and Reddy
[8], Chamkha et al. [9], Wang et al. [10] andHameed et al. [11]) to describe several important
and applicable aspects of nanofluid.

The non-Newtonian fluid mechanics inspired the scientific community due to its impor-
tant application in engineering, physical, biological, and other sciences. The fluids in which
shear stress does not linearly relate with strain rate are familiar as non-Newtonian fluids.
Some examples of non-Newtonian fluids having daily life usage are ketchup, paints, tooth-
pastes, honey, silly putty, lubricants, syrup, and many others. A single constitutive model
is incompetent to govern the flows of non-Newtonian fluids and so, in the literature dif-
ferent models are proposed. Prandtl-Eyring fluid is one of these models. The pseudoplastic
visco-inelastic fluids are Prandtl-Eyring type non-Newtonian fluid. The applications of these
types of fluid flow are observed in sugar solution, fire-fighting products, shampoos, cement
industry, drilling muds and so on. Hussain et al. [12] analyzed the impact of magnetic
field on Prandtl-Eyring fluid flow. Food movement in stomach using Prandtl-Eyring model
with convective boundary condition was elaborated by Akbar [13]. The similarity solutions
of laminar, steady, incompressible non-Newtonian viscoinelastic fluid discussed by Darji
and Timol [14] by group theoretic method. Using Homotopy perturbation method, Iftikhar
and Rehman [15] analyzed Eyring-Prandtl fluid in diverging tube. The recent study related
with non-Newtonian Prandtl-Eyring nanofluids over different flow geometry are made by
Rehman et al. [16], Shankar and Naduvinamani [17], Khan et al. [18,19], and Uddin et al.
[20]. Also, some important articles concerning with various non-Newtonian fluid models
were reported by Gowda et al. [21,22], Hussain et al. [23], Hafeez and Khan [24], Hafeez
et al. [25–30], Ahmed et al. [31], Khan et al. [32] and Shoaib et al. [33].

In fluid mechanics, many crucial engineering and industrial applications, such as plas-
tic films and fiber production, polymeric extrusion, crystal growth, hot rolling and metallic
extrusion, wire drawing, and papers are related with flow past linear as well as non-linear
expanding sheet. Boundary layer flow analysis over linear expanding flat sheet was studied
by Crane [34]. Khan and Pop [35] considered boundary layer nanofluid over stretched sur-
face. Heat transfer of viscous fluid was investigated by Cortell [36]. Makinde and Aziz [37],
Javed et al. [38], Das [39], Agbaje et al. [40], Khan et al. [41], Misra and Kamatam [42] and
Bilal and Nazeer [43] studied boundary layer flow situations over expanding sheet taking
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several physical aspects. Hayat et al. [44] analyzed MHD Powell-Eyring nanofluid flow due
to non-linear expansion of a flat sheet and Ibrahim et al. [45] investigated a similar problem
for Casson nanofluid. In literature, some investigations onNewtonian/non-Newtonian fluid
flow on inclined linear/non-linear expanding sheet were available [46–60].

The material which has inter-connecting pores is familiar as porous media, and through
these pores fluid motion may take place. In manufacturing of papers, non-oven materials,
electronic technology, energy storage heat pipe technology, heat transfer processes inside
porous material has relevant applications. Due to these applications engineers, geologists,
mathematicians and architectures have shown their attention to fluid flow in porousmedia.
To get advance thermal performance of a system, boundary layer flow consideration with
nanofluid and porous medium is an active technique. In 1856, Henry Darcy [61] introduced
flow of water through porous materials. But due to its limitations, such as low velocity
and smaller porosity, the quadratic velocity term was added in momentum equation by
Philippes Forchheimer [62]. Muskat [63] addressed this term as ‘Forchheimer term’. Natural
convection over inclined plate with thermal radiation and non-uniform porosity was stud-
iedbyChamkha et al. [64].Many researchers [65–71] analyzedDarcy-Forchheimer flowwith
nanofluid over linear/non-linear expanding sheet. Recently, Kumar et al. [72], Ahmed et al.
[73] and Hafeez et al. [74] considered flow through porous medium in their investigations.

For a long time, both practical and theoretical aspects of boundary layer mixed con-
vection flow past a surface with heat and mass transfer is regarded as an area of great
importance. So, transportation processes in several engineering devices and in mixed con-
vection flows gain considerable attention of researchers. Mixed convection signifies simul-
taneous impacts of free and forced convection processes. The diverse applications ofmixed
convection may be found in nuclear reactor cooling at the time of emergency shutdown,
cooling process of electronic devices by fans, solar-collectors, atmospheric boundary layer
flow, nanotechnology, etc. RamReddy et al. [75] analyzed Soret effect on mixed convec-
tionnanofluid flowconsidering convectiveboundary condition. Rahmanet al. [76] analyzed
mixed convection flow on vertical plate. Matin et al. [77] explained mixed convective MHD
nanofluid flow induced by non-linear expansion of sheet with viscous dissipation andmag-
netic field. Recently, Thumma et al. [78], Mandal et al. [79], Gautam et al. [80], Khan et al.
[81], Song et al. [82] and Fayz-Al-Asad et al. [83] analyzed some vital boundary layer mixed
convective flows considering various flow geometries. The numerical solution ofmultiterm
heat conductivitymodel was analyzed by Almutairi et al. [84] whereasWang et al. [85] done
meshless method based on RBFs for solving 3Dmultiterm time fractional PDEs.

Due to variety of applications in many fields of industrial, natural and engineering pro-
cesses, stratification phenomenon caught the eyes of researchers. The formation of layers
of varying densities is responsible for stratification, it also happens for differences in tem-
perature and concentration or pressure difference or presence of different fluids. In fluid
dynamics, double stratification has vital applications in the field of river dynamics, seas,
different power plants, groundwater reservoirs, plastic extrusion, thermal energy solar sys-
tem, like solar ponds, etc. Boundary layer nanofluid flow with double stratification towards
vertical plate was studied by Ibrahim and Makinde [86]. Hayat et al. [87] discuss important
outcomes of double stratification in Darcy-Forchheimer MHD viscoelastic nanofluid flow.
Some relevant attempts related to double stratification were made by Hussain et al. [88],
and Abbasi et al. [89], Hamid et al. [90], Kumar et al. [91], and Anjum et al. [92] to explore
unknown facts.
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Motivated by the above literature related to non-Newtonian fluid flows along with roles
of porousmedium,mixed convection and stratifications to get better thermal performance
of flow in presence of nanoparticles, here 2D boundary layer mixed convective flow of
Prandtl-Eyring nanofluid on an inclined non-linear expanding sheet in Darcy-Forchheimer
porous material with double stratification is investigated and to best of authors’ knowl-
edge, considered problem is pretty novel. Assumption of Prandtl-Eyring nanofluid model
with buoyancy effects and double stratification in non-Darcy porous medium makes the
problemmore interesting. The influences of different physical parameters associated in the
final equations on velocity, temperature and nanoparticle concentration are obtained and
presented in graphical mode and discussed. The practical applications of the above inves-
tigations are in geothermal energy, aeronautical structures and marine and designs, civil
engineering, colling of infinite metallic plates in colling shower, aerodynamic extrusion of
plastic films, and glass blowing, etc.

2. Formulation and basic equations

Consider 2D, laminar, steady, viscous and incompressible Eyring-Prandtl nanofluid flow
over an inclined surface with inclination angle γ (0◦ ≤ γ ≤ 90◦) which is nonlinearly
expanded inside a Darcy-Forchheimer porousmaterial. The surface considered is stretched
along the x-axis with velocity u = uw = cxn, c(> 0) being stretching rate constant. The
impacts of Brownian motion and thermophoresis have been considered. Effect of thermal
and solutal stratification is also incorporated. The variable temperature and nanoparticle
concentration both at surface and in free stream are considered. The porous medium is
taken as homogeneous, isotropic, and assumed to be in thermal equilibrium filled with the
nanofluid. Also, nanoparticles andbase fluid are in thermal equilibrium. The fluid properties
are assumed tobe constant. Incorporatingboundary layer, andBoussinesqapproximations,
the basic equations for conservation ofmass,momentum, energy and nanoparticle volume
fraction, are respectively given by [12,50,93]:

∂u

∂x
+ ∂v

∂y
= 0, (1)

u
∂u

∂x
+ v

∂u

∂y
= a

ρb

∂2u

∂y2
− a

2ρb3

(
∂u

∂y

)2
∂2u

∂y2
− υ

k
ϕu − F∗ϕu2

+ g[β∗
t (T − T∞)+ β∗

c (C − C∞)] cos γ , (2)

u
∂T

∂x
+ v

∂T

∂y
= αm

∂2T

∂y2
+ τ

[
DB
∂C

∂y

∂T

∂y
+ DT

T∞

(
∂T

∂y

)2
]
, (3)

u
∂C

∂x
+ v

∂C

∂y
= DB

∂2C

∂y2
+ DT

T∞
∂2T

∂y2
(4)

with boundary conditions [89]

u = uw(x), v = 0, T = Tw(x) = T0 + b1x
p, C = Cw(x) = C0 + c1x

q for y = 0,

u → 0, T → T∞ = T0 + b2x
p, C → C∞ = C0 + c2x

q as y → ∞,

}
(5)

where u and v are velocity components along and perpendicular to sheet, a and b
are Prandtl-Eyring material parameters, υ = μ/ρ is nanofluid kinematic viscosity, k[=
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k0/(x/L)n−1] represents variable permeability of porous material with L being a charac-
teristic length, F∗[= F∗

0/(x/L)] signifies variable inertia coefficient of porous material, ϕ is
porosity, g is gravitational acceleration, β∗

t denotes coefficients of thermal expansion, β∗
c

represents coefficients concentration expansion, T denotes temperature and C represents
nanoparticle concentration, αm = κ/(ρcp) is thermal diffusivity, τ is heat capacity ratio,
μ, ρ, κ and (ρcp) are viscosity, density, thermal conductivity and heat capacity, respec-
tively, DB and DT are Brownian diffusion and thermophoretic diffusion coefficients. T =
Tw(x) = T0 + b1xp is the variable surface temperature, C = Cw(x) = C0 + c1xq is the vari-
able surface concentration, also, the stratified ambient fluid temperature andconcentration
are T = T∞(x) = T0 + b2xp, C = C∞(x) = C0 + c2xq, T0 and C0 being some reference tem-
perature and concentration, b1, c1, b2 and c2 are positive constants and exponents p and
q are equal to 2n − 1. A geometrical sketch of the physical flow model showing symboli-
cal constructions of boundary layers with initial and boundary conditions is presented in
Figure 1.

Incorporating following similarity transformations [45,88]:

u = ∂ψ

∂y
= uwf

′(η), v = −∂ψ
∂x

= −
√
υc(n + 1)

2
x(n−1)/2

(
f (η)+ n − 1

n + 1
ηf ′(η)

)
,

ψ =
√

2υc
(n + 1)

x(n−1)/2f (η),

η = y

√
c(n + 1)

2υ
x(n−1)/2, θ(η) = (T − T∞)

(Tw − T0)
, φ(η) = (C − C∞)

(Cw − C0)
.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(6)

In view of Equation (6), Equation (1) is automatically satisfied and others, Equations
(2)–(4) are transformed into ODEs:

α

(
1 − β

n + 1
2

f ′′2
)
f ′′′ + ff ′′ − 2n

n + 1
f ′2 − 2

n + 1
Kf ′ − 2

n + 1
F∗
r f

′2

+ 2
n + 1

[λ1θ + λ2φ] cos γ = 0, (7)

θ ′′ + Pr
(
fθ ′ − 4n − 2

n + 1
f ′θ − 2

n + 1
S∗
t f

′ + Nbθ ′φ′ + Ntθ ′2
)

= 0, (8)

φ′′ + Le Pr
(
fφ′ − 4n − 2

n + 1
f ′φ − 2

n + 1
S∗
c f

′
)

+ Nt

Nb
θ ′′ = 0 (9)

with transformed boundary conditions:

f (0) = 0, f ′(0) = 1, θ(0) = 1 − S∗
t , φ(0) = 1 − S∗

c ,

f ′(∞) = 0, θ(∞) = 0, φ(∞) = 0.

}
(10)

Here, prime signifies differentiation with respect to η. Also, the emerging dimensionless
parameters are

α = a

μb
, β = u3w

2xυb2
, K = υϕ

k0Ln−1c
, F∗

r = ϕF∗
0L, λ1 = Grx

Re2x
,
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Figure 1. Physical outline of the flow model in porous medium showing symbolical constructions of
boundary layers with stated initial and boundary conditions.

Grx = gβ∗
t (Tw − T0)x3

υ2
, Rex = uwx

υ
, λ2 = Grc

Re2x
,

Grc = gβ∗
c (Cw − C0)x3

υ2
, Pr = υ

αm
, Nt = τDT (Tw − T0)

T∞υ
,

Nb = τDB(Cw − C0)

υ
, Le = αm

DB
, S∗

t = b2
b1

, S∗
c = c2

c1
.

Here α, β , K , F∗
r , λ1, Grx , Rex , λ2, Grc Le, Pr, Nt, Nb, S

∗
t and S∗

c are two material
(Prandtl-Eyring) parameters, permeability parameter, Forchheimer number, thermal buoy-
ancy parameter, the thermal Grashof number, local Reynold’s number, solutal buoyancy
parameter, the solutal Grashof number, Lewis number, Prandtl number, thermophore-
sis parameter, Brownian motion parameter, thermal stratification parameter, and solu-
tal/concentration stratification parameter, respectively. Also, the power-law expanding
index, n is assumed to be 1/3.
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The quantities with applied significance, local values of skin-friction Cf , Nusselt number
Nux and Sherwood number Shx are described as follows:

Cf = τw

ρu2w
, Nux = xqw

κ(Tw − T∞)
and Shx = xqm

DB(Cw − C∞)
, (11)

where τw = a
b

(
∂u
∂y

)
y=0

− a
6b3

(
∂u
∂y

)3
y=0

is wall shear stress, qw = −κ
(
∂T
∂y

)
y=0

is wall heat flux

and qm = −DB

(
∂C
∂y

)
y=0

is wall mass flux.

By using Equation (6) in Equation (11), we get

CfRe
1/2
x =

√
n + 1
2

[
αf ′′(0)− αβ

3
n + 1
2

f ′′3(0)
]
,

NuxRe
−1/2
x = −

√
n + 1
2

1
(1 − S∗

t )
θ ′(0),

ShxRe
−1/2
x = −

√
n + 1
2

1
(1 − S∗

c )
φ′(0).

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(12)

3. Solution technique

The higher order, non-linear, coupled differential Equations (7)–(9) along with condition
(10) are numerically solved with the help of MATLAB built ‘bvp4c’ procedure [94]. Bvp4c
exhibits 4th-order accuracy with pre-assumed grid size 0.01 and asymptotic convergence
criteria level 10−6. The bvp4c necessitates the transformation of higher-order ODEs into
system of 1st-order ODEs, which are as follows:

y′
1 = y2, y′

2 = y3,

y′
3 = 2

n + 1
{ny22 + Ky2 + F∗

r y
2
2 − y1y3 − (λ1y4 + λ2y6) cos γ }/α

(
1 − β

n + 1
2

y23

)
,

y′
4 = y5, y′

5 = − Pr
(
y1y5 − 4n − 2

n + 1
y2y4 − 2

n + 1
S∗
t y2 + Nby5y7 + Nty25

)
,

y′
6 = y7,

y′
7 = − Pr Le

(
y1y7 − 4n − 2

n + 1
y2y6 − 2

n + 1
S∗
c y2

)

+ Nt Pr
Nb

(
y1y5 − 4n − 2

n + 1
y2y4 − 2

n + 1
S∗
t y2 + Nby5y7 + Nty25

)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(13)

with y1(0) = 0, y2(0) = 1, y4(0) = 1 − S∗
t , y6(0) = 1 − S∗

c , where y1 = f (η), y4 = θ(η) and
y6 = φ(η).

4. Results and essential discussion

The impacts of flow governing dimensionless parameters, viz., Prandtl-Eyring material
parameters (α, β), permeability parameter (K), Forchheimer number (F∗

r ), thermal and
solutal buoyancy parameters (λ1, λ2), angle inclination (γ ), Prandtl number (Pr), Lewis
number (Le), thermophoresis parameter (Nt), Brownian motion parameter (Nb), thermal
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stratification parameter (S∗
t ) and solutal/concentration stratification parameter (S∗

c ) on vari-
ous flow properties are exhibited in graphical mode. Note that the fixed values of involved
physical parameters are considered asα = 1, β = 0.2, K = 0.2, F∗

r = 0.2, λ1 = 0.2, λ2 = 0.2,
Pr = 2, γ = 30◦, Le = 1.5,Nb = 0.1,Nt = 0.1, S∗

t = 0.05 and S∗
c = 0.05 for all computations,

except, those cases where parameters are mentioned. The value of n is taken as 1/3.
To scrutinize the accurateness of used numerical scheme and computed solutions,

obtained results for values of −f ′′(0) and −θ ′(0)with α = 1, γ = 90◦, Nb = 10−6 and β =
K = F∗

r = λ1 = λ2 = Nt = Le = S∗
t = S∗

c = p = q = 0are comparedwith thedata available
in literature by Cortell [36] in Tables 1 and 2 for several values of n (several values of n is con-
sidered only for comparisonpurpose). A brilliantmatching iswitnessed,which validates the
precision.

Figures 2–6 demonstrates non-dimensional velocity distribution f ′(η) for several para-
metric variations of α, β , K , F∗

r , λ1, λ2, γ , Nt, Pr, Le, S
∗
t , S

∗
c . It signifies that as α aug-

mented, velocity and corresponding boundary layer thickness(BLT) enlarge. Practically,
for growth of first Prandtl-Eyring material parameter α the frictional force decreases and
hence fluid viscosity declines. It is pretty clear that f ′(η) decays with second Prandtl-Eyring
material parameter β . Basically, β is inversely proportional with momentum diffusivity, so
increment ofβ resistsmomentum transport. Figure 3portrays that escalatingK and F∗

r , f
′(η)

reduces. Fundamentally, for higher values of permeability parameter resistive frictional
force augments, while progressive values of Forchheimer number inertia factor of the fluid

Table 1. Comparison of obtained values of−f ′′(0)with results
by Cortell [36] for various values of n, when α = 1, β = K =
F∗
r = λ1 = λ2 = 0, γ = 90◦.

n Cortell [36] Present result

0.0 0.627547 0.62756258
0.2 0.766758 0.76684549
0.5 0.889477 0.88955229
1.0 1.000000 1.00000000
1.5 1.061587 1.06160928
3.0 1.148588 1.14860131
7.0 1.216847 1.21685788
10 1.234875 1.23488249

Table 2. Comparison of obtained values of −θ ′(0)
with results by Cortell [36] for various values of n, when
α = 1, β = K = F∗

r = λ1 = λ2 = Nt = Le = S∗t =
S∗c = p = q = 0, γ = 90◦, Nb = 10−6 .

n Cortell [36] (Ec = 0) Present result

Pr = 1 0.2 0.610262 0.61021568
0.5 0.595277 0.59522346
1.5 0.574537 0.57477122
3.0 0.564472 0.56471795
10 0.554960 0.55495104

Pr = 5 0.2 1.607175 1.60778397
0.5 1.586744 1.58677734
1.5 1.557463 1.55769145
3.0 1.542337 1.54317346
10 1.528573 1.52892524
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Figure 2. Non-dimensional velocity f ′(η) for various (a) α (β = 0.2) and (b) β (α = 1) with K = 0.2,
F∗
r = 0.2, λ1 = 0.2, λ2 = 0.2, Pr = 2, γ = 30◦, Le = 1.5, Nb = 0.1, Nt = 0.1, S∗t = 0.05 and S∗c = 0.05.

enhances and as a consequence in both cases velocity diminishes. Whereas for augmen-
tations of both λ1 and λ2, velocity elevates and corresponding boundary layer becomes
thick. Here λ1 = λ2 = −ve signifies thermal-solutal opposing flow, while λ1 = λ2 = +ve
signifies thermal-solutal assisting flow and λ1 = λ2 = 0 signifies forced convection flow.
Physically, as λ1 elevates the thermal buoyancy force grows and also as λ2 raises the solu-
tal buoyancy force becomes stronger. While for ascending values of γ , velocity shows
a decreasing trend. Actually, this happens since with higher values of γ , the magnitude
of cos γ decreases and this results in weakening impacts of thermal and solutal buoy-
ant forces. Here γ = 0◦ signifies vertical sheet, 0◦ < γ < 90◦ inclined sheet and γ = 90◦
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Figure 3. Non-dimensional velocity f ′(η) for various (a) K (F∗
r = 0.2) and (b) F∗

r (K = 0.2) with α = 1,
β = 0.2, λ1 = 0.2, λ2 = 0.2, Pr = 2, γ = 30◦, Le = 1.5, Nb = 0.1, Nt = 0.1, S∗t = 0.05 and S∗c = 0.05.

horizontal sheet. In addition, amplified values of Nt causes velocity growth (Figure 5) and
this happens due to intensification of thermophoretic force for rise ofNt. The figure displays
that velocity and corresponding BLT diminisheswith Pr and Le. If we go for the physical rea-
sons, then it may be witnessed that Pr is proportional inversely to thermal diffusivity and
directly to kinematic viscosity. Whereas Le is proportional inversely to Brownian diffusion
coefficients, i.e. nanoparticle diffusivity. It is noteworthy that fluid velocity declines with
both stratification parameters (S∗

t and S∗
c ) (Figure 6). With elevating S∗

t and S∗
c , fluid den-

sity at the sheet surface is augmented as compared to free stream density and as a result
convective flow in ambient fluid near the sheet diminishes.
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Figure 4. Non-dimensional velocity f ′(η) for various (a) λ1 (λ2 = 0.2 and γ = 30◦), (b) λ2 (λ1 = 0.2
and γ = 30◦) and (c) γ (λ1 = 0.2 and λ2 = 0.2) with α = 1, β = 0.2, K = 0.2, F∗

r = 0.2, Pr = 2, Le =
1.5, Nb = 0.1, Nt = 0.1, S∗t = 0.05 and S∗c = 0.05.
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Figure 5. Non-dimensional velocity f ′(η) for various (a) Nt (Pr = 2 and Le = 1.5), (b) Pr (Nt = 0.1 and
Le = 1.5) and (c) Le (Nt = 0.1 and Pr = 2) with α = 1, β = 0.2, K = 0.2, F∗

r = 0.2, λ1 = 0.2, λ2 = 0.2,
γ = 30◦, Nb = 0.1, S∗t = 0.05 and S∗c = 0.05.
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Figure 6. Non-dimensional velocity f ′(η) for various (a) S∗t (S∗c = 0.05) and (b) S∗c (S∗t = 0.05) with α =
1, β = 0.2, K = 0.2, F∗

r = 0.2, λ1 = 0.2, λ2 = 0.2, Pr = 2, γ = 30◦, Le = 1.5, Nb = 0.1 and Nt = 0.1.

Figures 7–11 are plotted to show variations in nanofluid temperature, θ(η) for different
parametric values of α, β , K , F∗

r , λ1, λ2, γ , Nt, Nb, Pr, Le, S
∗
t and S∗

c . The temperature
θ(η) and thermal BLT drops with α, while opposite trend in temperature is noticed for β
variation. The diminution of frictional force in Prandtl-Eyring appears for rise of α, whereas
momentum transport is partially blocked with growing values of β . Figure 8 reveals that
θ(η) and corresponding thermal BLT elevate with K as well as F∗

r . With K , the permeability
of theporousmaterial is lesswhich suits the energy field todiffuse up togreater height from
surface and it causes the growth of thermal BLT. Thermal BLT and θ(η) decline with both λ1
and λ2. Due to thermal and solutal buoyancy effects, convection cooling enhances and it
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Figure 7. Non-dimensional temperature θ(η) for various (a)α (β = 0.2) and (b)β (α = 1)withK = 0.2,
F∗
r = 0.2, λ1 = 0.2, λ2 = 0.2, Pr = 2, γ = 30◦, Le = 1.5, Nb = 0.1, Nt = 0.1, S∗t = 0.05 and S∗c = 0.05.

originatesdecrementsof temperature and thermal BLT. The influenceof inclinationangleof
the sheet with the vertical shows that temperature and thermal BLT increase with γ . It hap-
pens simply becausewith higher inclination angle, the impacts of buoyancy induced forces
diminish. Also, the value of non-dimensional temperature escalateswith rise of bothNt and
Nb. Growth of Nt corresponds an augmentation in thermophoretic force which enhances
the movement of hot nanoparticle towards cold place, whereas escalation in Nb signifies
stronger Brownianmotionwhich results in powerful collisions of nanoparticles andall these
helps the rise of temperature.Whereas temperature drop and shrink of thermal BLT arewit-
nessed with Prandtl number hike and it is as expected. Physically, thermal diffusion rate
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Figure 8. Non-dimensional temperature θ(η) for various (a) K (F∗
r = 0.2) and (b) F∗

r (K = 0.2) with α =
1,β = 0.2,λ1 = 0.2,λ2 = 0.2, Pr = 2,γ = 30◦, Le = 1.5,Nb = 0.1,Nt = 0.1, S∗t = 0.05and S∗c = 0.05.

diminishes with Pr. But moderate growth of temperature is watched with Le and this hap-
pens due to the fact that thermal diffusion escalates with Le. Now, a significant reduction
in temperature and thermal BLT are inspected with larger values of thermal stratification
parameter S∗

t . Physically, as S
∗
t rises, the difference between sheet temperature and free

stream temperature drops which is responsible for fall in energy field. Impact of solutal
stratification on temperature is not much significant and it exhibits a minor increment.

Figures 12–16 are plotted to show the nanoparticle concentration distribution φ(η) for
variations of α, β , K , F∗

r , λ1, λ2, γ , Nt, Nb, Pr, Le, S
∗
t and S∗

c . From aforesaid figure, it is
pretty clear that φ(η) and corresponding BLT drop with higher α, whereas it shows minor
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Figure 9. Non-dimensional temperature θ(η) for various (a) λ1 (λ2 = 0.2 and γ = 30◦), (b) λ2 (λ1 =
0.2 and γ = 30◦) and (c) γ (λ1 = 0.2 and λ2 = 0.2) with α = 1, β = 0.2, K = 0.2, F∗

r = 0.2, Le = 1.5,
Nb = 0.1, Nt = 0.1, S∗t = 0.05 and S∗c = 0.05.
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Figure 10. Non-dimensional temperature θ(η) for various (a) Nt (Nb = 0.1, Pr = 2 and Le = 1.5), (b)
Nb (Nt = 0.1, Pr = 2 and Le = 1.5), (c) Pr (Nt = 0.1, Nb = 0.1 and Le = 1.5) and (d) Le (Nt = 0.1, Nb =
0.1 and Pr = 2) with α = 1, β = 0.2, K = 0.2, F∗

r = 0.2, λ1 = 0.2, λ2 = 0.2, γ = 30◦, S∗t = 0.05 and
S∗c = 0.05.

augmentation in φ(η) with β . Physically, frictional force reduces with α and momentum
transport is obstructed with rise of β . So, for lesser frictional force the diffusion of nanopar-
ticle becomes easier. Nanoparticle concentrationφ(η) and correspondingBLT escalatewith
K and F∗

r (Figure 13). Due to compactness of porous material with rise of K, nanoparticles
have to diffuse in larger range to achieve equilibrium and consequently, nanoparticle BLT
becomeswider. Thermal and solutal buoyancy forces cause reductions in nanoparticle con-
centration for assisting flow and increments in nanoparticle concentration for opposing
flow. Whereas φ(η) escalates with γ and it shows this behavior because with diminution
in magnitude of cos γ , there will be lesser impacts of thermal and concentration buoyant
forces. The nanoparticle concentration φ(η) and corresponding BLT significantly rise with
Nt. It is worthnoting that nanoparticle concentration is much higher inside middle region
of boundary layer in comparison with very close to the surface for larger values of Nt. With
increment ofNt, thermophoretic force due to temperature gradient of hot surface turns out
to be stronger, which pushes nanoparticles away from the surface and those concentrated
at middle of boundary layer. While nanoparticle concentration φ(η) and its BLT decline
noticeably with enlargement of Nb, Pr, and Le. The physical reasons behind the outcomes
are that elevatedvaluesofNbescalates the collisionof fluidparticleswhich results inweaker
concentration,whereas thermal diffusion andBrownian diffusion declinewith elevated val-
ues of Pr and Le, respectively, which causes diminution of nanoparticle concentration φ(η).
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Figure 11. Non-dimensional temperature θ(η) for various (a) S∗t (S∗c = 0.05) and (b) S∗c (S∗t = 0.05)
with α = 1, β = 0.2, K = 0.2, F∗

r = 0.2, λ1 = 0.2, λ2 = 0.2, Pr = 2, γ = 30◦, Le = 1.5, Nb = 0.1 and
Nt = 0.1.

Figure 16 explains that φ(η) escalates with S∗
t near the sheet, i.e. small values of η, but away

from the sheet, i.e. as η gets high values, φ(η) diminishes and ultimately nanoparticle BLT
becomes narrow. Physically, due to augmented temperature gradient with S∗

t concentra-
tion hike near the sheet, but internal energy also diminishes with S∗

t and away from surface,
φ(η) reduces. Also, as S∗

c enlarges φ(η) and, nanoparticle BLT fall down and behind this
the physical reason is that difference between sheet and free-stream concentrations of
nanoparticles augment with S∗

c .
Now, quantities having several engineering applications, i.e. local skin-friction coeffi-

cient CfRe
1/2
x , local Nusselt-number NuxRe

−1/2
x , and local Sherwood-number ShxRe

−1/2
x are
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Figure 12. Non-dimensional nanoparticle concentrationφ(η) for various (a)α (β = 0.2) and (b)β (α =
1)with K = 0.2, F∗

r = 0.2,λ1 = 0.2,λ2 = 0.2, Pr = 2,γ = 30◦, Le = 1.5,Nb = 0.1,Nt = 0.1, S∗t = 0.05
and S∗c = 0.05.

depicted in Figures 17–21 for various set of parameters. It reveals that CfRe
1/2
x , i.e. surface

drag-force drops with α and augments with β . Physically, the viscous forces diminish with
α, whereas it escalateswithβ and it is the reason behind fall of drag-force.WhileNuxRe

−1/2
x ,

i.e. the surface cooling rate and ShxRe
−1/2
x , i.e. nano-mass transfer rate elevate significantly

withα, while these exhibitminor decrementswith higherβ . These graphs also disclose that
CfRe

1/2
x ,NuxRe

−1/2
x and ShxRe

−1/2
x declinewith both K and F∗

r . Resistive forces due toporous
material produce reductions of the surface drag in the direction of motion, surface cooling
rate andnano-mass transfer rate. From these figures it is pretty clear thatCfRe

1/2
x ,NuxRe

−1/2
x
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Figure 13. Non-dimensional nanoparticle concentration φ(η) for various (a) K (F∗
r = 0.2) and (b) F∗

r
(K = 0.2)withα = 1,β = 0.2,λ1 = 0.2,λ2 = 0.2, Pr = 2,γ = 30◦, Le = 1.5,Nb = 0.1,Nt = 0.1, S∗t =
0.05 and S∗c = 0.05.

and ShxRe
−1/2
x increase with both λ1 and λ2. Thermal and solutal buoyancy forces produce

abovementioned outcomes. Figure 20 exemplifies that whenNt is small surface drag-force
escalates with Nb, otherwise it declines with Nb and also, Cf Re

1/2
x raises with Nt. As ther-

mophoretic force is strong, the intense Brownianmotion of nanoparticles occurs away from
the surface, so as Nb increases drag-force in the direction of motion reduces. It also reveals
that NuxRe

−1/2
x drops with Nb and Nt. Due to powerful Brownian motion, surface cooling

rate diminishes and this phenomenon eases out slightly with the impact of enhancement
of thermophoretic force. Also, for same reason, ShxRe

−1/2
x , i.e. nano-mass transfer rate rises
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Figure 14. Non-dimensional nanoparticle concentration φ(η) for various (a) λ1 (λ2 = 0.2 and γ =
30◦), (b) λ2 (λ1 = 0.2 and γ = 30◦) and (c) γ (λ1 = 0.2 and λ2 = 0.2) with α = 1, β = 0.2, K = 0.2,
F∗
r = 0.2, Pr = 2, Le = 1.5, Nb = 0.1, Nt = 0.1, S∗t = 0.05 and S∗c = 0.05.
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Figure 15. Non-dimensional nanoparticle concentration φ(η) for various (a) Nt (Nb = 0.1, Pr = 2 and
Le = 1.5), (b) Nb (Nt = 0.1, Pr = 2 and Le = 1.5), (c) Pr (Nt = 0.1,Nb = 0.1 and Le = 1.5) and (d) Le
(Nt = 0.1,Nb = 0.1 and Pr = 2) with α = 1, β = 0.2, K = 0.2, F∗

r = 0.2, λ1 = 0.2, λ2 = 0.2, γ = 30◦,
S∗t = 0.05 and S∗c = 0.05.

with Nb except for larger Nt. Figure 21 signifies that CfRe
1/2
x declines to some extent with

both S∗
t and S∗

c . Also, surface cooling rate escalates with S
∗
t , whereas it declines slightly with

S∗
c . ShxRe

−1/2
x diminishes with S∗

t , and it enhances with S∗
c . For larger difference between

nanoparticle concentrations at sheet and in free stream, nano-mass transfer rate reduces.

5. Concluding notes

In this work, the 2D, steady, viscous boundary layer flow of incompressible Prandtl-Eyring
nanofluid in aDarcy-Forchheimerporousmaterial overnon-linear inclinedexpanding sheet
with double stratification and mixed convection is investigated. In the above proposed
model of flow in Darcy-Forchheimer porous medium, Brownian motion and thermophore-
sis are considered. The thermal and concentration buoyancy effects are also assumed via
mixed convection phenomenon. The impact of difference in sheet temperature & concen-
tration and free stream temperature & concentration are considered respectively in the
form of double stratification. To get numerical solution MATLAB built function ‘bvp4c’ is
adopted. The main outcomes are described below:

• Fluid velocity augmentation is witnessedwith α, λ1, λ2 andNt, while it declineswith
β , K , F∗

r , γ , Pr, Le, S
∗
t and S∗

c .
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Figure 16. Non-dimensional nanoparticle concentration φ(η) for various (a) S∗t (S∗c = 0.05) and (b) S∗c
(S∗t = 0.05) with α = 1, β = 0.2, K = 0.2, F∗

r = 0.2, λ1 = 0.2, λ2 = 0.2, Pr = 2, γ = 30◦, Le = 1.5,
Nb = 0.1 and Nt = 0.1.

• The temperature inside the boundary layer upsurges with β , K , F∗
r , γ , Nt, Nb, Le

and S∗
c , whereas it diminishes with α, λ1, λ2, Pr and S∗

t .
• The nanoparticle concentration escalates with β , K , F∗

r , γ and Nt, but it drops with
α, λ1, λ2, Nb, Pr, Le, S∗

t and S∗
c .

• The local skin friction coefficient Cf Re
1/2
x related to surface drag-force elevates with

β , λ1, λ2 and Nt and it declines with α, F∗
r , K , S

∗
t and S∗

c .
• CfRe

1/2
x , i.e. drag-force reduces with Nb, i.e. for stronger thermophoretic force.
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Figure 17. Values of (a) Cf Re
1/2
x (b) NuxRe

−1/2
x and (c) ShxRe

−1/2
x for various α with β with K = 0.2,

F∗
r = 0.2, λ1 = 0.2, λ2 = 0.2, Pr = 2, γ = 30◦, Le = 1.5, Nb = 0.1, Nt = 0.1, S∗t = 0.05 and S∗c = 0.05.



WAVES IN RANDOM AND COMPLEX MEDIA 25

Figure 18. Values of (a) Cf Re
1/2
x (b) NuxRe

−1/2
x and (c) ShxRe

−1/2
x for various F∗

r with K with α = 1, β =
0.2, λ1 = 0.2, λ2 = 0.2, Pr = 2, γ = 30◦, Le = 1.5, Nb = 0.1, Nt = 0.1, S∗t = 0.05 and S∗c = 0.05.
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Figure 19. Values of (a) Cf Re
1/2
x (b) NuxRe

−1/2
x and (c) ShxRe

−1/2
x for various λ2 with λ1 with α = 1,

β = 0.2, K = 0.2, F∗
r = 0.2, Pr = 2, γ = 30◦, Le = 1.5, Nb = 0.1, Nt = 0.1, S∗t = 0.05 and S∗c = 0.05.
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Figure 20. Values of (a) Cf Re
1/2
x (b) NuxRe

−1/2
x and (c) ShxRe

−1/2
x for various Nb with Nt with α = 1,

β = 0.2, K = 0.2, F∗
r = 0.2, λ1 = 0.2, λ2 = 0.2, Pr = 2, γ = 30◦, Le = 1.5, S∗t = 0.05 and S∗c = 0.05.
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Figure 21. Values of (a) Cf Re
1/2
x (b)NuxRe

−1/2
x and (c) ShxRe

−1/2
x for various S∗t with S∗c with α = 1, β =

0.2, K = 0.2, F∗
r = 0.2, λ1 = 0.2, λ2 = 0.2, Pr = 2, γ = 30◦, Le = 1.5, Nb = 0.1 and Nt = 0.1.
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• The local Nusselt number NuxRe
−1/2
x related to surface cooling rate enhances with

α, λ1, λ2 and S∗
t , while it diminishes with β , K , F∗

r , Nb and Nt.
• The impact of Brownian motion on surface cooling rate is less prominent with

enhancement in thermophoretic force.
• The local Sherwood number ShxRe

−1/2
x rises with α, λ1, λ2 and S∗

c , however it decays
with β , K , F∗

r and S∗
t .

• ShxRe
−1/2
x , i.e. nano-mass transfer rate rises withNb for weaker thermophoretic force.

Finally, it may be concluded that many important and interesting findings make the
problem quite novel and the investigation will definitely able to acquire a position in
literature.
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