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Abstract The present work elucidates the hydrothermal characteristics within a non-Darcian porous com-
plex wavy enclosure saturated with Al2O3–Cu–H2O hybrid nanofluid considering a uniform magnetic field.
The left sidewall of the enclosure is wavy and heated isothermally, whereas the other sidewall is maintained
at ambient temperature, all other walls are insulated. The Forchheimer–Brinkman-extended Darcy model
is implemented to analyze the flow through porous media. The dimensionless transport equations are
numerically solved following the finite volume-based in-house computational code with successive stag-
gered non-uniform mesh distribution. The hydrothermal behaviors are investigated meticulously changing
the dimensionless variables like undulation amplitude (λ), Hartmann number (Ha), Darcy number (Da),
and modified-Rayleigh number (Ram). The remarkable results reveal that enhancing the heating surface
area by heightening the amplitude of the undulation always leads to higher heat transfer, but does not
always favor the growth of the flow strength. The heightening of the flow strength with amplitude is noted
for higher Ram only. The flow intensity, as well as heat transfer, increases with the growing Ram. The same
decreases with increasing Da and Ha. Local distribution of heat transfer characteristics shows complex
behavior depending on the amplitude of the undulations and associated dimensionless numbers.

List of symbols

B Strength of magnetic field (N A−1 m−2)
Da Porous medium Darcy number
Fc Forchheimer coefficient
g Gravitational acceleration (m s−2)
H Cavity height (m)
Ha Hartmann number
K Porous layer permeability (m2)
n Number of wall undulations
Nu Nusselt number (average)
P Pressure (dimensionless)
Pr Prandtl number
Ra Fluid-based Rayleigh number
Ram Modified-Rayleigh number
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Rem Magnetic Reynolds number
t Time (s)
T Temperature (K)
u,v Components of velocities (m s−1)
U , V Components of velocities (dimensionless)
x, y Cartesian coordinates (m)
X, Y Cartesian coordinates (dimensionless)

Greek symbols

α Thermal diffusivity (m2 s−1)
β Thermal expansion coefficient (K−1)
ε Porosity
θ Temperature (dimensionless)
λ Surface waviness amplitude
μ Dynamic viscosity (Nms−2)
ν Kinematic viscosity (m2 s−1)
ρ Density of fluid (kg m−3)
τ Time (dimensionless)
ϕ Hybrid nanoparticle concentration
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ψ Stream function (dimensionless)

Subscripts

a Ambient
c Cold
f Base fluid
h Hot
max Maximum
s Solid

1 Introduction

Magneto-hydrodynamic (MHD) natural convective flow
in classical problem geometry with complex shapes and
configurations saturated with porous media is of pro-
nounced attention to researchers due to its vast appli-
cations for maximizing energy production and reducing
energy losses. Such applications include nuclear reac-
tors, geothermal extraction, solar heating systems, elec-
tronic cooling, plasma welding, a biomedical system
like blood flow control, magnetic endoscopy, cancer and
tumor treatment, targeted drug delivery process, med-
ical equipment, etc. [1–6]. Traditionally, water, air, and
oil are used in an enclosure as heat transfer agents.
However, with object size miniaturization, the working
fluid needs to transfer more heat, for which the conduc-
tivity of the working fluid should be more. Recently,
it has been found that nano-sized metal or metallic
oxides (sizes 10–100 nm) in a liquid phase carrier fluid
can increase thermal conducting properties. Commonly
metal or metal oxides are Cu, Ag, CuO, Al2O3, TiO2,
SiO2, and ZnO [7]. The advancement of nanofluid and
later hybrid nanofluid (suspending one or more types of
solids) has significant implications for enhancing ther-
mal performance [8–11]. So far, Khanafer et al. [9] have
inspected the buoyancy-induced heat exchange in an
enclosure saturated with nanoparticles. Furthermore,
work focused on enhancing buoyancy force in a rect-
angular cavity with the addition of nanoparticles [12–
14] and others achieved an increase in heat transfer.
Several theoretical and experimental studies were car-
ried out in different geometries using hybrid composites
like Ag–MgO/water [15,16] and Al2O3-MWCNT/water
[17] for a square cavity, Ag–MgO/water [15] for an
irregular cavity, and CNT-Al2O3/water [18] for T-
shaped cavities. The use of composite Cu–Al2O3/water
was reported by many researchers in their work on
MHD natural convection [19–22], mixed convection
[23], mixed convection with entropy generation [24], and
other research work at the square cavity.

The existence of a porous medium in any flow domain
shows flow dampening characteristics and this can
meaningfully control the fluid velocity while suppress-
ing the convective heat transfer. There are many prac-
tical applications of thermal convection within porous
media like groundwater flow, petroleum processing,

food processing, filtering, fibrous insulation, and oth-
ers [25]. The effect of various conditions of the bound-
aries on free convective phenomena in a cavity occupied
with porous layers has been inspected by researchers
[26–29]. Sheremet et al. [30] have shown a lessening
in Nusselt number with the increasing porosity in an
enclosure containing porous layers. Apart from natural
convection, Zahmatkesh [31] studied the generation of
entropy in a porous enclosure from a heated bottom.
The magnetic field effects on the thermal transmission
rate within porous enclosures filled with nanoparticles
have been investigated by different researchers. Some
of them concentrated on the steady-state buoyant con-
vective phenomena of a nanoliquid in a square cavity
at a uniform as well as the periodic magnetic field.
The review work of Xu et al. [32] reveals that both
porous structure and nanofluids unveil dissimilar fea-
tures of improvement in electronic components and heat
exchangers.

The shape of flow geometry and/or boundary wall
also considerably alters thermofluid features and affects
the flow physics. In fact, there exist other works on the
buoyant convection in geometries of uneven, curved,
wavy, sinusoidal, cosine, or other curvy surfaces con-
taining multi-physics scenarios [33–37]. The undula-
tion number could effectually modulate and augment
the heat transfer process as reported by Alsabery et
al. [7,38], in a porous enclosure containing nanoliq-
uid. Sheremet et al. [39] studied free convection of
nanoliquid-filled porous cavities having three undula-
tions at the left side and cold walls. The buoyant con-
vective phenomena of nanofluid in a porous enclosure
have been considered by many researchers [40–42]. Sev-
eral studies considering magnetohydrodynamic thermo-
convection in a horizontal undulated enclosure compris-
ing nanofluid/hybrid nanofluid with or without chang-
ing the wall waviness have been investigated [43–46]. A
wavy walled enclosure occupied with water-based Cu–
Al2O3 hybrid nanoliquid heated from the bottom with
the inclined magnetic field is inspected by Revnic et al.
[47]. Hamzah et al. [48] scrutinized MHD buoyant con-
vection in a three undulated wavy walled porous cavity.
MHD natural convection studies were carried out by
Ahmed and Rashed [49] in an undulated cavity (with
1–4 peaks) packed with heat-producing porous layers.
Gupta and Rana [50] studied MHD buoyant convection
in a tilted wavy sidewall (with 2–8 peaks) annulus uti-
lizing a hybrid nanofluid. The amplitude of the wavy
wall was varied by Khanafer et al. [51] and Sheremet
et al. [43] to understand the flow physics of buoyant
convection in an irregular-shaped geometry contain-
ing porous layers and nanoliquid. These studies of the
wavy wall with magnetohydrodynamic convection in a
porous enclosure reveal that undulations, amplitude,
particle volume fraction, Hartmann number (Ha), and
Darcy number (Da) influence the heat transport pro-
cess. The amplitude weakens the convection process.
The study on buoyant convection has also been con-
ducted in different geometry considering nanofluid as a
working medium [52–56].
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Fig. 1 Geometrical explanation including the coordinate
system and boundary conditions

The above thorough literature survey reveals that
MHD-free convection studies investigating hybrid nan-
ofluid porous flow emphasizing the amplitude of the
wavy wall have been researched far less. Thermo fluid
phenomena may be altered by the effect of amplitude.
As the surface area increases, side-by-side flow area
decreases. This suggests that there may be an opti-
mum relationship between amplitude and undulations
to enhance the heat transfer. Thus, the major aim of
this investigation is to search the role of the amplitude
of undulations on the MHD heightened heat transfer by
convection of porous substance packed with Cu–Al2O3–
water hybrid nanofluid in an enclosure considering two
undulations only. Hydrothermal phenomena are investi-
gated meticulously by changing the concerned variables
like Darcy–Rayleigh (Ram), Darcy (Da), and Hartmann
(Ha) numbers. The outcome of this study is expected to
be useful and pertinent features can enrich the acquain-
tance of magnetohydrodynamic convective phenomena.

2 Geometry explanation and mathematical
expression

The computational domain of the current geometry
is a 2-D porous enclosure saturated with water-based
Cu − Al2O3 hybrid nanoliquid, which is displayed in
Fig. 1. The vertical sidewall (at the left) of the cav-
ity is cosine-shaped (Y = 0.5λ[1 − cos(4πX)], where
λ is the amplitude) and heated at Th. The right side-
wall is cooled at Tc, whereas all the flat walls are insu-
lated. The consequence of Lorentz force is scrutinized
by imposing a uniform magnetic field of intensity B
acts from left to right over the entire wavy wall of the
cavity.

No-slip boundaries are adopted on the solid walls.
Transport equations are coupled with various multi-

physical scenarios involving a wavy wall, porous body,
hybrid nanoliquid, and a magnetic field. The fluid flow
is supposed to be an unsteady, laminar, incompressible,
Newtonian flow with the consideration of Boussinesq
approximation. The flow of hybrid nanofluid is formu-
lated following a single-phase homogeneous method. In
this study, the mixture of Cu and Al2O3 nanopowders
(assumed to be of a spherical diameter of ∼ 1 nm)
spread (with concentration less than 3%) in a carrier
fluid (water having Pr = 5.83) without any clustering or
deposition [20,21]. The Brinkman–Forchheimer–Darcy
model [22,52] is taken to model the working fluid flow
through the porous layers. The magnitude of magnetic
Reynolds number (Rem) is assumed to be less, and that
is why, the induced magnetic field is ignored, and the
Joule heating and the Hall effect are ignored [20,21,53].
In addition, the viscous dissipation effect and radiation
impacts are also ignored [27,52]. With these consider-
ations, the conservation equations are presented in the
dimensionless form (using the Cartesian coordinate sys-
tem) [53,54] as
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The buoyancy force is represented by the last term of
Eq. (3). In addition, the magnetic force term is indi-
cated by the last second term of Eq. (3). Furthermore,
the Da-terms in Eqs. (2) and (3) correspond to the resis-
tive force due to the porous medium [52,55]. The non-
dimensional parameters of X, Y , U , V , P , and θ rep-
resent the coordinate positions, velocity, pressure, and
temperature, respectively. These are described as

(X,Y ) = (x, y)/H; (U, V ) = (u, v)H/αf ; τ = tαf/H2

θ = (T − Tc)/(Th − Tc); P = (p − pa)H2/ρfα
2
f (5a)
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Table 1 Effective thermodynamic parameters of the hybrid nanofluid [58]

Thermodynamic parameters

cp (J kg−1K−1) k (Wm−1K−1) α (kg m−3) β (K−1) ρ (kg m−3) μ (kg m−1s−1)

Water 4179 0.613 1.47 × 10−7 21 × 10−5 997.1 9.09 × 10−4

Cu 385 401 1.11 × 10−4 1.67 × 10−5 8933 –
Al2O3 765 40 131.7 × 10−7 0.85 × 10−5 3970 –

Table 2 Mathematical expression for obtaining the hybrid nanofluid properties [22,55]

Parameters Mathematical expression

Density (ρ) ρ = (1 − ϕ)ρf + ϕ ρs,
where ϕ ρs = ϕAl2O3

ρAl2O3
+ ϕCu ρCu

Heat capacity (ρcp) (ρcp) = (1 − ϕ)(ρcp)f + ϕ(ρcp)s,

where ϕ (ρcp)s = ϕAl2O3
(ρcp)Al2O3

+ ϕCu (ρcp)Cu

Thermal expansion coefficient (ρβ) (ρβ) = (1 − ϕ)(ρβ)f + ϕ (ρβ)s,

where ϕ (ρβ)s = ϕAl2O3
(ρβ)Al2O3

+ ϕCu (ρβ)Cu

Thermal conductivity (k) k = kf

[
(ks +2kf)−2ϕ(kf−ks)
(ks +2kf)+ϕ(kf−ks)

]
,

where ϕ ks = ϕCukCu + ϕAl2O3
kAl2O3

Electrical conductivity (σ) σ = σf

[
1 + 3(σs/σf−1)ϕ

(σs/σf+2)−(σs/σf−1)ϕ

]
,

where ϕσs = ϕCuσCu + ϕAl2O3
σAl2O3

Thermal diffusivity (α) α = k
(ρcp)

Viscosity (μ) μ = μf
(1−ϕ)2.5

Table 3 Experimental data of thermal conductivity and viscosity of hybrid nanofluid [58]

ϕ (%) ϕAl2O3
(%) ϕCu (%) μ (kg m−1 s−1) k(Wm−1 K−1)

0.1 0.0962 0.0038 0.000972 0.619982
0.33 0.3175 0.0125 0.001098 0.630980
0.75 0.7215 0.0285 0.001386 0.649004
1.0 0.9620 0.0380 0.001602 0.657008
2.0 1.9241 0.0759 0.001935 0.684992

Pr =
νf
αf

; Da =
K

H2
; Fc =

1.75√
150ε3

;

Ra =
gβf(Th − Tc)H2

ν2
f

Pr;

Ram = Ra × Da =
gβf(Th − Tc)KH

νfαf
;

Ha = BH
√

σf/μf , (5b)

where the symbols Ra, Ram, Da, Pr, and Ha, and Fc

correspond to the Rayleigh, Darcy–Rayleigh, Darcy,
Prandtl and Hartmann numbers, and Forchheimer coef-
ficient, respectively. From the definition of Darcy num-
ber (Da = K/H

2, where K is the permeability of the
porous substance in m2), and the parameter K is a
very important property of the porous material. For
different porous materials (or the same material with
smaller solid particles forming the porous matrix), the
pore size changes significantly and thereby the changed

permeability. Hence, a range of Da values is studied in
the present work. For the given length scale H, a lower
Da value corresponds to a lower K value, which means
a small pore opening for the flowing fluid. Thus, fluid
flow faces higher resistance, which in turn affects ther-
mal energy transport.

For capturing the hydrothermal phenomena in the
chosen geometry, the dimensionless boundary condi-
tions taken as θ = 1 (at X = 0), θ = 0 (at X = 1),
∂θ/∂Y = 0 at the insulated walls (Y = 0, 1) and
U = V = 0 (zero-velocity) for all the solid walls. The
initial conditions for this unsteady simulation are taken
as zero field data for U, V, P , and θ.

The working fluid consists of a host fluid (water)
with a suspension of a mixture of Al2O3 and Cu
nanopowders. Thus, the hybrid nanoparticle concentra-
tion ϕ includes individual contributions of Al2O3 and
Cu nanopowders as

ϕ = ϕAl2O3 + ϕCu. (6)
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Table 4 Validation study with the results of Nguyen et al. [68] in terms of average Nu and ψ for Da = 10−4 and 10−2,
Ram = 10 and 103 and ε = 0.4 and 0.8, ϕ = 5% for Pr = 6.2

Ram Da ε Nu(ψ) by Nguyen et al. [68] Nu (ψ) by present code results % Errors in Nu (ψ)

10 10−2 0.4 1.160 (0.24) 1.160 (0.24) 0 (0)
0.8 1.165 (0.34) 1.169 (0.34) 0 (0)

103 10−4 0.4 9.110 (15.06) 9.070 (14.92) 0.44 (0.93)
0.8 9.900 (16.07) 10.160 (16.37) − 2.63 (− 1.87)

Table 5 Grid independency check for Da = 10−3, Ha = 30, ϕ = 0.1%, n = 2 varying Ram = 10-104

Ram Average Nu (error %)

80 × 80 120 × 120 160 × 160 200 × 200

10 1.346 1.224 (9.97%) 1.211 (1.07%) 1.209 (0.17%)
102 2.295 2.197 (4.46%) 2.174 (1.06%) 2.171 (0.11%)
103 6.723 6.634 (1.35%) 6.569 (0.99%) 6.563 (0.09%)
104 16.694 16.514 (1.09%) 16.458 (0.34%) 16.455 (0.02%)

Here, the symbols ‘f’ and ‘s’, correspondingly indicate
the carrier fluid and Al2O3 and Cu nanopowders. The
thermophysical properties of the hybrid nanopowders
(mixture of Cu and Al2O3) are presented in Table 1
[20–22,56]. The thermophysical properties of the hybrid
nanoliquid are estimated following the classical cor-
relations as presented in Table 2. Unfortunately, the
theoretical models of thermal conductivity (following
Maxwell model) [56] and viscosity (following Brinkman
model) [57], unable to truly assess the thermophysi-
cal parameters. Thus, the actual experiment dataset of
Suresh et al. [58] is utilized for the correct estimation
of different properties of the Cu–Al2O3–water hybrid
nanofluid as recorded in Table 3. In this table and also
throughout this work, the concentration of nanoparti-
cles is indicated in percentage (%) for a better presen-
tation as the considered ranges of this parameter are
chosen at low values (and highly diluted states).

The local and overall heat transfer characteristics
through the heated undulated wall are estimated as

Nuloc =
k

kf

(
− ∂θ

∂N

∣∣∣∣
wavywall

)
(7a)

Nu =
k

kf

1
S

S∫

0

(

− ∂θ

∂N

∣
∣∣∣
wavywall

)

dS, (7b)

where ‘S’ indicates the actual length along the undu-
lated wall and ‘N ’ denotes a normal direction to the
wavy wall. For visualizing the flow structure within the
computational domain, stream function (ψ) and resul-
tant streamlines are utilized. It is pertinent to note that
ψ is zero at all the walls, ψ is exhibited as

− ∂ψ

∂X
= V and

∂ψ

∂Y
= U. (8)

3 Computation procedure

Involved transport equations (1)–(4) are solved in a
numerical iterative process by an FORTRAN-based
computing code based on the finite volume technique
(FVM) following the relevant boundary conditions. All
equations are discretized into algebraic equations using
the FVM technique. For the diffusion terms, a second-
order central differencing scheme is implemented and
a third-order upwind scheme (QUICK) for the advec-
tion terms. Following the grid-sensitivity study, a stag-
gering non-uniform mesh pattern is utilized. The dis-
cretized equations are then solved by the SIMPLE algo-
rithm [59] using the Alternate Direction Implicit (ADI)
sweep technique and the TDMA algorithm. The itera-
tion process is continued until the minimization of the
residuals (setting the convergence criteria of < 10−8)
for the transport equations. Finally, converged solutions
are acquired in terms of dimensionless variables of U ,
V, and θ, which are then post-processed for getting the
local flow structure and global data.

3.1 Solver validation

The developed solver has been validated comprehen-
sively by solving dissimilar problems based on buoy-
ant and mixed convection [6,27,60–67]. In addition to
this, basic experimental validation of the present com-
puting code has also been done. For this in-house own
experimental setup on a bottom protruded heater cav-
ity has been developed and the results from the exper-
iment have been reproduced using the in-house numer-
ical technique. This validation study is reported in the
recent literature by Biswas et al. [60]. Furthermore, the
validation study on Cu–water nanofluid and the porous
structure is also carried out by reproducing the results
of Nguyen et al. [68]. The computation is carried out
for estimating the maximum stream function (ψ) and
average Nu for Da = 10−4 and 10−2, Ram = 10 and
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Fig. 2 Patterns of fluid flow (using streamlines) (1st and 3rd rows) and static temperature (using isotherms) (2nd and 4th

rows) at different times at Ram = 103, Da = 10−3, and Ha = 30

103 and ε = 0.4 and 0.8, ϕ = 5%. The results are pre-
sented in Table 4. The table exposes that the present
computations are closer to the results of Nguyen et al.
[68]. With this reference [68], the order of percentage
errors in the global estimates of Nu and ψ is very small
(< 3%). Thus, our developed code shows satisfactory
performance for the computations.

3.2 Grid independence study

For getting the correct mesh size, a grid independence
check has been carried out. This test ensures the correct
assessment of thermal and fluid performance through
the porous complex flow geometry. Different combina-
tion of grid sizes of 80 × 80, 120 × 120, 160 × 160, and
200 × 200 are tested and average Nusselt number (Nu)
when Da = 10−3, Ha = 30, ϕ = 0.1%, n = 2, and
varying Ram = 10−104 is computed at the heated wall.
The results in terms of average Nu (and error %) are

presented in Table 5. It is shown that the estimated
error is < 1.1% with 160 × 160 mesh concerning imme-
diate coarse mesh, and beyond these grids, there are
no significant errors in Nu value. Thus, the grid size
160 × 160 shows the correct grid size for the present
problem analysis.

4 Discussion of results

The impact of the amplitude of surface waviness (fol-
lowing the double cosine curvature) of a wall (n = 2) on
thermofluid transport phenomena in a complex double
undulated porous enclosure (heated left wall and cold
right wall) packed with hybrid nanofluid (Cu–Al2O3–
water) is analyzed in the existence of the horizontal
uniform magnetic field, acts externally. The findings of
this work are presented by the flow structures (stream-
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Fig. 3 Influence of modified-Rayleigh numbers (Ram) at different amplitudes (λ) of left wall on the flow field at Da = 10−3,
Ha = 30, and n = 2

lines, ψ), temperature variations (isotherms, θ), and Nu
(both local and average) at dissimilar amplitudes of a
wavy wall (λ = 0, 0.25, 0.5, and 0.75) for the different
multi-physical scenarios. These multi-physical parame-
ters are Hartmann number (0 ≤ Ha ≤ 70), Darcy num-
ber (10−5 ≤ Da ≤ 10−1), modified-Rayleigh number
(10 ≤ Ram ≤ 104) for a hybrid nanofluid concentration

of ϕ = 0.1%. The porosity of the porous substances is
taken as a fixed value (ε = 0.8). The detailed results
and discussions are documented in the subsequent sub-
sections. All the results presented hereafter reaching the
solutions at the steady state are discussed in Sect. 4.1.
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Fig. 4 Influence of modified-Rayleigh numbers (Ram) at different amplitudes (λ) on the static temperature patterns at
Da = 10−3, Ha = 30, and n = 2

4.1 Temporal evolution of thermofluid-flow fields

An enclosure, heating at both the vertical walls gener-
ates the fluid circulation and its associated heat trans-
fer. In this type of system, the thermal energy trans-
fer and its concerned flow physics depend significantly
upon fluid properties and path of flow in addition to

the shape of the heated and cold surfaces. However, the
concerned flow evolves with time reaches a steady-state
finally. Keeping in mind, the present analysis is con-
ducted to understand the evolution of the flow physics
for transient study in the enclosure at Ram = 103,
Da = 10−3, Ha = 30. The results of this study are
elucidated in Fig. 2 by streamlines and isotherms for
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Fig. 5 Variations of local
Nu (a–c) and average Nu
(d) for various
modified-Rayleigh numbers
(Ram), amplitude (λ) at
Da = 10−3, and Ha = 30

various dimensionless times (τ = 0.01–5). Initially, the
isotherms at τ = 0.01 demonstrate the parallel lines
near the left wall owing to the conductive heat transfer
mode to the fluid. The formed streamlines also depict
a poor convection process and thereby low strength
of fluid circulation at that τ = 0.01. The circulation
takes place nearby the hot wall and the effect of con-
vection increases with time as depicted by streamlines
and isotherms, as well. The size and strength of the cir-
culations grow with time and isotherms indicate more
thermal transport accordingly. After some instant of
time (τ ≥ 0.1), streamlines look to occupy the full cav-
ity and the heat transfer is mostly owing to the con-
vection. With further time progression, the changes in
the flow field retards and attains steady-state result at
approximately at τ = 5. This has been considered to
analyze the results of the next sections accordingly.

4.2 Influence of amplitude (λ) and
modified-Rayleigh number (Ram)

The amplitude (λ) of the surface waviness of the left
heated wall significantly alters the thermophysics flow
in the enclosure. Ram is the depiction of Rayleigh num-
ber (Ra) in a non-Darcian porous medium and an
increase in Ram depicts more Ra, thereby augment-
ing the buoyancy force at a fixed value of Darcy num-
ber (Da). In this section, an insight of flow physics
(streamlines and isotherms) is discussed by varying dif-

Fig. 6 Distribution of surface plot in terms of average Nu
for various modified-Rayleigh numbers (Ram), and ampli-
tude (λ) of at Da = 10−3, and Ha = 30

ferent amplitudes (λ = 0.25, 0.5, and 0.75) for different
Ram (10, 102, and 104). Figure 3 shows streamlines at
Ram = 10, 102 and 104 for two typical undulations with
amplitudes varying from 0 to 0.75 at Da = 10−3, and
Ha = 30.

An enclosure, heating at the left wavy wall initiates
the fluid flow over the wall caused by buoyancy force.
Heated fluid, after obstructing at the top wall, moves
toward the right cold wall, which rejects heat to the
atmosphere by convection from the right wall. This
cold fluid goes down to the lower adiabatic wall and
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Fig. 7 Variations of local
velocity profile (U , V and
θ) for different
modified-Rayleigh number
(Ram) for the fixed
amplitudes (λ = 0.25) and
undulations (n = 2),
Da = 10−3, Ha = 30

is directed to the hot left wall for further circulation.
This develops clockwise circulation in the whole of the
cavity, presented by streamlines in all considered cases.
The illustration of flow field by streamlines (row-wise
in Fig. 3) for Ram = 10, 102, and 104 at λ = 0 to
0.75 depicts that the maximum value of stream function
(ψmax) rises at higher Ram due to the rise in buoyancy
force. A prominent change in streamline contour is ren-
dered at a higher Ram of 104 for all considered cases
of amplitudes. However, from the significant change in
streamlines with amplitude (column-wise), the value of
stream function is noted to decrease as surface ampli-
tude rises at the low value of Ram of 10 and 102. The
reason behind this phenomenon may be a drop in flow
area in the enclosure with the rise of the amplitude of
the wavy heated wall. Here, at these Ram values, the
thermal energy transfer process is mostly for conduc-
tion, and the buoyancy force does not play a key role in
guiding the flow. However, for the cases of higher Ram,
the ψmax value increases with the rise of the amplitude,
and this value is maximum at λ = 0.75. The lengthen-
ing of the heat transfer surface is the reason for this,
which fosters the buoyancy force at this high convective
heat transfer force.

From the contours of isotherms shown in Fig. 4, it is
clear that at Ram of 10, the flow is minimally affected by
convective processes, and the isotherms are almost ver-
tically aligned and parallel for all the considered ampli-
tudes from λ = 0 to 0.75. Isotherms pattern changes
at Ram 102 indicating higher convection current; these

incline from the lower left corner to the top right corner
of the cavity. At Ram of 104, the isotherm lines become
horizontally stratified and gathered on the left bottom
portion of the vertical wall. The steep gradient in the
isotherms indicates higher energy transfer by convec-
tion process and its rise in the stream function value
accordingly as observed.

The alteration of local Nu on the left undulated wall
for Ram = 10 and 102 at different amplitudes (0, 0.25,
0.5, and 0.75) are elucidated in Fig. 5a and b, respec-
tively, at Da = 10−3, and Ha = 30. Figure 5c illustrates
the local Nu variation for different Ram (10, 102, 103,
and 104), whereas Fig. 5d presents the alteration of
average Nu for the varying Ram and λ. It is observed
from Fig. 5a–c that the nature of variation of the local
Nu over the left wall seems to be wavy. The magni-
tude of this Nu has been revealed a higher magnitude
at the crests and a minimum value at the troughs of
the wavy wall. At a lower value of Ram = 10 (Fig. 5a),
the magnitudes of the local Nu at the crests are nearly
the same. This is due to low fluid velocity and subse-
quent smooth flow distribution over the curved surface.
However, the Nu value is depicted to be maximum at
the crest of the bottom undulation, and this value at
the crest drops of the 2nd undulation at higher values
of Ram = 102 (Fig. 5b). This is supplemented by Fig. 4,
which has shown sharp gradient isotherms in this zone
of the curved wall. This may be attributed to the fluid’s
increased velocity (due to higher Ram). The flow is not
exposed to the hot wall fully after the 1st crest and
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Fig. 8 Influence of Darcy numbers (Da), and amplitude (λ) on the flow structures (1st and 3rd row) and temperature
distribution (2nd and 4th row) at Ram = 103, Ha = 30, and n = 2

thereby drops the temperature gradient at this wall).
The narrow pocket at the trough zone in between two
undulations produces flow separation due to space limi-
tation. A rise in amplitude of wavy wall leads to a rise in
the peak value of local Nu as noted. From this observa-
tion, since the actual surface length is different in each
case of the wall curvature, it is difficult to determine
the alteration of the average Nu by the amplitude of

the peak local Nu value that increases at crests with
amplitude. Increases in the average Nu are shown for
each of the amplitudes in Fig. 5d. The magnitude of
local Nu (Fig. 5c) is observed to be maximum for a
higher Ram value of 104 and minimum for a Ram of
10. Since the effective length is the same, this indicates
that the average Nu rises with Ram irrespective of all
amplitudes considered. This is illustrated in Fig. 5d.

123



Eur. Phys. J. Spec. Top.

The obtained results from this discussion reveal that
the flow strength decreases and the average Nu increase
with λ at Ram of 10 and 102. However, a higher Ram
of 104 shows a rise in flow strength and average Nu
with amplitude. These phenomena can be explained
now from the fluid flow and heat transfer perspective.
Ram of 10 and 102 indicates that the transport phe-
nomenon is due to thermal conduction mode, whereas
Ram ≥ 103 confirms that heat transfer is mostly con-
vection. The surge in amplitudes of surface enhances
the effective heat transfer surface area, thereby reduc-
ing the flow area in the enclosure. At Ram values of 10
and 102, a rise in λ reduces the flow strength by reduc-
ing the flow area in the enclosure. This leads to a rise
in the heat transfer by conduction owing to the lessen-
ing of the difference in the spacing between the hot and
cold walls. At a high Ram of 104, the convection force is
the dominating force for the heat transfer, which pro-
duces a greater buoyancy force and thereby high flow
velocity over the curve surface. An increase in λ devel-
ops two opposing forces. One is an increase in surface
area to increase buoyancy force. Another is a reduction
in flow area to reduce the flow strength. The effect of
buoyancy force due to the surface area at this Ram of
104 is dominating, thus promoting the enhancement of
ψmax and average Nu with amplitude.

For the further understanding of the overall thermal
performance under the various controlling parameters,
the pattern of variation of average Nu for the varying
Ram and λ is presented in Fig. 6 (using surface plot) at
Da = 10−3, and Ha = 30. It shows that at lower values
of Ram (< 102) and λ(= 0), the Nu value is less due to
conduction-dominated heat transfer and lower effective
surface area. However, the average Nu value increases
markedly as Ram (≥ 102) due to the stronger buoyant
force. When λ increases, it corresponds to the increase
in effective heating area and it leads to more amount of
thermal energy transport by the working fluid from the
heated source to the heat sink. As a result, a sharp rise
in the Nu surface with the increasing Ram is noted. At
Ram = 104 and λ = 0.75, a peak of the Nu surface is
observed.

To do the generalized analysis of average Nu depen-
dency on Ram, and λ keeping the fixed values of Da, Ha,
and ϕ, a mathematical correlation is derived through
the regression analysis using the MATLAB platform

Nu = b1+b2λ+b3Ram+b4λRam+b5λ
2+b6Ra0.5m . (9)

The coefficients for Eq. (9) are

b1 b2 b3

0.712461599081015 2.059086477467977 − 0.000015980643673
b4 b5 b6

0.000179481109220 − 0.016306447987230 0.143064781450305

For a better understanding of the phenomena, the
horizontal velocity (Fig. 7a), and temperature (Fig. 7b)
profiles at the vertical mid-plane (along Y ) are pro-

cessed for different modified-Rayleigh numbers (Ram)
with λ = 0.25, n = 2, Da = 10−3, and Ha = 30.
Similarly, the vertical velocity (Fig. 7c), and temper-
ature (Fig. 7d) profiles (Fig. 7d) along the X-position
are also shown in the right column of Fig. 7. For the
horizontal velocity profile (U), the positive peak value
of velocity near the top wall and the negative peak
velocity at the bottom wall are noted; this is due to
the phenomena of left wall heating and right wall cool-
ing. Thus, the formation of clockwise circulation occurs.
Of course, the velocity magnitudes rise when Ram rises
from Ram = 10 to 104 due to the increment in the con-
vective process. The velocity magnitude is less at the
lower Ram value due to the conduction dominance. Fur-
thermore, it reveals that an increase in Ram increases
the peak velocity (+ve or −ve) at both the wall sym-
metrically due to the buoyancy effect, and that is why, a
rise in the flow strength is noted in the streamlines. Sim-
ilarly, from the temperature profile (Fig. 7b), it is noted
that higher temperature is noted at the top region and
lower temperature is at the bottom region of the cavity,
since the hotter fluid is passing from the left to right
following the clockwise rotation. At the lower Ram = 10
value, the temperature variation is small due to lower
convective low velocity. At the higher Ram = 104, a
higher convection effect leads to more thermal energy
transfer, and thus, the mid-plane temperature modi-
fies markedly. Similarly, the vertical velocity profiles
(Fig. 7c) illustrate a positive peak of vertical velocity
(V ) at the left and a negative peak at the right extent of
the X-position. The increasing magnitude of velocity is
due to the enhanced thermal convection. Similarly, the
temperature variation clearly illustrates a strong influ-
ence of convection strength and the temperature curves
become horizontal as Ram increases.

4.3 Impact of amplitude (λ) of surface waviness
and Darcy numbers (Da)

Permeability is one of the important criteria associated
with the thermofluid phenomena through a porous sys-
tem. To understand the impact of permeability, Darcy
number is changed (Da = 10−5, 10−2 and 10−1) at
Ram = 103, and Ha = 30. Streamlines and isotherms
are illustrated row-wise in Fig. 8 for λ = 0.25 and
λ = 0.5, respectively. It is evident from Fig. 8 that a rise
in the Da value results in weaker streamlines which in
turn drops stream functions value as noted. An increase
in permeability heightens the Da value, which in turn
diminishes the resistance against the flow. In addition,
an increase in Da reduces the magnitude of Ra for fixed
Ram and lowers the buoyancy force. These are the rea-
sons for poor circulation with inflation in Da. Isotherms
at λ = 0.25 and λ = 0.5 approximate vertically strati-
fication at high Da, which shows poor convection. At a
low value of Da, isotherms illustrate a steep gradient,
thereby indicating high strength of convection. The top
high-temperature region falls with Da.

The magnitude of local Nu variation with the rise
in Darcy number (at Da = 10−5, 10−2, and 10−1) is
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Fig. 9 Variation of local
Nu (a) and average Nu (b)
for different Darcy
numbers (Da) and
amplitude (λ) when
Ram = 103, and Ha = 30

Fig. 10 Distribution of surface plot in terms of average
Nu for different Darcy numbers (Da), and amplitude (λ) at
Ram = 103, and Ha = 30

illustrated by Fig. 9a. As Da rises, the magnitude of
Nu drops at the wavy wall crests. Therefore, the aver-
age Nu should drop with the rise in Da, and this has
been shown in Fig. 9b. Average Nu is presented for all
considered amplitudes, which elucidates the maximum
average Nu at higher amplitudes. Of course, at Da val-
ues, resistance to fluid flow is higher, but average, as
well as local Nu, shows higher values at higher Da val-
ues and a decreasing trend is noted for lower Da values.
This is due to the modulation of fluid-based Ra (where
Ram = Ra × Da). For the fixed Da values, as Ram
increases, it corresponds to a decrement in fluid-based
Ra. Thus, the convection process becomes weaker. For
a better understanding, the pattern of variation of aver-
age Nu for the varying Da and λ are presented in Fig. 10
(using surface plot) at Ram = 103, Ha = 30. It shows
that, as Da values increase for any values of λ , the
average Nu value decreases markedly due to reduction
in the convective process as a result of reduced fluid-
based Ra, this pattern of variation is the same for any
magnitudes of λ.

To do a generalized analysis of average Nu depen-
dency on Da, λ keeping the fixed values of Ram, Ha,
and ϕ, a mathematical correlation is derived through
the regression analysis using the MATLAB platform

Nu = b1 + b2λ+ b3Da+ b4λDa+ b5λ
2 + b6Da0.05. (10)

The coefficients for Eq. (10) are

b1 b2 b3

37.614441625408034 0.725426147856705 27.604910881 822754
b4 b5 b6

10.089610493087113 1.188219993318122 − 44.05415271421075

4.4 Impact of amplitude (λ) of surface waviness
and external magnetic field strengths (Ha)

The induced magnetic field in an enclosure, saturated
with Cu–Al2O3/water nanofluid alters the flow physics
and temperature distribution, to understand this phe-
nomenon Ha is varied from 0 to 70 (as mentioned by
streamlines and isotherms in Fig. 11) at Ram = 103,
Da = 10−3 in case of two undulations with ampli-
tudes of λ = 0.25 and λ = 0.5. The external mag-
netic field opposes the buoyancy force through counter-
action for all amplitudes (the counteracting force, as a
source term, is present in the Y -momentum equation).
The pattern of isotherms signifies the energy transfer by
convection process, which drops with Ha, and isotherms
alter accordingly.

The variation of local Nu value with Ha is shown in
Fig. 12a where it is observed that the maximum Nu
value at two crests drops with increasing Ha. Since this
illustration is for the same effective heating length, it is
expected to drop the average Nu, thereby its buoyancy
force as Ha increases. Figure 12b supports the obser-
vations for all amplitudes. The maximum Nu occurs
at the highest value for λ = 0.75 in the cases consid-
ered at Ram = 103. Further to the above, the distri-
bution of average Nu for the varying Ha and λ is illus-
trated in Fig. 13 (using surface plot) at Ram = 103,
Da = 10−3, ϕ = 0.1%. It shows that, as the mag-
netic intensity increases, average Nu values decrease
markedly for any values of λ. This is a strong coun-
teracting Lorentz force (because of imposed magnetic
field). However, such decreasing trend is comparatively
less for the higher values of λ due to higher effective
surface area results in more thermal convection.
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Fig. 11 Impact of Hartmann numbers (Ha), and amplitude (λ) on the flow structures at Ram = 103, Da = 10−3, and
n = 2

To do the generalized analysis of average Nu depen-
dency on Ha, λ keeping the fixed values of Ram, Da
and ϕ, a mathematical correlation is derived through
the regression analysis using the MATLAB platform

Nu = b1 + b2λ + b3Ha + b4λHa + b5λ
2 + b6Ha2. (11)

The coefficients for Eq. (11) are

b1 b2 b3

7.009812684699003 1.59395082415 8778 − 0.018150436875700
b4 b5 b6

0.002889836644040 − 0.405087996137981 − 0.000252037681115
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Fig. 12 Variations of
local Nu (a) and average
Nu (b) for different
Hartmann numbers (Ha),
amplitude (λ) when
Ram = 103, Da = 10−3,
ϕ = 0.1%

Fig. 13 Distribution of surface plot in terms of average Nu
for dissimilar Hartmann numbers (Ha), and amplitude (λ)
at Ram = 103, and Da = 10−3

5 Concluding remarks

The present study concentrates on the fundamental
flow physics inherent to the effect of the peak ampli-
tude (λ) of the double undulated wavy wall in a satu-
rated non-Darcian porous enclosure filled with a hybrid
nanofluid under an externally applied magnetic field for
different Ram, Da, and Ha. The thermofluid flow has
been assessed using streamlines, isotherms, local Nu,
and average Nu.

Based on the results from the study, it is evident
that the curved wall heightens the effective heating
surface area which in turn fosters a rise in the ther-
mal energy and thereby the magnitude of the average
Nu. Therefore, the increase in the wavy wall amplitude
leads to the enhancement of heat transfer. Although
an increase in amplitude does not always support the
growth of flow strength, this also depends upon Ram.
At low Ram (mostly conduction mode of heat trans-
fer), flow strength decreases with amplitude due to
poor convection, whereas the strength increases with
amplitude for higher Ram. The higher Ram in turn
enhances the growth of flow strength and average Nu
(as Ram develops buoyancy force). The local Nu at

the crest of the first undulation (along the flow direc-
tion) is higher relative to the value at the second crest.
This value at the crest rises with the increase in ampli-
tude.

High Da weakens the circulation and thereby the
buoyancy force as well as the flow resistance drop. The
average Nu value falls with Da for all considered λ val-
ues. A rise in the Ha value drops the circulation too,
which results in the reduction of the convection force.
The average Nu value drops with Ha similar to Da for
all considered amplitudes.
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