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ABSTRACT
The purpose of the study of single/multi-wall carbon nanotubes
(SWCNTs/MWCNTs) mixed water-based nanofluid having unsteady
stagnation-point flow on shrinking/expanding sheet with velocity
and thermal slip effects is to decode the heat transfer mechanism to
know the high cooling rate criteria. Governing boundary layer cou-
pled partial differential equation (PDEs) are converted into ordinary
ones. The transformed equations are numerically solved by shooting
method with RK-4 scheme. The impacts of different parameters are
described graphically and a comparison between current and previ-
ous results is made in tabular form. Existence of multiple solutions
along with unique solution appears for specific cases of shrinking
and expanding velocities. The investigation also reveals that SWCNT-
nanoparticles have more dominating heat and momentum transfer
rates than MWCNT-nanoparticles. Velocity slip delays the boundary
layer separation, but maximum surface drag-force does not alter.
Thermal slip and unsteadiness reduce heat transfer rate, whereas
velocity slip enhances it. For high shrinking velocity compared to free
stream velocity, the surface cooling rate drops down with Prandtl
number and thermal boundary layer thickness significantly reduces
for all types of nanofluids and for both solution branches. For both
nanofluids, the temperature near the sheet decreases with thermal
slip. For non-uniqueness of the similarity solution, a linear stabil-
ity analysis is conducted and it verifies that upper branch of the
obtained solutions is stable, while lower branch is unstable for high
shrinking velocity and the unique solution is stable for expanding
and low shrinking velocities.
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1. Introduction

A biosensor gadget consists of biological elements which are employed to analyze the air
and water quality and also to detect the diseases and their diagnosis. By comprising car-
bon nanotube (CNT) nanoparticles with chemical force microscopy technique, biosensors
can be made more efficient. Nanoparticles are of nanosized (1–100 nm) and are exten-
sively used to enlarge the thermal performance of the base fluid (e.g. water, engine oil,
kerosene) by considering the mixture of these two (base fluid and nanoparticles) being
known as nanofluid. Nanoparticles are taken according to applications requirement. In
heat transfer problems, thermal conductivity plays a dynamic role to ensure the amount
of heat transfer and nanofluid may be used to get higher heat transfer than the usual base
fluids. Nanoparticles are generally categorized into two types: organic (like SWCNT and
MWCNT) and inorganic nanoparticles (like metal, metal oxides, and metal nitrides). Cylin-
drical tube-shaped allotrope of carbon is known as CNTwith extraordinary tensile strength,
large surface area, electrical and thermal properties. CNTs are extensively used in electro-
static dissipation, sensors, genomics, and surgery. So, CNTs bear relatively good physical
and applicable properties (see Table 1) than other nanoparticles. Anomalous augmenta-
tion of thermal conductivity of oil-based nanofluid with suspension of CNTs was examined
by Choi et al. [1]. They obtained that inclusion of 1.0vol% nanotubes originates 160% incre-
ment the thermal conductivity and they proposed a non-linear relationship between the
thermal conductivity and nanotubes loadings. Imtiaz et al. [2] studied the flow of CNTswith
convective boundary condition and thermal radiation effects and concluded that SWCNTs
causesmoreheat transfer ratebut less surfacedrag-force thanMWCNTs.WhileHussain et al.
[3] found that surface drag-force and heat transfer rate is higher in case of SWCNTs than
MWCNTs, in their study of convective 3D flow of CNTs with heat absorption/generation.
Recently, the impact of SWCNTs/MWCNTs on heat and mass transfer inside flow field with
various effects are presented in literature [4–9].

The boundary layer flow due to shrinking sheet, i.e. reverse of expanding case demon-
strates a quite different phenomenon since a shrinking sheet would cause vorticities that
lead to boundary layer separation. Nowadays, this topic has achieved considerable inter-
est due to its enormous applications in many branches of engineering and industries.
There are two types of mechanisms in literature to prevent the separation of the bound-
ary layer: stagnation-point flow velocity is taken or sufficient mass suction is imposed on
permeable boundary. Miklavčič and Wang [10], Wang [11], Bhattacharyya [12], Ishak et al.
[13], and Bhattacharyya and Layek [14] performed studies on shrinking surface adopting
aforesaid conditions and reported multiple solutions. Later on, several researchers [15–20]
considered the flowbehavior over a linear/non-linear shrinking/expanding sheet to analyze
the effect on multiple solution range and other flow properties. While the considera-
tion of nanofluids [21–25] to understand the high heat transfer on shrinking/expanding

Table 1. Thermo-physical properties of carbon
nanotubes and water (Imtiaz et al. [2]).

Properties SWCNTs MWCNTs Water

ρ 2600 1600 997.1
κ 6600 3000 0.613
cp 425 796 4179
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sheets opens a new dimension having enormous industrial applications. Anuar et al.
[26,27] described the effect of CNTs on stagnation-point steady flows on non-linear stretch-
ing/shrinking sheet.

Most of the problems are idealized as steady state (time-independent) due to the con-
venience in the analysis and the solution procedure, but it is not always consistent with the
physical context. Hence, unsteadiness must be taken into consideration to make it more
realistic. The simulation of time-dependent flow is crucial in technological areas, like heli-
copter aerodynamics, detonations, aeroacoustics, and turbomachinery. In 1958, Yang [28]
reported the study of laminar boundary layer unsteady stagnation flow of incompressible
fluid. In literature, the time-dependent flows due to expanding/shrinking sheets were dis-
cussed alongwith several physical aspects bymany researchers [29–35]. Also, Bilal et al. [36]
carried out 3-dimensional time-dependent study of water-based hybrid (CNT-ferric oxide)
nanofluid on a wave-shaped fluctuating rotating disk. Regarding solution methodology,
Ibrahim and Khan [37] solved the unsteady flow problem numerically by finite difference
method andHussanan et al. [38] reported analytic solutions of unsteady flowby the Laplace
transformation method. While, Ahmad et al. [39] used semi-analytic method (HAM, Homo-
topy Analysis Method) to examine time-dependent viscoelastic flow. Recently, Anuar and
Bachok [40] discussed unsteady stagnation-point micropolar flow of hybrid nanofluid and
achieved solutions using ‘bvp4c’.

Above discussed problems are mainly focused on no-slip boundary condition, but in
some circumstances, consideration of partial slip at fluid–solid interface is necessary. Slip
flow may be seen in emulsion and suspension process and also have many applications
in medical science, such as heart valves and internal cavities polishing. According to the
kinetic theory of gases, the fluid slip velocity is proportional to the shear stress (gradient of
velocity with distance) at the solid surface and proportionality coefficient is defined as the
slip length. In a similar way, the thermal slip boundary condition is also defined, where ther-
mal slip is linearly varied with temperature gradient. Beavers and Joseph [41] introduced
the concept of slip condition for the flow and verified experimentally that the slip veloc-
ity is proportional to the velocity gradient. Some other impactful contributions on velocity
and thermal slip assumptions to control the flow and heat transfer properties are available
in literature [42–50].

To explore the combined impact of CNTs and slip condition on the time-dependent
flownear a stagnation point, in present investigation the unsteady stagnation-point flowof
CNTs (SWCNTs &MWCNTs) suspendedwater-based nanofluid alongwith partial slip effects
(velocity as well as thermal slips) on shrinking/expanding sheet is studied. The motivation
for study comes from the fact that CNTs are very efficient in raising the level of heat trans-
fer and their presence in unsteady shrinking/expanding sheet flow draws more interest of
industries. The secondary motivation is to explore the simultaneous effects of unsteadi-
ness, boundary slip, and CNT nanoparticles on the existence of boundary layer solutions for
flow on shrinking/expanding sheet. The governing boundary layer equations are obtained
by assuming Tiwari and Das [51] single-phase model and effective thermal conductivity of
nanofluid is modeled by Xue [52] because of a high aspect ratio of CNTs. Here, we con-
sider partial velocity and thermal slips, i.e. velocity and temperature of the fluid adjacent
to the elastic surface have different values relative to the values on the surface. Using con-
venient transformations, the set of governing PDEs are transformed into nonlinear ODEs.
Finally, the changed equations are numerically solved by the shooting method with RK-4.
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The obtained results are compared with earlier investigations to confirm accuracy of used
numerical technique. Also, stability analysis is performed for multiple solutions. Also, all
findings are presented and discussed graphically to witness the impacts of various param-
eters on the separation control and flow properties with heat transfer. Some potential
applications of time-dependent flows with CNTs may be appeared in different aspects, like
hydrogen storage media, nanometer-sized semiconductor devices, radiation sources, field
emission displays, etc. (Baughman et al. [53]).

2. Mathematical formulation

Consider the unsteady impinging flow in nanofluid with CNTs on a shrinking/expanding
surface with partial slip boundary conditions. The shrinking/expanding velocity of sheet
is us(x, t) = cx(1 − αt)−1 and external straining velocity is supposed to be ue(x, t) =
ax(1 − αt)−1, where c (c < 0/>0 for shrinking/stretching), a (>0), and α are constants
with dimension (Time)−1. Under above assumptions, the governing boundary layer equa-
tions are (Bhattacharyya [31], Ibrahim and Khan [37])

∂u

∂x
+ ∂v

∂y
= 0, (1)

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= ∂ue

∂t
+ ue

∂ue
∂x

+ υnf
∂2u

∂y2
, (2)

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y
= κnf

(ρcp)nf

∂2T

∂y2
, (3)

where u and v are components of velocity along the x-and y-axes, respectively, υnf (=
μnf/ρnf ) is kinematic viscosity of nanofluid, μnf is viscosity of nanofluid, ρnf is density of
nanofluid, T is temperature of nanofluid, (ρcp)nf is heat capacity of nanofluid, and κnf is
thermal conductivity of nanofluid, and those are defined as (Hosseinzadeh et al. [5]):

ρnf = (1 − φ)ρf + φρCNT, μnf = μf

(1 − φ)2.5
,

(ρcp)nf = (1 − φ)(ρcp)f + φ(ρcp)CNT,
κnf

κf
=

1 − φ + 2
(

κCNT

κCNT − κf
ln
κCNT + κf

2κf

)
φ

1 − φ + 2
(

κf

κCNT − κf
ln κCNT+κf

2κf

)
φ

.

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(4)
Here, φ is volume fraction of solid nanoparticles, κf and κCNT are thermal conductivities of
fluid and of CNTs, respectively, ρf and ρCNT are densities of fluid and of CNTs, respectively.

The appropriate boundary conditions are

t < 0 : u = 0, v = 0, T = T∞ for any x, y,
t ≥ 0 : u = us(x, t)+ L1υnf

∂u
∂y , v = 0, T = Tw + M1

∂T
∂y at y = 0,

u → ue(x, t), T → T∞ as y → ∞,

⎫⎪⎬
⎪⎭ (5)

where L1 = L(1 − αt)1/2 is velocity slip factor andM1 = M(1 − αt)1/2 is thermal slip factor
(see Mahapatra and Nandy [43]), L and M are preliminary values of velocity and slip fac-
tors. Wall temperature Tw is assumed constant and free-stream temperature T∞ also takes
a constant value.
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The adopted similarity transformations are as follows:

η =
√

ue
υf x

y, ψ = √
xυf uef (η), T = T∞ + (Tw − T∞)θ(η), (6)

where υf is kinematic viscosity of base fluid, η is similarity variable, and ψ is stream func-
tion with u = ∂ψ

∂y and v = − ∂ψ
∂x , which identically satisfies continuity Equation (1). Using

Equation (6), from Equations (2) and (3) we get the following self-similar ODEs:

1
φ1

f ′′′ + ff ′′ − f ′2 + 1 − A

(
f ′ + 1

2
ηf ′′ − 1

)
= 0, (7)

κnf/κf

φ2
θ ′′ + Pr fθ ′ − A Pr

2
ηθ ′ = 0, (8)

where A = α/a is unsteady parameter, Pr = [υf (ρcp)f ]/κf is Prandtl number, and φ1, φ2 are
given as:

φ1 = (1 − φ)2.5
(
1 − φ + φ

ρCNT

ρf

)
andφ2 =

[
1 − φ + φ

(ρcp)CNT
(ρcp)f

]
. (9)

The converted boundary conditions in (5) are

f (0) = 0, f ′(0) = γ + δ1
φ1
f ′′(0), θ(0) = 1 + δ2θ

′(0),
f ′(∞) = 1, θ(∞) = 0,

}
(10)

where γ = c/a is velocity ratio parameter, δ1 = L
√
aυf is velocity slip parameter, and δ2 =

M
√
a/υf is thermal slip parameter.
Now, the local skin-friction coefficient Cfr and local Nusselt number Nux , which are very

relevant quantities in engineering problems are expressed as:

Cfr = τw

ρf u2e
and Nux = x

κf

qw
(Tw − T∞)

, (11)

where τw is wall shear stress and qw is heat transfer rate from surface, and those are defined
as:

τw = μnf

(
∂u

∂y

)
y=0

and qw = −κnf
(
∂T

∂y

)
y=0

. (12)

Using Equations (6) and (12), we get from Equation (11)

CfrRe
1/2
x = 1

(1 − φ)2.5
f ′′(0) and Nux/Re

1/2
x = −κnf

κf
θ ′(0), (13)

where Rex = uex/υf is local Reynolds number.

3. Solutionmethod and its validation

The self-similar nonlinear couple Equations (7)–(8) with Equation (10) are solved using
shooting method [31,54] with RK-4 by converting these to an IVP. To confirm accuracy of
adopted scheme, the computational values of f′′(0) for expanding and shrinking sheetswith
φ = 0 andA = 0 are comparedwith previously published results byWang [11], andNagan-
thran et al. [32] in Tables 2 and 3, respectively, and those two sets of data are found in a
superb agreement.
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Table 2. Comparison values of f′′(0)
for expanding sheet (γ > 0) with
φ = 0, A = 0, and δ1 = 0.

γ Present study Wang [11]

0 1.2325878 1.232588
0.1 1.1465609 1.14656
0.2 1.0511299 1.05113
0.5 0.7132949 0.71330
1 0 0

Table 3. Comparison values of f′′(0) for shrinking sheet (γ < 0)
with φ = 0, A = 0, and δ1 = 0.

γ Present study Wang [11]

Nagranthran et al.
[31] with K = 0,
β = 0, s = 0

−0.25 1.4022405 1.40224 1.4022407
−0.5 1.4956697 1.49567 1.4956697
−0.75 1.4892982 1.48930 1.4892982
−1 1.3288169

[0]
1.32882
[0]

1.3288168
[0]

−1.15 1.0822316
[0.1167023]

1.08223
[0.116702]

1.0822311
[0.1167020]

−1.2 0.9324725
[0.2336491]

0.9324733
[0.2336496]

−1.2465 0.5842915
[0.5542857]

0.55430 0.5842759
[0.5542976]

−1.24657 0.5745268
[0.5639987]

0.5745397
[0.5640169]

[ ] Values for second solution.

4. Obtained results and discussion

Boundary layer model governed through transformed system of ODEs (7)-(8) along with
boundary restrictions (10) are numerically solved and obtained outcomes are exhibited
graphically in Figures 1–22 to identify the impacts of the unsteady parameter (A), veloc-
ity ratio parameter (γ ), the volume fraction of solid nanoparticles (φ), velocity and thermal
slip parameters (δ1 and δ2) for twodifferent types of nanofluids: SWCNT-water andMWCNT-
water.We canpartition thewhole domain of the solution into three parts on the basis of the
multiplicity of the solution depending on the relative value of shrinking/expanding sheet
velocity to the free stream velocity. There are unique solution for γ > −1, dual solutions for
γC ≤ γ ≤ −1, and no solution for γ < γC , where γC denotes the critical value for the exis-
tence of the solution. At γ = γC , upper and lower branch solutions coincide and beyond
which separation of the boundary layer is observed, i.e. boundary layer approximation is
no longer valid in that region.

Critical values of the velocity ratio parameter (γC) for existence of solution arementioned
in Table 4, for different cases, namely, unsteady slip flow, unsteady nanofluid flow, steady-
unsteady nanofluid (SWCNT-water & MWCNT-water) slip flow. Table 4 shows, boundary
layer separation delays with unsteadiness, nanoparticle volume fraction and velocity slip
parameter, but it is worthnoting that without slip at the boundary, nanoparticle volume
fraction has no impact on the value of γC . So, it means that the domain of dual solutions
expands (i.e. critical value increases) and γC is notably affected by velocity slip mechanism.



WAVES IN RANDOM AND COMPLEX MEDIA 7

Figure 1. Effect of nanoparticles on skin-friction coefficient for several values of γ with A = 0.1 and
δ1 = 0.2.

Figure 2. Effect of nanoparticles onNusselt number for several values of γ withA = 0.1, δ1 = 0.2, δ2 =
0.2, and Pr = 2.

Figure 3. Effect of unsteady parameter A on skin-friction coefficient variation with γ for δ1 = 0.2.
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Figure 4. Effect of unsteady parameter A on Nusselt number variation with γ for δ1 = 0.2, δ2 = 0.2,
and Pr = 2.

Figure 5. Effect of velocity slip parameter δ1 on skin-friction coefficient with γ for A = 0.1.

Figure 6. Effect of velocity slip parameter δ1 on Nusselt number variation with γ for A = 0.1, δ2 = 0.2,
and Pr = 2.
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Figure 7. Effect of thermal slip parameter δ2 on Nusselt number variation with γ for A = 0.1, δ1 = 0.2,
and Pr = 2.

Figure 8. Effect of Prandtl number Pr on Nusselt number with γ for A = 0.1, δ1 = 0.2, and δ2 = 0.2.

Figure 9. Effect of nanoparticles on velocity f ′(η) for A = 0.1, δ1 = 0.2, and γ = −1.3.
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Figure 10. Effect of unsteady parameter A on velocity f ′(η) for (a) SWCNTs and (b) MWCNTs with
φ = 0.1, δ1 = 0.2, and γ = −1.3.

Figure 11. Effect of velocity slip parameter δ1 on velocity f ′(η) for (a) SWCNTs and (b) MWCNTs with
φ = 0.1, A = 0.1, and γ = −1.3.

Also, it is observed that MWCNT-water generates a slightly higher value of γC than SWCNT-
water. While γC does not alter by thermal slip parameter and Prandtl number, i.e. both of
them do not delay the separation of the boundary layer structure since they are decoupled
from the momentum equation.

4.1. Impacts on skin-friction coefficient and Nusselt number

Figures 1–8 elucidate the impacts of parameters φ, A, δ1, δ2, and Pr on skin-friction coeffi-
cient and Nusselt number. It observes that skin-friction, i.e. surface drag-force and Nusselt
number, i.e. heat transfer rate (surface cooling rate) is greater for SWCNT-water nanofluid
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Figure 12. Effect of velocity ratio parameter γ on velocity f ′(η) for (a) SWCNTs and (b) MWCNTs with
φ = 0.1, A = 0.1, and δ1 = 0.2 [shrinking sheet case with dual solutions].

Figure 13. Effect of velocity ratio parameter γ on velocity f ′(η) for (a) SWCNTs and (b) MWCNTs with
φ = 0.1, A = 0.1, and δ1 = 0.2 [shrinking and expanding sheet cases with unique solution].

than MWCNT-water nanofluid in all the considered variations. Significant upsurges of skin-
friction coefficient and heat transfer rate are noticed in Figures 1 and 2 for both nanofluid
cases compared to the regular fluid (φ = 0). As themobility of CNTs is very large, this helps
in higher convection, so that heat transfer rate enhances significantly. From Figures 3 and
4, it is clear that unsteadiness in the flow accelerates the skin-friction coefficient but decel-
erates the cooling rate for both of SWCNT-water and MWCNT-water nanofluids. Also, it is
noted that unsteadiness of flow is capable of retarding the boundary separation. Figures 5
and 6 depict the effect of no-slip and slip boundary conditions. These figures indicate that
increase in the velocity slip results in the growth in skin-friction coefficient, heat transfer
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Figure 14. Stream functions (a) for SWCNTs – {1} Upper branch {2} Lower branch and (b) for MWCNTs
– {1} Upper branch {2} Lower branch with φ = 0.1, A = 0.1, δ1 = 0.2 and γ = −1.4 [shrinking sheet
case].

Figure 15. Stream functions for (a) SWCNTs and (b) MWCNTs with φ = 0.1, A = 0.1, δ1 = 0.2 and γ
= 0.5 [expanding sheet case].



WAVES IN RANDOM AND COMPLEX MEDIA 13

Figure 16. Effect of nanoparticles on temperature θ(η) for A = 0.1, δ1 = 0.2, γ = −1.3, δ2 = 0.2, and
Pr = 2.

Figure 17. Effect of unsteady parameter A on temperature θ(η) for (a) SWCNTs and (b) MWCNTs with
φ = 0.1, δ1 = 0.2, γ = −1.3, δ2 = 0.2, and Pr = 2.

Table 4. Critical value of γ , i.e. γC for existence of the
solution.

φ A δ1 γC (SWCNT) γC (MWCNT)

0 0.1 0.2 −1.460236 −1.460236
0.1 0 0.2 −1.399155 −1.407705
0.1 0.1 0 −1.31178 −1.31178
0.1 0.1 0.2 −1.470802 −1.479730

rate, and domain of dual solutions. Physically, wall slip controls the generation of vortic-
ities for shrinking velocity of sheet and consequently with wall slip dual solutions occur
for higher shrinking rates, i.e. the dual solutions range enlarges. Also, maximum drag-force
at the surface does not change with slip parameter for a particular nanoparticle (SWC-
NTs/MWCNTs). When stretching wall velocity is same as straining velocity, heat transfer
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Figure 18. Effect of velocity slip parameter δ1 on temperature θ(η) for (a) SWCNTs and (b)MWCNTswith
φ = 0.1, A = 0.1, γ = −1.3, δ2 = 0.2, and Pr = 2.

Figure 19. Effect of velocity ratio parameter γ on temperature θ(η) for (a) SWCNTs and (b) MWCNTs
with φ = 0.1, A = 0.1, δ1 = 0.2, δ2 = 0.2, and Pr = 2 [shrinking sheet case with dual solutions].

rate is constant for both types of nanotubes with respect to the variation of velocity slip.
Because, in this case surface drag is zero and flow dynamics is independent of velocity slip.
For both nanofluids, heat transfer rate decreaseswith thermal slip parameter (Figure 7) and
it happens due to the lower temperatures of the adjacent layer to the sheet compared to
the sheet itself. The surface cooling rate rises with Prandtl number (Figure 8) in all cases
except for very high shrinking velocity.

4.2. Impact on velocity

The dual and unique solutions for velocity of SWCNT/MWCNT-water nanofluid flow are pre-
sented in Figures 9–13 for several values of parameters φ, A, δ1, δ2, and γ . Figure 9 shows
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Figure 20. Effect of velocity ratio parameter γ on temperature θ(η) for (a) SWCNTs and (b) MWCNTs
withφ = 0.1,A = 0.1, δ1 = 0.2, δ2 = 0.2, and Pr = 2 [shrinking and expanding sheet caseswith unique
solution].

Figure 21. Effect of thermal slip parameter δ2 on temperature θ(η) for (a) SWCNTs and (b) MWCNTs
with φ = 0.1, A = 0.1, δ1 = 0.2, γ = −1.3, and Pr = 2.

that regular fluid has more velocity than SWCNT-water & MWCNT-water nanofluids, while
SWCNT-water nanofluid has a larger velocity than that of MWCNT case in both branches. In
upper branch of Figures 10 and 11(a & b), the velocity of SWCNT/MWCNT-water nanofluid
has more value and its associated boundary layer thickness (BLT) become thinner with
unsteady flow and velocity slip effect as compared to steady flow and no-slip condition,
respectively, and lower branches exhibit reverse characteristics. This happens because of
different velocities of the sheet and fluid layer near the sheet due to partial slip. Figure 12(a
& b) describes the impact of velocity ratio parameter (γ ) on dual solutions of SWCNT- &
MWCNT-water nanofluids. The velocity profiles illustrate a decreasing trend with a rise in
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Figure 22. Effect of Prandtl number Pr on temperature θ(η) for (a) SWCNTs and (b) MWCNTs with φ =
0.1, A = 0.1, δ1 = 0.2, γ = −1.3, and δ2 = 0.2.

BLT for increasing magnitude of γ in upper branch and lower branch follows the oppo-
site nature. In unique solution case, the velocity field grows and its corresponding BLT
becomes smaller with γ , Figure 13(a & b). Physically, the higher shrinking velocity com-
pared to free stream velocity causes disturbance in the flow field and as a result, multiple
solutions appear and the transformation of high shrinking velocity to expanding velocity
eases out the situation. To understand the flow fields havingdual andunique solutions, two
streamline plots are presented in Figures 14 and 15.

4.3. Impact on temperature

Variations in temperature for various parameters are exhibited in Figures 16–22. Figure 16
demonstrates that the temperature of regular fluid(water) is more near the surface, but
faraway from the surface temperature is less and the thermal BLT is thinner in compari-
son with nanofluid (SWCNT-water & MWCNT-water) for both branches. SWCNTs/MWCNTs
mixed nanofluid have low temperature near the surface than the regular fluid case, but
due to high rate of heat convection reverse condition occurs away from the surface. For
the unsteady flow of both nanofluids, in upper branch temperature near the surface is less
compared to the steady case, while reverse effect shows away from the surface and in lower
branch, a clear temperature rise takes place, see Figure 17(a & b). Figure 18(a & b) demon-
strates that in upper branch, velocity slip significantly causes reduction of the temperature
as well as the thermal BLT for both nanofluids. Physically, it happens because of the cooling
rate enhancement in comparisonwith the case of zero relative velocity between solid–fluid
interfaces. Whereas opposite trend is noticed for lower branch. From Figure 19(a & b) and
Figure 20(a & b), it is witnessed that the temperature in nanofluid(for both CNTs) flow field
drops down with γ and also its corresponding layer thickness in upper branch and unique
solutions, but the growth of γ is reversely affected the temperature for lower branch. The
expanding sheet and shrinking sheet cases behave reversely for the temperature field, i.e.
shrinkage of sheet enhances the temperature and its BLT, while expansion of sheet reduces
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it. Figure 21(a & b) indicates that the temperature near the surface reduceswith thermal slip
for both branches and for both types of nanofluids (SWCNTs/MWCNTs) and physically, it is
due to temperature loss in the adjacent fluid layer to the elastic sheet. While Prandtl num-
ber shows completely different impact, i.e. near the surface temperature raises with Pr, but
far from the surface it decays and its associated BLT significantly reduces (see Figure 22).
Normally, for larger Prandtl number the heat transfer from the surface is considerably aug-
mented, but as found in the study (Figure 8) the effect is different for high shrinking velocity
compared to the free streamvelocity and it is prominent near the surface only. Also, Prandtl
number signifies the ratio of two diffusivities, namely, momentum and thermal and those
are related to momentum and thermal BLT.

5. Stability analysis

When shrinking velocity is superior or same as the free stream stagnation flow velocity,
dual solutions of boundary value problem (BVP) constituted by Equations (7) and (8) with
Equation (10) are found. As a consequence, the stability analysis is required to figure out
the stable and unstable solutions. Using the study of Weidman et al. [55] and Bakar et al.
[56] of stability analysis, the unsteady similarity solutions are considered as:

ψ = √
xυf ueF(η, τ), �(η, τ) = T − T∞

Tw − T∞
, η =

√
ue
υf x

y, τ = ue
x
t. (14)

By substituting Equation (14) into Equations (2) and (3) and Equation (5), we have

1
φ1

Fηηη + FFηη − Fη
2 + 1 − A

(
Fη + η

2
Fηη − 1 + τFητ

)
− Fητ = 0, (15)

knf/kf
φ2

�ηη + Pr(f�η −�τ )− A Pr
(η
2
�η + τ �τ

)
= 0, (16)

with boundary conditions

F(0, τ) = 0, Fη(0, τ) = γ + δ1
φ1
Fηη(0, τ), �(0, τ) = 1 + δ2�η(0, τ) ,

Fη(η, τ) → 1, �(η, τ) → 0 as η → ∞.

}
(17)

Following Weidman et al. [55] and Mahapatra et al. [57], stability of the solutions f (η) and
θ(η) is tested by introducing

F(η, τ) = f (η)+ e−βτg(η, τ),
�(η, τ) = θ(η)+ e−βτφ(η, τ),

}
(18)

where g(η, τ) and φ(η, τ) are slight disturbances to the solutions and β signifies the rate
of disturbance. Substituting F(η, τ) and �(η, τ) from Equation (18) in Equations (15)–(17)
and linearizing as g(η, τ), φ(η, τ) and its derivatives are assumed to be sufficiently small in
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comparison with f (η), θ(η) and their derivatives those reduce to

1
φ1

gηηη + fgηη + f ′′g − 2f ′gη − A
(
gη + η

2
gηη − βτgη + τgητ

)
+ βgη − gητ = 0, (19)

knf/kf
φ2

φηη + Pr(fφη + gθ ′ + βφ − φτ )− A Pr
(η
2
φη − βτφ + τφτ

)
= 0, (20)

along with the boundary conditions

g(0, τ) = 0, gη(0, τ) = δ1
φ1
gηη(0, τ), φ(0, τ) = δ2φη(0, τ),

gη(∞, τ) = 0, φ(∞, τ) = 0.

}
(21)

By setting τ = 0, the functions g(η, τ) and φ(η, τ) become g0(η) and φ0(η) and those char-
acterize initial disturbances to the solutions, f (η) and θ(η), respectively. So, Equations (19)
and (20) and condition (21) become

1
φ1

g′′′
0 + fg′′

0 + f ′′g0 − 2f ′g′
0 − A

(
g′

0 + η

2
g′′

0

)
+ βg′

0 = 0, (22)

knf/kf
φ2

φ′′
0 + Pr(fφ′

0 + g0θ
′ + βφ0)− A Pr η

2
φ′
0 = 0 (23)

with

g0(0) = 0, g′
0(0) = δ1

φ1
g′′

0(0), φ0(0) = δ2φ
′
0(0),

g′
0(∞) = 0, φ0(∞) = 0.

⎫⎬
⎭ (24)

Thus, reducedproblem is aneigenvalueproblem (EVP)withβ as eigenvalue. Solutionof EVP
provides an infinite number of values of β , which may be presented as −∞ < β1 < β2 <

β3 < . . .. A solution will be stable when the smallest eigenvalue β1 is found to be positive
because it produces an initial decay in the disturbances, while solution will be unstable for
a negative value of β1 due to an initial growth in the disturbances.

Table 5. Smallest eigenvalue, β1 for some γ with φ =
0.1, A = 0.1, δ1 = 0, δ2 = 0, and Pr = 2.

γ SWCNTs MWCNTs

1 3.999608 3.999609
0.5 3.593188 3.593142
0 3.104346 3.104295
−0.5 2.474108 2.474034
−1.1 1.256682

[−0.949601]
1.256695
[−0.949610]

−1.2 0.902775
[−0.749599]

0.902665
[−0.749581]

−1.25 0.664008
[−0.581372]

0.663961
[−0.581367]

−1.3 0.283064
[−0.267794]

0.283187
[−0.267801]

−1.311 0.071907
[−0.070862]

0.071925
[−0.070666]

−1.31175 0.015206
[−0.014997]

0.015120
[−0.015230]

[ ] Values for second solution.
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After solving the above-mentioned EVP, the smallest eigenvalues β1 are displayed in
Table 5 for some values of γ and for both upper branch and lower branch solutions of both
SWCNT-water &MWCNT-water nanofluids aswell as unique solution cases. As upper branch
has positive values of β1 so it is stable, while with negative values of β1 lower branch is
unstable. It is also witnessed that for β1 both upper and lower branches converge to zero,
as γ → γC , i.e. γC acts as a bifurcation point from which alterations in stability take place.
For unique solution case, the value β1 is positive and it is a stable solution.

6. Final remarks

Main outcomes of the investigation of two-dimensional unsteady stagnation-point flow
and stability analysis for nanofluids (SWCNTs/MWCNTs as nanoparticles) on a shrink-
ing/expanding sheet with velocity and thermal slip effects are summarized as follows:

(a) The boundary layer separation delays with unsteadiness, nanoparticle volume frac-
tion, and velocity slip, i.e. the dual solutions range becomes larger.

(b) Skin-friction coefficient, i.e. surface drag-force rises with nanoparticles volume frac-
tion and unsteadiness and it has a larger value for SWCNT-water nanofluid than
MWCNT-water nanofluid.

(c) Beyond convention, the surface drag-force increases with velocity slip for dual
solutions cases.

(d) Nusselt number, i.e. surface cooling rate reduces with unsteadiness and thermal slip
but it rises with nanoparticle percentage in base fluid and velocity slip. Also, faster
cooling is possible for SWCNT-water nanofluid in comparison with MWCNT-water
nanofluid.

(e) In the unsteady flow of CNT-nanofluid, for high shrinking velocity(γ <−1) Nusselt
number unconventionally reduces with Pr.

(f) The temperature of both nanofluids near the sheet decreases with thermal slip.
(g) After a linear stability analysis, it is confirmed that unique and upper branch solu-

tions are stable, whereas lower branch solution is unstable.

Lastly, it can be concluded that the study has explored the conditions of existence of
boundary layer unsteady nanofluid slip flow due to expanding/shrinking sheet. Also, var-
ious control points of involved parameters to achieve high cooling rate are revealed and
this has huge relevance in application viewpoints.
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