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A B S T R A C T   

Nanofluid and its higher thermal performance are displayed more promising outcomes when the flow medium is 
assumed to be a porous medium. Additionally, the radius size of nanoparticles plays a significant role in 
enhancing this thermal performance. So, present analysis aims to investigate the time-dependent flow of copper- 
water nanofluid in porous medium on an expanding sheet in presence of buoyancy force and slip phenomenon 
under various nanoparticle’s radii. The flow is assumed to be boundary layer, two-dimensional, viscous, 
incompressible, laminar and unsteady. Governing coupled PDEs are changed into ODEs by suitable trans-
formations and the converted ODEs are solved numerically. The study discloses that velocity rises with larger 
radius of nanoparticles and enlargement in assisting buoyancy force, whereas with unsteadiness of the flow, less 
permeability of porous material and boundary slip it drops. Also, magnitude of wall-drag force grows with larger 
radius of nanoparticles and flow unsteadiness. Importantly, for higher value of nanoparticle’s radius surface-drag 
force massively enhances when permeability of porous medium is less. Temperature increment exhibits for 
boundary slip and less permeability of the porous material. Lastly, wall cooling rate intensifies with flow un-
steadiness and higher value of nanoparticle’s radius.   

1. Introduction 

Nowadays, strengthening of the heat transfer rate of traditional 
fluids (e.g., water, oil, ethylene glycol, etc.) is one of the key concerns in 
the field of industry, engineering and technological processes. Choi [1] 
resolved the above important concern by introducing nanofluids. 
Nanofluids are recognised as the mixture of nanometre sized particles 
(metals, metal oxides, etc.) and traditional fluids, which hold unrivalled 
heat transfer characteristics. The nanofluid flow model considering 
nanoparticles volume fraction was explained by Tiwari and Das [2]. Due 
to its extensive uses in industry and technological purposes, such as 
insulating heat exchange media, biomedicine, nuclear system cooling, 
defence, electronics and transportation, “nanofluid” is emerged as a new 
field for curiosity of researchers (Yu et al. [3]). The comprehensive in-
formation on the area of nanofluid and its convective heat transfer 
enhancement mechanism can be found in the study by Kakaç and Pra-
muanjaroenkij [4]. Yu et al. [3] and Kleinstreuer and Feng [5] analysed 
that particle concentration, shape, size, base fluid type, and temperature 

affect the thermophysical properties of nanofluids. Antoniammal and 
Arivuoli [6] concluded that rising the radius of nanoparticles melting 
temperature diminishes significantly, whereas Namburu et al. [7] 
demonstrated that for SiO2 nanoparticles in EG and water nanofluids, 
viscosity diminishes as diameter enlarges. The Crane’s [8] problem, flow 
past an expanding sheet was extended by Khan and Pop [9] using 
nanofluid instead of usual Newtonian fluid. Hamid et al. [10] discussed 
that the platelet shape of MoS2 nanoparticles inside a rotating flow of 
nanoparticles over elastic stretched surface provides a high heat transfer 
rate in comparison to the other different shaped nanoparticles. Shah 
et al. [11] elaborated that expanding radius of copper nanoparticles 
results in elevated velocity field over stretching sheet having Dufour 
effect in the flow field. Nazeer et al. [12] explained the relevance of Riga 
plate for nanofluid flow considering non-Newtonian Eyring-Powell 
fluid. Some recent developments in nanofluid flow exploring various 
useful properties regarding the heat transfer may be witnessed in the 
literature [13–19]. 

The importance of porous medium in nanofluid flow and its appli-
cation in the field of heat transfer characteristics was explained by 
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Kasaeian et al. [20] and Mahdi et al. [21]. Eid and Mahny [22] and 
Kameswaran et al. [23] explained that momentum thickness declines, 
whereas thermal boundary layer grows with higher permeability 
parameter of porous material inside which the expanding surface flow is 
considered. Many researchers [24,25-27] considered porous medium in 
their investigations. 

The flow field and heat transfer are massively influenced due to 
presence of buoyancy forces and hence researchers are interested to 
analyse the problem of mixed convection in nanofluid (Izadi et al. [28]). 
In manufacturing processes, the flow on heated expanding sheet with 
involvement of buoyancy force is of huge relevance (Qaiser et al. [29], 
Abo-Eldahab and El Aziz [30], Sardar et al. [31], Khan et al. [32], Abbas 
et al. [33], Faiza et al. [34], and Khan et al. [35]). 

In certain real-world problems on expanding surfaces where the 
motion starts impulsively from rest, become essential to consider 
unsteady-case rather than steady-case, which is not always consistent 
with all practical problems (Wang [36], Andersson et al. [37], Elbash-
beshy and Bazid [38]; Elbashbeshy and Emam [39]). The 
time-dependent flow simulation has applications in technological areas, 
namely, turbomachinery and aerodynamics. The unsteady problems 
with nanofluid over expanding surfaces are elaborated by Bachok et al. 
[40], Ibrahim and Khan [41], Khalili et al. [42], Dinarvand et al. [43], 
Mabood et al. [44] and Chu et al. [45] and they explored several 
important results. 

The consequence of slip phenomenon is ignored in all the above 
research problems, but assessment of this phenomenon is always inter-
esting in fluid mechanics, since it significantly affects the conventional 
flow dynamics. In numerous real-world situations, like in the design of 
several microfluidic systems, and in blood flow through capillaries, slip 
boundary layer flow(BLF) occurs. To get a complete understanding of 
aforesaid flow characteristics, the inherent property of fluid-solid 
interface needs to be addressed. Boundary slip phenomenon was pro-
posed by Beavers and Joseph [46] and Navier [47], whereas Andersson 
[48] and Wang [49] explained slip flow on expanding sheet. Both the 

velocity and thermal slips in BLF are considered by Abbas [50], 
Mukhopadhyay and Andersson [51], Mukhopadhyay [52], Bhattachar-
yya et al. [53] and Xiong et al. [54]. Aldabesh et al. [55] considered 
second order velocity slip in his investigation of unsteady Williamson 
nanofluid flow. In addition, several aspects of nanofluid slip flow on 
expandable surface was demonstrated by Lanjwani et al. [56], Sharma 
et al. [57,58], Bég et al. [59], and Ramzan et al. [60]. 

In porous medium, most of the researches are concentrated on fluid 
flow and heat transfer without taking account of the size of the nano-
particles, slip phenomenon and time-dependentness, however these 
factors may affect heat exchange rate and flow velocity. Therefore, 
present analysis provides more accurate answers to the question how 
heat exchange rate and flow velocity is affected inside Darcy porous 
medium with slip boundary condition, nanoparticles size (radius) and 
unsteadiness in presence of buoyancy force and hence we have incor-
porated these factors in present problem. So, the slip effect on time- 
dependent BLF of Cu-water nanofluid over an expanding sheet consid-
ering various radii of spherical nanoparticles in Darcy porous medium 
with involvement of buoyancy force is investigated. To the best of au-
thors’ knowledge, no attempt has been performed to investigate such 
type of problem and hence the picked problem can be marked as 
completely novel. The various nanoparticle’s radii and boundary slip 
phenomenon in the flow taken inside porous medium make it more 
attractive. We have displayed the numerical results found using MAT-
LAB “bvp4c” with different values of physical parameters for skin- 
friction coefficient, local Nusselt number, temperature and velocity 
through graphs. The present study has important applications in the 
field of industrial thermal management, heat transfer enhancement in 
renewable energy systems and in material processing. 

2. Flow governing equations 

Consider the viscous unsteady 2D laminar boundary layer flow of 
nanofluid with copper nanoparticles over a sheet which stretched line-

Nomenclature 

A unsteady parameter 
Cf skin-friction coefficient 
Cu-w Copper water nanofluid 
c being positive constants with dimensions (s− 1) 
cp specific heat at constant pressure (Jkg− 1K− 1) 
D* initial thermal slip 
D∗

1 thermal slip factors (m) 
dp radius of copper nanoparticles 
f(η) dimensionless stream function 
g acceleration due to gravity 
f′(η) dimensionless velocity 
h inter-particle spacing 
k(t) variable permeability (m2) 
k0 initial permeability (m2) 
K permeability parameter 
N* initial velocity slip 
N∗

1 velocity slip factors (m) 
Nux local Nusselt number 
Pr Prandtl number 
qw wall heat flux (Wm2) 
Rex local Reynolds number 
T temperature (K) 
T0 reference temperature (K) 
Tw(x,t) variable surface temperature at sheet (K) 
T∞ ambient temperature (K) 
t time (s) 

u,v velocity components along x- and y-axes (ms− 1) 
Uw(x,t) variable shrinking velocity (ms− 1) 
x, y Cartesian coordinate measured along the sheet and normal 

to it, respectively (m) 

Greek symbols 
β Thermal expansion coefficient (K− 1) 
γ* positive constant s− 1 

η similarity variable 
θ(η) dimensionless temperature 
κ thermal conductivity (Wm− 1K− 1) 
λ1 thermal buoyancy parameter 
μ dynamic viscosity (kgm− 1s− 1) 
υ kinematic viscosity (m2s− 1) 
ρ density (kgm− 3) 
ρcp effective heat capacity (JK− 1m− 3) 
τw wall shear stress (kgm− 1s− 2) 
φ solid nanoparticle volume fraction 
φ1,φ2,φ3,φ4 nanoparticle volume fraction related parameters 
ψ stream function 
Ω1 velocity slip parameter 
Ω2 thermal slip parameter 

Subscript 
nf nanofluid 
f base fluid 
s solid particle  
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arly in a porous regime. Here, velocity and thermal slips at the surface of 
sheet are assumed. A physical drawing of flow model is given in Fig. 1. 
The sheet is assumed to be porous. Considered porous medium is ho-
mogeneous, isotropic and in thermal equilibrium with nanofluid. The 
fluid properties are supposed to be constant excluding the density in 
buoyancy term of the momentum equation. Incorporating boundary 
layer and Boussinesq approximations, the basic equations for conser-
vation of mass, momentum, and energy, respectively are stated as 
(Dinarvand et al. [43], Hayat et al. [61]): 

∂u
∂x

+
∂v
∂y

= 0, (1)  

∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

= υnf
∂2u
∂y2 −

υnf

k(t)
u +

φρsβs + (1 − φ)ρf βf

ρnf
g(T − T∞), (2)  

∂T
∂t

+ u
∂T
∂x

+ v
∂T
∂y

=
κnf(

ρcp
)

nf

∂2T
∂y2 . (3) 

Here Eq. (1) is mass conservation equation, Eq. (2) is momentum 
conservation equation. In L.H.S. of Eq. (2) first term is due to unstead-
iness and last two terms are convective terms, whereas in R.H.S. of Eq. 
(2) first term is viscous force term, second term is due to presence of 
porous medium (Darcy’s law) in the flow field and the last term is due 
buoyancy force . The last equation, i.e., Eq. (3) is energy conservation 
equation, where in L.H.S. first term is due to unsteadiness and last two 

terms are convective heat transfer terms, whereas R.H.S. is due to 
conductive heat transfer. 

The relevant boundary conditions are (Mukhopadhyay and Ander-
sson [51], Mukhopadhyay [52]) 

u = Uw(x, t) + N∗
1 υf

∂u
∂y
, v = 0, T = Tw(x, t) + D∗

1
∂T
∂y

at y = 0,

u→0,T→T∞, as y→∞,

⎫
⎪⎬

⎪⎭
(4)  

where u and v are respectively velocity components in x- and y-di-
rections, k(t) = k0(1 − γ*t) (Sharma et al. [58]) is variable permeability 
of porous medium with k0 being a non-negative constant, g is gravita-
tional acceleration, T is temperature of nanofluid, Tw(x, t) = T∞ + T0x

(1− γ∗ t)2 

is variable wall temperature (Dinarvand et al. [43]) with T0 being 
reference temperature, T∞ is a constant free stream temperature, υnf , κnf, 
(ρcp)nf are kinematic viscosity, thermal conductivity and heat capacity of 
nanofluid, respectively, Uw(x, t) = cx

1− γ∗ t is variable expanding velocity 
with c and γ* being non-negative constants with dimensions T− 1 and c is 
initial expanding rate, whereas c

1− γ∗ t effective expanding rate with time. 

The velocity and thermal slip factors are N∗
1 = N∗(1 − γ∗t)1/2, and D∗

1 =

D∗(1 − γ∗t)1/2 (Mukhopadhyay and Andersson [51], Mukhopadhyay 
[52]) with N* and D* as initial slip factors, respectively. The slip factors 
N∗

1 and D∗
1 have dimension of (m/s)− 1 and (m), respectively. 

The model recommended by Graham [62], Gosukonda et al. [63] and 

Fig. 1. Physical sketch of the flow.  
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Shah et al. [11] for the ratio of dynamic viscosity of nanofluid to dy-
namic viscosity of base fluid is given by: 

μnf

μf
= 1 + 2.5φ + 4.5

⎡

⎢
⎢
⎢
⎣

1
h
dp

(
2 + h

dp

)(
1 + h

dp

)2

⎤

⎥
⎥
⎥
⎦

and the effective nanofluid properties are given by (Oztop and Abu-Nada 
[64], Shah et al. [11]): 

υnf =
μnf

ρnf
,

ρnf = (1 − ϕ)ρf + ϕρs,
(
ρcp

)

nf = (1 − ϕ)
(
ρcp

)

f + ϕ
(
ρcp

)

s,

κnf =

(
κs + 2κf

)
− 2φ

(
κf − κs

)

(
κs + 2κf

)
+ φ

(
κf − κs

) κf .

Here, μnf and ρnf are viscosity and density of nanofluid, respectively, 
μf, ρf, (ρcp)f and κf are viscosity, density, specific heat capacity and 
thermal conductivity of base fluid, respectively. ρs, (ρcp)s and κs are 
density, specific heat capacity and thermal conductivity of solid nano-
particles, respectively. h is inter-particle spacing, dp is radius of spherical 
nanoparticles, βs and βf are thermal expansion coefficients of nano-
particles and base fluid, φ is solid nanoparticle volume fraction. Here 
copper nanoparticles, with spherical shape of varying diameter and 
water as base fluid are considered and their thermal properties are given 
in Table 1. 

The continuity Eq. (1) is satisfied for introduction of stream function 
ψ with 

u =
∂ψ
∂y

and v = −
∂ψ
∂x

.

Introducing the subsequent self-similar transformations: 

u =
cx

(1 − γ∗t)
f ′

(η), v = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
cυf

(1 − γ∗t)

√

f (η), ψ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

cυf (1 − γ∗t)
√

xf (η)

η =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅c
υf (1 − γ∗t)

√

y, θ(η) = T − T∞

Tw − T∞
.

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(5) 

The phenomenon called scaling symmetry permits the reduction of 
independent variables because of self-similar solutions for a physical 
problem and the present investigation follows the self-similarity solu-
tions (Gratton [65]). So, an expected motivation towards the self-similar 
solution is logical and also it is quite convenient for easy and accurate 
description of dimensionless solutions. 

Using Eq. (5), the following nonlinear self-similar equations are 
finally obtained, by Eq. (2) and Eq. (3): 

φ1

φ2
(f ′′

′

− Kf ′

) + ff ′′ − f ′2 − A
(

f ′

+
η
2
f ′′
)
+

φ3

φ2
λ1θ = 0, (6)  

1
φ4

κnf

κf
θ′′ + Pr(f θ

′

− f ′θ) − PrA
(

2θ+
ηθ

′

2

)

= 0, (7)  

where K =
υf
ck0

, A =
γ∗
c and λ1 = Grx

Re2
x
=

gβf T0

c2 is permeability, unsteady and 

thermal buoyancy parameters, respectively, Pr =
υf (ρcp)f

κf
, Grx =

gβf (Tw − T∞)x3

υ2
f 

and Rex = Uwx
υf 

is Prandtl, thermal Grashof and Reynolds 

numbers, respectively, here λ1 > 0 signifies thermal assisting flow, λ1 <

0 signifies thermal opposing flow while λ1 = 0 means forced convection 
flow. Nanoparticle volume fraction related parameters are 

ϕ1 =
μnf

μf
,

ϕ2 = 1 − ϕ + ϕ
(

ρs

ρf

)

,

ϕ3 = 1 − ϕ + ϕ
(

ρs

ρf

)(
βs

βf

)

and ϕ4 = (1 − ϕ) + ϕ
(
ρcp

)

s(
ρcp

)

f

.

The boundary conditions in Eq. (4) reduce to following forms: 

f (η) = 0, f
′

(η) = 1 + Ω1f ′′(0), θ(η) = 1 + Ω2θ
′

(0) at η = 0,
f ′

(η)→0, θ(η)→0 as η→∞.

}

(8) 

Here Ω1 = N∗ ̅̅̅̅̅̅̅cυf
√ and Ω2 = D∗

̅̅̅
c
υf

√
are velocity and thermal slip 

parameters, respectively. 
Quantities of physical interest, local skin-friction coefficient and 

local Nusselt number are defined as: 

Cf =
μnf

ρf U
2
w

(
∂u
∂y

)

y=0
and

Nux = −
xκnf

κf (Tw − T∞)

(
∂T
∂y

)

y=0
.

(9) 

Using Eq. (5), in Eq. (9), we get 

Cf Re1/2
x =

μnf

μf
f ′′(0) and NuxRe− 1/2

x = −
κnf

κf
θ
′

(0). (10)  

3. Solution procedure 

The nonlinear differential Eqs. (6) and (7) with (8) form a boundary 
value problem(BVP) and is solved using MATLAB bvp4c solver (Sham-
pine et al. [66], Rajput et al. [67]) by transforming above BVP into an 
initial value problem(IVP). The following 1st-order system is formed: 

f ′

= p, p′

= q, q′

=
A(p + qη/2) + p2 − fq + (φ1/φ2)K − (φ3/φ2)λ1θ

(φ1/φ2)
,

(11)  

θ
′

= r, r′

=
Pr{θp − fr + A(2θ + rη/2)}

(
κnf

/
κf
)/

φ4
(12)  

with 

f (0) = 0, p(0) = 1 + Ω1q(0), θ(0) = 1 + Ω2r(0),
p(η)→0, θ(η)→0 as η→∞.

}

(13) 

The bvp4c package employed three-stage Lobatto scheme having 4th- 
order accuracy and provides C1-continuous, collocation cubic poly-
nomial solution. The collocation technique uses a set of mesh points 
which divides interval of integration into subintervals. The error control 
is based on residual error for solution. Here the relative error tolerance 
level is set in order of 10− 5. To start integration process, suitable initial 
guesses of non-prescribed initial conditions are necessary. The guess 
values are chosen in a way that the solutions exhibit asymptotic 
convergence towards the boundary conditions. The “bvp4c” scheme and 
its computation are not that efficient to achieve high accuracies and it is 
not appropriate for any problem having extremely sharp changes in the 
solution. 

Table 1 
Thermophysical properties of water and copper nanoparticles (Oztop and Abu- 
Nada [64], Shah et al. [11]).  

Physical Properties Water (H2O) Copper (Cu) 

Cp(J/kgK) 4179 385 
ρ(kg/m3) 997.1 8933 
κ(W/mK) 0.613 401 
β × 10− 5(1/K) 21 1.67  

A.K. Verma et al.                                                                                                                                                                                                                               



Chemical Engineering Journal Advances 12 (2022) 100366

5

4. Results and discussion 

The influences of various physical parameters, such as Cu- 
nanoparticle volume fraction parameter(φ), unsteady parameter(A), 
the permeability parameter(K), nanoparticle radius parameter(dp), 
thermal buoyancy parameter(λ1), velocity slip parameter(Ω1) and 
thermal slip parameter(Ω2) on the dimensionless self-similar velocity 
profile f′(η), dimensionless self-similar temperature profile θ(η), wall 
shear stress CfRe1/2

x and wall cooling rate NuxRe− 1/2
x are presented in 

graphical [Figs. 2-17] and tabular [Tables 2-5] modes. The fixed values 
of all the above-mentioned parameters are φ=0.05, A = K = λ1 = Ω1 =

0.2, dp = 3, h = 1, Pr = 2, Ω2 = 0.1; otherwise those are varied. 
The accurateness of numerical method is tested by comparisons of 

values of − f′ ′(0) with results of Elbashbeshy and Emam [39] in Table 2 
for several permeability parameter K and in Table 3 for several unsteady 
parameter A and also by a comparison of values of − θ′(0) with data of 
Grubka and Bobba [68] in Table 4 for several Prandtl number Pr in 
absence of nanoparticles, buoyancy force, velocity and thermal slips. 
From these tables it is clear that those data are in brilliant agreement. So, 
it can be argued that used numerical method works accurately and 
hence further computational findings may be regarded as authentic. 

Figs. 2-3 display the changes of velocity f′(η) and temperature θ(η) for 
nanoparticle volume fraction φ. These figures confirm that f′(η) and 
momentum boundary layer(MBL) thickness decays with larger φ, 
whereas θ(η) and correspding thermal boundary layer(TBL) thickness 
elevates with φ. Physically, augmentation of φ is causing the rise of 
nanoparticles volume fraction which results in restriction towards con-
vection phenomenon of nanofluid producing the velocity drop and in 
contrary, higher level of nanoparticle volume fraction is more suitable 
for temperature field to grow. These outcomes have applications in 
cooling of nuclear reactor and insulating heat exchange media. It is 
worth declaring from Figs. 4 and 5 that f′(η) near the sheet diminishes, 
but for away from sheet it enhances slightly with A and hence MBL 
thickness elevates, whereas θ(η) and corresponding TBL thickness drop 
with A. Unsteadiness has prominent impact on the flow near the sheet. 
The figure also demonstrates that the impact of A on temperature θ(η) is 
more dominant than on flow velocity f′(η). Velocity and MBL thickness 
diminishes with K [Fig. 6], whereas temperature and TBL thickness 
elevate with K [Fig. 7]. This happens since for escalating K, friction and 
interaction between the less permeable medium and nanofluid intensify 
and these resist transport of nanofluid, whereas less permeability is 
suitable for energy transport and hence temperature grows. The in-
fluences of nanoparticle’s radius dp on f′(η) and θ(η) are exhibited in 
Figs. 8, 9 and it is witnessed that f′(η) and MBL thickness grows with rise 
of dp, whereas θ(η) and MBL thickness reduce with dp. Here we consider 
radius of Cu-nanoparticles as dp = 0.5, 1.5, 3, 6, 9nm respectively. 
Physically, for augmentation of dp frictional forces elevate across the 
layers of nanofluid due to increment in viscosity and consequently ve-
locity inside the boundary layer enhances. On the other hand, as the 
radius of the nanoparticles increases high heat transfer will take place. 
So, in industrial processes involving high temperature with requirement 
of cooling these results will be very beneficial. The results are novel with 
respect to this type of problems. Figs. 10 and 11 demonstrate the impacts 
of λ1, on f′(η) and θ(η). For higher favourable buoyancy force, f′(η) rises 
in assisting region and in opposing region f′(η) reduces for suppressing 

Fig. 2. Velocity f′(η) for several φ.  

Table 2 
Comparison of − f′ ′(0) for different values of K with φ = 0, λ1 = Ω1 = Ω2 = 0, A =
0.8 and Pr = 10.  

K Elbashbeshy and Emam [39] Present study 

0.1 1.30035 1.30034571 
0.3 1.37550 1.37549882 
0.5 1.44668 1.44667143 
0.7 1.51445 1.51444768 
1.0 1.61071 1.61070519  

Table 3 
Comparison of − f′ ′(0) for several values of A with φ = 0, λ1 = Ω1 = Ω2 = 0, K =
0.1 and Pr = 10.  

A Elbashbeshy and Emam [39] Present study 

0.4 1.17853 1.17847442 
0.6 1.24054 1.24052331 
0.8 1.30035 1.30034571 
1.0 1.35799 1.35798380 
1.2 1.41357 1.41356556  

Table. 4 
Comparison of − θ′(0) for various Pr with φ = 0, λ1 = A = K = Ω1 = Ω2 = 0.  

Pr Grubka and Bobba [68] Present study  

for γ = 1  
0.72 0.8086 0.80883421 
1.0 1.0000 1.00000837 
3.0 1.9237 1.92367864 
10 3.7207 3.72067117 
100 12.2940 12.29408513  
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Fig. 3. Temperature θ(η) for several φ.  

Fig. 4. Velocity f′(η) for several A.  

Fig. 5. Temperature θ(η) for several A.  
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Fig. 6. Velocity f′(η) for several K.  

Fig. 7. Temperature θ(η) for several K.  

Fig. 8. Velocity f′(η) for several dp.  
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Fig. 9. Temperature θ(η) for several dp.  

Fig. 10. Velocity f′(η) for several λ1.  

Fig. 11. Temperature θ(η) for several λ1.  
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Fig. 12. Velocity f′(η) for several Ω1.  

Fig. 13. Temperature θ(η) for several Ω1.  

Fig. 14. Velocity f′(η) for several Ω2.  
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buoyancy force. These two types of buoyancy forces exhibit contrary 
results for temperature. Impacts of growing boundary slip of velocity on 
flow velocity and temperature are witnessed through Figs. 12 and 13. 
The value of f′(η) and MBL thickness reduce with Ω1, whereas θ(η) and 
TBL thickness elevate with Ω1. Actually, growth of velocity slip, i.e., in 
Ω1 means more sliding of the fluid at the surface and hence it causes 

depreciation in f′(η) and rise in θ(η). Minor decrement in flow velocity f′

(η) with thermal slip parameter, i.e., Ω2 is detected from Fig. 14, whereas 
considerable drop in θ(η) along with unchanged TBL thickness is spotted 
with Ω2 in Fig. 15. Due to occurrence of thermal slip, the molecular 
mobility diminishes near the surface and this phenomenon originates 
the diminution in θ(η) inside energy boundary layer and it dominant 

Fig. 15. Temperature θ(η) for several Ω2.  

Fig. 16. Skin-friction Cf Re1/2
x with dp for several (a) A (b) K (c) Ω1 (d) Ω2.  
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near the sheet. 
Figs. 16, 17 reveal the variations of Cf Re1/2

x and NuxRe− 1/2
x for A, K, 

Ω1 and Ω2 with dp. From these figures, it is demonstrated that magnitude 
of Cf Re1/2

x , i.e., surface-drag force intensifies with A, K, Ω2 and dp, 
whereas it declines with Ω1. Physically, frictional forces elevate with K 
and dp, whereas due to boundary slip in velocity this frictional force drop 
down at the surface with Ω1. It is worth mentioning that surface-drag 
force is massively enhances with higher nanoparticle’s radius and it 
intensifies for occurrence of porous medium. It is also witnessed that 
NuxRe− 1/2

x , i.e., surface cooling rate rises with A and dp, whereas it di-
minishes with K, Ω1 and Ω2. Unlike the surface-drag, wall cooling rate 
not dramatically enhance, rather its rise a little. Actually, though higher 
radius of nanoparticles has the capacity of containing larger amount of 
heat and transfer it, but due to higher radius size the convection process 
itself slows down and the expected high heat transfer is not achieved. 

5. Final remarks 

The nanoparticles radius influence on unsteady 2D boundary layer 
flow of Cu-water nanofluid over an expanding sheet inside porous me-
dium with velocity and thermal slips is analysed. The main outcomes of 
the study are as follows:  

• The velocity rises with dp and λ1, whereas it drops with φ, A, K and 
Ω1. Also, porous medium and nanoparticle volume fraction has sig-
nificant influence on velocity.  

• The temperature θ(η) escalates with φ, K and Ω1, but it diminishes 
with Aand Ω2.  

• The magnitude of surface-drag amplifies with A, K and dp, while the 
scenario is opposite with increment of Ω1.  

• It is worth mentioning that for higher nanoparticle’s radius, surface- 
drag force is massively enhances and this enhancement is more in 
porous medium with less permeability.  

• The wall cooling rate, i.e., NuxRe− 1/2
x augments with A and dp, 

whereas it declines with K, Ω1 and Ω2.  
• Unlike the surface-drag force, wall cooling rate rises slowly with 

higher nanoparticle’s radius. 
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