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ABSTRACT
The current analysis tries to establish the hydrothermal characteristic
for twohybrid nanofluids and a familiar nanofluid flowover a stretch-
able swirling cylinder. Graphene and Ferrous nanoparticles among
present fluids water were appropriated by the affected flow. More-
over, the significant characteristics of aggressive space-dependent
convective boundary conditions and heat source/sink were studied
for flow and thermal mechanisms. Applicable comparison transfor-
mations were furnished to clarify those fluid equations for partial
differential equations to ordinary differential equations. Every high-
est capable finite element method was enforced by clearing up
consequent equations and boundary conditions. It’s extraordinary
to the validity and reliability of the present numerical explanation
in admirable accord with extant clear-cut solutions for the litera-
ture. Fluctuationsby the confusionsof swirling velocity, temperature,
and axial velocity to certain related parameters are drawn over the
design. The Nusselt number and twain components for skin fric-
tion coefficient values of more investigated elements are disclosed
in the tables. The investigation finally confirms that nanoparticles
were preferred to familiar fluids for improving heat transfer. Both the
velocities are reduced for the magnetic flux, whereas temperature
kept increasing.
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1. Introduction

Thermal authority and investigation of heat transport captured more interest of
researchers, engineers, and scientists being the multifunction need in the industries or
technological fields to control more thermal energy. Hence, time for the increasing energy
productionand technologies, engineers aredemandingcapable coolants and lubricants. Its
conventional fluids related to glycerol, kerosene, and water was not competent to assuage
these requirements as a result of below thermal conductivity. Heat transport potentiality
was restricted. However, the inclusion of small metallic particles (whose diameter ranges
from 1 to 100 nm) inside of foundation midway authorize approximately added to the
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thermal conductivity about the subsequent liquid and hence convert the best encour-
aging agent for transfer heat. Similar fluids are considerable ‘nanofluids’. Firstly, Eastman
and Choi [1] calculated the improvement in the thermal conductivity of fluid by insert-
ing nanoparticles. Later, Buongiorno [2] established the convection heat transfer study for
the implementation of nanoparticles. Abu-Nada and Oztop [3] researched the fluid flow
and heat transfer when the buoyancy forces for the partially heated courtyard prove dif-
ferent types of nanoparticles. Every different rheological property and characteristic of
nanoparticles, essential for nanofluids to develop for heat transfer rate, was induced by
Ganvir et al. [4]. Khan et al. [5] covered heat transfer and erratic flow to the major film
Eyring-Powell nanofluid under velocity slip conditions. Stability analysis for the electrical
conduction graphene-water nanofluid flow was studied by Aly [6]. Ali et al. [7] disclosed
the influence of Stefan blowing on Cattaneo-Christov bio-convection and characteristics of
considerationmicroorganismsmixed inwater-based nanofluids as an accretion/excision to
the outstanding border. The heat transfer and hydrothermal characteristics are considered
various investigators of the flow over diverse geometries [8–13].

Recently, engineers and scientists proposed the recent class for nanofluid, that is, hybrid
nanofluid. Therewas nothing thought fluid complete double or extra for nanoparticles that
were base fluids. They had extra capable and convincingness for the ordinary nanofluids
or current fluids. Every major idea about including extra nanoparticles in the inquiry sys-
tem was fair that appreciates progressively heat transport. When superior replay reference
to heat transport and thermal conductivity study on the fields of medicine, engineering,
electronics, and chemistry, those are universally function as hybrid nanofluids; similarly,
power systems, electronic cooling equipment, drug delivery, paper production, lubrica-
tions, hydroelectric productions, vehicle thermal management, biomedicine, and nuclear
reactor. A preliminary analysis of the effects of concentration and temperature for nanopar-
ticles to an effective viscosity of SiO2-MWCNTs/engine oil hybrid nanofluid was done by
Afrand et al. [14]. Takabi et al. [15] revealed the hybrid-water-based interruption to ther-
malmanagement and hydrodynamic achievement of the range of Reynolds number to the
laminar regime. Gurdal et al. [16] conducted a study on the hybrid nanofluid flow by the
magnetic field in the advanced hydrodynamic and changeable thermally flow conditions.
The performance of the erratic stagnation point flow previous to the shrinking or stretch-
ing horizontal cylinder in the hybrid nanoliquid was studied by Zainal et al. [17]. Oztop and
Selimefendigil [18] checked the exterior channel to that laminar convection flow over the
installed PCM suffused vertical cylinder. Gao et al. [19] inspected the thermal and hydrody-
namic performance of fluid water for the presence of both carbon structures. Khan et al.
[20] examined the time-dependent stagnation point flow and heat transfer of a water-
based hybrid nanofluid against the radially absorptive shrinking or stretching surface. A
few compelling examinations of nanofluids and hybrid nanofluids could be seen in Refs.
[21–27].

The rotating cylinder shows an essential part when it expanded the amount of perti-
nence of engineering,medical sciences, and geophysicists. These comprise axles and shafts
for performing rocket (Figure 1), navigation by transportation, the drilling process, and
surgical appliance. Encouraged by more applications, scientists and researchers treated
for the improvement of stretching and rotating cylinder flows. Earlier Crane [28] calcu-
lated the two-dimensional flows induced by the stretching cylinder. Yao and Fang and [29]
discussed the characteristics of the viscous flow over a cylinder on stretching and torsional
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Figure 1. Spinning projectile.

motion. Every exact andnumerical solutionby the axisymmetric flowof fluid adjacent to the
stretching cylinder move was collected by Nazar and Ishak [30]. Ahmed et al. [31] assumed
the thermal appearance of hybrid nanoliquid by the stretchable swirling cylinder. They
reported that an enhancement to the heat transfer was disclosed for an expanded volume
fraction on the nanoparticles. The Duan-Rach approaches for hybrid nanofluid and heat
transfer flow on the rotating system were obtained by Chamkha et al. [32]. Single-phase
nanofluid mass and heat transfer features by the swirling cylinder by the influence of the
Cattaneo-Christov slip heat flux and effects were scrutinized by Reddy et al. [33].

The development of generating heat energy by that fluid flow system was accepted by
internal heat generation. Every internal heat generation proceeds an aggression against on
energy equationof fluid flowproblems. The expandingheat sourcehadextensive functions
in engineering and industry fields. Animasaun et al. [34] considered the Casson fluid flow
over an exponentially stretching sheet as studied that resulteded in exponentially collaps-
ing heat generationwith the help of theHAMmethod. Acharya andMabood [35] presented
a hydrothermal analysis of hybrid nanofluid and usual nanofluid flow over a polished
absorptive arched arrangement. Mahanthesh et al. [36] proposed the model to nanoliquid
over a rotating disk that existence for the tested convective magnetic and boundary con-
dition field. Venkata Ramana et al. [37] discussed the hydromagnetic transverse flow of an
Oldroyd-B liquid heat flux. Gangadhar et al. [38] considered entropy generation about the
influenced couple stress fluid approved over the accessible stretching cylinder. Sabu et al.
[39] explored the Reiner-Rivlin nanoliquid flow convinced as the operating disk to the exis-
tenceof a heat source. Gireesha et al. [40] examined internal heat generation that of thermal
conduct as the irrigated convective-radiative longitudinal fin as an aggressive figure.

In that expression, we depicted the hydrothermal flow of a magnetite-graphene water-
based hybrid nanoliquid over a swirling cylinder with a magnetic field arrangement. Con-
vective heat condition and the exponential space-dependent heat rise/fall were covered
to analyze the hydrothermal principle of the flow. Ensuing equations were exposed by
applying the finite element method, and that results in an innovation in usual and hybrid
nanoliquids. Every graphene nanoparticle had favorable applications for microbial fuel
cells, solar cells, cancer therapy, biomedical applications, drug delivery, bio-sensing, tis-
sue engineering, etc. As a result of their ultrahigh surface area, graphene nanoparticles
were good aspirants for gene or drug transfer applications. Furthermore, magnetic nanoin-
gredients depicted conspicuous application to their biomedical functions; the thick iron
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oxide nanoparticles convince to be essentially acceptable because their basic arrange-
ments are degradable and biocompatible. Hence, the arrangements of Fe3O4-graphene
hybrid nanofuidswould improvedrug transfer and cancer therapyby upgrading the appro-
priateness of biotechnology. To the best of our knowledge, no examination had been
shipped that case in light of the specified issues. So, we aspire that our particular access
would supply the basis of bringing about the specific flow what on rotation helps various
technological points.

2. Formulation of the problem

We deal with the swirling flow over a stretchable cylinder for radius R̃1 by the torsional
motion E inferior to the magnetic field for the components B = [0, 0, B0] used with the
r̃−direction. Velocity field to the flowwas studiedbyV = [u0, v0,w0]with (z̃, ϕ̃, r̃)-directions,
accordingly. They accepted that flowwas axisymmetric with the z̃-axis, and so, every quan-
tity was nonpartisan to ϕ̃-coordinate. A geometrical schematic of our present analysis is
given in Figure 2. Presently, a hybrid nanofluid is an insignificant configuration for twounre-
latedmixtures: graphene nanoparticles and ferrous (Fe3O4), including hostmediumwater.
Thermal radiation and exponential heat generation influenced the system.

Physically extra sensible convective heat transport condition is integrated by the bound-
ary of the exterior. The lowest of the plate was heated as the transmission in the hot fluid
to the temperature Tf (> T∞) that supplies the heat transfer coefficient hf . Nanofluids are
to thermal equilibrium. Entrenched by the raised hypothesis, the fundamental superior
equations of the convenient system were fixed as follows [29,31]

∂w0

∂ z̃
+ 1

r̃

∂

∂ r̃
(u0 r̃) = 0, (1)

u0
∂u0
∂ z̃

+ w0
∂u0
∂ r̃

= − 1
ρ

∂p

∂ z̃
+ νhnf

(
∂2u0
∂ r̃2

+ 1
r̃

∂u0
∂ r̃

)
− σhnf B20

ρhnf
u0, (2)

u0
∂v0
∂ z̃

+ w0
∂v0
∂ r̃

+ w0v0
r̃

= − 1
ρ

∂p

∂ z̃
+ νhnf

(
∂2v0
∂ r̃2

− v0
r̃2

+ 1
r̃

∂v0
∂ r̃

)
− σhnf B20

ρhnf
v0, (3)

u0
∂T

∂ z̃
+ w0

∂T

∂ r̃
= khnf

(ρcp)hnf

1
r̃

∂

∂ r̃

(
r̃
∂T

∂ r̃

)
+ μhnf

(ρcp)hnf

[(
∂u0
∂ r̃

)2

+
(

∂v0
∂ r̃

)2
]

Figure 2. Physical model of the problem.
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− 1
(ρcp)hnf

1
r̃

∂(r̃qr)

∂ r̃
+ Q0

(ρcp)hnf
(T − T∞)exp

(
− r̃2

R̃21

)
, (4)

situation the radial velocity for w0, axial is u0, the fluid temperature is T , the azimuthal is
v0, the magnetic field strength is B0, the hybrid nanofluid electrical conduction is σhnf , the
kinematic viscosity is νhnf , the density of the hybrid nanofluid is ρhnf , the dynamic viscosity
of the hybrid nanofluid is μhnf , the thermal conductivity of the hybrid nanofluid is khnf , Q0

is a space-dependent heat source, particular heat of the nanofluid is (ρcp)hnf , and radiation
heat flux is qr . Every radiative heat flux by radiation could be delivered utilizing Rosseland
similarity by [33]:

qr = −4σ ∗

3k∗
∂T4

∂ r̃
= −16σ ∗T3∞

3k∗
∂T

∂ r̃
, (5)

here k∗ and σ ∗ are the mean absorption and Stefan Boltzmann coefficients,respectively.
Equations (5) and (4) can be delivered by

u0
∂T

∂ z̃
+ w0

∂T

∂ r̃
= khnf

(ρcp)hnf

1
r̃

∂

∂ r̃

(
r̃
∂T

∂ r̃

)
+ μhnf

(ρcp)hnf

[(
∂u0
∂ r̃

)2

+
(

∂v0
∂ r̃

)2
]

+ 16σ ∗T3∞
(ρcp)hnf3k

∗
1
r̃

∂

∂ r̃

(
r̃
∂T

∂ r̃

)
+ Q0

(ρcp)hnf
(T − T∞) exp

(
− r̃2

R̃21

)
, (6)

with boundary conditions(
u0, v0,w0,−khnf

∂T

∂ r̃

)
= (2az̃, E, 0, hf (Tf − T∞))atr̃ = R̃1, (7)

(u0, T) = (0, T∞) as r̃ → ∞. (8)

2.1. Similarity conversion

The raised energy and motion equations could be modified within a system of ordinary
differential equations utilizing the following conversion

u0 = 2az̃f̃ ′(η̃), v0 = Eg̃(η̃),w0 = −aR̃1
f̃ (η̃)

η̃1/2
,

η̃ = r̃2

R̃21
, θ̃ (η̃) = T − T∞

Tf − T∞
, (9)

The stretching rate is represented as a, the temperature profile as θ̃ , and the torsional
motion is E.

2.2. Thermophysical features

We continue our study from ordinary unitary nanofluid and hybrid nanoliquid. They
erformed two slight particles, especially Graphene and Fe3O4, by hybrid nanoliquid and
Fe3O4 benches to constant nanosolutions (Table 1). They had corporate about supe-
rior equations utilizing thermophysical exemplary about hybrid nanoliquid by covering
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Table 1. Thermophysical properties of nanofluid and hybrid nanofluid (see details in Ref. [14]).

Properties Nanofluid Hybrid nanofluid

Density ρnf = ρf

(
(1 − φ) + φ

(
ρs

ρf

))
ρhnf = ρf (1 − φ1)

(
(1 − φ2) + φ2

(
ρ2

ρf

))
+ φ1ρ1

Viscosity μnf = μf

(1 − φ)2.5
μhnf = μf

(1 − φ1)
2.5(1 − φ2)

2.5

Heat capacity (ρcp)nf = (ρcp)f

(
1 − φ + φ

(ρcp)s
(ρcp)f

)
(ρcp)hnf = (ρcp)f (1 − φ1)(1 + φ2) + φ2

(ρcp)2
(ρcp)f

+ φ1(ρcp)1

Thermal conductivity
knf
kf

= ks + (s − 1)kf − (s − 1)(kf − ks)φ

ks + (s − 1)kf + (kf − ks)φ

khnf
kbf

= k2 + (s − 1)kbf − (s − 1)(kbf − k2)φ2

k2 + (s − 1)kbf + (kbf − k2)φ2
where

kbf
kf

= k1 + (s − 1)kf − (s − 1)(kf − k1)φ1

k1 + (s − 1)kf + (kf − k1)φ1

Electrical conductivity
σnf

σf
= 1 + 3(σ − 1)φ

(σ + 2) − (σ − 1)φ

σhnf

σbf
= σ1 + 2σbf − 2φ1(σbf − σ1)

σ1 + 2σbf + φ1(σbf − σ1)
where

σbf

σf
= σ2 + 2σf − 2φ2(σf − σ2)

σ2 + 2σf + φ2(σf − σ2)
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Table 2. Thermophysical properties for base
fluids and nanoparticles [3,15,35].

Physical properties Water Graphene Fe3O4

cp/JKg−1K−1 4180 2100 670
ρ/Kgm−3 997 2250 5180
κ/Wm−1K−1 0.6071 2500 9.7
σ/�−1m−1 0.005 107 25000

Chamkha et al. [32] and Takabi et al. [15] from structure for hydrothermal communication
meticulously. It is critical that the direction from recommended φ2 = 0.0 over to the entire
nanofluidmodel is expressedbyAbu-NadaandOztop [3]. Thesemathematical formulations
are given in Table 2.

2.3. Dimensionless appearance

Accommodating themodification (9), Equations. (1)–(3), (6) including boundary conditions
(7–8) are revived in the dimensionless pattern as follows:

A1
A2

[
f̃ ′′′ + f̃ ′′

η̃

]
+ Re

η̃
f̃ f̃ ′′ − Re

η̃
f̃ ′2 − A3

A2

MRe
η̃

f̃ ′

2
= 0, (10)

A1
A2

[
2η̃2g̃′′ + 2η̃g̃′ − g̃

2

]
+ 2Reη̃f̃ g̃′ + Ref̃ g̃ − A3

A2
η̃M Reg̃ = 0, (11)

(η̃θ̃ ′′ + θ̃ ′)
A5
A4

[
1 + 4Rd

3A5

]
+ Re Pr f̃ θ̃ ′ + A1 Pr η̃

A4
[Ec1 f̃ ′′2 + Ec2g̃

′2] + Prβ
A5

θ̃ e−η̃ = 0, (12)

That conditions was

f̃ = 0, f̃ ′ = 1, g̃ = 1, θ̃ ′ + Bi

A5
(1 − θ̃ ) = 0, at η̃ = 1, (13)

f̃ ′ = 0, g̃ = 0, θ̃ = 0 as η̃ → ∞, (14)

here the Reynolds number is Re

(
= aR̃21

2ν

)
, the magnetic field parameter is M

(
= σf B

2
0

aρf

)
,

the radiation parameter is Rd
(
= 4σ ∗T3∞

k∗kf

)
, the Prandtl number is Pr

(
= μf (ρcp)f

ρf kf

)
, the Biot

number is Bi
(
= hf

kf

√
ν
a

)
, the heat generation/absorption parameter is β

(
= Q0

a(ρcp)f

)
, the

Eckert number when the stretchable cylinder is Ec1
(
= 4a2 z̃2

(cp)f (Tf−T∞)

)
, and the Eckert num-

ber for torsional motion is Ec2
(
= E2

(cp)f (Tf−T∞)

)
. Furthermore, the mathematical forms of

A1,A2,A3,A4 and A5 could be conveyed by

A1 = μhnf

μf
, A2 = ρhnf

ρf
, A3 = σhnf

σf
, A4 = (ρcp)hnf

(ρcp)f
, A5 = khnf

kf
. (15)
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2.4. Engineering interest quantities

The Nusselt number and skin frictions are quite beneficial for engineering aspiration by
nanolevel and could be construed mathematically as

Re−0.5Cfz̃ = f̃ ′′(1)
(1 − φ1)

2.5(1 − φ2)
2.5 ,

Re−0.5Cgr̃ = g̃′(1)
(1 − φ1)

2.5(1 − φ2)
2.5 , (16)

And the Nusselt number was accurate by

Nuz̃ = R̃1qs
kf (Tf − T∞)

, (17)

where qs the wall heat flux was accurate by

qs = −khnf

(
1 + 16σ ∗T3∞

k∗kf

)(
∂T

∂ r̃

)
r̃=R̃1

, (18)

The dimensionless pattern of Equation (17) could be written by

Nuz̃ = −2
(
khnf
kf

+ 4
3
Rd

)
θ ′(1). (19)

3. Numerical solution to the problem

3.1. The finite elementmethod

Even the variational finite element method [7,33] was implemented by calculating numer-
ically raised Equations (10–12) from boundary conditions (13–14). Another numerical pro-
cess finite elementmethodwas the exceptionalmethod to clarify every ordinary andpartial
differential equation numerically. These stairs elaborate on the finite element method is as
follows.

(1) Finite element discretization

Even the entire domain was split into a finite number of subdomains which were known
as discretization of that domain. Every subdomain was known as the element. This set of
elements was known as the finite element mesh.

(2) Generation of the element equations
(a) In that mesh, a usual element was isolated and variational establishment to

likely difficulty by that usual element was assembled.
(b) The answer for a variational difficulty was predicted, and this element equation

was formed counterfeit for those solution on the raised structure.
(c) Every element matrix that was known as the stiffness matrix is assembled

utilizing that element’s interposition applications
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(3) Assembly on element equations

Every algebraic equation is constructed in impressive inter-element stability conditions.
That output the greater number of algebraic equations accepted by the universal finite
element figure, there supervise the total domain.

(4) Imposition of boundary conditions

These fundamental and natural boundary conditions are exploited to construct
equations.

(5) Solution of assembled equations

The assembled equations captured could have been explained like the numerical tech-
niques, such as the LU decomposition method, the Gauss elimination method, etc. The
substantial discussion was on the structure functions that are working to compare certain
functions.

From the explanation of the system to non-linear ordinary differential Equations (10–12)
composed of boundary conditions (13 and 14), are considered to be

df̃

dη̃
= h̃. (20)

Equations (10–13) decrease as

A1
A2

[
h̃′′ + h̃′

η̃

]
+ Re

η̃
f̃ h̃′ − Re

η̃
h̃2 − A3

A2

MRe
η̃

h̃

2
= 0, (21)

A1
A2

[
2η̃2g̃′′ + 2η̃g̃′ − g̃

2

]
+ 2Reη̃f̃ g̃′ + Ref̃ g̃ − A3

A2
η̃MReg̃ = 0, (22)

(η̃θ̃ ′′ + θ̃ ′)
A5
A4

[
1 + 4Rd

3A5

]
+ Re Pr f̃ θ̃ ′ + A1 Pr η̃

A4
[Ec1h̃′2 + Ec2g̃

′2] + Prβ
A5

θ̃ e−η̃ = 0. (23)

The boundary conditions take the following model

f̃ = 0, h̃ = 1, g̃ = 1, θ̃ ′ + Bi

A5
(1 − θ̃ ) = 0, at η̃ = 1, (24)

h̃ = 0, g̃ = 0, θ̃ = 0 as η̃ → ∞, (25)

3.2. Variational formulation

Every variational model identical to Equations (16–20) by the ordinary linear element
(η̃e, η̃e+1) was taken as∫ η̃e+1

η̃e

w1

(
df̃

dη̃
− h̃

)
dη̃ = 0, (26)

∫ η̃e+1

η̃e

w2

(
A1
A2

[
h̃′′ + h̃′

η̃

]
+ Re

η̃
f̃ h̃′ − Re

η̃
h̃2 − A3

A2

MRe
η̃

h̃

2

)
dη̃ = 0, (27)
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∫ η̃e+1

η̃e

w3

(
A1
A2

[
2η̃2g̃′′ + 2η̃g̃′ − g̃

2

]
+ 2Reη̃f̃ g̃′ + Ref̃ g̃ − A3

A2
η̃MReg̃

)
dη̃ = 0, (28)

∫ η̃e+1

η̃e

w4

⎛⎜⎜⎝(η̃θ̃ ′′ + θ̃ ′)
A5
A4

[
1 + 4Rd

3A5

]
+ Re Pr f̃ θ̃ ′

+A1 Pr η̃
A4

[Ec1h̃′2 + Ec2g̃′2] + Prβ
A5

θ̃ e−η̃

⎞⎟⎟⎠ dη̃ = 0, (29)

where w1,w2,w3 and w4 were random analysis functions and might have been noticed by
the variations on f̃ , h̃, g̃ and θ̃ , respectively.

3.3. Finite element formulation

The finite element imitations might have been captured for raised equations as stand-in
finite-element resemblance as the model.

f̃ =
3∑

j=1

f̃j�̃j, h̃ =
3∑

j=1

h̃j�̃j, g̃ =
3∑

j=1

g̃j�̃j, θ̃ =
3∑

j=1

θ̃j�̃j, (30)

For w1 = w2 = w3 = w4 = �̃i(i = 1, 2, 3).
where �̃i is shape function by the usual element (η̃e, η̃e+1) and detailed by

�̃e
1 = (η̃e+1 − η̃)(η̃e+1 + η̃e − 2η̃)

(η̃e+1 − η̃e)
2 , �̃e

2 = 4(η̃ − η̃e)(η̃e+1 − η̃)

(η̃e+1 − η̃e)
2 ,

�̃e
3 = (η̃ − η̃e)(η̃e+1 + η̃e − 2η̃)

(η̃e+1 − η̃e)
2 , η̃e ≤ η̃ ≤ η̃e+1. (31)

Every finite element illustration about Equations so shaped was obsessed with⎡⎢⎢⎣
Z11 Z12 Z13 Z14

Z21 Z22 Z23 Z24

Z31 Z32 Z33 Z34

Z41 Z42 Z43 Z44

⎤⎥⎥⎦
⎡⎢⎢⎢⎣
f̃
h̃
g̃
θ̃

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎣
r1

r2

r3

r4

⎤⎥⎥⎦ , (32)

[Zmn] and [rm], (m, n = 1, 2, 3, 4) were detailed by

Z11 =
∫ η̃e+1

η̃e

�̃i
d�̃j

dη̃
dη̃, Z12 = −

∫ η̃e+1

η̃e

�̃i�̃jdη̃, Z13 = Z14 = 0, r1 = 0,

Z22 = −η̃
A1
A2

∫ η̃e+1

η̃e

d�̃i

dη̃

d�̃j

dη̃
dη̃ + A1

A2

∫ η̃e+1

η̃e

�̃i
d�̃j

dη̃
dη̃ + Re ¯̃f

∫ η̃e+1

η̃e

�̃i
d�̃j

dη̃
dη̃

− Re ¯̃h
∫ η̃e+1

η̃e

�̃i�̃jdη̃ − 0.5
A3
A2

MRe
∫ η̃e+1

η̃e

�̃i�̃jdη̃, Z21 = Z23 = Z24 = 0,

b2i = −η̃
A1
A2

(
�̃i

dh̃

dη̃

)η̃e+1

η̃e

,
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Z33 = −2η̃2
A1
A2

∫ η̃e+1

η̃e

d�̃i

dη̃

d�̃j

dη̃
dη̃ + 2η̃

A1
A2

∫ η̃e+1

η̃e

�̃i
d�̃j

dη̃
dη̃ + 2Reη̃ ¯̃f

∫ η̃e+1

η̃e

�̃i
d�̃j

dη̃
dη̃

+ Re ¯̃f
∫ η̃e+1

η̃e

�̃i�̃jdη̃ − 0.5
A1
A2

∫ η̃e+1

η̃e

�̃i�̃jdη̃

− A3
A2

η̃MRe
∫ η̃e+1

η̃e

�̃i�̃jdη̃, Z31 = Z32 = Z34 = 0,

b2i = −2η̃2
A1
A2

(
�̃i

dh̃

dη̃

)η̃e+1

η̃e

,

Z44 = −η̃
A5
A4

(
1 + 4Rd

3A5

)∫ η̃e+1

η̃e

d�̃i

dη̃

d�̃j

dη̃
dη̃ + A5

A4

(
1 + 4Rd

3A5

)∫ η̃e+1

η̃e

�̃i
d�̃j

dη̃
dη̃

+ Pr Re ¯̃f
∫ η̃e+1

η̃e

�̃i
d�̃j

dη̃
dη̃ + Pr

β

A5
e−η̃

∫ η̃e+1

η̃e

�̃i�̃jdη̃,

Z42 = A1 Pr η̃
A4

Ec1
¯̃h′
∫ η̃e+1

η̃e

�̃i
d�̃j

dη̃
dη̃,

Z43 = A1 Pr η̃
A4

Ec2 ¯̃g′
∫ η̃e+1

η̃e

�̃i
d�̃j

dη̃
dη̃, Z41 = 0, b2i = −η̃

A5
A4

(
1 + 4Rd

3A5

)(
�̃i

dh̃

dη̃

)η̃e+1

η̃e

,

with

¯̃f =
3∑

j=1

¯̃f j�̃j,
¯̃h =

3∑
j=1

¯̃hj�̃j, ¯̃g =
3∑

j=1

¯̃gj�̃j. (33)

The robustness and accuracy of the occupied numerical method correlated their outcomes
in f̃ ′′(1) and g̃′(1) with those of Fang and Yao [29] and Ahmed et al. [31] when M = 0.0
different values are represented as Re. Their observation is listed in Table 3 and certainly
the outcomes show the finite element method shows the best agreement.

4. Results and discussion

In this section, the graphical and numerical outcomes in the magnetic field parame-
ter M, physical parameters, the volume fraction of nanoparticles’ concentration (φ1,φ2),

Table 3. The correlation about f̃ ′′(1) and g̃′(1) as setting the parameterM = 0.0.

Re 0.1 0.2 0.5 1.0 2.0 5.0 10.0

f̃ ′′(1)
Ref. [29] −0.48180 −0.61748 −0.88220 −1.17775 −1.59389 −2.41743 −3.34446
Ref. [31] −0.48960 −0.61425 −0.88702 −1.17950 −1.59700 −2.41798 −3.34454
Present −0.481871 −0.617185 −0.882278 −1.177393 −1.593889 −2.417475 −3.344203
g̃′(1)
Ref. [29] −0.51019 −0.52605 −0.58488 −0.68772 −0.87263 −2.41798 −1.81006
Ref. [31] −0.51023 −0.52750 −0.58571 −0.687943 −0.87264 −1.29788 −1.81007
Present −0.510124 −0.529124 −0.584593 −0.687163 −0.872716 −2.417297 −1.810040
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radiation parameter Rd, Prandtl number Pr, Reynolds number Re, heat source/sink
factor β , Biot number Bi, and Eckert numbers (Ec1, Ec2). The confluence extent of
the raised dimensionless parameters was observed by Re ∈ [0.5, 4.0],M ∈ [0.0, 1.2],φ1 ∈
[0.05, 0.55], Rd ∈ [0.0, 3.0], Ec1 ∈ [0.0, 0.3], Ec2 ∈ [0.0, 0.4],β ∈ [0.5, 6.5], and Pr ∈ [0.71, 5.0].
The assessment of the current investigation was invented ssuming the values of com-
plicated parameters: M = 0.2, Re = 3.0, Pr = 6.2 (water-based nanofluid), Rd = 0.2, Ec1 =
0.1, Ec2 = 0.5,β = 0.2, and Bi = 0.5.

A hybrid nanofluid can be decreased to an ordinary nanofluid by implanting φ2 = 0.0.
The numerical and formulation input to thermophysical properties to the hybrid nanofluid
and nanofluid is illustrated on Table 1 and 2, respectively. The Reynolds number assumes
the ratio between viscous force and inertial force. They cavort the outstanding aspect of the
prescient arrangement of fluid conduct, which was produced as wall stretching when the
viscous forces. Basedon that effort, they consider as the flowwas turbulent and laminar. The
difference for a higher Reynolds number is expressed as a turbulent, instant tiny alternative
to a high Reynolds number laminar flow. The difference for a higher Reynolds number is
expressed as a turbulent, instant tiny alternative to a high Reynolds number laminar flow.
However, lowering theReynoldsnumber express to swirl velocity freedup the axial velocity.
They could be accurate physically by Re = 0, displaying the free stretching rotation by that
cylinder. Furthermore, nonzero Reynolds number displays that fluid motion was infuenced
as torsional motion that hikes for axial velocity as variation to themagnetic field parameter
M, volume fraction of nanoparticles φ1, and Reynolds number Re. As the value of increases,
it indicates the inertial forces on the fluid particles and methods for collapsing axial veloc-
ity. For example, when developing on hybrid nanoparticles or single nanoparticles, it was
more important for indication as well as Reynolds number. Figure 3 shows hybrid nanopar-
ticles (Fe2O3 – Graphene and water), axial velocity was additionally deteriorating to lone
nanoparticles (Fe2O3 and water). Figure 4 discribes the performance of axial velocity as an
incrementof themagnetic field is shownutilizing single anddoublenanoparticles. Discover
the drag force exerted by fluid particles, also known as the Lorentz force. The decrease in
axial velocity is shown in Figure 4. Again it was notable for magnetic field’s improvement

Figure 3. Axial velocity profile via Re.
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of axial velocity time to single nanoparticle (Fe2O3 and water) decreases more than hybrid
nanoparticles (Fe2O3 – Graphene andwater). Figure 5 displays the consequence of volume
concentration of nanoparticles in an axial velocity. The velocity is created as a result of the
reaction of the adding to the slight significant inside of the host fluid. Although concentra-
tion value is replaced with φ1 = 0.05 → 0.55, a little large fuctuation was complete in the
hybrid nanofluid by a correlation to a familiar one. Similar behavior was noticed in Acharya
and Mabood [35].

Figures 6–8 interpret the performance of swirl velocity, volume fraction of nanoparticles
φ1, and whatever is altered as the magnetic field parameter M and the Reynolds number
Re. That is noted in Figures 6–8 as swirl velocity displays the collapsing performance by
the alteration of the magnetic field M, Reynolds number Re, and the opposite behavior is

Figure 4. Axial velocity profile viaM.

Figure 5. Axial velocity profile via φ1.
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noticed for the volume fractionof nanoparticlesφ1. ThehighvalueofRemargin embellishes
the inertial force to the fluid particle bydecreasing the fluid rotation. Furthermore, themag-
netic field discovers the Lorentz force to the fluid particle. Hence the expanding magnetic
field improves the swirl velocity of fluid decreases as shown in Figure 7. The fixing of the
volume fraction on nanoparticles, and accelerating performance about swirl velocity are
observed in Figure 8.

Figure 9 shows the temperature field via the Reynolds number Re the hybrid nanofluid
and usual nanofluid. Increasing variations of Re indicate reduce in the temperature of the
fluid. Relatively, hybrid nanofluid displays more temperature than convectional nanofluid.
Larger Reynolds numbers, it was thought, discovered large inertial effects ways to decrease
on the viscosity of the fluid outcomes downturn to that density as total boundary layers.

Figure 6. Swirl velocity profile via Re.

Figure 7. Swirl velocity profile viaM.
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The temperature in Figure 10 displaces the linear relationship as M. The viscous diffi-
culty arises when theM production friction among fluid surfaces and molecules interprets
frictional energy as thermal energy. Hybrid nanofluid acquires high temperatures. The tem-
perature in Figure 11 reacts strongly to higher estimation of φ1. The major observation
is that increasing nanoparticles to develop the thermal conductivity of the fluid and it
raises the temperature of the fluid. Normal, hybrid nanofluid shows greater temperature
adue to double metallic ingredients interior to the fluid. The authority of the radiation
parameter (Rd) to the thermal figure is displayed in Figure 12. The temperature was raised
for both cases. The shortest result is settled with the nonappearance of radiation. Essen-
tially, developing radiative form promote that molecular migration inside of the structure,
hence constant destruction among particles converts that thermal energy. This shows how

Figure 8. Swirl velocity profile via φ1.

Figure 9. Temperature profile via Re.
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temperaturemoves largely. That existencematched slight constituents of the hybrid expla-
nation created like a collision higher random, and thus, the embellished thermal profilewas
supported.

Figures 13 and 14 show the effects of the Eckert number Ec1 that was convinced as a
stretchable cylinder and the Eckert number Ec2 that was conducted from torsional motion
on the cylinder. The temperature field was different conditional to that temperature incli-
nation to the current for the structure, yet it again varies for viscous and frictional forces of
the fluid. Figure 13 displays a temperature profile versus varying that the Eckert number is
Ec1 using the stretchable cylinder. The Eckert number discovers frictional forces that raised
the fluid temperature. Figure 14 shows the impact on the Eckert number Ec2, accounts for

Figure 10. Temperature profile viaM.

Figure 11. Temperature profile via φ1.
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the torsional motion of the cylinder, and discovers extra frictional forces on outcomes to
the improvement of that temperature profile θ̃ (η̃).

Even the graph of temperature profile θ̃ (η̃) to the over-stated principles aggressive heat
source/sink constraint β is displayed in Figure 15. It explains that the temperature field
develops from the raised positive values of β , whereas the temperature is decreased for
increased negative values of β . β > 0 measure’s extra heat would be arising in the exte-
rior of the fluid. So, the temperature profile improves to the raising positive β values. β < 0
means the heat will be lost from the exterior to the fluid. Therefore, temperature distribu-
tion decreases the developing negative β values. Hence, from a greatermagnitude on heat
source hybrid nanofluid will be conductive to cooling.

Figure 16 shows the θ̃ (η̃) circulation embellished to the Biot number. When that wall
temperature develops about Biot number, when that temperature advances. The curve of

Figure 12. Temperature profile via Rd.

Figure 13. Temperature profile via Ec1.



18 K. GANGADHAR ET AL.

the temperature field as Bi = 4.5 and Bi = 6.5 was a closure. Therefore, Bi is greater (i.e.
as Bi → ∞), the convective temperature condition comes with fixed surface temperature.
Similar results were reported by Mahanthesh et al. [36]. In this figure, we elaborated on
hybrid nanofluid and extra capacity to this extent.

Figure 17displays the curvesof temperatureprofile θ̃ (η̃)ondeveloping thePrandtl num-
ber Pr. One could see this the thermal boundary layer thickness and temperature decreased
with the greater Prandtl number. The reducing portrait for the temperature field was when
the gathered values for Prandtl number were inferior to lower thermal diffusivity and ther-
mal diffusivity supply increased about the reduced temperature andwas obviously inferior
to thermal boundary layer thickness. Furthermore, it was observed for single nanoparticles
disrepair temperature extra to hybrid nanoparticles.

Figure 14. Temperature profile via Ec2.

Figure 15. Temperature profile via β .



WAVES IN RANDOM AND COMPLEX MEDIA 19

Figure 16. Temperature profile via Bi.

Figure 17. Temperature profile via Pr.

Table 4 shows the variation of axial and swirl skin friction coefficients for improved val-
ues of M, Re and φ1 for hybrid and usual nanofluids. The magnitudes of axial and swirl
skin frictions intensify M. The Hybrid nanofluid depicts gathered drag inclination. Hence,
every exterior would be limited drag concerned with hybrid nanofluid because magnetic
strength varies quickly. Table 4 expresses that the raising rate was 10.34% for the hybrid
nanofluid, because of the expected one it was 7.79% for axial skin friction. For swirl skin
friction, the increment rate is 36.03% for the hybrid nanofluid, though 28.99% for the
expectednanofluid. Both skin friction coefficients are increased forφ1. The hybrid nanofluid
explores a 14.52% increment, whereas convectional nanofluid declares a 15.41% incre-
ment for axial skin friction. In the case of swirl skin friction, these rates are 13.87% for
Fe3O4-Graphene nanofluid and 14.58% for Fe3O4 nanofluid. Table 4 ensures 18.28% for the
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Table 4. Variations for skin frictions about different values in parameters at φ2 = 0.1.

Parameters Re−0.5Cfz Re−0.5Cgr

φ1 M Re Hybrid nanofluid Nano fluid Hybrid nanofluid Nano fluid

0.05 0.2 3 −2.7236 −2.2601 −1.8039 −1.4351
0.1 −3.1191 −2.6084 −2.054 −1.6443
0.15 −3.5621 −2.9469 −2.3378 −1.8637
0.2 −4.0654 −3.3783 −2.6643 −2.1309
0.1 0 −2.9605 −2.5081 −1.706 −1.4158

0.4 −3.2666 −2.7034 −2.3207 −1.8264
0.8 −3.5362 −2.8805 −2.7411 −2.1204
1.2 −3.8492 −3.044 −3.1223 −2.3626
0.2 1 −1.9588 −1.6042 −1.4316 −1.1201

1.5 −2.3169 −1.9014 −1.6072 −1.2638
2 −2.6179 −2.1508 −1.7675 −1.3951
2.5 −2.8818 −2.3692 −1.9158 −1.5166

Table 5. Variations for Nusselt number about different values in parameters at φ2 = 0.1.

Parameters Re0.5Nuz

φ1 M Re Rd Ec1 Ec2 β Bi Hybrid nanofluid Nano fluid

0.05 0.2 3 0.2 0.1 0.5 0.2 0.5 0.7545 0.61705
0.1 0.7349 0.56847
0.15 0.71625 0.65472
0.2 0.69751 0.62536
0.1 0 0.75024 0.61904

0.4 0.72876 0.52808
0.8 0.73081 0.46383
1.2 0.46118 0.4121
0.2 1 0.37287 0.34643

1.5 0.49248 0.46273
2 0.584 0.54825
2.5 0.66283 0.62018
3 0 0.68425 0.49359

0.5 0.81289 0.80005
1 0.94686 0.99708
1.5 1.08453 1.19747
0.2 0 0.75458 0.65061

0.1 0.7349 0.56847
0.2 0.71521 0.48632
0.3 0.69553 0.40418
0.1 0 0.97121 0.97306

0.1 0.92394 0.91545
0.2 0.87668 0.79106
0.3 0.82942 0.71686
0.1 −2 0.77777 0.67134

−1 0.75983 0.62998
0 0.73934 0.5798
1 0.71577 0.51778
2 0.68838 0.43927
0.2 0.1 0.49922 0.31991

0.2 0.56199 0.3874
0.3 0.62209 0.45112
0.4 0.67967 0.51139

hybrid nanofluid and 18.53% for the ordinary nanoliquid in axial skin friction for increasing
Re. Usual nanofluid exhibits a 12.82% increment in swirl skin friction, whereas the hybrid
nanosolution confirms a 12.26% increment.
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Table 5 discusses the numerical values of the Nusselt number about various physical
quantities of one andother regular andhybridnanofluids. Itwas seen toheat transfer coeffi-
cient enhanceswith Re, Rd and Bi, unlike φ1,M, Ec1, Ec2 and β . Comparatively, a higher heat
transfer rate is noticed on the hybrid nanofluid was usual nanofluids. The Nusselt number
raises by Re. Table 5 illustrates 33.57% accrual for heat transport at the current periodwhen
it was 32.08% as a hybrid nanofluid. Nusselt number drops off forM. The current nanofluid
presents a 14.69% decline in heat transfer, because hybrid nanosolution confirms a 2.87%
decline. Table 5 establishes a 12.57% raising for heat transfer to the hybrid nanofluid by the
Biot number, though it was 21.09% for the familiar nanofluid. In addition, to φ1 the decline
in heat transfer, that is, 2.60% and 7.87% for ordinary and hybrid nanofluids, respectively.
So, the cooling process was efficient for hybrid nanofluid by relating to current nanosus-
pension. Hybrid nanofluid analyzes a 2.36% increase in the heat sink, position convectional
nanofluid officially 6.56% addition. For heat generation the devaluation on heat transfer
was 3.82% and 15.16% for ordinary and hybrid nanofluids, respectively. Hence, cooling
performance will be direct on the hybrid nanofluid.

5. Conclusions

We examined numerically the substantial concentrated flow of complete the hybrid
nanofluid over the rotating cylinder. Grapheme and ferrous nano-ingredients, including
water as base midway, were studied by the host fluid. Thermal radiation and convective
heat condition integrated into this analysis. Furthermore, an exponential space-dependent
heat source/sink is more than estimated to the inside of the system. An efficient FEM
study was used to clarify the effect of the scatterings of velocities and ordinary differential
equations and the temperature was embellished over graphs. The numerical results were
more than approved by Fang and Yao [29] and Ahmed et al. [31]. Based on the current
investigation displayed:

(1) The development of magnetic parameter and Reynolds number margin to that
reduction for flow axial and swirl velocities, while single nanoparticle volume frac-
tion inspires. Hybrid nanofluids express relatively greater velocity profiles than
convectional nanofluids.

(2) Axial skin friction raises by the magnetic parameter, Reynolds number, and single
nanoparticle volume fraction. Results depict the maximum development of axial
skin friction thatwas formed as amagnetic parameter (30.02%). Similarly, the hybrid
nanofluid is more raised to the usual nanofluid.

(3) Magnetic parameter and Reynolds number increase the swirl skin friction. Themax-
imum development to swirl skin friction was formed as a magnetic parameter
(83.01%). Similarly, little decreased rate to swirl skin friction was forever formed as
the current nanofluid.

(4) Reynolds number and heat sink decline the temperature, because they analyze the
adverse result. Double additives raise the temperature profile of hybrid nanofluid
compared to a familiar one.

(5) Reynolds number and radiation parameter, Biot number, and heat sink increase the
heat transfer and the period comfort to the parameters reduces. Our examination
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depicts the hybrid nanofluid is embellished to gather heat transport for the con-
vectional nanofluid. Cooling converts mature the hybrid nanofluid, whereas double
slight converts metallic nanoparticles. Dramatic improvement was shown by the
Biot number. By the hybrid nanofluid, Biot number shows a 36.14% increase and
the current nanofluid shows 59.85%. Thereafter, Eckert numbers and heat sink are
the highest conditioning factors on heat transport.
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