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MHD and variable surface temperature are examined numerically in this article to see how they affect the
unsteady type natural convection flow of a hybrid nanofluid on a moving vertical cylinder. Nanoparticles of Ag
and Al2O3 are considered in the water-based hybrid nanofluid. Using the Crank-Nicolson method, the equations
governing flow and heat transport are unravelled. To test the present numerical approach validity, the results
are matched to those found in the literature for similar problems and found to be extremely congruent with those
findings. Analysis of temperature and velocity portraits, as well as Cf (skin friction coefficient) and Nux (Nusselt
number) for each vital parameter, has been illustrated. This study found that by escalating the magnetic param-
eter, Nux and Cf of Ag–Al2O3/water can be reduced. Also, increasing Gr can be used to augment the Cf and
Nux of Ag–Al2O3/water. Further, by increasing �2, a lower skin friction coefficient and a higher Nusselt number
can be achieved. The current findings are useful to the thermal flow processing of magnetic nanomaterials in
the metallurgy industries and chemical engineering.

KEYWORDS: Al2O3/Water, Ag–Al2O3/Water, Free Convection, Vertical Cylinder, Laminar Boundary Layer Flow, Implicit
Finite Difference Method, MHD, Variable Surface Temperature.

1. INTRODUCTION
Unsteady free convection flows past a vertical cylinder
have a varied variety of manufacturing and technological
applications. These sorts of challenges are normally con-
fronted when investigating how to enhance heat transport
around many types of electrical and electronic devices, as
well as nuclear reactors. Rani and Ganesan1 researched
the influence of mass and heat transfer on transient free
convection over an upright cylinder in light of these con-
siderations. The same authors further commented on the
effects of the varying temperature of the surface on tran-
sient type free convection flow above an erect cylinder.2

Loganathan et al.3 examined the impact of MHD and
temperature oscillations on natural convective type flow
due to running a semi-infinite upright cylinder. Unsteady
MHD natural convection flows have piqued the interest
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of a large number of investigators because of their uses
in current materials handling, where magnetic fields are
renowned for their ability to govern and regulate elec-
trically conducting materials with outstanding precision.
As heat generation increases, industries encounter chal-
lenges like cooling and product conservation. However,
researchers have learned to recognize the rare thermal
characteristics of diverse liquids produced by adding parti-
cles of solid type (on micrometre and millimetre scales).4

Potential researchers have been attracted by heat trans-
mission in nanofluids due to the numerous applications in
industry, as nanoscale materials possess unique physical
and chemical properties. Taking these factors into consid-
eration, Gorla et al.5 investigated heat transmission in a
circular cylinder’s boundary layer immersed in a nanofluid.
Additional research on nanofluid flows was preserved by
Das et al.,6 Mujumdar and Wang,7–9 Pramuanjaroenkij and
Kakac,10 Kasaeian et al.,11 Lin and Yang,12 Jayakar and
Rushi Kumar,13 Das et al.,14 Pushpa et al.,15 Rikitu et al.,16

Siva Kumar Reddy et al.,17 Awati and Mahesh Kumar,18

Sreedevi and Sudarsana Reddy,19 and Pattnaik et al.20
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Due to their superior thermal conductivity, a unique
class of nanofluids known as hybrid nanofluids has in
recent times become extensively utilized in industrial and
technical settings. By scattering two or more unique solid
particles of nano type in the base fluids, hybrid nano
liquids can be formed. Nimmagadda and Venkatasubba-
iah probed the analysis of heat transfer in microchan-
nels using hybrid nanofluids.21 Sarkar et al.22 undertook
a comprehensive assessment of hybrid nanofluids, encom-
passing contemporary research, development, and appli-
cations. Devi and Devi23 studied hybrid nanofluid flow
as a result of a stretching sheet numerically with the
results of Lorentz force and Newtonian heating. Ranga
Babu et al.24 released a study of hybrid nanofluids. Recent
hybrid nanofluid research is covered in Refs. [25–43].
Motivated by the aforementioned works and applica-

tions in manufacturing and industry, this paper’s goal is to
examine the transient, boundary layer, laminar type flow
of hybrid nanofluid due to moving vertical cylinder sub-
jected to a magnetic field and varying surface temperature.
The present analysis is performed with aluminium oxide
(Al2O3) and silver (Ag) nanoparticles in a base liquid of
water. The nanoparticles deemed here are substantial to
strengthen ceramics, smoothness, density, crack hardness,
and wear resistance in polymer products. Circuit base-
boards of integrated type are the best standard usage for
them.4 The PDEs governing flow and heat transport are
numerically resolved using the implicit finite difference
approach. Graphs are used to probe and analyze the effect
of key parameters.

2. MATHEMATICAL MODEL
In this article, the coordinates in a cylindrical system
�x∗� r∗� are defined so that x∗-axis is vertically aligned
with cylinder’s axis and r∗-axis is perpendicular to the
cylinder’s axis, as illustrated in Figure 1. The system
is axisymmetric. The cylinder and fluid are at rest at
�∗
� for the duration of t∗ ≤ 0 in the opening. Follow-

ing that, when t∗ > 0, cylinder initiates vertical motion
with u0 uniform velocity. Temperature of cylinder’s sur-
face is increased to �∗ = �∗

� + ��∗
w − �∗

��A�x
∗�m and con-

tinued uniformly. A magnetic field of uniform strength B0

acts radially and induced magnetic field is insignificant, as
the magnetic Reynolds number is low. Originally, in this
paper, a Al2O3/water nanofluid is produced by dispersing
Al2O3 nanoparticles with a solid volume fraction of 0.1
vol. (which remains constant) into the water (base fluid).
Then, in order to structure our necessary Ag–Al2O3/water,
nanoparticles of Ag with varying volume fractions are dis-
seminated in the nanofluid Al2O3/water. Under the afore-
mentioned premise, the PDEs governing transient laminar
boundary layer flow are determined employing the Boussi-
nesq estimate44 and the nanofluid type,45 which are given
by

Fig. 1. Schematic physical geometry.
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where A= ��f /�u0 r

2
0 ��

m.
Type II models (Ref: Nehad Ali Shah et al.46) have

been used in this study for thermophysical characteristics
of hybrid nanoliquid which are offered in Table I. Ther-
mophysical characteristics of nanoparticles and water are
offered in Table II.
Make use of the subsequent transformations
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Table I. Thermo physical properties of hybrid nanofluid (Type II models).

Property Hybrid nanofluid

Density 	hnf =
[
�1−�2�

{
�1−�1�	f +�1	s1

}]+�2	s2

Dynamic viscosity �hnf =
�f

�1−�1�
2�5
�1−�2�

2�5

Heat capacity �	CP �hnf =
[
�1−�2�

{
�1−�1� �	CP �f +�1�	CP �s1

}]+�2�	CP �s2

Thermal expansion coefficient �	
�hnf =
[
�1−�2�

{
�1−�1� �	
�f +�1�	
�s1

}]+�2�	
�s2

Thermal conductivity �hnf = �bf

�s2+ �n1−1��bf − �n1−1��2

(
�bf −�s2

)
�s2+ �n1−1��bf +�2

(
�bf −�s2

) , where �bf = �f

�s1+ �n1−1��f − �n1−1��1

(
�f −�s1

)
�s1+ �n1−1��f +�1

(
�f −�s1

)
Electrical conductivity �hnf = �bf

[
�s2 �1+2�2�+2�bf �1−�2�

�s2 �1−�2�+�bf �2+�2�

]
, where �bf = �f

[
�s1 �1+2�1�+2�f �1−�1�

�s1 �1−�1�+�f �2+�1�

]

Source: (Ref: Devi and Devi,23� 51 Nehad Ali Shah et al.46).

Table II. Nanoparticles and water thermo physical properties.

	 (kg/m3) Cp (J/kgK) � (W/mK) � (s/m) 
 (1/K)

H2O (f ) 997.1 4179 0.613 5.5×10−6 21×10−5

Al2O3 (s1) 3970 765 40 35×106 0.85×10−5

Ag (s2) 10500 235 429 6.30×107 1.89×10−5

with conditions

t ≤ 0 u2 = 0� u1 = 0� � = 0 for all r and x
t > 0 u2 = 0� u1 = 1� � = xm at r = 1

u1 = 0� � = 0 at x = 0
u1 → 0� � → 0 as r →�

(9)
Where

Pr = �f /�f (Prandtl number), Gr = �g
f r
2
0 ��

∗
w −

�∗
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2
0 r

2
0 �/�	f �f �

(Magnetic parameter), and

E1 =
[
�1−�2�

{
�1−�1�+�1

	s1

	f

}]
+�2

	s2

	f

�

E2 =
1

�1−�1�
2�5�1−�2�

2�5 �

E3 =
[
�1−�2�

{
�1−�1�+�1

�	
�s1
�	
�f

}]
+�2

�	
�s2
�	
�f

�

E4 =
�bf

�f

[
�s2�1+2�2�+2�bf �1−�2�

�s2�1−�2�+�bf �2+�2�

]
�

E5 =
[
�1−�2�

{
�1−�1�+�1

�	Cp�s1
�	Cp�f

}]
+�2

�	Cp�s2
�	Cp�f

E6 =
�bf

�f

[
�s2+ �n1−1��bf − �n1−1��2��bf −�s2�

]
[
�s2+ �n1−1��bf +�2��bf −�s2�

] (10)

3. NUMERICAL PROCEDURE AND ITS
VALIDATION

Crank-Nicolson technique is operated to work out the
Eqs. (6)–(8) escorted by appropriate requirements (9). The

equivalent finite-difference equations are
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n+1
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n
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Fig. 2. Comparison of temperature portrait.
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The aforesaid equations are investigated numerically
to provide velocity and temperature fields.47 Additional
features regarding the solution of difference equations,
such as convergence, grid independence, and stability,
have been predetermined by (Ganesan and Rani;1 Rajesh
et al.48). There is insufficient time during the early time
period for the body forces to establish fluid motion. As
a result, both parts of velocity are negligible for a short
period t. In this early transient domain, pure heat conduc-
tion influences the heat transmission process. Thus, the
initial temperature distribution corresponds to the prob-
lem of transient conduction in a semi-infinite solid. In this
solid, the temperature field is given by (Schlichting49 and
Carslaw and Jaeger50)

� = r−1/2erfc

(
r −1

2
√
t/Pr

)
(14)

Associated conditions are

When t ≤ 0 � = 0 for all r

When t > 0 � = 1 at r = 1 (15)

For justification of the findings, we compared the
unsteady temperature portraits calculated using Eq. (14) to
those calculated using the current numerical method (when
�1 = 0 and �2 = 0) for two distinct tiny times in Figure 2.
The excellent agreement between the portraits in Figure 2
demonstrates that the existing numerical technique is suit-
able for this dilemma.

4. ENGINEERING QUANTITIES
The essential physical measures specified at the wall are
Cf and Nux as follows:

Cf =
�w

	f u
2
0

� Nux =
qwx

∗

�f ��
∗
w−�∗��

(16)

Here �w and qw are specified as:

�w = �hnf

(
�u∗

1

�r∗

)
r∗=r0

� qw =−�hnf

(
��∗

�r∗

)
r∗=r0

(17)

Applying dimensionless variables (5), we get

ReCf = 1

�1−�1�
2�5�1−�2�

2�5

(
�u1

�r

)
r=1

�

Re−1Nux = −�hnf

�f

x

(
��

�r

)
r=1

(18)

Here Re is Reynolds number, given by Re= �u0 r0�/�f .

5. ANALYSIS OF RESULTS AND
DISCUSSION

The numerical procedure of the Crank Nicolson type is
applied to decipher the systems of PDEs (6)–(8) with con-
straints (9). Figures 3–22 illustrate the effect of relevant
factors including M� Gr� m� �2, and t on temperature
and velocity profiles along with Cf and Nux. The numer-
ical results for Al2O3/water and Ag–Al2O3/water are dis-
cussed. We considered spherical nanoparticles, i.e., n1 =
3. Water’s Prandtl number, Pr, is assumed to be constant
at 6.2. When �2 equals 0, this replica diminishes to the
constitutive controlling boundary layer equations of the
flow for the Al2O3/water. When both �1 and �2 are equal
to zero, the prevailing replica collapses to the constitu-
tive controlling boundary layer equations of the flow for a
usual viscous fluid.
The cause of the magnetic parameter on the transient

velocity profiles is investigated numerically, as portrayed

Fig. 3. Result of M on velocity portrait.
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Fig. 4. Result of M on temperature patterns.

in Figure 3. Magnetic parameter enhancement reduces the
flow velocity of nano and hybrid nanofluids in conjunc-
tion with the momentum boundary layer thickness. As
the strength of magnetic field increases, the Lorentz force
expands, hence retarding fluid flow. However, the mag-
netic parameter has the reverse influence on the temper-
ature field and its boundary layer thickness, as illustrated
in Figure 4. Because the magnetic field retards the flow,
the Cf decline for Al2O3/water and Ag–Al2O3/water, as
illustrated in Figure 5. The dimensionless heat transfer rate
via Ag–Al2O3/water is greater than the heat transfer rate
through Al2O3/water in the existence/non-existence of a
magnetic field, as illustrated in Figure 6. Further escalat-
ing the magnetic parameter values diminishes the Nusselt
number for both fluids, as illustrated in Figure 6.

The result of Gr is investigated on the temperature and
velocity portraits, which is illuminated in Figures 7 and
8. It is perceived that mounting values of Gr boost the
flow velocity and cut temperature field for Al2O3/water
and Ag–Al2O3/water. Physically, the escalating value of
Grashof number develops the temperature variance. This

Fig. 5. Impression of M on Cf .

Fig. 6. Impression of M on Nu.

leads to fluid flow acceleration and temperature reduction.
As velocity boosts with Gr, the Cf for Ag–Al2O3/water
rises with growing Gr and is slighter than Al2O3/water
and is exposed in Figure 9. It is pointed out in Figure 10
that the heat transfer rate through Ag–Al2O3/water is big-
ger than Al2O3/water; further enhancement of the Nusselt
number is perceived with increasing Gr.
In Figures 11 and 12, the result of temperature exponent

m on temperature and velocity fields is examined. When
m = 0, the variation in temperature of cylinder surface
decreases from �∗ = �∗

� + ��∗
w − �∗

��A�x
∗�m to �∗

w, indi-
cating that we are in an isothermal state (constant wall
temperature). Rise in the temperature exponent m results
in decline in both the velocity and temperature portraits, as
illustrated in Figures 11 and 12. Because velocity decays
with m, the Cf decreases as m increases, as illustrated in
Figure 13. Figure 14 exemplifies the intriguing influence
of M on the Nux. The Nux decline with increasing m
values, but this effect is only felt up to a certain axial dis-
tance, thereafter reverse effect is noted on Nux. The heat
transfer rate through Ag–Al2O3/water is, however, greater

Fig. 7. Impression of Gr on velocity portrait.

J. Nanofluids, 11, 869–878, 2022 873
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Fig. 8. Impression of Gr on temperature patterns.

Fig. 9. Impression of Gr on Cf .

Fig. 10. Impression of Gr on Nu.

than the heat transfer rate through Al2O3/water in the exis-
tence/absence of m.
Figures 15 and 16 exemplify the effect of �2 on the

temperature and velocity fields. The fascinating effect of

Fig. 11. Impression of m on velocity patterns.

Fig. 12. Impression of m on temperature portrait.

Fig. 13. Impression of m on Cf .

�2 on velocity profiles is that increasing �2 values reduce
flow velocity, but this effect reverses after a certain radial
distance on the velocity, as illustrated in Figure 15. As
illustrated in Figure 16, there is a momentous rise in the

874 J. Nanofluids, 11, 869–878, 2022
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Fig. 14. Impression of m on Nu.

temperature and the boundary layer thickness with improv-
ing �2 values. Physically, heat is emitted by nanoparti-
cles, which is amplified when more particles are added.
The Cf decreases for Ag–Al2O3/water and Al2O3/water

Fig. 15. Impression of �2 on velocity portrait.

Fig. 16. Impression of �2 on temperature patterns.

Fig. 17. Impression of �2 on Cf .

with increasing �2 values, as illustrated in Figure 17. The
remarkable heat transfer rate through the Ag–Al2O3/water
hybrid nanofluid can be achieved by increasing the values
of �2, as portrayed in Figure 18.

Fig. 18. Impression of �2 on Nu.

Fig. 19. Consequence of t on velocity profiles.

J. Nanofluids, 11, 869–878, 2022 875
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Fig. 20. Consequence of t on temperature profiles.

Fig. 21. Consequence of t on Cf .

Fig. 22. Impact of t on Nu.

Figures 19 and 20 illustrate the enlargement of tem-
perature and velocity profiles with increasing time. As
expected, the boundary layer thickness as well as the
velocity of hybrid and nanofluids extend with improving

time, as exemplified in Figure 19. As with the velocity
field, temperature field and its boundary layer thickness
broaden with improving time, as exemplified in Figure 20.
As velocity increases with time, the Cf increases as well,
as illustrated in Figure 21. Additionally, Figure 22 shows
that rate of heat transfer drop with rising time. Neverthe-
less, the heat transfer rate through the Ag–Al2O3/water
is greater than the heat transfer rate through Al2O3/water
nanofluid.

6. CONCLUSIONS
The heat transfer and flow aspects of Ag–Al2O3/water
and Al2O3/water above a moving vertical cylinder exposed
to a variable surface temperature and magnetic field are
explored numerically. The following are the verdicts:
(1) Magnetic parameters can be used to effectively control
the temperature and velocity fields, including the thickness
of their boundary layers.
(2) By escalating the magnetic parameter, the heat trans-
fer rate in addition to skin friction coefficient of Ag–
Al2O3/water can be reduced.
(3) Velocity growth and temperature decay is perceived
by enlarging Gr for Ag–Al2O3/water.
(4) Increasing Gr can be used to augment the Cf and Nux

of Ag–Al2O3/water.
(5) By increasing �2, it is possible to achieve a lower Cf

and an increased Nux.
(6) As the temperature exponent m increases, temperature
and velocity outlines for Al2O3/water and Ag–Al2O3/water
decrease.
(7) By increasing temperature exponent m, the skin fric-
tion coefficient can be lessened.
(8) The effect of m on the Nux is perceived as decreas-
ing/increasing depending on the axial distance x.
(9) By using Ag–Al2O3/water as the working fluid, a
decline in Cf and a higher heat transfer rate can be accom-
plished.

NOMENCLATURE
t Dimensionless time

Pr Prandtl number
M Magnetic parameter
m Temperature exponent
g Acceleration caused by the gravity (m s−2)

Gr Grashof number (Thermal)
� Conductivity (Thermal) (J m−1 K−1)
�∗ Fluid temperature (K)
�∗
� Fluid temperature far from the cylinder
�∗
w Cylinder temperature

Cp At constant pressure, specific heat (J kg−1 K−1)
�2 Volume fraction of Ag solid nanoparticles
Cf Skin friction coefficient
r0 Cylinder radius (m)
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r∗ Radial coordinate perpendicular to the cylinder
(m)

Nux Local Nusselt number
� Dynamic viscosity (Pa s)

u1, u2 Velocity x and r-direction components (Dimen-
sionless)

�1 Solid volume fraction of Al2O3 nanoparticles
r Radial coordinate normal to the cylinder
(Dimensionless)

Ag Silver
n1 Nanoparticle’s empirical shape factor

 Volumetric coefficient of thermal expansion

(K−1)
Al2O3 Aluminium oxide
u∗
1, u

∗
2 Velocity x and r-direction components (m s−1)
t∗ Time (s)
x∗ Coordinate along the cylinder axis (m)
� Kinematic viscosity (m2 s−1)

�t Grid size of time
�r Grid size along radial direction
�x Grid size along axial direction
� Dimensionless temperature
x Spatial coordinate along the cylinder (dimen-

sionless form)
	 Density (kg m−3)

Subscripts
s2 Solid nanoparticles of Ag.

hnf Hybrid nanofluid.
W Conditions at wall.
nf Nanofluid.
j Grid node in the r-direction.
i Grid node in the x-direction.

� Free stream condition.
f Base fluid.
s1 Al2O3 Nanoparticles.

Superscripts
n Grid node in the t-direction.
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