Int. J. Appl. Comput. Math (2022) 8:249
https://doi.org/10.1007/540819-022-01444-9

ORIGINAL PAPER

®

Check for
updates

Study of Different Heating Effects on Two-Phase Flow
of Magnetized Couple Stresses Over a Permeable Stretching
Cylinder with Velocity Slip and Radiation

Mahesh Garvandha' - G. Nagaraju?(® - Devendra kumar’ - Ali J. Chamkha3

Accepted: 22 July 2022
© The Author(s), under exclusive licence to Springer Nature India Private Limited 2022

Abstract

The couple stresses of a dusty fluid across a stretching cylinder are investigated using a math-
ematical model. The governing flow is 2-dimensional in nature and the cylinder is submerged
in a porous medium. Effect of radiation, slip velocity, viscous energy dissipation, Newtonian,
and Joule heating are incorporated in our mathematical model. The flow system is governed
by basic partial differential equations. Our model’s governing equations are translated to
coupled nonlinear ordinary differential equations using similarity transformations, which are
then solved using the Runge—Kutta Fehlberg iterative technique. Variations in velocity and
thermal gradient under the influence of relevant parameters are examined numerically and
are illustrated graphically. The non-dimensional skin shear stress (coefficient of skin friction)
and the rate of heat transfer are calculated for permeable flow over the cylinder for different
flow parameters and are displayed through a table. Later, the numerical results obtained are
compared to the results available in literature and found to be in reasonable accord. Results
indicate that, the rising of coupling parameter values upsurges the fluid velocity but declines
the temperature of both phases (fluid and dust). Enhanced thermal profiles are observed with
Newtonian heating parameter in two fluid mixtures. The temperature enhances with increas-
ing the radiation parameter where it decreases for increasing the magnetic field parameter
and specific heat ratio. Additionally, the rate of heat transfer reduces for higher values of
mass concentration and velocity interaction parameter.

Keywords Couple stresses - Two-fluid model - Stretchable cylinder - Porous medium - Slip
velocity - Newtonian heating
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B Slip parameter

Ec Eckert number

K Stoke’s resistance constant (677 (1)
K, Permeability parameter

k Thermal conductivity(Wm~! K1)
K Permeability of the medium (m?)

I Characteristic length

I* Parameter of mass concentration
M Magnetic number

m Mass of dust particles

N Density number(dust particle)

Pr Prandtl number

Re Reynolds number

Rd Radiation parameter

s Couple stresses parameter

T,T, Fluid and dust particle temperature
To Reference temperature

Too Ambient temperature

Uy Reference velocity

(u, w), (up, wp) Components of velocity in (r, z) directions

Greek symbols

B Interaction parameter(velocity)

Br Interaction parameter for temperature

Y Curvature parameter

Y1 Specific heat parameter

A Conjugate parameter of Newtonian heating
v Dynamic viscosity

0.0p Fluid and particle phase density(with p, = mN)
T Thermal equilibrium time

Ty Time relaxation of particle phase
Introduction

The study of two-phase flow has been quite important due to the huge number of applications
in chemical engineering systems that enables improvement in design and ensures their safe
operation. The listed applications of two-phase dusty fluid flow (suspensions of dust particles
in clean fluid) are two-phase propulsions, sedimentation, and cement, and steel manufactur-
ing industries, dynamics of the atmosphere, film cooling systems, environmental pollution,
fluidized beds, genetic mutation, and blood rheology. Saffman [1] initially developed the
equation of motion and explored dusty fluid stability. Chakrabarti [2], Vajravelu and Nayfeh
[3], Chamkha [4], Attia [5], Damseh [6], Ezzat et al. [7] carried out numerical and analytical
examinations of dusty fluid flow processes. Gireesha et al. [8—10] examined stretching effect
of linear and exponential in nature for porous as well as non-porous sheets in dusty fluid
transport phenomenon. The authors conducted the investigations for thermal radiation, heat
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generator/absorber parameter, viscous dissipation etc. Manjunatha et al. [11] investigated
MHD dusty flow through cylinders of stretched surfaces with thermal and radiation effects.
The authors observed reverse effects of increasing permeability parameter for both the phases.
Turkyilmazoglu [12] found the exact solution for deforming isothermal surfaces. The slip and
radiation effects of dusty hybrid nanoparticle flow over stretching surface are numerically
studied by Souayeh et al. [13]. They discovered that at higher values of the slip parameter, the
velocity profile for both the fluid and dusty phases is reduced. Rashed [14] used two circular
cylinders with varying heat conditions to examine how to impact three-dimensional dusty
flow of nanofluid. He noticed that as the Hartmann number rises, the temperature gradients
become more significant. Muhammad Ibrahim et al. [15] investigated the two-phase analysis
of heat transmission and entropy generation in a twisted porous block-filled circular micro-
tube. A closed-form solution for Jeffery multiphase flow in a sloping channel was obtained
by Nazeer et al. [16]. They discovered that Jeffrey-based multiphase flow has better velocity
profile than Newtonian-based multiphase flow.

Non-Newtonian fluids are currently garnering a considerable interest among scientists.
Physical applications in several engineering fields have inspired this interest. Non-Newtonian
fluids are used in production of paper, fiber technology, electromagnetic material processing,
cosmetic operations, hot rolling, oil reservoirs, medications, and other applications. Various
models have been developed to understand the behavior of non-Newtonian fluids. Among
these, the couple stress theory projected by Stoke’s includes the incidence of couple stress,
asymmetric stress tensor, body forces, and body couples. The assumption of a size-dependent
consequence that does not fit within the non-polar theory, distinguishing couple stresses. This
type of fluids can be used to study the mechanism of lubrication of synovial joints (Walicki
and Walicka [17]) along with exploration of different kinds of lubricants, blood suspension
fluids, etc. In the procedure, the couple stress fluid is used to solidify liquid crystals, colloidal
solutions, cooling metallic plate, and extruding polymer fluids. The couple stress model can
also be applied to biomechanical problems. Those certain impressive papers in couple stresses
by various geometries can even be found in the work of Nagaraju and Ramana murthy [18],
Nagaraju et al. [19], Asad et al. [20], Jangili et al. [21]. Agarwal and Anushri [22] studied
on couple stress fluid for thermal instability caused Hall current and mixture of dust particle.
It is found that system is stabilized by couple stress. Stanly and Vasantha [23] investigated
the application of external heat source provided to couple stresses second order fluid through
porous medium under the solute gradient. The authors put light on stability of rotating couple
stress of second order fluid with applied magnetic field. Thermal convections also stabilizing
by magnetic field applications. Nagaraju and Nandkeolyar [24] analyzed the effects of MHD,
viscous heating and suction of time dependent dusty couple stress fluid over a stretching flat
sheet. They discovered that as the magnetic field parameter values increased, the thickness of
the momentum boundary layer shrank. Very recently, Uma et al. [25] examined the impacts
of couple stress, Thermophoresis parameter, radiation absorption parameter, heat absorption
parameter on Couette flow in a wavy plate for two-phase fluid. They identified that with rise
of radiation absorption, the temperature and velocity profiles enhance. Dogonchi and his co-
researchers [26-30] have provided an explanation of the impacts of nanoparticle migration
on annulus between the cylinder and rhombus/circular wavy wall caused by temperature
gradient on the motion of nano fluid.

Study of the fluid transport through stretching plates and stretching cylinders are important
due to their applications in fiber technology, glass blowing, metal spinning, paper production,
revolving tube heat exchangers, polymer discharge, and drawing plastic films. The boundary
layer inflow sophistications and heat transfer rates at the surfaces which are stretched are
veritably important application for the quality of the final product. Sakiadis[31]first derived
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the boundary layer basic equations for the moving solid surfaces. Later Crane [32] extended
Sakiadis’s concept and found a valid solution at large axial distances. Wang [33] studied
axisymmetric exterior fluid flow of stretching hollow cylinder. Following then, numerous
researchers looked at various aspects of the problem and came up with identical solutions.
For a long time, heat transfer flows in a porous material have been an attractive study area, as
seen by the large number of articles published. Mukhopadhyay [34] has shown the results for
influence of permeability parameter on flow field. Chauhan et al. [35] researched magneto
hydrodynamic slip inflow and heat transmission over a permeable material across a stretching
surface. Researchers have also explored various aspects of heat transport through a stretching
cylinder with various types of fluid models. Nandkeolyar and Sibanda [36] considered the
viscous and Joule dissipations and showed that dusty fluid flow is influenced by these param-
eters in the stretching surface. The differential transform method was used by Deepa Sinha
et al. [37] to analyze the analytical two-dimensional solution for the nanofluid heat transfer
model.The effects of viscous heating and Darcy-Forchheimer on hybrid nanofluid flow with
suspended dust particles were investigated by Punith Gowda et al. [38].They observed that
the porosity parameter increases heat transmission in both phases while decreasing the veloc-
ity gradient for both phases. Gangadhar et al. [39] studied the Ferro magnetic heat transfer
flow with radiation and convective boundary condition. Authors concluded that radiation
increases with the rise in Hartmann number. Masood Khan et al. [40] investigated MHD flow
over an inclined stretched cylinder with slip effects. They discovered that as the slip parame-
ter rises, the skin shear stress decelerates. The impacts of thermal radiation and non-uniform
heat flux on MHD hybrid nanoparticle over a stretching surface were explored by Aamir
Ali et al. [41]. They found that as the radiation parameter upsurges, the temperature of the
fluid enhances. Different approaches are used to address the phenomenon of highly coupled
nonlinear differential equations developed in various stretchable nanofluid models are found
in Ellahi et al. [42—-45].

Different studies have extensively used Newtonian heating phenomena to design and create
heat exchangers, conjugate convective heat transfer around fins, and convection overflows
during which boundary shells absorb radiation from another object. Those certain impressive
papers in boundary layer flow with Newtonian heating and dissipation can even be found in
Makinde [46], Farooq et al. [47], Hayat et al. [48], Hayat et al. [49]. When an electric current
passes through a conducting substance and produces heat, this is known as Joule heating. This
is due to the interaction (i.e., collision) between the moving particles. Consequently, some
of the energy is transferred to heat, which raises the body’s temperature. In recent years,
scientists and researchers have been focused on improving the efficiency of a variety of
mechanical systems and industrial equipment. Such problems can be overcome by reducing
the temperature generated by Joule heating, and heat source/sink. Awaz et al. [50] studied
the effect of Joule and Newtonian heating on stretching surface. Recently Misra et al. [51]
examined the effect of Joule dissipation on MHD Casson fluid. They discovered that as
Casson fluidity increases, the temperature of the fluid falls. Ree-Eyring fluid flow between
two stretchable rotating discs was obtained by Zhao et al. [52] for the nonlinear mixed
convective entropy-optimized electrical conducting flow.

Numerous industrial and mechanical applications such as fire engineering, nuclear reac-
tors, and combustion modeling use heat transport in radiated electrical conducting flows,
which are most significant classes of boundary layer theory problems. Engineers and schol-
ars have been examining the crucial aspects of fluid flow and heat transfer under a variety of
assumptions for the past number of decades. In view of the above applications; one can feel
that attention has been paid to the multiphase flow of couple stress fluid. Further, no bi-phase
flow has been reported so far which is composed of couple stress fluid as the base liquid.
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In addition to this, no comparative analysis between non-Newtonian multiphase flows is
present in the existing literature. Motivated by the above facts, a successful attempt has been
made to analyze magneto hydrodynamics of multiphase non-Newtonian fluid flow through
a stretched cylinder. The literature review conveys that hydro magnetic influence on the per-
meable stretched flow of dust particles over a cylinder subject to couple stresses, radiation,
velocity slip, Joule and Newtonian heating is yet to be explored. The goal of the current
communication is to examine and make readers aware of how various factors, including the
magnetic parameter, the permeability number, radiation parameter, the Newtonian heating
parameter, the couple stresses parameter, the specific heat ratio parameter, the slip param-
eter, the mass concentration parameter, the velocity interaction parameter, and the type of
flow, affect thermal transport in the dusty flow towards a cylinder’s surface. It is hoped that
this would lead to a greater comprehension of the existing understanding of heat transport
and enable scientists and engineers to develop the kinds of mathematical modeling needed to
achieve the desired heat transport-related goals. The Runge—Kutta Fehlberg iterative approach
[53-55] is used to solve numerically the desired ordinary differential equations.

Mathematical Model

Consider a 2-dimensional, time independent, incompressible flow of couple stress dusty fluid
over a stretching cylinder in porous medium. The cylindrical coordinate system is adopted in
such a way that z-axis is considered as flow direction and r-axis towards the radial direction
as in Fig. 1.

A strong constant magnetic field is applied along the radial direction which is normal
to the flow field. Newtonian heating and velocity slip is entailed at the stretching cylinder.
The effect of Joule heating, radiation, and viscous dissipation are assumed in the energy
equation. The governing equations stated below under the assumptions, and boundary layer
approximations [Turkyilmazoglu [12], Nagaraju et al. [24], Makinde [46] and Farooq et al.

Boundary Liyer

///f Stretching velocity U, (z)
E—

i .'..: .°°\ V:z
: :: :0 e...}
(]

Magnetic field B

Fig. 1 Schematic diagram of flow of couple stress dusty fluid
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The boundary constraints are defined as
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where Uy, (z) = %: stretching cylinder velocity, T = T, = To + %: surface temper-

ature. The Stokesian drag force is employed for the contact between the fluid and particle

phases, and the induced magnetic field is omitted in the equations. Similarly, the external

electric field is zero, and the electric field generated by the polarization charge is negligible.
The following appropriate variables are suggested as

1 1

Uoz —a [(Upv\? r2—a% (Uy\?2
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)
Using Eq. (9) in the Egs. (2-6), we are having:

A+200) f" +20f" + ff" = ()

—sRe((l )2 f + 8y (1 +20) 1V + 8y2f/”> +IB(F = f) = (M*+K,)f =0
(10)
—(F')’+FF"+B(f' = F)=0 (11)
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@ [(1+209)0" +296' ]+ £6' = 16 + 1111 (6, — 0)
\ e {(] L) (f,/)z +1°8 (F’ _ f/)2 + M? (f/)z} =0 (12)
—F6),+ F'6,+Br(6, —6) = 0. (13)

The below listed boundary conditions obtained from Eqs. (7-8)

F=0,f =1+Bf,0 =—r(1+0)atn=0 (14)
'=F'=F—f=f'=f"=60=0,=0asn — 00 (15)
f P n
1 2
where = %, y = (aé’lljo)2,M2 = i)lgg, Re = Ug;’z,l* = %” withp, = mN, g = TUZ—UO
1 _1
with 7, = . Kp = 5.8 = By (%2) 0 = () T pr = S = gl
U2
Ec= g m oy
16cr*Too _ Cn
Rd = ===, = ¢

The simplified terms for dimensionless Skin shear stress and Nusselt number are given
by.
_ 2y — __Zqw
Cy= pU%,Nu = k(Tw_Tm),where.

ow

tw = p(42),_, and qu = (—k3E),_ +(@r),=a-
In non-dimensional form,

1

SCrvRe: = 170 (16)
Nu; _ ,
N (1+Rd)6'(0) 17

where Re, = Yu2,

Solution Procedure

The non-linear coupled expressions (10-13) are converted to system of first order initial
value problem before implementing Runge—Kutta Fehlberg method. The below procedure
was employed to obtain first order initial value problem.

f=vi.f =y "=y, " =va. [ =ys F=ye, F = y7, 0 = y3,0" = 9,6, = y10
(18)

o (L+207)ya +2yy3 + y1y3 — y3 — 8sRey (1+20y)ys
—8sRey2ys + 1" B(y7 — y2) — (M> + K),)y2
F" = (3 = B2 — y1)/v6, (20)

)/(sRe(l +2ny)%), (19)

0" = —(y1y9 — y2ys + *y1Br (v10 — ¥8) + Ec{(1 +2ny)y3 + I*B(y7 — y2)* + M?y3}
+2(1 + Rd)yyo/ Pr)/((1 + Rd)(1 +2ny)/ Pr),
Q1)
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6, = (y7y10 + Br (Y10 — ¥8))/¥6- (22)

With the proper boundary conditions in place,

y1=0,y2 =1+ By3,y9 =—A(l+yg) atn =0, (23)

V2=Yy1=Ye— Yl =Yy3=y4=Yy3 =y10=0asn— o0. (24)

Most of the boundary conditions are specified at the right end, authors start the integration
at n — oo i.e. sufficiently large value is n = 6 and proceed with negative step size towards
n = 0. Authors guessed the values of y; ys yo at right end by shooting technique, after
that obtained the solutions of Eqs. (18-22) using Runge—Kutta Fehlberg technique with step
size—0.01. The accuracy was obtained for our method.

Results and Discussion

The impact of various pertinent parameters for axial velocity and thermal profiles in fluid
and dust phases are shown graphically and the results have theoretically deliberated. All
the graphs are plotted using solid lines for fluid phase where dotted lines representing dust
phase. The effect of curvature parameter (y) is illustrated in Fig. 2 and it shows that velocity
profiles, temperature field of fluid and dust phase flow increase as y increases. Both the
velocity profiles and temperature fields are declined heavily for n from 0 to 2 while very low
for n > 2. In fact, as y raise, the radius of the curvature decreases, that reduces the contact
surface between cylinder and the fluid, resulting in lower fluid flow resistance.

Figure 3 describes the influence of Re on velocity and temperature profiles in both phases.
One can see that an escalating value of Re enhances the velocity profile and decelerates the
thermal energy of both phases. This is because of inertial forces and the fluid velocity that is
directly proportional to the Reynolds number.

From Fig. 4, it is noticed that the velocity profile enhances and, the thermal profile declines
for rising values of couple stress parameter(s). This is because the couple stress along with
curvature and slip gives bending deformation which enhances the velocity and due to reduced
contact surface area temperature reduced.

Figure 5 illustrates that the velocity profile enhances and the temperature profile declines

Fluid phase Fluid phase
— — -Dust phase — — -Dust phase

(@ ()

Fig. 2 Effect of y on a axial velocity b Temperature profile
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0.7 0.25

0.2

o
o

0(n), Op(n)

0.05

(a) (W]
Fig. 3 Effect of Re on a axial velocity b Temperature profile

0.8 0.16

0.35

0.3

Fig. 5 Effect of M on a axial velocity b Temperature profile
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Fluid phase Fluid phase
= = -Dust phase - — -Dust phase

Kp =0.5,1.525

Fluid phase
— — -Dust phase

Fluid phase
- — - Dust phase

f'(n), F'(n)

Fig. 7 Effect of B on a axial velocity b Temperature profile

for increasing values of Magnetic parameter (M). In couple stress dusty fluid some distur-
bances are found due to stratifications. The magnetic field gives streamline flow to both
phases.

The impact of the permeability parameter on velocity and thermal gradient in both the
phases is sketched in Fig. 6. An increment in K, enhances the velocity profile and reduces
the temperature profile in both phases. This quality is dominant up to a certain point, after
which the process slows down. It should be noticed that K, has a significant impact on the
solutions (flow streams). It is self-evident that the presence of permeability creates greater
fluid restriction, lowering fluid velocity.

Figure 7 exhibit that the velocity profile declines, and the thermal gradient profile enhances
as the velocity slip parameter (B) increases. The particle (suspensions) gains the velocity by
carrying fluid so average difference decreases which declines the velocity of both the phases
while temperature increases due to more interactions. The impact of 8, [* on velocity and
thermal gradients in both the phases are plotted in Figs. 8, 9. The velocity profile enhances
and temperature declines in both phases with the rise of 3, [*.
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0.9

0.35
Fluid phase

Fluid phase

— — - Dust phase
0.3 Dust phase

0.25

, 0p(n)

=015

=

o(

0.05

Fig. 8 Effect of 8 on a axial velocity b Temperature profile

Fluid phase
— — - Dust phase

Fluid phase
— — - Dust phase

Fig. 9 Effect of /* on a axial velocity b Temperature profile

The effect of the radiation parameter (Rd) on the temperature gradient of both the fluid
and dust phases is depicted in Fig. 10a.The relative contribution of conduction heat transfer
to thermal radiation transport is defined by the radiation parameter Rd. It is clear that an
increase in the radiation parameter causes the temperature and velocity within the boundary
layer to increase. As expected, the increase in the thermal radiation parameter enhances the
thermal boundary layer thickness. Figure 10b exhibits the effect of Pr on the temperature
field, here the temperature profile declines with the rising values of Pr. The Prandtl number
evaluates the relationship between a fluid’s capability for heat and momentum transport. The
reduction in temperature distribution is caused by the fact that a larger Prandtl number Pr
corresponds to a lower thermal diffusivity. As seen in Fig. 10c, an increase in the Eckert
number Ec causes the thermal profile to rise. The Eckert number is used to describe heat
dissipation in high-speed flows with strong viscous dissipation. Indeed, as Ec increases, the
particles become more active as a result of energy conservation, which helps to raise the
temperature profile.The influence of the conjugate parameter on thermal profiles is seen in
Fig. 10d. It has been revealed that increasing the conjugate parameter causes energy profiles
to rise. A higher A increases the fluid’s temperature to increase. The higher heat transfer
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_ 0(‘71), 0p_(?7)_

, 9(77), 9p_(77)_

Fig. 10 Temperature profile variation for a Radiation parameter(Rd) b Prandtl number(Pr) ¢ Eckert number(Ec)
dconjugate parameter of Newtonian heating (1) e Fluid interaction parameter for temperature(87) f Specific
heat ratioparameter (y1)

@ Springer



Int. J. Appl. Comput. Math (2022) 8:249 Page130f17 249

Table 1 Comparison of — f”(0) for various values of M aty = 0,s=0,B =0, Kp=0

M — f""(0) Mukhopadhyay [34] — f"(0) Present values(Fehlberg method)
0 1.0000 1.0000
0.5 1.1180 1.1179
1 1.4142 1.4142
1.5 1.8027 1.8028

coefficient is the cause of this intensification. As a result, the fluid temperature rises.The
fluctuations of 6(»n) and 6,(n) with Bt are shown in Fig. 10e. Rising values of Bt are seen
to decrease the velocity and temperature profiles of both the fluid and dust phases. From
Fig. 10f, it is evident that the thermal profile decelerates in both the phases for rising values
of Yi.

Comparison of employed numerical scheme results of — f”(0) for B = 0 (no slip), s =
0,K,=0,and y = 0 with the outcomes of Mukhopadhyay [34] are listed in Table 1 and the
present findings agree well. Table 2 demonstrates that the amplitude of skin shear stress
increases as the y increases, whereas larger values of M, s, Re, and K, exhibit the opposite
tendency. With an increase in Pr and y, the heat transfer rate is depleted, whereas Rd increases
the heat transfer rate.

Conclusions

This study explores the numerical investigation of two-phase dusty couple stress fluid flow
over a stretching cylinder encapsulated in a permeable material in the presence of radiation,
applied magnetic field,viscous dissipation, and Joule heating. Further, it also considers slip
velocity and Newtonian heating at the boundary. To solve the converted non-dimensional
equations, the Runge—Kutta Fehlberg iterative approach is used. In the RKF45 the solution
converged in less number of approximations with significant truncation error. The significant
outcomes are noted as:

i. In the present study thermal radiation, slip condition, Newtonian and Joule heating
effects are listed along with further external restrictions. Newtonian heating (1) and
thermal radiations (Rd) is enhancing the thermal transport and impacting the contact
surface area,which are depicting motivationl investigations.

ii. InthisinvestigationNewtonian heating(A) and stretches of the contact surfaces () have
shown enhancing trend in temperature field while couple stress (s) declines the same.

iii. Here flow and thermal tranport are enumerated for slip condition. At the contact surface
due to steches and more interactions the temperature field is increasing and the velocity
profile for both the phases is decreasing for increasing slip (B).

iv. In the presence of Newtonian heating (1) an enhancement is occurred in velocity
profile for both the phases for rising values of ¥, Re, s, M, K, I*, B and reverse trend
appeared for increasing values of slip parameter.

v. Rapid retardation appeared in the temperature profile for rising of
Re, M, K, Br, Pr, y| and enhancing for escalating the values of y, Ec.

vi. When radiationis increasing,the velocity of both the phases increases where increasing
Prandtl number (Pr) shows decreasing trends.
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vii.

Viii.

iX.

The fluid velocity is the source velocity for dust particles(suspensions), thus dust phase
velocity is observed to be less than fluid phase velocity in all measurements.
Temperature profile enhances in both the phases for increasing values of Eckert number
(Ec), fluid particle interaction parameter (87 ) and declines for higher specific heat(y).
In this current investigation of Newtonian heating surface resistance as well as inter-
nal resistance between two phases is found to be decreased and transport of fluid is
enhanced.

Above results are mostly belong to petroleum industry, oil extraction from oil wells as
well as fiber industry. These results may be practically incorporated by the industry under

the

consultation of experts. The future scope of this work can be a comparative study of

experimental outcomes within numerical limits.
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