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A B S T R A C T   

Multi Wall Carbon Nano-Tubes (MWCNT’s) are new types of nanoparticles which enhance 
thermal behavior of the base fluids. These are applicable in automotive engineering. Besides, 
Micro-polar Nano-fluids are another type of Nano-fluid in which the micro-rotation of the 
nanoparticles is considered when solving the governing equations. In this study, the natural 
convection and entropy generation of a Micro-polar MWCNT-Fe3O4/Water Hybrid Nano-fluid is 
investigated. The governing equations which consider the Non-Newtonian behavior of this type of 
Nano-fluid are solved by FEM. The effcacy of micro-rotation parameter (0–2), Hartmann number 
(0-20), Rayleigh number (104-106), and inclination angle of the cavity (0◦–90◦) on the Nusselt 
number and S is investigated. The findings disclose that both micro-rotation parameter and 
Hartmann number reduce NC and Nuavg of hybrid nanofluid. Besides, Be number will increase by 
reducing Ra number. Moreover, the average of Be number will enhance up to 19% and the Nuavg 
will be weakened by 24% by changing the φ from 0◦ to 90◦. Plus, Nuavg will descend by 27% 
when the micro-rotation parameter is increased from 0 to 2. This study is mostly applicable in 
solar collectors, heat exchangers, and biomedical engineering such as blood flow in which the 
micro-polar flow is present.   

1. Introduction 

Hybrid nanofluids (HNFs) [1] may well be a recently developed type of nanofluids (NFs) in which two disparate nanoparticles 
(NPs) may be suspended in a host fluid. HNFs that have wide usage in diverse engineering and industrial machines for instance heat 
exchangers, solar thermal systems, cooling of electrical constituents, and fuel cells [2] could cause higher heat transfer performance 
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than NFs by reason of displaying superior thermal conductivity. This could be the reason why researchers are devoting their time and 
energy to applying such fluids in analyzing thermic apparatuses. Concurrently, the natural convection (NC) manner of heat transfer 
(HT) that might well be the pivotal mode of HT could play a central role in the expressed systems [3,4]. Accordingly, a plethora of 
studies have been allocated to dissect HT considering normal fluids, NFs, and HNFs in disparate thermic systems. The influence of NPs 
migration on the NC inside a wavy container loaded with MgO–Ag/water HNFs was inspected by Goudarzi et al. [5]. They noticed that 
growing thermophoresis diffusion could lead the Nusselt number (Nu) to enhance up to 11%. Mehryan et al. [6] carried out a nu-
merical exploration on the NC of MgO–Ag/water HNFs in a porous container influenced by local thermal non-equilibrium (LTNE) 
viewpoint. They surprisingly observed that applying HNFs instead of NFs could cause the heat transportation to deteriorate. Seli-
mefendigil and Chamkha [7] analyzed the NC of HNFs inside a triangular open enclosure with a triangular heater inside. They 
observed that the relationship between Nu and the volume fraction of NPs is linear. Second law and hydro-thermic inspections for a 
magnetic NC inside a HNFs-loaded porous enclosure were perused by Abu-Libdeh et al. [8]. Kadhim et al. [9] explored NC inside a 
partly-porous-layered wavy container filled with Al2O3–Cu/water HNF. The influence of inclination angle was also considered and the 
porous medium was modeled by Darcy-Brinkman approach. The outcomes displayed inclination angle can play a major role in con-
trolling the flow in the container. Furthermore, it was proved that better HT performance could be achieved when one applied HNFs 
instead of NFs. Numerical exploration of magnetic NC in a porous Al2O3–Cu/water HNF-filled container affected by heat source/sink 
was conducted by Gorla et al. [10]. They declared that enhancing NP volume fraction could lead the Nu to boost for the cavity loaded 
with HNF and the magnitude of mean Nu in the case of applying HNF may well be lower when one implements NF as working liquid 
inside the container. Tayebi et al. [11] analyzed the influence of interior heat absorption/generation on the NC within a circular 
annulus loaded with HNF. They deduced HNF may well be more effective when one intensifies the power of heat generation. The 
influence of interior heat production and magnetic field (MF) on the NC inside the triangular container occupied with HNF and 
warmed from below was inspected by Rashad et al. [12]. They demonstrated the influence of HNF on the Nu is not notable in com-
parison to NF. Mourad et al. [13] explored thermic aspects of MWCNT-Fe3O4-water HNF for a NC inside a wavy container with 
elliptical heater inside and affected by MF and porous medium. Tayebi and Chamkha [14] examined entropy generation (S) owing to 
magnetic NC in a HNF-loaded container with a conducting void cylinder inside. They expressed that the existence of HNF could 
improve the heat transportation and mean Bejan number (Be). Ashorynejad and Shahriari [15] performed a numerical analysis on the 
magnetic NC in a wavy open container occupied with HNF. They concluded that the Nu has a descending trend with an ascending 
Hartmann number (Ha) while it grows by enhancement of NP volume fraction. Tayebi et al. [16] dissected the impact of interior heat 
absorption/generation on the S and NC of HNF-loaded- annular elliptical container. Almeshaal et al. [17] performed a 3-D examination 
on NC in a T-shaped container occupied with aluminum oxide-CNT HNF. The impact of varying heating of bottom and side walls on the 
S and magnetic NC in a container filled with HNF was performed by Abdel-Nour et al. [18]. They proved thermic efficiency boosts by 
ascending NP volume fraction and descending the strength of MF. The analysis of S and HT of inside GNPs/MWCNTs HNFs was carried 
out by Hussien et al. [19]. They disclosed that this type of HNFs may well be utilized in thermal-related systems as alternative liquid for 
the purpose of cooling them. Amine et al. [20] explored magnetized NC inside a triangular container loaded with Ag–MgO/water HNF 
with a rotating round obstacle. They proved the utmost figures of Nusselt number can be achieved by raising the rotating obstacle’s 
diameter. Ali et al. [21] examined the efficacy of MF and heat production/absorption on the Newtonian liquid considering rectified 
Fourier law. Krishna et al. [22] dissected the radiative magnetized Casson HNF over a vertical porous plane. In another investigation, 
they [23] explored the Hall impacts on the transient magnetized NF over a vertical rotational plane placed in a porous medium. Ali 
et al. [24] analyzed the efficacy of thermic radiation and heat production/absorption on the Newtonian NF. The influence of MF and 
heat production on the Carreau NF over an expanding plane considering corrected Fourier law was examined by Ali et al. [25]. The 
Jeffrey liquid induced via an expanding cylinder considering thermic stratification and altered Fourier law was examined by Ali et al. 
[26]. The influence of thermic relaxation and cubic autocatalysis on the magnetized Casson liquid was reported by Ali et al. [27]. Other 
related works may well be found in Refs. [28–40]. 

Micro-polar fluids (MPFs) are a classification of fluids in which the micro-rotating and local specifications of fluids’ particles may be 
considered. Such features that may well not be determined through classical outlook of Newtonian liquids could be described by the 
theory introduced by Eringen [41,42]. MPFs have many practical utilizations for instance polymeric fluids, animals’ blood liquid, 
bubbly liquids, and cerebrospinal liquid. On the other hand, the exploration of NC along with MPFs attracts many researchers’ 
attention owing to its application in various engineering systems. Miroshnichenko et al. [43] scrutinized the impact of local heater on 
the NC in a trapezoidal MPF-loaded cavity. They reported that vortex viscosity parameter (VVP) and position of the heater may play a 
leading role in administering the flow and HT inside the chamber. Muthtamilselvan et al. [44] inspected the influence of orthogonal 
heater on the NC within a chamber occupied with MPF. They revealed the VVP may lead the rate of heat exchange to lessen while it 
grows by augmenting Rayleigh number (Ra). Izadi et al. [45] conducted an analysis on the NC within a porous chamber occupied with 
micor-polar nanofuild (MPNF) considering LTNE approach. They reported the VVP may lead the power of microrotations to boost. 
Muthtamilselvan et al. [46] scrutinized uniform/non-uniform heater’s influence on the NC of MPF within a quadrangular container. 
They expressed non-uniformity factor and VVP result in lessening the rate of heat exchange. The unsteady/steady NC of MPF inside a 
bottom-heated chamber was numerically dissected by Saleem et al. [47]. Their results represented Nu in the case of MPF is lower than 
normal liquid and it diminishes when VVP enhances. The influence of radiation and MF on the NC inside a MPNF-occupied chamber 
with an oval heater inside and applying LTNE was scrutinized by Hashemi et al. [48]. They reported that the radiation factor leads the 
power of micro-rotation to grow while porosity has a negative influence on it. The influence of MF on the HT features of NC within a 
chamber with a square heater inside and loaded with MPF was analyzed by Reddy et al. [49]. They proved MF and VVP may result in 
diminishing the HT rate. Bourantas and Loukopoulos [50] perused NC within an inclined chamber in the existence of MPNF and MF. 
They deduced the orientation and power of MF could remarkably affect the HT inside the chamber. 
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The literature review reveals that there are few studies about the combination of NC and MPF along with hybrid Nano-fluids in 
cavities. This analysis investigates the NC and S of the MHD micro-polar MWCNT-Fe3O4 hybrid Nano-fluid in a new ⊥ shaped inclined 
cavity. This is the first time that this exceptional analysis is done, and it will be a helpful tool for future studies in this field. The novelty 
of this work is the simultaneous simulation of NC of micropolar fluid and hybrid nanofluid for the special case of MWCNT-Fe3O4 and 
considering the effect of heater in an inclined shaped cavity. Besides, the addition of entropy generation to the analysis of this specific 
combination is done for the first time which is another aspect of the novelty of the present work. This investigation is applicable in 
different engineering fields such as biomedical engineering, renewable energy, and carbon applications. The next sections of the paper 
are as: explanation of the problem in section 2, numerical approach, and validation of the work in section 3, the results of the analysis 
in section 4, and the conclusion of the work in section 5. 

2. Problem formulation 

We have considered the steady, laminar, incompressible, 2-D, and buoyancy driven flow with the effect of magnetic field in an 
inclined ⊥ shaped cavity. The micro-polar hybrid MWCNT-Fe3O4/Water nanofluid is being used which has non-Newtonian behavior. 
The geometry and the coordinate Cartesian system are displayed in Fig. 1. The bottom surfaces may be isolated; the heat source is a 
semi-circle at the center of the surface wall with hot temperature; and the upper right and left walls of the cavity are at the cold 
temperature, and the other walls are adiabatic too. 

Since the flow is laminar and incompressible, the changes in the properties are constant except for density which is assumed by 
Boussinesq approximation. On the other hand, solving the momentum and energy equations in which the density is present would be 
time-consuming and need super-computers. To solve this issue, the thermal expansion coefficient is defined, and the buoyancy term is 
added to the momentum equations. The governing equations are as [7,10,11,43,45]: 

∂u
∂x

+
∂v
∂y

= 0 (1)  

u
∂u
∂x

+ v
∂u
∂y

= −
1

ρhnf
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+
1

ρhnf
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∂2u
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ξ
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j(u
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∂n
∂y
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γhnf

ρhnf
(
∂2n
∂x2 +

∂2n
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2ξ
ρhnf

n +
ξ

ρhnf
(
∂v
∂x

−
∂u
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u
∂T
∂x

+ v
∂T
∂y

= αhnf (
∂2T
∂x2 +

∂2T
∂y2 ) (5) 

Introducing the following dimensionless variables: 

Fig. 1. The geometry of the enclosure.  
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U =
uL
αf
,V =

vL
αf
, θ =

(T − Tc)

ΔT
,N =

nL2

αf
,P =

pL2

ρf α2
f

(6) 

Fig. 2. Validation of this work with Paroncini and Corvaro findings [54].  

Fig. 3. Change of U-velocity with Ra and Γ (Ha = 0, φ = 0∘).  
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If the terms of equation (6) apply to equations (2)–(5), the non-dimensional form of governing equations may become as follows: 

U
∂U
∂X

+V
∂U
∂Y

= −
ρf

ρhnf

∂P
∂X
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ρf

ρhnf
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PrΓ
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+
(ρβ)hnf
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(7)  
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= Pr
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ρhnf
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Γ
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− 2
ρf

ρhnf
PrΓχN +

ρf

ρhnf
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U
∂θ
∂X

+V
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=
(khnf

/
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In which, the Γ represents the micro-rotation parameter and Pr, Ha, Ra indicate Prandtl, Hartmann, and Rayleigh numbers, 

Fig. 4. Change of V-velocity with Ra and Γ (Ha = 0, φ = 0∘).  
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respectively: 

Ra=
gβf ΔTL3

νf αf
,Ha = B0L

̅̅̅̅̅
σf

μf

√

,Pr =
υf

αf
,Γ =

ξ
μf

(11)  

and boundary conditions will be: 

Bottom  horizontal  left  and  right  walls:
∂θ
∂Y

= 0,U = 0,V = 0,Ψ = 0,N = 0

Bottom  vertical  left  and  right  walls:
∂θ
∂X

= 0,U = 0,V = 0,Ψ = 0,N = 0

Hot  semi − circle:θ = 1,U = 0,V = 0,Ψ = 0,N = 0

Upper  wall:
∂θ
∂Y

= 0,U = 0,V = 0,Ψ = 0,N = 0

Upper  right  and  left  walls:θ = 0,U = 0,V = 0,Ψ = 0,N = 0

(12) 

On the semi-circular heater, local Nusselt number is defined as: 

Nuloc. = −
Khnf

Kf

∂θ
∂n

(13) 

And the average Nusselt number: 

Fig. 5. Change of streamline with Ra and Γ (Ha = 0, φ = 0∘).  
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Nuavg =
1
Q

∫

Nulocdq (14) 

Thermo-physical feature of HNF may be expressed as: 

ρhnf =(1 − φ)ρf + (φρs)MWCNT + (φρs)Fe3O4 (15)  

(ρCp)hnf =(ρCp)f (1 − φ) + (φρsCps)MWCNT + (φρsCps)Fe3O4 (16)  

(ρβ)hnf =(ρβ)f (1 − φ) + (φρsβs)MWCNT + (φρsβs)Fe3O4 (17)  

ks =
(ksφ)MWCNT + (ksφ)Fe3O4

φ
(18)  

σs =
(σsφ)MWCNT + (σsφ)Fe3O4

φ
(19) 

The Nano-suspension thermal conductivity is defined as: 

Khnf

Kf
=

ks + (m − 1)kf − (m − 1)φ(kf − ks)

ks + (m − 1)kf + φ(kf − ks)
(20)  

σhnf

σf
= 1 +

3φ((σs
/

σf ) − 1)
((σs

/
σf ) + 2) − φ(σs

/
σf ) − 1 

Entropy generation (S) due to heat transfer, Magnetic field, and fluid friction for the case of (φ = 0) is defined as follows [51–53]: 

Fig. 6. Change of temperature with Ra and Γ (Ha = 0, φ = 0∘).  
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SL,HT =
Khnf

Kf
[(

∂θ
∂x
)

2
+(

∂θ
∂y
)

2
] (21)  

SL,MF =φnHa2(σhnf
/

σf )V2 (22)  

SL,FF =φn(
μhnf

μf
+Γ)2(

∂V
∂Y

)
2
+(

∂U
∂X

)
2
)+ (

∂U
∂Y

+
∂V
∂X

)
2
) (23) 

And: 

Sgen = SL,HT + SL,FF + SL,MF (24) 

And the Bejan number is: 

Be=
SL,HT

Sgen
(25)  

3. Numerical approach and validation 

Multiple numerical methods may be available to simulate the NC of hybrid MPNF inside cavities. In the current paper, finite 
element method may be implemented to do so by reason of its characteristics the very epitome of which can be precision and time-
saving. To validate our FEM code, its outcomes for a NC problem in an enclosure is compared with those of [54]. The comparison 
demonstrated in Fig. 2 proves the authenticity of the code. 

Fig. 7. Change of N with Ra and Γ (Ha = 0, φ = 0∘).  
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4. Results 

After considering the assumptions and solving the governing equations for the NC of the hybrid MWCNT-Fe3O4/water MPNF, the 
results are debuted in the forms of contours, lines, and tables. The changes in U-velocity and V-velocity are shown in Fig. 3, and Fig. 4. 
The changes are symmetrical in the cavity due to the symmetrical boundary conditions. Besides, there may be two counter-rotating 
cells at each half of the cavity. Upper and denser particles tend to go downward. On the other hand, lower hot and with lower den-
sity particles want to go upper and at their intersection, there will be cells. Moreover, the intensity of these cells reduces by ascending 
the micro-rotation parameter. The Γ is effective in the viscosity term of the governing equations. Accordingly, it has a direct efficacy on 

Fig. 8. Change of Be with Ra and Γ (Ha = 0, φ = 0∘).  

Fig. 9. Nuavg distribution for different Ra: Fig.9-a. The effect of Ha (Γ =1, φ = 0∘), and Fig. 9-b the effect of cavity angle (Γ =1, Ha = 0).  
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viscosity of the fluid flow and makes it more resistant to movement. This fact is clear in Figs. 3, and Fig.4. Besides, if one increases 
micro-rotation parameter from 0 to 2, the maximum velocity will increase up to 66% and the Ra number has a momentous impact on 
the maximum velocity. The cells’ intensity in streamlines enhances by growing Ra and reduces for stronger micro-rotation parameters 
(Fig. 5). The more the Ra is, the more the buoyancy forces will be, which, in turn, causes more pressure difference on the particles at 
lower sections of the cavity. This phenomenon causes the particles to try to be at the surface and upper section of the cavity for higher 
Ra. Moreover, in the case of increasing the micro-rotation parameter from 0 to 2, the maximum streamline will enhance up to 67%. For 
the temperature, growing Ra from 104 to 106 enhances heat transfer between the boundaries and makes the boundary of the hot circle 
thinner (Fig. 6). Furthermore, Γ lessens the mixture quality of the temperature boundaries and NC heat transfer. Then, the micro- 
rotational velocity of the nanoparticles will enhance by ascending Γ and Ra (Fig. 7). Increasing the micro-rotation parameter from 
0 to 2, will has a positive impact on the maximum micro-rotational speed (up to 14%). The most fascinating contour may be for Bejan 
number distribution (Fig. 8). The more the Be is, the more the share of the entropy due to heat transfer will be. Changing the amount of 
Ra from 104 to 106, causes a reduction in local Be around the cavity which means the SL,HT reduces compared to other forms of entropy. 
This means for more Ra, there is less irreversibility due to heat transfer and the microscopic change in energy level for Nano-fluid is less 
than for Ra = 104 around the cavity. 

The Ha has a negative impact on Nuavg and if Ha goes up from 0 to 20, Nuavg lessens in different Ra numbers which means magnetic 
field intensity is harmful for natural convection behavior of the hybrid Nano-fluid and reduces the heat transfer among the nano-
particles (Fig. 9-a). Moreover, if one increases the angle of the cavity for 0 ◦ to 90 ◦, the Nuavg will be reduced for Ra = 106 and increases 
slightly for Ra = 104 which means the behavior of the Nuavg toward the angle of the cavity depends of the amount of Ra (Fig. 9-b). The 
changes in Nuavg are presented in Table 1. The best case is (Ra = 106, Ha = 0, φ = 0,Γ = 0) in which the Nuavg is equal to 18.8760. For 
the case with Ra = 104, the Nuavg deteriorates by 0.4% when the micro-rotation parameter is gone up from 0 to 2. Moreover, Nuavg will 
descend by 27% when micro-rotation parameter is grown from 0 to 2 for Ra = 106. If one changes the angle of the cavity from 0 ◦ to 
90◦, the Nuavg will be descended by 24% (Ra = 106, Γ = 1). 

The changes of the angle of the cavity and their effect on different parameters are shown in Fig. 10(a–d). There are two counter- 
rotating cells for the case with φ = 0; however, there is a main central cell for the other cases (φ = 45∘,φ = 90∘). The intensity of the 
streamline is also more severe for when we rotate the cavity. The similar trend happens for N distribution with the change in φ. For 
temperature distribution, if one increases the angle of the cavity, the symmetrical behavior of the Nano-fluid vanishes, and the right- 
hand side of the semi-circle becomes hotter. This is since hot nanoparticles with lower densities tend to be in the upper sections and 
denser cold particles remain at the lower sections of the cavity. The average of the Be number will also increase up to 19% by changing 
the φ form 0 ◦ to 90 ◦. Besides, the symmetrical behavior of the Be distribution will change by changing the angle of the cavity. 

5. Conclusion 

The NC and entropy of the MWCNT-Fe3O4/water hybrid MPNF are investigated in a novel ⊥ shaped cavity by adding the magnetic 
field and a semi-circle heater at the lower wall. Besides, the angle of the cavity about horizontal direction is changed to see the changes 
in Nuavg and Sgen. Some of the key findings may be as:  

• The Γ may lessen the Nuavg and enhances the Be.  
• The intensity of streamlines reduces by increasing both Ha and micro-rotation parameter.  
• Nuavg will descend by 27% when micro-rotation parameter is increased from 0 to 2. 

Table 1 
Nuavg for different Ra, Ha, φ andΓ.   

Γ Ha φ∘ Nuavg 

Ra ¼ 104 0 0 0 4.7949 
1 0 0 4.7771 

45 4.7829 
90 4.7886 

10 0 4.7764 
20 0 4.7750 

2 0 0 4.7735 
Ra ¼ 105 0 0 0 7.7030 

1 0 0 5.8670 
45 5.8390 
90 5.8668 

10 0 5.7897 
20 0 5.5270 

2 0 0 5.2927 
Ra ¼ 106 0 0 0 18.8760 

1 0 0 15.7107 
45 12.1802 
90 11.8689 

10 0 15.2180 
20 0 14.6126 

2 0 0 13.7466  
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• The highest Nuavg for the present study is 18.8670 which is for the case Ra = 106, Ha = 0, φ = 0,Γ = 0.  
• If the angle of the cavity changes from 0 ◦ to 90◦, the Nuavg will be weakened by 24% (Ra = 106, Γ = 1).  
• The average of the Be number will also increase up to 19% by changing the φ form 0 ◦ to 90 ◦. 

For future research, it may well be proposed studying the impact of thermal radiation, porous medium, and heat production/ 
absorption on the NC of HNFs in such geometry. Furthermore, the semi-circular heat source can be replaced with other forms of heat 
source for instance rectangular, triangular, or oval-shaped heat sources to examine their efficacy on the NC of HNFs. 
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Fig. 10a. The changes in streamline distribution for different cavity angles (Ra = 106, Ha = 0, Γ = 1).  

Fig. 10b. The changes in T distribution for different cavity angles (Ra = 106, Ha = 0, Γ = 1).  
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Nomenclature  

T Temperature (K) 
Ha Hartmann number 
k Thermal conductivity (W/m K) 
S Entropy generation 
Nu Nusselt number 
u,v Velocity constituents (m/s) 
Ra Rayleigh number 
X,Y Non-dimensional coordinates 
Γ Micro-rotation parameter 
g Gravitational acceleration (m/s2) 
Pr Prandtl number 
Cp Specific heat (J/kg K) 
φ Inclination angle of the cavity 
ρ Density (kg/m3) 
n Micro-rotation velocity 
j Micro-inertia density 
γ Spin-gradient viscosity 
ε Vortex viscosity 
μ Viscosity (N s/m2) 
σ Electrical conductivity (Ω/m) 
β Thermal expansion (1/K) 
α Thermal diffusivity (m2/s) 

Fig. 10d. The changes in Be distribution for different cavity angles (Ra = 106, Ha = 0, Γ = 1).  

Fig. 10c. The changes in N distribution for different cavity angles (Ra = 106, Ha = 0, Γ = 1).  
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loc Local 
f Fluid 
hnf Hybrid nanofluid 
ave Average 
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