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ARTICLE INFO ABSTRACT
Keywords: To achieve ultra-high cooling rate requirement of modern-day industries the combined use of nanofluid and
Nanofluid porous medium in several engineering and industrial processes provides excellent outcomes. In present analysis,

Graphene/graphene oxide nanoparticles
Exponential shrinking sheet

Porous medium

Dual solutions

Stability analysis

the comparison between the flows of Gr-w and GO-w nanofluids over exponential shrinking sheet inside porous
medium is investigated. Governing coupled PDEs are changed into ODEs by appropriate transformations which
are solved numerically with the help of shooting method with RK4; and obtained dual solutions of Darcy flow for
certain enforced mass suction exist and consequently, a stability analysis is performed to test physical stability of
both solutions which proves physical stability of upper solution branch and instability of lower solution branch.
The impacts of several physical parameters are presented in graphical modes along with a tabular comparison.
The study reveals that Gr-w nanofluid delays the boundary layer flow separation more in comparison with GO-w
nanofluid and hence, the requirement of mass suction for existence of Gr-w nanofluid flow is of lower amount.
Also, consideration of porous material as flow medium defers the separation phenomenon. The rise of surface-
drag force is witnessed for porous medium and mass suction and it is relatively larger for Gr-w nanofluid than
GO-w nanofluid in case of upper branch solution and the surface cooling rate is larger for Gr-w nanofluid in
comparison with GO-w nanofluid.

provides better cooling over a continuously expanding sheet in expo-
nential form. The influences of viscous dissipation and buoyancy on flow
past exponential stretched sheet with exponential variable wall tem-
perature were analyzed by Partha et al. [9]. The flow on shrinking sheet
was firstly elaborated by Wang [10]. Miklav¢i¢c and Wang [11] and
Wang [12] determined that existence of flow over shrinking surfaces is
possible if sufficient amount of suction is imposed or if stagnation point
flow velocity is assumed and additionally, Miklavci¢c and Wang [11]
gave existence-uniqueness condition for flow over shrinking sheet. After
the above conclusion flow over shrinking surfaces in various physical
aspects were analyzed by several researchers [13-15]. Bhattacharyya
[16] demonstrated that flow over exponential shrinking sheet is possible
with certain condition on mass suction and found more than one solu-
tion. Bhattacharyya and Pop [17] described that flow past exponential
shrinking sheet exists with lesser amount of suction due to introduction
of magnetic field. Whereas Bhattacharyya and Vajravelu [18] illustrated

1. Background of the investigation

The studies on heat transfer in the flow over stretching/shrinking
surface are popularised for its real-world utilizations in various fields of
engineering and industry, such as glass blowing, paper production,
artificial fiber and extraction of polymer, extrusion, etc. [1]. Firstly,
Crane [2] gave solution in closed form of viscous boundary layer flow
past linear stretched sheet. Erickson et al. [3] and Fox et al. [4] intro-
duced suction/injection in the flow over moving flat plates for uniform
temperature and plate velocity. Gupta and Gupta [5] extends Erickson’s
[3] problem by taking linearly proportional surface velocity instead of
constant velocity. For flow over power-law stretched sheet, Ali [6]
concluded that suction augments the heat transfer, while blowing has
opposite impact. The flow over exponential expanding sheet was elab-
orated by Magyari and Keller [7]. Elbashbeshy [8] reported that suction
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Nomenclature

a A positive constant (ms™Y)

Cy Skin-friction coefficient

[ Specific heat at constant pressure (Jkg K1)
F* Perturbation function

b)) Dimensionless stream function
Fan Dimensionless velocity

G Perturbation function

Gr-w Graphene-water

GO-w Graphene oxide-water

k Variable permeability m?

ko A non-negative constant m3
K Permeability parameter

L Reference length (m)

Nu, Local Nusselt number

Pr Prandtl number

qw Wall heat flux (Wm?)

Re, Local Reynolds number

S Wall mass transfer parameter
T Temperature (K)

To Reference temperature (K)

T, Temperature at sheet (K)

Too Ambient temperature (K)

t Time (s)

u v Velocity components along x- and y-axes (ms™1)

U, Variable shrinking velocity (ms™')

Vi Suction/injection velocity (ms™hH

Vo A constant (ms™')

X,y Cartesian coordinates measured along and normal to the
sheet, respectively (m)

Greek symbols

p Density (kgm™3)

u Dynamic viscosity (kgm 's™1)

v Kinematic viscosity m%

¢ Nanoparticle volume fraction

P1,02 Nanoparticle volume fraction related parameters

n Similarity variable

v Stream function

& Time dependent variable

r* Growth/decay rate of the perturbation

7 Smallest eigenvalue

K Thermal conductivity Wm™ k™

Ty Wall shear stress (kgm’ls’z)

S Effective heat capacity (JK 'm™2)

o(n) Dimensionless temperature

Subscript

nf Nanofluid

f Base fluid

s Solid particle

that similarity solution existence range of velocity-ratio parameter is
higher for stagnation-point flow on shrinking sheet when velocity of
contraction is considered exponentially.

The flows in solid matrix with pores, which are linked and occupied
with fluid so that fluid motion exists through these pores, are familiar as
porous medium flow. Utilizing porous materials in thermal systems
enhances flow mixing significantly due to chaotic movements of fluids
through relevant pores and also it expands heat transfer area dramati-
cally, which improves heat exchange rate significantly. Hence, porous
medium received noticeable attention of the researcher in recent years
for the utilization in the field of heat transfer. Porous medium is utilized
in the field of heat exchanger, oil production, ground water flow, etc.
The flow through porous medium was proposed by Darcy in 1856. The
Darcy’s experimental flow model characterizes a simple linear rela-
tionship between the flow rate and drop of pressure inside porous media.
Chauhan and Agarwal [19] provides numerical and an approximate
solution of MHD flow inside porous medium over expanding sheet and
demonstrated that flow velocity augmented with permeability param-
eter. Vyas and Srivastava [20] concluded that temperature augments,
whereas temperature gradient decline with permeability parameter
when flow taking place over expanding sheet inside porous medium.
Later, Rosali et al. [21] revealed shrinking sheet flow in porous medium
and they explored enlargement of solution range for solution existence
with less permeability of porous medium. Vyas and Srivastava [22]
explored radiative heat transfer in boundary layer flow over exponential
shrinking sheet inside porous medium and concluded that lesser suction
required for existence of solution in presence of porous medium. Later,
Jain and Choudhary [23] described MHD slip flow on exponential
shrinking sheet in porous material and they obtained the temperature
enhancement/decrement for first/second solution of the acquired dual
solutions with permeability of Darcy porous material. Recently, Ani-
masaun [24] and Motsa and Animasaun [25] considered non-Darcian
flow in their investigation.

A strong need of ultrahigh cooling performance in industry and en-
gineering is not yet achieved with conventional coolants (like ethylene
glycol, water, oil, etc.) due to their poor thermal properties. Also, the

suspensions containing millimetre or micrometre sized particles are not
suitable for heat transfer due to rapid settling clogging and augment in
pressure drop [26]. So, a new type of fluid introduced by Choi [27]
which is able to overcome above shortcomings in achieving ultrahigh
cooling are classified as nanofluids. Nanofluids are engineered by stable
and uniform suspension of particles with nanometre sized (1-100 nm),
called nanoparticles in liquids. From number of experiments, it is clear
that very low concentration of nanoparticles shown distinctive feature of
thermal performance, such as augmentations of thermal conductivities
[28,29]. Also, thermal conductivity is nonlinearly related with concen-
tration [30,31]. Due to the above key role and various industrial utili-
zations, such as electronics, transportation, thermal therapy for cancer
treatment, nanodrug delivery, chemical processes, and cooling processes
of nanofluid [32], it is grabbing serious attention of modern-day re-
searchers. The flow of nanofluids was governed by existing two models
given by Buongiorno [33] and Tiwari and Das [34]. Khan and Pop [35]
firstly incorporated impacts of Brownian motion and thermophoresis
towards flow on expanding sheet. Ishak et al. [36] deduced that skin
friction, Nusselt and Sherwood number rise with stretching effect. Dero
et al. [37] demonstrated the augmentations of cooling rate with Brow-
nian motion, thermophoresis and Eckert number in analysis of Casson
nanofluid flow on expanding/contracting sheet. The second law of
thermodynamics for MHD nanofluid over porous shrinking surface was
analyzed by Rashid et al. [38]. Recently, Reddy et al. [39]; Rawat and
Kumar [40], Yang et al. [41], Khan and Nadeem [42], Jumana et al. [43]
and Tshivhi and Makinde [44] considered several aspects of nanofluid
flow for expanding/shrinking sheet. Naramgari and Sulochana [45]
demonstrated enquiry of heat-mass transfer in nanofluid flow on expo-
nentially expanding sheet inside porous material. Li et al. [46] analyzed
Williamson nanofluid over exponential stretching surface. Ali et al. [47]
deduced that velocity of the flow field augments with stretching ratio.
Nanofluid flow over exponential stretching/shrinking sheet was done by
Zainal et al. [48,49]. Ghosh and Mukhopadhyay [50] in their investi-
gation of nanofluid flow on exponentially shrinking sheet established
that temperature rises with Brownian motion, while it declines with
volume fraction of nanoparticle. Later, the researchers, Ghosh and
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Mukhopadhyay [51], Shi et al. [52] and Waini et al. [53] described
several aspects of nanofluid flow past shrinking surface which shrinks
exponentially. Some recent studies on nanofluid over various surfaces
exploring various key properties may be revealed in relevant literature
[54-62].

The heat transfer efficiency of nanofluids further escalates when the
flow medium is a porous medium and this concurrent occurrence is quite
useful in several thermal systems. The enhanced thermal properties of
nanofluids are further improved since contact surface area between solid
and fluid becomes large when they pass through porous medium [63].
Hayat et al. [64] explained MHD nanofluid flow over expanding sheet
inside porous medium. Nayak et al. [65] obtained the decline of flow
velocity for resistive force of the porous matrix inside nanofluid flow on
exponential expanding sheet. Sharma et al. [66] examined the attributes
of 3-D MHD nanofluid flow past contracting sheet inside porous media in
presence of thermal radiation and heat generation and reported that
flow velocity and temperature diminished with permeability parameter.
The heat transfer characteristics of nanofluid in presence of thermal
radiation and porous medium over contracting sheet was done by Haq
et al. [67] and authors have obtained dual solutions for velocity and
temperature; it was found that temperature of the flow decline with
porous medium parameter for both the solution branches. Shawky et al.
[68] assessed numerically the 2-D Williamson nanofluid flow in a porous
media over expanding sheet and found that Nusselt number augmented
with porosity parameter. Lately, Tadesse et al. [69,70] and Dey et al.
[71] explored several usable properties of nanofluid flow in porous
medium.

Graphene (Gr) has honeycomb like structure and having mono-
molecular layer of carbon atoms, while when graphene oxidized with O
functional groups forms two-dimensional material are familiar as gra-
phene oxide (GO). Firstly, sir second Baronent Benjamin Colline Brodie
in 1859 synthesized GO via oxidation of nitric acid and potassium
chloride with bulk graphite. Presently, GO is synthesized with modified
hummers method. The industrial and engineering utilizations of Gr are
in electronics, medical sciences, sensing outlets, and energy sector [72],
while that of GO are in computer storage system, turbine system, turbo
machinery hard disk, jet motors and centrifugal pump rotating blades
[73]. Graphene nanoparticles have high thermal conductivity, expanded
surface area, fast mobility of electrons, and stability [74]. Upadhya et al.
[75] concluded that graphene-water dusty nanofluid have superior heat
transfer characteristics than Ag-Water dusty nanofluid in their study on
stretched cylinder. Sharma et al. [76] conferred unsteady flow of gra-
phene nanofluid and reported the decline of velocity with porosity.
Hussain et al. [77] illustrated the flow over expanding sheet in porous
medium and demonstrated the high cooling with thermal radiation,
thermal slip and unsteadiness. Aly [78] obtained multiple solutions over
expanding/ shrinking sheet for Gr-water(Gr-w) nanofluid. Rashid et al.
[79] described the remarkable role of spherical shape of
Gr-nanoparticles in comparison with lamina shape for high heat transfer
rate in Marangoni flow of Gr-water nanofluid. The thermal conductivity
enhancement of Jeffery nanofluid for graphene nanoparticles was
enlightened by Sandeep and Malvandi [80]. Gul et al. [81] demon-
strated a comparative analysis of Marangoni convection of water and
ethylene glycol having graphene oxide nanoparticles and explored that
GO-ethylene glycol nanofluid have better cooling efficiency than that of
GO-water(GO-w) nanofluid. Hamid et al. [82] discussed the stability of
flow of magnetic graphene oxide nanofluid. Heat transfer in water-based
GO nanofluid asymmetric channel flow was explained by Javanmard
et al. [83] and they showed that GO-nanoparticles escalate heat transfer
within the channel.

The above literature demonstrates that boundary layer flow over
exponential shrinking sheet separate from the sheet, this motivates us to
consider the influence of porous medium to investigate either it delays
the separation or accelerates it. The different molecular structures of Gr
and GO with interesting thermal properties act as another piece of
motivation towards the investigation of both types of nanofluids (Gr-w
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and GO-w) on an exponential shrinking sheet in a porous material.
Overhead literature survey also reveals that there is no study which
concerns the porous medium impact over exponential shrinking sheet
and comparative influences of Gr-w and GO-w nanofluids with variable
mass suction. Therefore, the problem is completely novel and not yet
recognized. Influences of all the flow governing parameters on velocity,
temperature fields and materials of engineering importance, i.e., local
skin-friction and local Nusselt number have been shown graphically and
illustrated. This problem has several applications in electronics, medical
field, paper production, and extrusion of plastic films. In this investi-
gation the scientific answers to the following research questions are
tried to be addressed:

(i) The requirement of mass suction for the existence of steady-state
boundary layer flow for Gr-w and GO-w nanofluid flow over
exponential shrinking sheet in presence of porous medium.

(ii) The comparative analysis of thermal performance of Gr-w and
GO-w nanofluids and their impacts on velocity, temperature,
surface-drag and cooling rate on the shrinking sheet flow in
presence of porous medium and mass suction.

(iii) The requirement of mass suction for the existence of steady-state
boundary layer flow over shrinking sheet for various values of
permeability parameter in presence of nanoparticles.

(iv) The influences of porous medium resistance on velocity, tem-
perature, surface-drag and cooling rate in presence of
nanoparticles.

2. Formulation and fundamental equations

Consider steady 2D nanofluid boundary layer flow with graphene/
graphene oxide nanoparticles on an exponential shrinking sheet in
porous regime. The considered surface is supposed to be porous and
through which a variable wall mass suction/injection is imposed. A
physical drawing of this problem is specified in Fig. 1. The fundamental
equations for motion and energy distribution may be taken as [64]:

ou Ov

oy W
ou Fu vy

SRR T @

'

Nanoparticles

T=T,(x)=T.,+ T;,e’/ZL v=-vw(x)=-v0e’m‘

u=-U,(x) =-ae L —

Fig 1. Physical sketch of the flow.
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of 0T Ky OT

u s v = L ©)
ox dy (pcp)nf 0y?
subject to [16]
u=-U,, v=-n,x), T=Ty(x) =T + Toe/?t aty = 0,
4
u—0, T->T,, asy—oo,

where u and v denotes respectively velocity components along x- and y-
directions, k = ko /et gives variable permeability of porous medium with
ko being a non-negative constant, T represents temperature of nanofluid,
U, = ae’" is variable shrinking velocity with a being positive constant
having dimension LTfl, Vi = Ve’ 2L is variable velocity of suction/in-
jection with vo( > 0/ < 0) being a constant, Ty and L denote reference
temperature and length, vy is kinematic viscosity of nanofluid, (pcy)ysis
heat capacity of nanofluid, xns represents thermal conductivity of
nanofluid, which are defined as [84]:

Uyr = @7

pnf

Py = (L= B)ps + ¢p,,
__ K

Hog 1=y

(), = (1 = D)(pcy), + blos),.

(k3 +267) =26 (ky — &)
(K: + 2K‘f) + ¢7(Kf — Ks) o

Here, jins and ppy are viscosity and density of nanofluid, respectively,
us pf (pcp)y and kr are viscosity, density, specific heat capacity and
thermal conductivity of base fluid, respectively, ps, (pcp)s and «; are
density, specific heat capacity and thermal conductivity of solid nano-
particles, respectively, ¢ represents solid volume fraction of nano-
particles. Here two types of nanoparticles, namely, graphene and
graphene oxide, with spherical shape and water as base fluid are
considered and their thermal properties are given in Table 1.

The continuity Eq. (1) is satisfied with introduction of stream func-
tion y so that

oy oy

u=—andv=—

ox’

Knf =

Also, introducing following self-similar transformations [53]:

w=aet's ), v =\ [l ) o )
(5)
T—-Ts

a
_ /2Ly 9(n) —
n w/zLuf y, 0(n) T

Using Eq. (5), from Egs. (2) and (3) the following self-similar
nonlinear equations are finally achieved:

1 / ,

S =K = ‘=0 @)
1

1 Knf 1 7 v

— 9 +Pr(f0 —f0) =0 @)

&y Ky

where K = zaL—,fo is permeability parameter, and Pr:%fc")f is Prandtl

Table 1

Thermophysical properties of water, graphene and graphene oxide nano-
particles (Aly [78] and Hamid et al. [82]).

Physical properties Water (H,0) Graphene (Gr) Graphene oxide (GO)

Cy(J/kgK) 4179 2100 717
plkg/m?) 997.1 2250 1800
K(W/mK) 0.613 2500 5000
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number. Here ¢; = (1 — ¢)*° (1 —¢ +¢Z—;>7 ¢y =1 —¢)+ ¢%.
The boundary conditions in Eq. (4) reduce to the following forms:

f(O):Sv f,(O)sz 9(0):17 } (8)

f(e0) =0, 0(c0) =0.

Here S = vo/2L/(avy) is wall mass transfer parameter, S > 0 (vo > 0)
gives mass suction and S < 0 (vp < 0) gives mass injection.

Quantities of physical importance must be local skin-friction coeffi-
cient and local Nusselt number, which are declared as:

/’tnf (014)
G = — and
P Ui\9y/

9
XKf <0T)
Nuy = ————| = .
& (Tw = To)\0y /g
Using Eq. (5) in Eq. (9) we get
1 -
CiRe!? = —————f"(0) and
(I-4¢) 10)
N —12 Ky
uRe /< = ——0 (0),
Ky

where Re, = 2LU,, /vy is local Reynolds number.
3. Numerical method

Nonlinear differential Eqs. (6) and (7) with (8) form a BVP(boundary
value problem) and the solutions are obtained by shooting method
[85-87] after changing the BVP into an IVP(initial value problem).
During the process, it is required to pick an appropriate finite value of
1(—0), 5ay . Also, the following 1%-order system is set:

f=p,r =4 q =02 —fg) +Kp, an

- $uPr{op— 1)

0 =r, 12)
" T /)

with

f(0) =S, p(0) =—1, 6(0) = 1. (13)

To solve Egs. (11) and (12) with (13) as IVP, values of g(0) and r(0), i.
e., f'(0) and ¢ (0) are necessary, but no such values are specified. Initial
guesses for f'(0) and ¢'(0) are selected and the 4th order R-K method is
applied to achieve the solutions. Later, the computed values of f () and
6(n) at n,(=10) is compared with stated conditions f (,,) = 0 and 6(37,)
= 0, and values of initial guesses f'(0) and ¢'(0) are modified by “Secant
method” to provide improved approximation of solutions. The step-
length is considered as Ay = 0.01. The whole procedure is repeated
until the solutions are asymptotically convergent with desired accuracy
of 1077 level.

4. Stability of the flow

In certain flow conditions, multiple solutions of this problem are
obtained and there is a consequent need to know the physical stability of
those solutions. Hence, following Merkin [88], the unsteady form of the
Egs. (2) and (3) are considered to examine stability of obtained dual
solutions of Egs. (6) and (7) with (8) and those are specified as:

ou ou ou Fu [
AL ) 14
o T Ty T e T as

LG0T o  ky OT
u Vo =
ot ox dy (/)c,,)nf. oy’

(15)

where t indicates time and new transformations are
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w=ae’F (1,8), v = —i \/2nfuze*'/” [0, €) + 1F (0,))

— x/2L _ x/L
n \/2Luf o(n,¢) = T“ _T s £=

Now using above prescribed transformations given by Eq. (16) in
Egs. (14) and (15), we get

(16)

U,
T;(F’l'm_KFrl)+FF’7’7 2F2+25( Ey Fani) — Fe =0, a7

Ky / Kr

—2 2 @,,+Pr{FO, - F,0+2¢(F:0,—©:F,) —0:} =0, (18)

(ves),y ] (cs),

subject to the boundary conditions

F(va)a:sv F,](07§): _179(075):17 (19)
F,(1,£)—0,0(y, §)—0, asy—co.

Now, to test the stability of steady-state solutions f(;7) and 6(y) of the
BVP Egs.(6)-(8), we introduce [89]

F(n, &) =f(n) +e7F (n,&),
o(1,2) = 001) + ¢ G(1, &), } (20)

where y* is decay or growth rate of disturbance/perturbation functions
F*(y, £), and G(y, £), which are small in comparison with f(7) and 6(n).
We get linearized problem on introduction of Eq. (20) in the Egs. (17)
and (18) as:

(F;w »7)+f rm""Ff"_4f F*+2§{f ( y*F*) +f’(y*F Fﬂf)}

—Fe+r'F, =0,

(2D

an/ K

(pcl’)n[/ (pcl,)/

+2§Pr{9’ (F; - y*F*) +f(rG- 95)} — PG, + PG = 0,

Gy +Pr(fG,— F)0—f G+F'0)

(22)
with boundary conditions
F(0,6) =0, F,(0,£) =0,G(0,¢) =0, 23)
F,(n,£)—0,G(n,£)—0, asn—co.

Now, following Weidman et al. [89], to get initial decay/growth of
solutions of Eqs. (21) and (22) with Eq. (23), which signifies the stability
of steady-state solutions (1) and 6(»), it is required to put £ = 0. Hence,

F*(n,€) =F}(n), and G(, £) = Go(n) with F§(n) and Go(#) being the initial
disturbances to the solutions f(1) and 6(1), respectively. In this respect,
from Egs. (21) and (22), we get

Onf (e v v v Y

” (Fy" —KFy) +fFy +Fyf —4f F; + 7' Fy =0, 24

""fi/"fc;g +Pr(fG, —f Go — Fi 0+ F30) + Pry* G, = 0, (25)

(ves). / (bcv),

with boundary conditions

F3(0) =0, F5 (0) = 0,Go(0) =0, (26)
FS("])_)Oa GO(’//)_)O asf—oo.

Now, we may have an infinite set of eigenvalues y; <y} <yj.... on
solving the eigenvalue problem Egs. (24) and (25) with (26) by modi-
fying boundary condition F;, (7)—0 as n — co with F;"(0) = 0 (Harris
et al. [90]). Also, first we will find steady-state solutions f(7) and 6(y)
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with the help of shooting method as mentioned in section (3) then using
those steady-state solutions the linearised eigenvalue problem Eqs. (24)—
(26) is solved with the help of a computer programming. The stability of
steady-state solutions f(;7) and 6(7) is confirmed by least eigenvalue y;. If
the least eigenvalue is positive (y; > 0) then an initial decay of pertur-
bation will occur, i.e., solutions will be recognised as stable. Whereas,
obtained steady-state solutions will be unstable, i.e., an initial growth of
perturbation will appear when least eigenvalue is negative (y; < 0).

5. Results and discussion

The impact of porous medium on boundary layer flow is numerically
(shooting method) analyzed for Gr-w/GO-w nanofluids over a sheet
which shrinks exponentially. At first to validate the numerical scheme
and consequent results, a comparison of computed results by present
method is exhibited in Table 2 with results of Ghosh and Mukhopadhyay
[51] and Waini et al. [53] for water only (¢ = 0, i.e., without any
nanoparticles) in absence of porous medium (K = 0) with S =3, Pr = 0.7
and those are in very good agreements.

The boundary layer flow over exponential shrinking sheet exists if
wall mass transfer parameter obeys S > 2.266684 when there is no
nanoparticles and porous medium, i.e., ¢ = 0 and K = 0[16]. Over lin-
early shrinking sheet to confine generated vorticity inside boundary
layer the required amount of mass suction is less (S > 2 [11]) in com-
parison with that for exponential shrinking sheet (S > 2.266684[16]), i.
e., more vorticity generated for exponential shrinking sheet than the
linear one. The fixed values of the physical parameters throughout the
numerical computation are ¢ = 0.05, K = 0.2, S = 2.5, and Pr = 2;
otherwise, these are mentioned.

Figs. 2 and 3 are sketched to show the deviations of skin-friction

coefficient, CfRe}(/2 (related to surface-drag) and Nusselt number,

NuyRe /2 (related to cooling rate) with S when ¢ varies. From the
figures, it is witnessed that multiple (two) solutions exist with ¢ = 0,
0.05, 0.1 when the critical values of S, say S, exceed or equal to
2.105280, 2.165338, 2.235618, respectively for Gr-w nanofluid and for
GO-w nanofluid the values of S, must exceed or equal to 2.105280,
2.184649, 2.272930, respectively. However, no solution exists if S < S,
i.e., boundary layer separation occurs, but the boundary layer flow so-
lutions may exist by delaying the separation for S = 0O(i.e., when the
sheet surface is impermeable) and even for S < 0(i.e., in case of injec-
tion). Actually, for the above two cases of S(S = 0 and S < 0), boundary
layer similarity solutions exist only when the permeability of the porous
medium is suitably less, i.e., the value of K is appropriately large. From
the above-mentioned values of S, it is pretty clear that as nanoparticle
volume fraction rises in presence of porous medium the vorticity gen-
eration is augmented and that’s why boundary layer solution range di-
minishes. Also, Gr-w has larger solution range than GO-w, i.e., vorticity
generation is higher in case of GO-w nanofluid than Gr-w nanofluid. It is
also evident that when there is no nanoparticle in water, i.e., for clear
fluid in porous medium, then vorticity generation is suppressed. Due to
presence of solid nanoparticles, the resistive force in the fluid increases
and as a consequence vorticity generation rises. Also, Fig. 2 illustrates
that C;Rel/2 diminishes with ¢ when § is small (S < 2.5), but for higher
mass suction it boosts with ¢ for upper branch solution and for lower
branch it declines. Also, skin-friction escalates with S for upper branch,
but opposite behaviour is witnessed for lower branch. Fig. 3 exhibits that
Nu,Re /2, i.e., surface cooling rate declines with ¢, whereas opposite
nature is seen with S for both solutions branches.

Figs. 4 and 5 portray CfRe}(/2 and Nu,(Re;l/2 with S for K = 0, 0.2,
0.5. It is witnessed from these figures that dual solutions exist when
critical values of S, S, are greater or equal to 2.34422, 2.165338,
1.874169 for Gr-w nanofluid and S, should equal or exceed 2.36953,
2.184649, 1.883138 for GO-w nanofluid, respectively when K = 0, 0.2,
0.5. No solution exists if S < S, i.e., in these cases mass suction is not
sufficient to confine generated vorticity and hence boundary layer
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Table 2
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Comparison of f/(0) and — ¢ (0) with available literature for ¢ = 0, K =0, S = 3, and Pr = 0.7.

Ghosh and Mukhopadhyay [51]

Waini et al. [53]

Present study

Upper branch Lower branch Upper branch Lower branch Upper branch Lower branch
f'(0) 2.39082 —0.97223 2.390814 —0.972247 2.39080048 —0.97222620
- 0(0) 1.77124 0.84832 1.771237 0.848316 1.77064610 0.84953457
T T T T T T T T T T T T T T
2|~ —— Without nanoparticles — g 45 Gr-H,0
___/:_——"_—— 77777 GO'H20
15F ¢=0.1,0.05,0 ] 4+
o //,,//,,
—R L . 35
Q) . .
‘i, 1F J b S‘G -
@) R4l
oL o A .-
05 1 =S
0 \\\\\\\\\\ -l _ /// ’///’
— Gr-H,0 2+ % K=0,02,0.5
,,,,, GO-H,0 Sy \\\»»»77””_____,,_—' , U.2, 0.
054 1 1 1 1 1 = 1.5 1 1 1 1 1 1 1 |
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Fig 2. Variation of C;Rel/?

X

with S for several ¢.

T T T

—— Gr-1,0

Nuy Re;l?

tion of

Fig 5. Variation of Nu,Re; /2 with S for several K.

separation happens. From above critical values of S, it is strongly clear
that as K rises the existence range of solution is also augmented, i.e., less
amount of mass suction is required for existence of boundary layer flow
and solution range of Gr-w nanofluid is greater than GO-w nanofluid, i.
e., with higher K the vorticity generation inside boundary diminishes.
Physically, augmentation of K results in a low permeable medium and
consequently friction and interaction between nanofluids and porous
medium boosts, which supresses the vorticity generation due contrac-

sheet. From these figures, it is also witnessed that vorticity

generation blocks when in presence of nanoparticles permeability
parameter K amplifies and solution range of Gr-w nanofluid is higher
than GO-w nanofluid. One can points out this as a noteworthy result of
the analysis while comparing two nanoparticles: Gr and GO. Fig. 4
conveys that CfRe}(/ 2 escalates with rising K and S for upper branch

2.1 22 23 24 2.5 2.6 2.7 solution, whereas it weakens for lower branch. Fig. 5 elucidates that
s NuyRe; /2 for upper branch uplifts with K and S, while for lower branch
Fig 3. Variation of Nu,Re;"/? with S for several ¢. it rises with S and decline with K. Also, from Figs. 2 and 4 we may
conclude that surface-drag is comparatively higher for Gr-w nanofluid
than GO-w nanofluid.
25 T T T T T T T Fig. 6 predicts the variations Nu,Re; /2 with S and Pr. This figure
) K=10,0.2,0.5 elucidates that higher Pr causes growth of the cooling rate coefficient,
15 F 16F T T T T T
’ Pr=1,2,3,5,6. — ===
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% 4L 14+ — e
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Fig 4. Variation of CfRel/? with S for several K. 0 | T N L -
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Fig 6. Variation of Nu,Re,'/? with S for several Pr.
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NuyRe;1/2 for both the solutions, and also Nu,Re; /2 has lesser values
for lower branch than upper branch for a particular Pr. Physically, with
rising Pr values thermal diffusivity diminishes. Also, Figs. 3, 5 and 6
demonstrate that cooling rate is higher for Gr-w nanofluid than GO-w
nanofluid and this result plays a vital role in choosing appropriate
nanoparticle when it is essential.

Figs. 7 and 8 represent the deviations of velocity f (1) and tempera-
ture 0(n) for varying ¢. These figures also confirm the existence of
multiple solutions. Fig. 7 portrays that f'(5) declines with ¢ for upper
branch, whereas it initially diminishes (y < 3) and later it augments for
lower branch. Ultimately, the momentum boundary layer(MBL) widens
with ¢ for both the solutions. Fig. 8 depicts that temperature and cor-
responding thermal boundary layer(TBL) thickness upsurge with ¢ for
both solutions. This happens for combine effects of conduction and
convection of solid nanoparticles inside the base-fluid. Figs. 9 and 12
elaborate f (1) and (i) for several K. Fig. 9 exposes that f'(5) amplifies
and MBL declines with K for upper branch, whereas f () diminishes and
MBL augments with K for lower branch. Practically, the resistance in
fluid motion escalates in porous medium when K enlarges. Fig. 10 elu-
cidates that 6(;) and corresponding TBL thickness decline for upper
branch, however opposite behaviour is observed for lower branch. It is
also noticeable that MBL and TBL for lower branch are thicker than
upper branch. Figs. 11 and 12 depict £ (1) and 6(;p) for S( > 0). Fig. 11
demonstrates that f (i) elevates and corresponding MBL thickness de-
clines with S for upper branch, whereas opposite character shows in
lower branch. Fig. 12 exhibits that 6(;7) and TBL thickness suppress with
S for both the solutions. Practically, mass suction carries fluid layers to
closure of the surface and it results in thinning of boundary layer
thickness. This character of mass suction is able to prevent the vorticity
diffusion and so, boundary layer separation is deferred. Fig. 13 shows
the deviation in 6(#) for varying Pr. It is clear that when Pr augments,
0(n) and corresponding TBL thickness decline for both the solutions.
Also, TBL in lower branch is thicker compared to upper branch. Physi-
cally, Pr is proportional inversely to thermal conductivity, therefore
with smaller Pr nanofluid thermal conductivity grows and hence heat
diffusion uplifts. From all the above velocity profiles, it is pretty clear
that Gr-w nanofluid have comparatively higher velocity than GO-w
nanofluid for upper branch, whereas for lower one the fact is
different. Whereas, the temperature for GO-w nanofluid displays higher
values than that of Gr-w nanofluid for both solution branches. These
results have huge relevance in application view-point.

After the stability analysis for certain values of parameters to confirm
the stability of obtained multiple solutions, the upper solution branch is
established to be stable and lower solution branch is detected as unstable
and in support of the stability claim, the computed values of yj are
provided in Table 3 for few values of S. In this table, for upper solution
branches of dual solutions the values of least eigenvalue y; are positive,
whereas y;’s are negative for lower solution branches.

= x —
02 / =0 -
7 ¢
i Upper branch $=0.05---
04 - ’,,//'"' ol i
= =01 -—-—
< o ¢
o6t 3 /;;'/ Red: Gr-H,0 |
! Blue : GO-H,0
-0.8 H ,//7 Lower branch _
)
47
-1 2 1 1 1 L | |
0 1 2 3 4 5 6 7
h

Fig 7. Dual velocity profiles f () for several ¢.
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Fig 10. Dual temperature profiles 6() for several K.

6. Concluding notes

The steady 2D boundary layer flows of Gr-w nanofluid and GO-w
nanofluid over exponential shrinking sheet inside porous medium is
numerically analyzed. The main findings of the analysis are given in
concise form as:

e The skin-friction for upper branch of Gr-w nanofluids are
1.81707454, 1.86787212 and 1.88916111 when ¢ =0, ¢ = 0.05 and
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; T Table 3
Smallest eigenvalue, y; for few values of S with ¢ = 0.05, K= 0.2 and Pr = 6.2.
i S Gr-W nanofluid GO-W nanofluid
Upper branch Lower branch Upper branch Lower branch
S$=23 2.6 1.232153 —1.205098 1.194471 —1.167595
7 2.5 1.067290 —1.043682 1.028100 —1.004976
§=25 - 2.4 0.884192 —0.864815 0.840849 —0.822379
2.3 0.663318 —0.650349 0.609495 —0.598055
S=27 —— T 2.2 0.332931 —0.329005 0.219650 —0.217865
2.19 - - 0.129316 —0.128704
Red : Gr-H,0 2.186 - - 0.064773 —0.064666
= 2.1847 - - 0.011455 —0.011386
Blue : GO-H20 2.17 0.121340 —0.120789 - -
2.166 0.045397 —0.045363
1 1 - 2.1654 0.013052 —0.013077

from 0 to 0.2 and it amplifies by 30.88% when K changes from 0 to
- Dual velocity profiles f () for several S. 0.5. Whereas for GO-w nanofluids the values of CfRel/? are
1.54380703, 1.80674982 and 2.07435846 when K = 0, K = 0.2 and
K = 0.5, respectively and hence it uplifts by 17.03% when K grows
from O to 0.2 and augments by 34.37% when K rises from 0 to 0.5.
§=23— e The Gr-w nanofluid delays the boundary layer separation more in
08 - 4 comparison with GO-w nanofluid, i.e., less amount of wall mass
suction needed for boundary layer flow of Gr-w nanofluid.
S=27_.._ The rise of permeability parameter K defers the boundary layer
06 3 by separation, whereas the higher nanoparticle volume fraction
£ AN Red : Gr-H,0 parameter ¢ calls it earlier.

S 2\ e The surface-drag uplifts with K and S, whereas it declines with ¢
when S is approximately below 2.5 and later it boosts with ¢. Also,
surface-drag is comparatively higher for Gr-w nanofluid than GO-w
nanofluid.

04 S\ Lower branch Blue : GO-H,0 -

N

W Upper branch

BN
T

-1/2
X

The surface cooling rate coefficient Nu,Re upsurges with K and S,

but it declines with ¢ and also Nu,Re; /2 is higher for Gr-w nanofluid

3 than GO-w nanofluid.

The velocity f' (i) elevates with K and S, whereas it drops with ¢.

Importantly, Gr-w nanofluid have higher velocity than GO-w

nanofluid.

e The temperature (57) boosts with ¢ and it decays with K, S and Pr. In
addition, it is worthnoting that temperature in GO-w nanofluid is
higher than Gr-w nanofluid.

Pr=1 o After the stability analysis, it is established that upper solution
0.8 Pr=2 ---- branches are physically stable and lower solution branches are
Pr=3 - unstable.
,30'6 I Funding information
< |\ \ Upper branch
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¢ = 0.1, respectively and hence it augments by 2.80% when ¢ in-
creases from O to 0.05 and it upsurges by 3.97% when ¢ is
augmented from O to 0.1. While for GO-w nanofluids the values are . . .
1.81707454, 1.80674982 and 1.76219749 when ¢ — 0, ¢ = 0.05 and No data was used for the research described in the article.
¢ = 0.1, respectively; hence it diminishes by 0.57% when ¢ enlarges
from 0 to 0.05 and it reduces by 3.02% when ¢ goes from O to 0.1.
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