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Abstract
The energy transport enhancement is a topical problem for many engineering applications. One of the possible solutions to 
this problem is an improvement of the heat transfer surface. The present investigation is devoted to numerical simulation 
regarding turbulent forced convective energy transport inside a curved channel under the isothermal heating from the upper 
wavy wall and cooling from the inlet section. The governing partial differential equations written using the Reynolds-averaged 
Navier-Stokes formulation including the standard k − � approach have been solved numerically by the finite-element pro-
cedure. Impacts of the Reynolds number, undulations number and undulations amplitude toward fluid motion and energy 
transport have been scrutinized. With the undulations number, a significant energy carrier condensation has been detected.
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Introduction

Forced and mixed convection is the primary energy trans-
port phenomena in many industrial systems where engineers 
employ open-ended channels. Such open-ended channels 
can be used for cooling of heated surfaces [1–5], and the 
energy transport enhancement can be accomplished by the 
inclusion of the extended heat transfer surface [6, 7]. Pres-
ently there are many published articles toward the numeri-
cal and experimental analysis of energy transport and flow 
structures within corrugated channels [7–10]. Thus, Mirosh-
nichenko et al. [8] used numerical simulation to investigate 
the mixed convection of micropolar fluid into a horizontal 
wavy channel including the influence of local isothermal 
heater at the wavy bottom surface. Impacts of the eddy 

viscosity parameter and Prandtl number have been studied, 
where authors have shown that a rise of Pr characterizes the 
energy transport intensification. Vo et al. [9] have investi-
gated computationally �-AlOOH nanofluid motion through 
a wavy channel under the heating effect from wavy part of 
the channel. Authors have shown that a rise of the amplitude 
of the wavy component illustrates the growth of the perfor-
mance evaluation criteria index firstly. Still, after achieving 
the maximum value, this parameter decreases. Numerical 
analysis of copper-water nanofluid mixed convection con-
nected by entropy production inside the horizontal channel 
with the wavy part has been achieved by Dormohammadi 
et al. [10]. Employing Fluent software, contributors have 
examined the influence from the Richardson number, undu-
lations amplitude, wavelength ratio and nanoparticles vol-
ume fraction on flow structures and temperature patterns. It 
has been revealed that a sinusoidal wavy wall can enhance 
energy transport.

It should be noted that application of mono and hybrid 
nanofluids is very useful and important for different ther-
mal systems [11–16]. Thus, Jamshidmofid and Bahiraei [11] 
studied numerically the influence of three types of nano-
fluids on heat transfer performance in two kinds of wavy 
microchannels using multi-phase mixture approach. It has 
been found that an essential intensification of convective 
heat transfer is for the up-down wavy microchannel filled 
with silver/water nanofluid. Alrowaili et al. [12] investi-
gated natural convection combined with thermal radiation 
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of the power-law nanofluids in wavy chamber. The authors 
have shown that the shape of wavy walls have an essential 
influence on heat transfer performance. Kumar et al. [13] 
have analyzed alumina/water nanofluid cooling behavior in 
a branched wavy heat sink microchannel. Using RNG k − � 
turbulence model, the authors have revealed that branched 
wavy microchannel illustrates a formation of the secondary 
flow enhancing the macroscopic mixing. Jahanbakhshi et al. 
[14] have scrutinized numerically nanofluid flow and heat 
transfer to cool the lithium-ion battery with a presence of 
wavy microchannels and microtubes. Using ANSYS FLU-
ENT software the authors have ascertained that using the 
heat sink diminishes the battery surface temperature, while 
an addition of nanoparticles allows to keep the temperature 
within a safe working range. Numerical simulation of hybrid 
nanofluid flow and energy transport in a parabolic trough 
solar collector receiver’s tube equipped with wavy promoters 
has been performed by Mohammed et al. [15]. It has been 
shown that using the wavy promoters within the tube can 
essentially enhance the heat performance. Computational 
analysis of MHD power-law hybrid nanoliquid flow and 
heat transfer within a wavy micro-tube having porous disks 
has been performed by Derikvand and Rahmati [16]. The 
authors have shown that a rise of the nanoparticles volume 
fraction allows intensifying the heat transfer.

Perng and Wu [17] numerically investigated thermal 
parameters in 3D gas wavy channels under the methanol 
steam reformation. Authors have shown that undulations 
allow intensifying the transport processes. The mixing of 
two various gases within the wavy channel has been exam-
ined numerically by Borgohain et al. [18] using the in-house 
computational code. The obtained results have shown that 
for high amplitude, the mixing process will be better, and for 
low Reynolds number, the mixing process can be improved 
using the wavy walls. Nguyen et al. [19] have scrutinized 
computationally nanofluid forced convection in a wavy chan-
nel within inner obstacles. Authors have demonstrated the 
energy transport strengthening with a rise of the wavelength. 
Numerical and experimental analysis regarding forced con-
vection cooling of the wavy heat sink, including rectan-
gular ribs under the influence of alumina/water nanofluid 
has been performed by Khoshvaght-Aliabadi et al. [20]. 
The obtained outcomes have revealed that the ribbed wavy 
heat sink improves the energy transfer, while the growth 
of the alumina concentration raises heat transfer strength. 
Yuan et al. [21] numerically and experimentally have exam-
ined the rough microchannels’ influence on the transport 
processes intensification. It has been ascertained that the 
divergent wavy microchannel has an optimal value of the 
flow resistance and heat transfer rate. Job and Gunakala 
[22] have numerically analysed MHD mixed convection of 
water-based nanoliquids into a horizontal corrugated chan-
nel with two heated solid cylinders. They have presented 

that the used channel with grooved walls can strengthen the 
energy transport within the channel. An influence of porous 
insertions on energy removal from the heated element within 
the wavy nanofluid channel has been investigated numeri-
cally by Job and Gunakala [23]. Authors have shown that the 
temperature close to the heated elements can be diminished 
by rising the Grashof, Reynolds and Eckert numbers. Other 
interesting results on laminar mixed convection can be found 
in [24–26].

Taking into account this performed brief review, it is 
possible to conclude that fluid flow in corrugated channels 
have many applications in practice including the optimiza-
tion of heat exchangers and solar collectors, cooling of elec-
tronic devices and heat-generating elements and others. It 
is well-known that using the channel or tube geometry the 
flow regime for intensive fluid motion is turbulent. There-
fore, detailed analysis of turbulent flow and heat transfer is 
very useful for optimization of different thermal systems 
mentioned above. At the same time, the heat transfer rate 
increases when the turbulent flows are developed. In the 
case of turbulent flows within the corrugated channels, the 
obtained results [27–33] are not as comprehensive as the 
laminar regime. Therefore, the present research deals with 
numerical simulation regarding turbulent forced convection 
within a wavy channel under the upper wall heating. Such 
formulation allows studying an impact of upper isothermal 
wavy wall on turbulent flow and formation of mixing zones 
within wavy channel that is useful for heat transfer enhance-
ment. Thermal and flow features of turbulent fluid flow in 
a wavy channel under heating of the upper wavy wall have 
not been investigated previously taking into account the pub-
lished papers. Moreover, detailed analysis performed in the 
present research illustrating an influence of Reynolds num-
ber, undulations number and amplitude shows and oppor-
tunity to enhance the convective heat transfer within wavy 
channels.

Mathematical formulation

Inside a 2D wavy channel with length L and height h, we 
investigate steady forced convection flow and heat transfer 
problems which is reported by Fig. 1. The heat source is at 
a fixed temperature ( Th ) upon on upper wavy surface, while 
the lower surface is presumed to be adiabatic.

The inlet fluid flow including cold temperature ( Tc ) 
includes approaching the wavy channel of the left sec-
tion with consistent horizontal velocity ( u

in

 ) left vertical 
surface. In contrast, the fluid outlet field remains flowing 
of the right adiabatic section of the channel among fixed 
pressure ( p = 0 ). The space between the wavy surfaces is 
filled with water. The Boussinesq approximation remains 
relevant. Concerning the assumptions as stated briefly, the 
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Navier-Stokes and energy equations of the incompressible 
Newtonian fluid with the turbulent flow can be formulated 
as the following:

The turbulent kinetic energy (k) and dissipation rate ( � ) are:
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The following non-dimensional variables are now 

incorporated:

Here then generates the dimensionless governing equations 
as:

The dimensionless turbulent kinetic energy ( k
n

 ) and dimen-
sionless turbulent dissipation rate ( �
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Fig. 1   Schematic diagram of the wavy channel.
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where Re = Ui L

�f

 is the Reynolds number, Pr = �f

�f

 is the 

Prandtl number, Pk = �t

[

2
(

�U

�X

)2

+ 2
(

�V

�Y

)2

+

(
�U

�Y
+

�V

�X

)2
]

 

and �t = C
�

k2
n

�
n

 is the dimensionless turbulent viscosity.
The selected boundary conditions are:

The local Nusselt number is calculated along the heated 
upper wavy surface as the following:

and the average Nusselt number ( Nu ) is determined by the 
integration of the local Nusselt number along the upper 
wavy surface, which remains defined by:

where S represents the total length of the upper wavy 
surface.

The friction factor of the wavy channel is:
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the mean velocity.
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Numerical method and validations

Using the Galerkin weighted residual finite element tech-
nique, the dimensionless pattern of the governing Eqs. 
(8)–(13) managed by the implemented dimensionless 
boundary conditions (14)–(17) continues proposed. The 
computational area is decomposed into triangular elements 
as revealed in Fig. 2. For each of the flow and temperature 
ranges within the computational area, triangular Lagrange 
finite elements of various orders are used.

Substitution of approximations inside the governing 
equations yields the residuals of all conservation equations. 
A Newton-Raphson iteration algorithm is used to explain 
the nonlinear expressions within the momentum equations; 
additionally, the convergence regarding the solution remains 
appropriate although the corresponding error of the vari-
ables fulfills the resulting convergence criterion:

For assuring the independence of the existing numerical 
solution toward the grid size of the numerical domain, dif-
ferent grid sizes are applied to calculate the average Nusselt 
number ( Nu ), the minimum strength of the flow circulation 
( Ψ

min

 ) and the minimum strength of the heatfunction ( H
min

 ) 
for the case of Re = 40, 000 , N = 4 , A = 0.1 and Pr = 4.623 . 
The results are exhibited in Table 1 and show insignificant 
variations toward the G5 grid and beyond. Hence, for all 
computations of this study, the G5 uniform grid is applied.

Furthermore, toward the idea of confirming the current 
numerical data, the resulting outcomes are associated with 
the experimental outcomes described by Chen and Wang 
[34] for the problem of forced convection turbulent flow and 
heat transfer within a 2D horizontal channel, as revealed in 
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Fig. 2   FEM grid-points distribution for the grid size of 3748 ele-
ments.
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Fig. 3. Moreover, we compared the average Nusselt num-
ber of the experimental outcomes of Kilicaslan and Sarac 
[35] and Elshafei et al. [36] and the friction factor with the 
experimental outcomes of Promvonge and Thianpong [37] 
and Eiamsa-Ard and Promvonge [38] concerning various 

values of Reynolds number, as designated in Fig. 4a and 
b. Such outcomes appear through those validations pro-
duce significant confidence in the efficiency of the existing 
numerical scheme.

Results and discussion

Within this section, we shall present the streamlines, 
isotherms, turbulent kinetic energy, local and aver-
age skin friction coefficient including Nusselt number. 
The dimensionless parameters are Reynolds number 
(103 ≤ Re ≤ 105) , number of oscillations (0 ≤ N ≤ 5) , 
amplitude (0.05 ≤ A ≤ 0.2) and the value of the Prandtl 
number remains fixed at Pr = 4.623.

The streamlines, isotherms and the turbulent kinetic 
energy isolines are displayed in Fig. 5 for various values 
of the Reynolds number. It is well known that a rise of this 

Table 1   Grid testing for the average Nusselt number Nu and the 
average skin friction factor (ASFC) at different grid sizes for 
Re = 40, 000 , N = 4 and A = 0.1.

Grid size Number of ele-
ments

Nu ASFC

G1 3748 79.486 0.19179
G2 4863 80.606 0.19578
G3 7141 82.394 0.19806
G4 9449 84.199 0.21238
G5 24768 84.211 0.21404
G6 69772 84.216 0.21415

(a)

(b)

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 3   a Chen and Wang [34] and   b present study; (left) velocity (streamlines) and (right) isotherms at Re = 10000 , N = 0 and A = 0.
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Fig. 4   Comparison of   a average Nusselt number with Reynolds 
number from the present numerical code with the experimental 
results of Kilicaslan and Sarac [35] and Elshafei et al. [36] and    b 
average skin friction factor with Reynolds number from the present 

numerical code with the experimental results of Promvonge and Thi-
anpong [37] and Eiamsa-Ard and Promvonge [38] for different values 
of Rayleigh numbers.
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dimensionless parameter characterizes a growth of flow 
strength. As a result, the flow velocity increases and the 
recirculations zones become greater. The latter describes the 
flow straightening, and therefore recirculation zones within 
the wave troughs are enhanced. About an identical time, 
the temperature field reveals cooling of the channel from 
the inlet and heating from the upper wall. It seems that the 
growth of Re does not have any substantial influence due 
to an essential resistance regarding the shape of the chan-
nel. Regardless of the Reynolds number, cooling from the 
inlet allows to remove the heating effect significantly from 
the first trough, but next troughs are heated strongly. The 
distribution of turbulent kinetic energy characterizes essen-
tial production of it from the channel borders near the wave 
picks in the second half of the channel.

Figure 6 exposes the change of the local Nusselt num-
ber and skin friction factor along the heated upper surface 
toward various rates of Reynolds number. The wave behav-
iour of these parameters is due to the wave nature of the 
wall. As for the local Nusselt number, it is possible to high-
light here that maximum values of Nu correspond to wave 
picks due to the high-temperature gradient and low thick-
ness of the thermal boundary layer. In contrast, minimum 
values correspond to the wave troughs where recirculations 
are formed, and the temperature gradient is low. Rise of 
the above wavy surface coordinate reflects a reduction of 
the maximum values of the local Nusselt number affected 

with the limited intensive cooling of the surface. Toward an 
equivalent time, a growth of the Reynolds number portrays 
an increase of the local Nusselt number. Simultaneously, the 
skin friction factor has similar behaviour, where the location 
of maximum and minimum values is identical to the conduct 
of the local Nusselt number. It makes worthy specifying that 
a rise of Re depicts a decline of the skin friction factor, while 
the local heat transfer improves. Such a situation is desirable 
for any engineering apparatus.

An influence of the waviness number on streamlines, iso-
therms and turbulent kinetic energy field for Re = 40, 000 
and A = 0.1 is demonstrated in Fig. 7. A growth of N leads 
to an appearance of recirculations within the wave troughs 
with a reduction of the temperature gradient in these zones. 
At the same time, a presence of waviness allows to acceler-
ate the flow within the channel, while the thermal boundary 
layer thickness increases with waviness. An appearance of 
recirculations within the wave troughs characterizes a forma-
tion of more stable central part of flat flow that leads to an 
acceleration of flow. Fields of the turbulent kinetic energy 
illustrate a generation of this energy near the channel walls, 
while a rise of the waviness number illustrates an appear-
ance of kinetic energy generation zones near the wave picks.

An influence of the undulations number on the local 
Nusselt number and skin friction factor is presented in 
Fig. 8. A rise of N characterizes a formation of wavy 
behavior of these considered parameters. Oscillation 
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Fig. 7   Variations of (left) velocity (streamlines), (middle) isotherms, and (right) turbulent kinetic energy; evolution by number of oscillations (N) 
for Re = 40, 000 and A = 0.1.
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amplitude of Nu and skin friction factor increases with 
N. It should be noted that minimum values correspond to 
the flat channel, while the maximum values increase with 
waviness number. A reduction of the local Nusselt number 
with the length of the upper wall is due to an attenuation 
of the cooling effect from the inlet under the heating of 
the upper wavy wall.

Figure 9 reflects an effect of the wavy walls amplitude 
on isolines of stream function, temperature and turbulent 
kinetic energy. For high amplitude of the channel walls the 
flow should surround each wave crest and as a result the 
skin friction factor increases essentially (see Fig. 10) and 
the cooling effect becomes weak for wave troughs located 
near the outlet. The turbulent kinetic energy field illustrates 
a formation of generation zones near the wave crests and 
these zones move toward to the inlet with a rise of A. Local 
Nusselt number and skin friction factor are increased in 
amplitude of the oscillations with wavy wall amplitude. 

Moreover, a formation of extended heat transfer surface 
allows to extend the heat removal effect.

The role regarding the average Nusselt number and average 
skin friction factor with the governing parameters is presented in 
Figs. 11 and 12. It should be noted that these parameters repeat 
the performance of the local characteristics, where behavior of 
local Nusselt number and skin friction parameter is similar to 
the case of an influence of the wall waviness (see Fig. 8). There-
fore, the average Nusselt number, and as an outcome, the heat 
transfer rate denotes a rising function of the Reynolds number, 
undulations number and wavy wall amplitude. At the same time, 
the average skin friction factor decreases with Re but increases 
with N and A. It should be noted that more essential raise of the 
average Nusselt number with undulations number occur for high 
values of the Reynolds number, while in the case of average skin 
friction parameter one can find such effect for low Reynolds 
number. In conclusion, it remains possible for determining the 
optimal values of these governing parameters for essential heat 
removal and not so strong flow resistance.
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Fig. 9   Variations of (left) velocity (streamlines), (middle) isotherms, and (right) turbulent kinetic energy; evolution by amplitude (A) for 
Re = 40, 000 and N = 4.
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Conclusions

The turbulent forced convection within a wavy channel hav-
ing an isothermal upper wavy wall has been numerically 
examined by adopting the finite element procedure. Influ-
ences of the Reynolds number, undulations number, and 
wavy walls amplitude toward fluid flow and heat transfer 
have been considered. Throughout the investigation, the fol-
lowing outcomes have been observed. 

1.	 A rise of the Reynolds number indicates an accelera-
tion of the flow with an increase of the energy transport 
strength and a decline in flow resistance.

2.	 A growth of the undulations number characterizes the 
recirculation zones’ appearance and an extension of the 
heat transport intensity and skin friction factor through 

an identical time. In comparison, an increase regarding 
the wavy surface amplitude points to the addition of the 
recirculation area. As a result, defining these governing 
parameters optimal rates for essential heat removal and 
not so strong flow resistance remains possible. Moreo-
ver, an addition of waviness in a channel generates 
oscillating behavior of the local Nusselt number, where 
maximum values can be greater of the flat channel case 
up to 4 times. While the average Nusselt number rises 
up to 2 times between the flat channel and wavy channel 
with 5 undulations. Such influence becomes stronger for 
high values of the Reynolds number. Average skin fric-
tion factor increases with channel waviness, but more 
essential raise can be found for low values of the Reyn-
olds number. It is interesting to note that for Re = 103 
an increase of N from 0 till 5 leads to a growth of ASFC 
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up to 4 times, while for Re = 105 an increase of N from 
0 till 5 leads to a growth of ASFC up to 3 times.

3.	 A rise of the wavy channel amplitude increases the aver-
age Nusselt number and average skin friction factor. In 
the case of heat transfer an effect is more essential for 
high Reynolds numbers, whilst for flow resistance it is 
more visible for low Reynolds numbers.

The obtained results characterize an opportunity to augment 
the heat transfer and reduce the flow resistance for a high 
Reynolds number, high undulations number and wavy walls 
amplitude. It should be noted that from a practical point of 
view, the future research can be related to an analysis of an 
influence of pulsating flow and boundary heat flux.
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