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Abstract
Purpose – This study aims to numerically examine the influence of various geometric parameters of a novel
W-shaped porous cavity undergoing hybrid nanofluid-based magnetohydrodynamic mixed convection. The W-
shaped cavity is modified from the classical trapezoidal cavity by constructing a triangular shape at its bottom.
This cavity is isothermally active at the bottom, with different numbers and heights of the triangular peak (or
undulation). The heated hybrid nanofluid (Cu–Al2O3–H2O) flow is cooled through the translating top wall.
Inclined sidewalls are thermally insulated. To compare the impacts of change in geometric parameters, a square
cavity under similar boundary conditions is also simulated. This study is carried out systematically addressing
the various influences from a range of parameters like side angles (g), number (m) and height (l) of the bottom
undulation, Reynolds number (Re), Richardson number (Ri), Darcy number (Da), Hartmann number (Ha), hybrid
nanoparticles volume fraction (w) on the overall thermal performance of the cavity.
Design/methodology/approach – Applying the finite volume approach, the transport equations
involving multiphysical conditions like porous substance, hybrid nanofluid, magnetic field and shearing force
are solved numerically by using a written FORTRAN-based code following the SIMPLE algorithm. The
algebraic equations are solved over all the control volumes in an iterative process using the alternate direction

The authors would like to thank the anonymous esteemed reviewers for their thorough observations,
crucial technical queries and helpful suggestions extended to us for improving the quality of the
manuscript.

Funding: There is no financial support for this work.
Conflict of interest: The authors declare that they have no conflict of interest.
Data Availability Statement: The data that support the findings of this study are available from the

corresponding author upon reasonable request.

W-shaped
porous system

Received 11March 2022
Revised 2 July 2022

Accepted 9 July 2022

International Journal of Numerical
Methods for Heat & Fluid Flow

© EmeraldPublishingLimited
0961-5539

DOI 10.1108/HFF-03-2022-0163

The current issue and full text archive of this journal is available on Emerald Insight at:
https://www.emerald.com/insight/0961-5539.htm

Downloaded from https://iranpaper.ir
https://www.tarjomano.com https://www.tarjomano.com

http://dx.doi.org/10.1108/HFF-03-2022-0163


implicit scheme and the tri-diagonal matrix algorithm. The converged solution of the iterative process is
obtained when the relative error levels satisfy the convergence criterion of 10–8 and 10–10 for the maximum
residuals and themass defect, respectively.
Findings – It is revealed that an increase in the bottom undulation height always improves the thermal
energy transfer despite the reduction of fluid volume. Thermal energy transfer significantly depends on the
heating and cooling surface lengths, fluid volume in the cavity and the magnitude of the bottom undulation
height of the W-shaped cavity. With the increase in bottom undulation height, effective heating length
increases by�28%, which leads to a�15% reduction in the effective volume of the working fluid and a gain
in heat transfer by�56.48%. In general, the overall thermal energy transport is improved by increasing Re, Ri
and Da; whereas it is suppressed by increasing Ha.
Research limitations/implications – There are many opportunities for future research experimentally
or numerically, considering different curvature effects, orientations of the geometry, working fluids, boundary
conditions, etc. Furthermore, this study could be extended by considering unsteady flow or turbulent flow.
Practical implications – In many modern systems/processes pertaining to materials processing,
continuous casting, food processing, chemical reactors, biomedical applications, etc. fine control in the transport
process is a major concern. The findings of this analysis can effectively be useful for other applications for
getting more control features in terms of achieving the operational objectives. The approach of the system
analysis (considering geometrical size parameters to delve into the underlying transport physics) and the
obtained simulated results presented in the work can usefully be applicable to similar thermal systems/devices
such asmaterials processing, thermal mixing, chemical reactors, heat exchangers, etc.
Originality/value – From the well-documented and vast pool of literature survey, it is understood that
there exists no such investigation on the considered geometry and study. This study contributes a lot to
understanding magnetic field moderated thermofluid flow of a hybrid nanofluid in a porous medium filledW-
shaped cavity, in consideration of different geometrical shape parameters (undulation peak numbers at
bottom wall, peak heights, side angles and heating and cooling length). Findings brought by this study
provide great insights into the design and operation under various ranges of multiphysical thermofluid-flow
processing phenomena.

Keywords W-shaped cavity, Porous media, Hybrid nanofluid, Magnetohydrodynamics (MHD),
Mixed convection, Regression analysis

Paper type Research paper

Nomenclature
B = imposed magnetic fields (N·A�1·m�2);
dps = average particle size (m);
Da = Darcy number;
Fc = Forchheimer coefficient;
g = acceleration due to gravity (m·s�2);
H = height of the W-shaped cavity/length scale (m);
Ha = Hartmann number;
K = permeability of porous medium (m2);
L = active length (m);
m = number of peaks;
Nu = average Nusselt number;
P = dimensionless pressure;
Pr = Prandtl number;
Re = Reynolds number;
Ri = Richardson number, Gr/Re2;
t = time (s);
T = temperature (K);
u, v = velocity components (m·s�1);
Ut = dimensionless velocity of top wall;
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U, V = dimensionless velocity components;
x, y = Cartesian coordinates (m); and
X, Y = dimensionless coordinates.

Greek symbols
a = thermal diffusivity (m2·s�1);
b = thermal expansion coefficient (K�1);
g = angle of sidewalls (degree);
« = porosity;
u = dimensionless temperature;
l = peak height (dimensionless);
m = dynamic viscosity (kg·m�1·s�1);
v = kinematic viscosity (m2·s�1);
r = density (kg·m�3);
s = electrical conductivity (m·Scm�1);
t = dimensionless time;
w = hybrid nanoparticle volume fraction; and
c = dimensionless stream function.

Subscripts
c = cold;
f = base fluid;
h = hot;
max = maximum;
ps = porous substances; and
s = Solid.

1. Introduction
Minimizing energy loss during the thermal transport process without compromising the
thermal efficacy of a system/device is a crucial challenge toward the sustainable
development of modern technology. Scientists and engineers are continually devoting
themselves to finding out various alternative means and possible solutions to achieve
enhanced efficacy of a system/device involving convective thermal transports. In general,
imposed thermal gradient induces buoyancy-induced free convection, which is one simple
and primary approach conventionally used for heat transport in various low-power thermal
systems. However, for a higher rate of heat transfer, free convection alone is unable to meet
system demand. Such a convective process can be improved substantially with the help of
external forces (in terms of external flow or translating body). It is usually termed mixed
convection and is very effective for improving the heat transfer at the expense of the
additional cost of power for driving the external force. However, the transport process under
mixed convection is severely influenced by the geometric shape, bounding wall type and
associated flow control parameters. In this context, comprehensive scrutiny of the various
shaped cavities undergoing mixed convection has been reported by Lukose and Basak
(2021). Depending on the practical relevance, there is a growing volume of research on non-
square geometry like a trapezoidal, parallelogram, circular/elliptical or triangular cavity and
others. Among all these, the trapezoidal-shaped cavity undergoing a mixed convective
process has attracted significant interest from its diverse field of applications. For instance,
solar collectors, solar ponds, heat exchangers, metallurgical processes, food technology,
glass industry, nuclear reactors and others (Bhattacharya et al., 2013; Varol et al., 2008).
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A sizable volume of research work could be found on the trapezoidal-shaped cavity
without or with the shearing motion of its bounding wall. The transport process in such a
geometry involving multiphysical conditions like porous layers, nanofluids and magnetic
fields becomes more complex. The extent of complexity becomes much more dependent
upon the geometry shape and size, type of bounding walls, etc. When the bounding surface
is undulated or irregular, the involved flow physics is very complex. Shenoy et al. (2016),
reported a comprehensive review on the thermo-fluid phenomena in the presence of
undulation, porous substance, viscous fluid and nanofluid. Magnetic field interaction with
the electrically conducting fluid, also known as Magnetohydrodynamics (MHD), is an
alternative means for controlling the thermo-fluid phenomena, whereas nanofluid/hybrid
nanofluid is a mixture of nanoparticles (of size �1 nm) and host fluid is used for enhancing
the thermal behavior in a thermo-fluid system. A detailed review on the above topic
involving porous medium, nanofluid and MHD can be found in Sidik et al. (2016), Huminic
and Huminic (2018), Khanafer and Vafai (2019), Biswas et al. (2021b, 2021c), Manna et al.
(2021a) considering square cavity or (Biswas et al., 2021d) in an undulated cavity.

Mixed convective thermo-fluid flow in a trapezoidal cavity has been investigated by
several researchers. Ismael and Chamkha (2015) examined the mixed convective process of
fluid (with Pr = 6.26) in a trapezoidal cavity (having side angles of 668, 738 and 808) with a
fixed left sidewall and moving hot right wall. They found that side angles have a significant
impact on the heat transfer when forced convection dominates; whereas a negligible effect
during natural convection mode is observed. In another study, Chamkha and Ismael (2016)
studied the dampening effect of magnetic fields on thermal behavior. Mixed convection
under the double-diffusion of air (Pr = 0.7) filled right-angled trapezoidal enclosure (with
inward side angles of 458 and 608) heated partially has been investigated by Ababaei et al.
(2018) and observed that heat andmass transfer were significantly affected by the side angle
as well as flow control parameters. using different types of nanofluids, Kareem et al. (2016)
examined the bottom heated inclined trapezoidal cavity (with side angle 308–608) with a
moving cold top wall and found that heat transfer is more with higher nanoparticle
concentration and at a lower rotational angle. Arefmanesh et al. (2016) studied the mixed
convective flow of CuO–water nanofluid in a bottom heated trapezoidal enclosure (with an
inward side angle of 458) with the cold top moving wall and their observation is that heat
transfer is significantly influenced by the variable properties of nanofluid. Similar geometry
(with inward side angle of 158, 308, 458 and 60°) and nanofluid has also been examined by
Aghaei et al. (2016) implementing the magnetic field and reported a weakening of heat
transfer with an increasing magnetic field. MHD mixed convection in a bottom hot (uniform
or non-uniform), side cold and adiabatic moving top trapezoidal enclosure (with side angles
of 0, 30 and 458) has been investigated by Javed et al. (2017) for different types of fluids
(0.026#Pr# 100). They observed enhancement of heat transfer with Rayleigh number and
heat transfer is more with uniform heating compared to non-uniform heating. Uddin et al.
(2015) examined the hydromagnetic effect on double-diffusion mixed convective process in
an air-filled trapezoidal enclosure (with an inward side angle of 458) with uniform or non-
uniform at the bottom and cold moving top wall. They found that both the heat and mass
transfer are reduced with increasing magnetic field strength. In a recent study, Mondal and
Mahapatra (2021) examined the MHD double-diffusive mixed convection in a discretely
heated at the bottom and cooled at the sides (with side angle 458–908) of a trapezoidal cavity
filled with Al2O3–water nanofluid. Hydromagnetic mixed convective phenomena in a
bottom heated, moving cold top walled trapezoidal cavity (with side angles from 08 to 22.58
and p/4) have been investigated by Selimefendigil and Öztop (2018a, 2018b) considering
Al2O3–water nanofluid and Rashad et al. (2017) considering Cu-water nanofluid. In the last
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two studies, the impacts of lid velocity, nanoparticle concentration and convection regime on
thermal performance have been scrutinized. Similar geometry is studied by Cimpean et al.
(2020) incorporating Cu–Al2O3/water hybrid nanofluid filled porous medium and reported
the thermal behavior under the various influencing factors. In another class of work, mixed
convection because of moving-lid in a trapezoidal cavity has also been investigated
considering differently shaped obstacle insertions (Selimefendigil et al., 2017; Haq
andAman, 2019; Shah et al., 2021; Ishak et al., 2021).

Trapezoidal cavities with modified geometry have also been studied under the free-
convection mode of heat transfer. Almuhtady et al. (2021) studied MHD natural convection Cu-
Al2O3/water hybrid nanofluid saturated porous inclined trapezoidal cavity (with side angle
p/3) heated with the triangular body (fixed shape) at the bottom and cooled at the sides. They
observed that heat transfer is a decreasing function of cavity inclination angle. Similar
geometry with a half-porous medium is studied by Ahmed (2020) without the MHD effect and
they reported �95.60% enhanced heat transfer when the Nield parameter is more. MHD free
convection in an inclined square porous cavity (bottom heated and top cooled wavy-shaped
wall) has been studied byMassoudi et al. (2020) considering Ag–Al2O3/water hybrid nanofluid.
They have revealed that heat transfer rises with a rise in the aspect ratio of the wavy wall and
nanoparticle concentrations. Effect of triangular surface corrugation (varying number of peaks
0–8 and its height 0–0.5) on MHD free-convective heat transfer of CuO water nanofluid in a 3D
trapezoidal cavity has been investigated by Selimefendigil and Öztop (2018b). They found
�40.72% enhanced heat transfer withmore surface corrugation in absence of a magnetic field.

Based on the above-mentioned extensive literature survey, the necessity of investigating
the trapezoidal cavity is crystal clear. Thermal convection in such a geometry is
significantly altered depending on the shape and size of the geometry, nature of the
bounding surface and associated flow control parameters. Moreover, the modeling of such
geometry with various geometric parameters involving the translating wall, porous
structure and the nanofluid magnetic field is not an easy task. Rather, there has been little
focus on the in-depth analysis of it. To address all these issues, the present study aims to
explore mixed thermal convection in a novel W-shaped enclosure filled with Cu–Al2O3–H2O
hybrid nanofluid saturated porous structure and heated at the bottom and cooled through
the translating horizontal top wall. Heated bottom wall undulation peak number (m) and its
height (l) are taken into consideration and insulated sidewalls angle (g) can also vary, which
takes care of the variation of geometric effect. From the well-documented and vast pool of
literature survey, it is understood that there exists no such investigation on the considered
geometry and study. To accomplish the above objective, the study on the novel W-shaped
cavity is carried out in a structured manner. At first, a basic classical square cavity is chosen
to study flow physics with similar boundary conditions. Then the square cavity is modified
into the trapezoidal cavity by keeping the same heating length and comparing the flow
physics with the increase in top cooling wall length. Thereafter, the bottom wall is modified
into a W-shaped cavity (adopting triangular undulations) and associated thermo-flow
physics is explored with the change in the geometric parameters (with the increasing
heating length). After this, modification in geometric shape is exercised by changing the
sidewalls’ inclination angle, which alters the shape of the W-shaped cavity (with top
cooling-wall length decrease). Furthermore, the height and numbers of the bottom triangular
undulation are varied to analyze the effects on the thermo-flow physics (with an increase in
heating length). The various investigations are performed for a set of control variables like
side angle (g), number (m) and height (l) of the undulation, Reynolds number (Re),
Richardson number (Ri), Darcy number (Da), Hartmann number (Ha), hybrid nanoparticles
volume fraction (w).
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The present study contributes a lot to understanding magnetic field moderated
thermofluid flow of a hybrid nanofluid in a porous medium filled W-shaped cavity, in
consideration of different geometrical shape parameters (undulation peak numbers at
bottom wall, peak heights, side angles and heating and cooling length). Findings brought by
the present study provide great insights into the design and operation under various ranges
of multiphysical thermofluid-flow processing phenomena. This study is mostly conducted
from a fundamental viewpoint on a newly proposed W-shaped cavity of varying sizes.
However, the approach of the system analysis (considering geometrical size parameters to
delve into the underlying transport physics) and the obtained simulated results presented in
the work can usefully be applicable to similar thermal systems/devices such as materials
processing, thermal mixing, chemical reactors, heat exchangers, etc.

2. Physical model of the problem
A classical rectangular cavity (with length L and height H) and a novel W-shaped geometric
design in a two-dimensional coordinate system are depicted in Figure 1. The horizontal bottom
wall of the cavity (Figure 1a) is heated uniformly (at a temperature Th). The top wall is cooled
(at a temperature Tc< Th) and translated toward the rightward direction at a uniform velocity
(Ut) in its plane. The sidewalls are thermally insulated. The enclosure is filled with a Cu–Al2O3–
H2O hybrid nanofluid saturated porous structure. A uniform magnetic field having intensity B
is acting horizontally. Now, the square cavity is modified into a W-shaped cavity (for the same
base length and height) consisting of a single triangular undulation (m = 1, with a peak height
l) as depicted in Figure 1b. The sidewalls are inclined with the horizontal axis at an angle of g.
All the walls are assumed impermeable and the no-slip condition is adopted.

3. Methodology and mathematical modeling
The physical model of the above said W-shaped complex geometry involves shear force
(because of wall translation), buoyancy force (because of thermal gradient), porous layers,
hybrid nanofluid and magnetic field along with undulations at the geometry bottom. For
converting the above physical model into the mathematical model for laminar flow, it is
anticipated that the hybrid nanofluid is incompressible and Newtonian; and the Boussinesq
approximation is valid. The gravity force acts downward. A single-phase homogeneous
method of hybrid nanofluid flow is assumed without any agglomeration or sedimentation
(Ali, 2020). To ensure it, a very low concentration (<3%) of Cu and Al2O3 nanopowder
(spherical in shape and identical diameter of�1 nm) is considered suspended in water (with
Pr = 5.83) that flows through a porous bed of porosity « = 0.8. The copper-alumina (Cu and

Figure 1.
Physical model along
with the boundary
conditions for
(a) square cavity and
(b)W-shaped cavity
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Al2O3) nanoparticles are used in this work to obtain superior electrical and thermal
conductivities (much higher than the base liquid), which is essentially needed to
demonstrate efficient thermal transport as well as the damping effect of Lorentz force.
Secondly, the experimental data for the properties of the hybrid nanoliquid are required for
the accurate prediction of flow physics. From the literature survey, it is realized that the
mixture of Cu and Al2O3 offers a better choice over other hybrid nanofluids in the context. It
is assumed that there exists local thermal equilibrium (the same temperature for both porous
structure and flowing fluid exists). The modeling of the porous structure is carried out using
the Brinkman-Forchheimer-Darcy approach (Khanafer and Vafai, 2019; Manna et al., 2021b;
Al-Farhany, 2021b). The induced magnetic Reynolds number is supposed to be negligible.
Here the magnetic induction is modeled following Maxwell’s law (Maxwell, 1904). The Hall
effect and Joule heating are also supposed to be insignificant (Maxwell, 1904) along with the
negligible contributions of viscous dissipation and radiation effects (Nield and Bejan, 2013;
Manna et al., 2021b). With the aforesaid assumptions, the dimensional and dimensionless
transport equations are derived (Massoudi et al., 2020; Biswas et al., 2021f; Sarkar, 2021; Al-
Farhany, 2021b; Biswas et al., 2021c) and given below.

Dimensional equations:
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Non-dimensional equations:
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where, the dimensionless X, Y, U, V, P and u quantities indicate the coordinate location,
velocity, pressure and temperature, respectively, and these are scaled as:

X;Yð Þ ¼ x; yð Þ=H ; U;Vð Þ ¼ u; vð Þ=Ut; t ¼ taf=H2

u ¼ T � Tcð Þ= Th � Tcð Þ; P ¼ p� pað ÞH2=ra2
f

(9)

Here, Pr is the Prandtl number, Re is the Reynolds number, Ri is the Richardson number, Gr
is the Grashof number, Da is the Darcy number, Ha is the Hartmann number and Fc is the
Forchheimer coefficient; which are expressed as:

Pr ¼ �f
af

; Re ¼ UtH
�f

; Ri ¼ Gr

Re2
; Gr ¼ gbf Th � Tcð ÞH3

�2f
;

Da ¼ K
H2 ; Ha ¼ BH

ffiffiffiffiffiffiffiffiffiffiffiffiffi
sf=mf

q
; Fc ¼ 1:75ffiffiffiffiffiffiffiffiffiffiffi

150«3
p

(10)

The dimensionless boundary conditions for solving the transport equations (5)–(8) are:

U ¼ V ¼ 0; u ¼ 1 for the heated bottomwall (11a)

U ¼ 1;V ¼ 0; u ¼ 0 for themoving top coldwall (11b)

U ¼ V ¼ 0; @u=@Y ¼ 0 for the adiabatic sidewalls (11c)

Here, the porous medium is modeled following the Forchheimer–Brinkman-extended Darcy
model, which is reflected by the momentum equations (6) and (7). These two equations
consist of inertial frictional terms adopting the Forchheimer coefficient (Fc) and the

permeability of the porous substanceK ¼ «3d2ps=150 1� «ð Þ2
� �

that is based on the porosity
« and average particle size dps of the porous substance (Nield and Bejan, 2013). Furthermore,
the thermal conductivities of both the fluid (k) and porous material (kps) (Nield and Bejan,
2013) are taken care of in equation (4) through the effective thermal conductivity porosity-
based correlation («k þ (1 � «)kps) based on the local thermal equilibrium approach. Thus,
the effective thermal diffusivity a = («k þ (1 � «)kps)/(rCP) is finally used in equation (8)
(Mandal, 2022a, 2022b).

The volumetric concentration w of hybrid nanofluid (mixture of Al2O3 and Cu
nanoparticles suspended in carrier fluid water) is obtained as:
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w ¼ wAl2O3
þ wCu (12)

The thermodynamic properties of the fluid and two Cu and Al2O3 types of nanoparticles are
listed in Table 1.

The effective thermophysical properties of the hybrid nanofluid are evaluated from the
standard empirical relations (using the mixture rule), as listed in Table 2, where the
subscripts f and s imply base fluid and solid nanoparticles (Cu and Al2O3). However, in
the above table, the thermal and electrical conductivities and the dynamic viscosity are
evaluated following the theoretical models (Maxwell, 1904; Brinkman, 1952). Such
theoretical models are unable to predict the correct properties for Cu–Al2O3/water hybrid
nanofluid (Rashed et al., 2021). Thus, for predicting the correct results, the actual
experimental data set of Suresh et al. (2012) are used for the thermal conductivity and
viscosity properties, which are shown in Table 3. The impact of the correctly chosen
dynamic viscosity and thermal conductivity can be realized from the predicted Nusselt

Table 2.
Effective

thermodynamic
properties of hybrid

nanofluid

Hybrid nanofluid properties Relations

Density (r) r ¼ 1� wð Þrf þ wrs,
where wrs ¼ wAl2O3

rAl2O3
þ wCu rCu

Thermal expansion coefficient (rb) rbð Þ ¼ 1� wð Þ rbð Þf þ w ðrbÞs, where
w ðrbÞs ¼ wAl2O3

ðrbÞAl2O3
þ wCu ðrbÞCu

Specific heat capacity (rcp) rcpð Þ ¼ 1� wð Þ rcpð Þf þ wðrcpÞs, where
w ðrcpÞs ¼ wAl2O3

ðrcpÞAl2O3
þ wCu ðrcpÞCu

Thermal conductivity (k)
k ¼ kf

ks þ 2kfð Þ � 2w kf � ksð Þ
ks þ 2kfð Þ þ w kf � ksð Þ

� �
,

where w ks ¼ wCukCu þ wAl2O3
kAl2O3

Electrical conductivity (s)
s ¼ sf 1þ 3 ss=sf � 1

	 

w

ss=sf þ 2
	 
� ss=sf � 1

	 

w

" #
,

where wss ¼ wCusCu þ wAl2O3
sAl2O3

Thermal diffusivity (a)
a ¼ k

rcpð Þ
Viscosity (m) m ¼ mf

1� wð Þ2:5

Source: Biswas, 2021d

Table 1.
Thermophysical

parameters of water
and Cu, Al2O3

nanoparticles

Properties Water Cu Al2O3

cp (J·kg
�1·K�1) 4,179 385 765

k (W·m�1·K�1) 0.613 401 40
a (kg·m�3) 1.47� 10–7 1.11� 10–4 131.7� 10–7

b (K�1) 21� 10–5 1.67� 10–5 0.85� 10–5

r (kg·m�3) 997.1 8933 3970
m (kg·m�1·s�1) 9.09� 10–4 – –
s (m·Scm�1 ) 0.5 5.96� 107 1� 10–10

Source: Ghalambaz et al., 2019; Rashed et al., 2021
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number (Nu) in Table 4, where the average Nu results are estimated using both the classical
models (Table 2) and experimental data (Suresh et al., 2012). The changes for the Ri of 1 and
10 with Re = 200 are found remarkably high, which justifies the need for the experimental
data used in the present work.

The average Nusselt (Nu) at the active walls is estimated using the solved data set of
temperature, which is expressed as:

Nu ¼ k
kf

1
S

ðS
0

� @u

@N

�����wavy
wall

0
@

1
A dS (13)

here “S” designates the actual active wall length and “N” stands for the normal direction on
the active surface. For the visualization of the fluid flow structure within the computational
domain, streamlines are used and it is produced from the stream function (c), which is
defined (Mondal et al., 2022a, 2022b) as:

� @c

@X
¼ V and

@c

@Y
¼ U (14)

4. Numerical technique and validation
The finite volume method is used to solve the coupled non-dimensional transport equations (5)–(8)
by applying the boundary conditions. The transport equations are discretized and transformed
into linear algebraic equations. The computational domain is split into smaller control volumes by
selecting the appropriate mesh distributed non-uniformly in the x and y directions. Then the
algebraic equations are solved over all the control volumes in an iterative process using the
alternate direction implicit scheme and the tri-diagonal matrix algorithm. A third-order upwind
scheme is used for the convective terms as reflected in the momentum and energy equations to

Table 3.
Experimental data
set of viscosity and
thermal conductivity
of hybrid nanofluid

w %ð Þ wCu %ð Þ wAl2O3
%ð Þ k(W·m�1·K�1) m(kg·m�1·s�1)

0.1 0.0038 0.0962 0.619982 0.000972
0.33 0.0125 0.3175 0.630980 0.001098
0.75 0.0285 0.7215 0.649004 0.001386
1.0 0.0380 0.9620 0.657008 0.001602
2.0 0.0759 1.9241 0.684992 0.001935

Source: Suresh et al., 2012

Table 4.
Predictions of heat
transfer using
experimental data
(Suresh et al., 2012)
and model-based
relations (Table 2)

Ri Re Nu with experimental m, k (Suresh et al., 2012) Nu with modeled m, k (Table 2)

1 200 4.815 3.056
10 200 8.642 4.227
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stabilize the solution. Furthermore, the diffusion terms are handled by the second-order central
differencing scheme. The entire solution process is conducted through the FORTRAN-based code
following the SIMPLE algorithm (Lewis et al., 1996; Lewis and Schrefler, 1998; Lewis et al., 2004;
Nithiarasu et al., 2016). The converged solution of the iterative process is obtained when the
relative error levels satisfy the convergence criterion of 10–8 and 10–10 for the maximum residuals
and the mass defect, respectively. Successive over-relaxation of the under-relaxed solutions is used
to achieve the converged solution faster, which reduces total computational time. A flowchart of
the code is presented in Figure 2 to demonstrate the various steps/activities involved during the
entire numerical procedure and the order of execution of different governing equations is also
indicated in the figure. The accuracy of this in-house developed code was successfully tested
against our experimental results considering natural and forced convection and these were
reported earlier (Mondal et al., 2014; Biswas et al., 2016, 2021a; Mandal et al., 2021b; Biswas et al.,
2022) elsewhere.

Furthermore, the above-mentioned code has been enhanced systematically by
implementing various multiphysical conditions like porous medium, nanofluid/hybrid
nanofluid, MHD, etc. Correspondingly, extensive validation studies have been performed
and reported by simulating the problems of reputed published works under natural and
mixed convection (Manna and Biswas, 2021; Mondal et al., 2022a, 2022b; Biswas et al., 2022).
However, for ready reference, another validation study is included here for Cu–water
nanofluid flow in a porous-filled cavity (left wall hot and right wall cold) as demonstrated by
Nguyen et al. (2015). The present computational results for the maximum stream function,
hot wall average Nu are evaluated at Da = 10–2, Ra = 105 and 107, wCu = 5%, Pr = 6.2 with
porosity « (= 0.4 and 0.8), which are tabulated in Table 5. Here the product of the fluid-based
Rayleigh number (Ra) and Darcy number (Da) corresponds to the values of the modified-
Rayleigh number (Ram). The comparison of average Nu and jcjmax shows a closer prediction
with (Nguyen et al., 2015). In addition to these above global parameters, the local behavior of
the thermo-fluid flow (of the same geometry) is also compared through the streamlines and
isotherms, which are illustrated in Figure 3 for Da = 10–2, Ra = 105, wCu = 5%, « = 0.4, Pr =
6.2. It is pertinent to mention here that, the present validation study also uses the same set of
transport equations and property relations to address Cu-water nanofluid flow by setting
wAl2O3

= 0. The comparison of the respective contour plots shows a good agreement with
(Nguyen et al., 2015).

Apart from the above, one more validation study is conducted considering thermo-
magnetic mixed convection in Kerosene–Cobalt ferrofluid-filled porous trapezoidal cavity in
the presence of a magnetic field as reported by Mehmood (2019). The horizontal bottom and
top walls are heated and moving toward the right side, while the inclined side walls are
stationary and cold. The computation is carried out for the average Nu at the bottom wall by
varying Ha = 0, 30 and 60 at Da = 10–5, Re = 1, Ra = 6.2� 105, w = 3%, « = 0.4, Pr = 6.2,
which are also indicated in Table 5. The comparison of the average Nu shows a closer
prediction with Mehmood (2019). Therefore, the present computational technique and
results are accurate enough to address thermofluid flow phenomena under multiphysical
scenarios of the present computation.

In this study, many bounding walls are slant/undulated, and the domain consists of
complex flow physics because of the involvement of thermal gradient, porous substance,
hybrid nanofluid translating wall, etc. The modeling of such geometry is not an easy task
particularly using an in-house code. However, in this work, the slant/undulated walls at the
bottom, as well as the sides of the enclosure, are generated through the staircase technique
without compromising any numerical accuracy. For this, high-density rectangular grids
are distributed nonuniformly to approach the slant surfaces. The efficacy of the staircase
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technique has already been presented in (Biswas et al., 2021d, 2021e and Mandal et al.,
2021a, 2021b) considering wall curvature effects. For demonstration purposes and clarity, a
typical distribution of mesh for the computational domain is depicted in Figure 4 for bottom
undulation numberm= 1, height l= 0.3 and side angles g= 608.

Figure 2.
Flowchart reflecting
details of the
simulation process
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Mesh independent solution is ensured after conducting amesh sensitivity test. Special attention is
given to distributing the appropriate mesh near the slant/undulated wall for capturing the correct
thermo-fluid flow behavior. For the different combination of mesh sizes 320� 60, 360� 100,
400� 140, 440� 180, the average Nusselt number (Nu) at the bottom heatedwall is calculated for
varying Ri when Re = 200, Da = 10–3, Ha = 30, g = 608,m=1, l = 0.3, w = 0.1%. Corresponding
results of average Nu and successive errors (in %) are presented in Table 6 and it shows that
error levels are< 1%with 400� 140 mesh size. After this mesh size, the changes in the average
Nu are insignificant. Thus, themesh size 400� 140 is chosen for the present simulation.

5. Discussion of results
The present study numerically explores mixed thermal convection in a novel W-shaped
enclosure. It is filled with Cu–Al2O3–H2O hybrid nanofluid saturated porous structure. The
enclosure is heated at the bottom and cooled through the translating horizontal top wall. The
effects of geometric parameters on thermo-flow physics are examined through the variation
of heated bottom wall undulation peak number (m = 0 to 4) and its height (l = 0 to 0.4) and
insulated sidewalls’ angle (g = 45 to 758). Furthermore, the overall analysis is conducted
over a range of involved flow parameters like Richardson number (0.1� 100), Hartmann
number (0� 70), Reynolds number (10� 300), Darcy number (10–5�10–1) and nanoparticles’
volume fraction (0%� 2%) taking porosity « = 0.8 fixed. All the results of the evolved flow
field and temperature distributions are represented by streamlines and isotherms. The heat
transfer from the nanofluid flow is measured by the Nusselt number (Nu) and plotted with
the variations of all considered parameters. To analyze the impacts of various geometric
shape parameters (of this novel W-shaped cavity) on the overall thermal performance, the
investigation is carried out in a structured manner in the following subsections. It is
pertinent to mention that, the transport equations are solved in transient form using a fixed
set of high under-relaxation parameters for velocity (0.4), pressure correction (1.0) and
temperature (0.9) equations and the steady-state solutions are obtained finally.

5.1 Comparative assessment of square, trapezoidal and W-shaped cavities
A systematic study for the comparative assessment of evolved flow physics of MHD hybrid
nanofluid flow is presented for square, trapezoidal and finally the novel W-shaped cavity in
the mixed convection environment. For all these cases, the results are explained by the plots

Table 5.
Validation test of the
present solver with

the published results
of Nguyen et al.

(2015) for different
« = 0.4, and 0.8 at

Da = 10�2, Ra = 105,
w = 5%, Pr = 6.2 and
Mehmood (2019) for
different Ha = 0, 30
and 60 at Da = 10�5,

Re = 1, Ra =
6.2� 105, w = 3%,
« = 0.4, Pr = 6.2

Ra Da Re Ha « w
Published results Present results Errors (%) in estimates of
Nu jcjmax Nu jcjmax Nu jcjmax

A. Results of Nguyen et al. (2015) for a buoyant convection system
105 10–2 0 0 0.4 0.05 3.433 7.308 3.387 7.112 1.340 2.682

0.8 0.05 4.162 8.548 4.138 8.434 0.577 1.334
107 10–2 0 0 0.4 0.05 14.101 28.454 14.078 27.760 0.163 2.439

B. Results of Mehmood (2019) for a mixed convection system
6.2� 105 10–5 1 0 0.4 0.03 5.7796 – 5.7524 – 0.47 –

30 5.7772 – 5.7520 – 0.44 –
60 5.7697 – 5.7416 – 0.49 –

10–3 5.8645 – 5.8268 – 0.64 –

W-shaped
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of streamlines, isotherms and average Nu values in Figures 5–7, respectively at Re = 100,
Da = 10–3, Ha = 30, w = 0.1%. Each case elucidates the effect of the Richardson number
(Ri = 0.1 to 100) on the physics of heat transport. For the comparison, initially, a square
cavity (by setting sides’ angle g = 908) with the same length of heating (Lh, non-dimensional

Figure 3.
Present and
published results
(Nguyen et al., 2015)
of streamlines and
isotherms in a square
cavity heated
differentially (Da =
10�2, Ra = 105, wCu =
5%, « = 0.4, Pr = 6.2)

Figure 4.
Mesh distribution of
W-shaped cavity for
l = 0.2 andm= 1
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length unity) and cooling (Lc, non-dimensional length unity) is chosen (as illustrated in
Figure 5). As the cavity is bottom heated and top cold, the fluid near the hot bottom wall
being heated drops its density and moves upward; then it releases the heat energy to the top
cold wall and being cooled goes down because of higher density. As a result, there appears a
clockwise (CW) fluid circulation owing to the natural convection. Moreover, the flow velocity
is enhanced because of the top wall motion that leads to higher strength of circulation at Ri
of 0.1; streamlines occupied in the whole cavity are concentrated near the top wall because of
its shear-induced velocity (dominating forced convection). When Ri increases (Ri = 10), it
appears as another convection cell at the bottom of the cavity, which is owing to the
dominating buoyancy-driven free-convection. As a result, two circulating vortices take place
in the cavity, one because of forced convection and the other because of natural convection.
The strength of the natural circulation gains with a further rise of Ri to 100. The
temperature distribution by isotherms represents the heated source at the bottom; the
isotherms cut both the adiabatic walls. This occurs at a higher thermal gradient at the right
part of the bottom wall; the gradient in the left wall falls from the bottom to the top, these are
aligned diagonally from the bottom right corner to the left upper corner. These patterns of
isotherms are a clear indication of flow generation along the left wall because of natural
convection. Additionally, the sliding motion sucks the fluid and assists the movement of
flow further. However, the fluid after significant cooling by the top wall produces a low-
temperature zone, observed in Figure 5 at Ri of 0.1. This cold zone does not show any

Table 6.
Mesh sensitivity test
for different Ri when
Re = 200, Da = 10�3,

Ha = 30, g = 60°,
m =1, l= 0.3, w =

0.1%

Ri
Average Nusselt number (consecutive error in %)

320� 60 360� 100 400� 140 440� 180

0.1 4.501 4.409 (2.09%) 4.369 (0.91%) 4.362 (0.16%)
1 4.954 4.856 (2.02%) 4.815 (0.86%) 4.810 (0.09%)
10 8.879 8.712 (1.92%) 8.642 (0.81%) 8.640 (0.02%)
100 17.412 17.092 (1.87%) 16.961 (0.77%) 16.958 (0.02%)

Figure 5.
Streamlines and

isotherms pattern in
square cavity when
Re = 100, Da = 10�3,
Ha = 30, g = 0°,w=

0.1%
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gradient where the flow is governed by forced convection. As Ri increases to 10, the higher
natural convection effect reduces the cold zone and a major change in the isotherms is
noticed near the bottom wall that indicating the formation of another convection cell as
noted in the streamlines. The isotherms occupy the whole cavity at Ri of 100 because of
dominating natural convection and it corresponds to the higher heat transfer (as indicated
by the average Nu). Furthermore, as the Ri increases to 100 (corresponding Gr = 106), the
buoyancy force is significantly higher. As the cavity fluid is heated at the bottom and cooled
at the top, the flow structure becomes unstable, which corresponds to the Rayleigh–Bénard
convection instability (Ahuja and Sharma, 2020). Thus, at higher convection strength,
multiple cells appear in the cavity, and it is further influenced by themoving top cold wall.

Now with the above basic understanding, the square cavity is modified into the
trapezoidal cavity (by setting g = 608) keeping the same heating length (Lh) and comparing
the flow physics with the increase in top cooling wall-length (Lc) from dimensionless length
1 to 2.15. Thus, for the trapezoidal-shaped cavity (as in Figure 6), the cooling wall-length Lc
rises as sidewalls are inclined. The evolved phenomena happen as under:

� A higher cooling surface enhances the thermal energy transfer from the hot wall to
the inside fluid.

� The higher cooling surface at the top wall generates higher shear-driven flow, as a
consequence of the devolvement of higher forced convection cell strength.

� A rise in the working fluid volume in the cavity may raise the temperature of flow
and corresponding convection strength.

The dominating effect of higher forced convection (at Ri of 0.1) generates the convective cell
adjacent to the upper wall, its strength is higher relative to the cases of the square cavity (as
in Figure 5). The corresponding isotherms support the observation, the diagonal inclination
of the isotherms rises. When Ri =10, natural convection governs the total flow domain (as
indicated by the increasing value of maximum stream function), therefore the convection cell
pushes downward. Corresponding isotherms show a compression effect toward the left-
bottom corner, which implies an increase in the thermal convection as designated by the

Figure 6.
Streamlines and
isotherms pattern in
trapezoidal cavity
when Re = 100, Da =
10�3, Ha = 30, g =
60°, w= 0.1%
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average Nu. With the rise of Ri of 100, purely natural convection dictates the circulation that
produces high-strength circulating cells (stretched elliptically) at the center involving the
whole domain of the cavity. The isotherms show the coverage of higher values of isotherms
into the cavity with the rise in Ri. No separate convection cell is noted like the Rayleigh–
Bénard convection cell as in the square cavity (in Figure 5). Thus, it is clearly understood
that an increase in the cooling surface pulls the flow field at a higher velocity, which in turn
avoids the formulation of a bottom unstable convection cell. This investigation depicts the
effects of geometric modification of a typical square cavity.

With the above understanding of thermo-flow physics, the bottomwall is nowmodified into
a complex W-shaped cavity (adopting single triangular undulation, m = 1). The associated
thermo-flow physics is explored because of the change in the geometric parameters (with the
increasing heating length Lh from dimensionless length 1 to 1.16) keeping the same cooling
length Lc= 2.15 (as in Figure 6). The streamline and isotherm distribution in aW-shaped cavity
are illustrated in Figure 7 consideringm= 1, l= 0.3, g = 608, Re = 100, Da = 10–3, Ha = 30,w =
0.1%. An increase in the heating surface owing to the W-shaped cavity raises the heat transfer
to the cavity fluid, at the same time the working fluid volume in this cavity drops. The
reduction in the working volume in the cavity may oppose the rise in heat transfer. At Ri = 0.1,
the flow field and temperature distribution do not show a significant change (relative to the
trapezoidal cavity, as in Figure 6) as it is a forced convection-dominated flow. However, the
enhancement effect of the active length of the bottom heating (Lh) can be felt at Ri = 10 and 100
as natural convection dominates thermo-fluid phenomena. The pattern of the convective cells,
as well as isotherms, changes markedly. At higher Ri = 100, the circulation strength increases
and the core of the vortex relocates. A weaker circulation in the left pocket is noted because of
the flow separation. This separation rises as Ri rises because the buoyancy force grows and in
turn, velocity enhances. The isotherms pattern at Ri of 10 and 100 clustered near the right
bottom inclined part of the undulation, which indicates higher heat transfer from the heated
wall. In fact, overall isotherm patterns modify markedly above the undulation and the left
pocket in between the cavity wall and the undulation indicates a higher heating zone because of
no direct fluid flow over this zone. In general, heat transfer markedly enhances with the rising
of Ri, as elucidated by the average Nu values.

Figure 7.
Streamlines and

isotherms pattern in
W-shaped cavity

(with l= 0.3 andm=
1) when Re = 100,

Da = 10�3, Ha = 30,
g = 60°, w = 0.1%

W-shaped
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5.2 Effect of side-angle (g) of W-shaped cavity
After studying the W-shaped cavity for the fixed undulation number and its height
and sides’ inclination, further modification in geometric shape is exercised by
changing the sidewalls’ inclination angle (g), which alters the shape of the W-shaped
cavity (with a decrease in the top cooling wall-length, Lc). Furthermore, the height (l)
and number (m) of the bottom triangular undulation are varied to analyze the effects
on the thermo-flow physics (with the increase in heating length, Lh) in the subsequent
sections. This section presents the effect of adiabatic side-wall inclination angles (g =
458, 608, 758) on the thermo-flow physics in Figure 8 at constant values of Re = 300,
Ri = 10, Da = 10–3, Ha = 30, l = 0.4, w = 0.1%. Corresponding cooling length (Lc)
decreases from dimensionless length 3.0 to 2.15 and 1.53 for the fixed heating length
Lh = 1.28. Of course, enforcing a higher inclination angle leads to a decrease in the
streamline intensity, consequently, convective cell strength decreases. The involved
two control parameters in this study are:

� A rise in the inclination angle (g) drops the working fluid volume of the cavity.
� A higher inclination angle (g) shortens the cooling top wall-length Lc, this leads to a

drop in the flow circulation.
� The heating length (Lh) remains the same irrespective of the change in the

inclination angle.

Therefore, the reduction of convective circulation is because of the drop of space
and top wall cooling length (Lc) in the enclosure by raising the inclination angle. The
heating surface remains the same (dimensionless value Lh = 1.28) and fluid
separation at the left bottom wall does not change remarkably. Interestingly, the core
of the large circulation cell shifts toward the left because of the reduction in the
shear force. The corresponding isotherms show a reduction of a high-temperature
zone with an inclination angle. Because of the reduction in the cooling wall
length, effective heat transfer from the hot surface reduces, as elucidated by the
average Nu.

Figure 8.
Streamlines and
isotherms pattern
with different side
angle (g) when Re =
300, Ri = 10, Da =
10�3, Ha = 30,m= 1,
l = 0.4, w= 0.1%
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5.3 Effect of triangular undulation height (l)
The effect of varying triangular undulation heights (l = 0.2, 0.3, 0.4) is presented in Figure 9
by streamlines and isotherms for fixed values of m = 1. This section presents the results at
Re of 200 and Ri of 10 with other fixed parameters of Da (10–3), Ha (30), g (608) and w (0.1%).
The change in the l = 0.2, 0.3 and 0.4 corresponds to the change in heating length from 1.16,
1.28 and 1.41, respectively, for the fixed cooling length Lc = 2.15 (dimensionless length). The
convective cell patterns for the increasing undulation height modify significantly because of
the decrease in working fluid volume, although the strength of the main circulating cell is
unaltered. Furthermore, the formed opposite directional cell at the left pocket of the
undulation raises the size with the undulation height. The phenomenon of evolving flow
physics can be explained as under:

� An increase in undulation height increases the heating surface, thereby promoting
more thermal energy transfer.

� An increase in undulation height produces a large-shaped separation cell that leads
to a loss in the flow field and heat transfer drops in that zone. Although overall heat
transfer is improved owing to the higher heating surface.

� Higher undulation height decreases the working fluid volume in the cavity that
hampers the heat energy transfer.

Corresponding temperature distribution lines show more coverage of high-temperature
isotherms in the cavity that indicate higher heat transfer with the increasing height, as
illustrated by the average Nu values. In fact, isotherms are modified in the lower part of the
cavity, whereas there is no change in the upper part of the cavity. Therefore, the effect of the
modification in the heating surface is dominating relative to other opposing consequences.

5.4 Effect of number of undulation peaks (m)
A rise in the number of undulation peaks enhances the active length of the heated wall (Lh).
This resists the formation of a convection cell. Moreover, incorporating one undulation

Figure 9.
Streamlines and

isotherms pattern
with different

triangular bottom
height (l) when Re =

200, Ri = 10, Da =
10�3, Ha = 30,m= 1,

g = 60°, w = 0.1%
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reduces the working fluid volume in the enclosure. Further addition of undulations does not
reduce fluid volume. To understand these phenomena, present section highlights the impact
of bottom undulation peaks (m = 0, 2, 4) on the flow field and isotherms at Figure 10 at
constant Re = 200, Ri = 10, l = 0.3, Da = 10–3, Ha = 30, g = 608,w = 0.1%. No-undulation
case is depicted in the first column. Here, a single CW circulation cell (whose core is located
near the upper-left corner) occupies the entire cavity. Corresponding isotherm lines are
densely spread near the bottom wall. Now, with the increase in the undulation peaks to 2 or
4, the thermo-fluid flow structure in the lower portion of the cavity changes significantly. It
is evident that the strength of the streamlines does not change too much with the increasing
undulation peaks, moreover, additional flow separation cells appear at the left pocket of each
undulation peak. Above the bottom undulation peaks, the circulation cell is compressed
toward the upward direction and both the streamlines as well as isotherm lines take a wavy
shape. The isotherms elucidate the gain in thermal energy transport in the hybrid nanofluid
with the number of peaks compared to the no-undulation case (m = 0). It is evident that the
active length of the heat transfer surface increases both the cases of rising of undulation
peaks from dimensionless length Lh = 1 (m = 0) to 1.56 (m = 2) or 2.6 (m = 4) for the fixed
cooling length Lc = 2.15. Corresponding heat transfer is indicated by the average Nu, which
shows Nu is maximum when m = 1 (as shown in Figure 12) beyond which Nu is lesser. To
understand this trend of heat transfer Figure 11 depicts the average Nu (in % of increase)
with the% increase in length when Re = 200, Ri = 10, Ha = 30, Da = 10–3, g = 608,w = 0.1%.
This implies that the increasing rate in heat transfer with the rise in active heating length
(Lh) is higher for the cases of undulation height l (when m = 1) compared to the number of
peaks m (when l = 0.3). It reveals that gain in heat transfer is maximum up to some extent
of the rise in undulation numbers or length of the heating surface. Further increase of
bottom heating peaks (m), maintaining the same peak height, reduces the heat transfer; it
may be owing to more flow separation, although the working fluid volume in the cavity
remains unchanged despite the rise in the effective heating length, Lh. It infers that continual
increment in the number of undulation peaks (m) may not always favor improving the heat
transfer. This is an important finding of the study. Changing m (and also l ), truly speaking,
generates various shapes of the W-shaped cavity. In this connection, it would be worth

Figure 10.
Streamlines and
isotherms pattern
with different
triangular peaks (m)
when Re = 200, Ri =
10, l = 0.3, Da =
10�3, Ha = 30, g =
60°,w= 0.1%
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mentioning the work of Lukose and Basak (2020) where they investigated flow and
temperature patterns along with heat transfer in various shapes of geometries by keeping
the bottomwall and cross-sectional area fixed.

Apart from the above geometrical parameter assessment, the effect of involved flow
controlling parameters like the speed of the translating wall (using Re), the permeability of
the porous substance (using Da), magnetic field intensity (using Ha) and hybrid
nanoparticles concentrations (using w) on the overall thermal performance is also analyzed
and are presented in the following sections.

5.5 Effects of Reynolds number (Re)
This section describes the variation of the speed of the translating wall, which implies the
strength of the shearing motion. Figure 12 depicts the flow field and temperature
distribution plots for the varying Re from 10 to 300 at fixed values of Ri = 10, Da = 10–3,
Ha = 30, g = 608, l = 0.3,w = 0.1%. At a lower speed of the translating wall when Re = 10
(corresponding Gr = 103), the flow field behaves as a simple conduction-dominated problem
with weaker convection, a very smooth and low flow velocity is noted from the streamlines.
Near the heated undulated wall; a very weak flow is noted. The isotherms are more or less
symmetrical about the mid-vertical section of the cavity and stratified horizontally, a small
disturbance occurs at the right side because of the translating wall motion effect of Re of 10.
The rise in Re heightens the top wall velocity; consequently, shear-driven force influences
the convective circulation to raise its strength. This has been revealed at Re of 100
(corresponding Gr = 105) and 300 (corresponding Gr = 9� 105). As a result, convective flow
velocity modifies the circulating cell over the entire cavity. An increase in the Re causes an
increase in the secondary circulating cell at the left pocket of the undulation which means an
increase in the flow circulation produces more flow separation. Isotherm contours show the
significant variation of the temperature field over the entire cavity because of more mixing
by the rising of Re. The benefit of enhanced translating wall velocity is reflected by the
heightened heat transfer indicated by the average Nu.

Figure 11.
Increase (%) in Nu

with different
undulation height (l)

and number of
undulation peaks (m)

at Re = 200, Da =
10�3, Ri = 10, Ha =

30, g = 60°, w = 0.1%

W-shaped
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Figure 13 presents the impact of Re change at Ri = 1 keeping other parameters the same
as Figure 12. At the lower Re of 10, the observations for the streamlines, isotherms and
the average Nusselt number are almost the same as described in Figure 12 at Ri = 10.
However, for the other two Re values (= 100, 300), the overall contour patterns to some
extent similar to the involving Gr values are 104 and 9� 104. Heat transfer (Nu)
increases mostly because of augmented Re that enhances Gr value. This could be
realized by comparing Nu at Re = 100, Ri = 10 of Figure 12 with the Nu at Re = 300, Ri =
1 of Figure 13. The heat transfer is significantly at the higher Gr. For this reason, Ri =
10 is used as one of the fixed parameters for parametric analysis of different flow-
control and geometric shape parameters.

Figure 12.
Streamlines and
isotherms pattern for
different Re when
Ri = 10, Da = 10�3,
Ha = 30, g = 60°, l =
0.3,w = 0.1%

Figure 13.
Streamlines and
isotherms pattern for
different Re when
Ri = 1, Da = 10�3,
Ha = 30, g = 60°, l =
0.3,w = 0.1%
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5.6 Effect of Darcy number (Da)
The permeability of the porous substance modifies the thermo-flow field of the complex cavity.
This section of study describes the variation of permeability by Da (10–5–10–2) in Figure 14
using streamlines and isotherms at Re = 100, Ri = 10, Ha = 30, g = 608, l = 0.3,w = 0.1%. In
general, low permeability corresponds to higher resistance in the flow path that opposes the
fluid flow. The streamlines at Da of 10–5 (first column in Figure 12) illustrate very poor flow in
the convective cell, small distortion in the isotherms at the right side is owing to the effect of Re.
This results in a very small quantity of heat transfer. As Da increases to 10–4, as a result,
convective flow velocity rises markedly, consequently increasing the flow strength (as
indicated by themaximum stream function value), though the rise in velocity increases the flow
separation at the left bottom wall. At the higher Da value, circulation strength increases
markedly and the corresponding circulation core shifts downward. Corresponding isotherms
reveal clustering near the right side of the bottom undulation and distortion in the upper
portion of the cavity because of the translating wall motion. At the larger Da value, as the fluid
flow faces lower resistance, it improves the heat transfer as elucidated by the average Nu value.

5.7 Effect of Hartmann number (Ha)
Imposed external magnetic field dictates the convective flow because of its inherent
dampening effect, therefore this section is focused to elucidate the impact of Ha (varying
from 0 to 70) on the contours of streamlines and isotherms as shown in Figure 15 for the
fixed parameter of Re = 100, Ri = 10, Da = 10–3, Ha = 30, g = 608, l = 0.3, w = 0.1%. Ha = 0
represents the flow physics with a no-magnetic field. As the magnetic field intensity
increases from Ha = 0–50 and 70, the corresponding flow structure, as well as temperature
distribution pattern, alters markedly. At Ha = 0, main circulation strength is strong and
weaker secondary circulation (at the left pocket). Corresponding isotherms contours show a
clustering effect on the right face of the undulation, which corresponds to higher heat
transfer. As Ha value increases, it suppresses the fluid flow by counteracting Lorentz force,
consequently, a lower value of streamlines is noted by rising magnitudes of Ha. Also, the
strength and shape of the circulation cells modify markedly as Ha increases. Moreover, the

Figure 14.
Streamlines and

isotherms pattern for
different Da when
Re = 100, Ri = 10,

Ha = 30, g = 60°, l=
0.3, w = 0.1%
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hot thermal region shortens and shifts leftward of the cavity. As a result, overall heat
transfer is reduced significantly with the enhancement of Ha, as indicated by the average
Nu. Thus, it is clearly reflected that by selecting the appropriate value of Ha, thermo-fluid
phenomena could be controlled within the cavity.

5.8 Effect of nanoparticles’ volume fraction (w)
The rise in the mixture of nanoparticle volume fraction in a carrier fluid produces the random
movement of nanoparticles with a high-energy exchange; moreover, the conductivity of the
working fluid increases and additionally the viscosity of the fluid heightens, which alters the
overall thermal behavior of the cavity. This section explains the effect of hybrid nanoparticle
volume fraction (w for 0 to 2%) in the Figure 16 by streamlines and isotherms at Re = 100, Ri =
10, Da = 10–3, Ha = 30, g = 608, l = 0.3. As the concentrations of the hybrid nanoparticles
diminish the strength of the circulation and corresponding isotherms show less clustering on
the right face of the bottom undulation. Despite enhancement of conductivity by adding
nanoparticles, the strength of the flow field weakens and the low-temperature zone in isotherms
increases. This is because of the enhancement of viscosity with nanoparticle addition, this
effect acts predominantly over the rise of conductivity. All these effects cause a reduction in the
heat transfer as noted from the average Nu values. However, comparing the average Nu values
with pure fluid (w = 0) and with hybrid nanofluid w = 0.1% (as shown in Figure 12), it appears
that inclusion of hybrid nanoparticles is only beneficial for w = 0.1% (corresponding Nu =
8.642) compared to w = 0 (corresponding Nu = 8.484). Beyond this concentration, the heat
transfer rate deteriorates.

5.9 Heat transfer characteristics
The thermal energy transport in this complex multi-physical problem depends on several
factors with their parametric conditions. In this section, this energy transport phenomenon
is calculated quantitatively using average Nu and represented in Figure 17 with the
variations of Ri, Re, l, Da, Ha. Figure 17(a)–17(d) represents the effect of the shape of the W-
shaped cavity on heat transfer characteristics. The shape has been varied by the bottom

Figure 15.
Streamlines and
isotherms pattern for
different Ha when
Re =100, Ri = 10,
Da = 10�3, Ha = 30,
g = 60°, l = 0.3,w=
0.1%
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undulation height (l = 0.0, 0.2, 0.3, 0.4) and side inclination angle (g= 458, 608, 758)
modifications and discussed with different values of Re (= 10, 100, 200, 300) and Ri (= 0.1, 1,
10, 100) variations. Figure 17a shows the average Nu rises with Ri; Figure 17b also shows
the rise in Nu with Re. But a rising trend in the case of Ri (when Re = 100, Da = 10–3, Ha =
30, g = 608, w = 0.1%) is divergent where it is convergent for Re (when Ri = 10, Da = 10–3,
Ha = 30, g = 608, l = 0.3, w = 0.1%). This summarizes that the heat transfer process is more
effective with higher Ri (natural convection dominating cases) compared to the rise in Re.
One of the reasons may be the rise in the velocity because of the rise in Re produces more
losses in the bottom undulated wall. Heat transfer augmentation is more with the increase in
bottom height as this heightens the heating-surface active length, Lh. This increasing trend
is true for both the increase in Re and Ri. The Nu value is maximum at higher Ri, Re and l .
It is pertinent to note that the rise of bottom peak height increases the surface area but
decreases the flow volume in the cavity, additionally, this also produces more separation at
the bottom undulated wall. Therefore, there may be some optimum value of the undulation
height, the Nu may decrease with l . However, in our cases, heat transfer increases with l.
Figures 17(a) and 17(b) also reveal that the low value of Ri and Re does not show a
substantial change in the average Numagnitude for all l. The shape of theW-shaped cavity
is modified by the side-angle (g) as indicated in Figures 17(c) (Re = 100, Da = 10–3, Ha =
30,l = 0.3, w = 0.1%) and 17(d) (Ri = 10, Da = 10–3, Ha = 30,l = 0.3, w = 0.1%). The Nu value
is less for a higher inclination angle as the working fluid flow volume (Vf) and cooling wall
length (Lc) both decrease despite the same heating length. Furthermore, the slope of Nu
decrement with increasing g is more at a higher Ri value (for the fixed Re) compared to a
higher Re (for the fixed Ri). Figure 17e shows the variation of Nu over different Da values (=
10–5, 10–4, 10–3, 10–2, 10–1 when Re = 100, Da = 10–3, g = 608, l = 0.3) and Ri values (Ri = 10,
Ha = 30, g = 608, l = 0.3, w = 0.1%), it shows that Nu increases with increasing Da as flow
circulation rises (because of reduction in the resistance to flow). The effect of Da is higher
when Ri is more (because of the stronger buoyancy effect). The Nu value decreases with
increasing Ha (= 0, 30, 50, 70), as shown in Figure 17f, because of opposing effects by the
Lorentz force (generated by the magnetic field). Maximum heat transfer is noted at no-

Figure 16.
Streamlines and

isotherms pattern for
differentfwhen
Re = 100, Ri = 10,

Da = 10�3, Ha = 30,
g = 60°, l= 0.3
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magnetic field conditions. Furthermore, higher Ri corresponds to the improved heat transfer
because of the stronger buoyancy effect.

5.10 Impact of l , m and g on heating length, flow volume and cooling length
After conducting extensive analysis on a novel W-shaped cavity considering geometric
parameters’ effects (likem, l and g) and flow controlling parameters (like Ri, Re, Da, Ha and
w) on the overall thermal behavior, it is pertinent to examine the change in heating or cooling
length, working fluid volume, which is responsible for altering the thermo-fluid flow
behavior. To realize this fact, it analyzes the effect of three major geometric parameters ofm,

Figure 17.
Variation of average
Nu varying Ri, Re,
Da, Ha,g and l
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l and g on the change in active length of heating/cooling or working fluid volume. For this
reason, this section illustrates the gain in thermal performance (in terms of % change in Nu)
with change in undulation peaks (m), undulation heights (l) and side angle inclination angle
(g). The impacts of these aspects are calculated in terms of heating length (Lh), cooling
length (Lc) and effective working fluid volume (Vf) – all the values are calculated in % of
change compared to the least value (for increasing trend, compared with the initial value;
whereas, for decreasing trend, it is compared with final value) and shown in Figure 18.

The increase in bottom undulation height (l) causes a rise in the length of the
heating surface (Lh), which lessens the working fluid volume (Vf) in the cavity and
produces flow separation at a higher flow velocity. The reduction in working fluid
volume and flow separation opposes the rise in thermal energy transfer. The higher
undulation height favors flow volume reduction and flow separation, both. Flow
separation is also more at higher convective cell circulation (mostly at higher Ri and
Re). Therefore, the net effect of energy transfer is felt by summing altogether the three
effects (rise in the heating length, fluid volume and flow separation). If the last two
phenomena are dominating, the Nu value may drop with bottom undulation height
despite a rise in heating length, however, in our considered study, the effect of energy
transport always improves because of less effect of low fluid volume and flow
separation.

Figure 18.
Impact of l and g on
heating length, flow
volume and cooling
length for Re = 200,
Ri = 10, Da = 10�3,
Ha = 30,w = 0.1%
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An increase in side-inclination angle (g) reduces the effective cooling length (Lc) and flow
separation. It is evident that apart from flow separation, heating length (Lh) and working
fluid volume (Vf), the thermal energy transfer depends upon the cooling length (Lc). But the
rise in flow volume does not indicate a common rule for enhancing the heat transfer. The
variation of heating length and working fluid volume with an increase in bottom undulation
height (as per subsection 5.3) is presented in Figure 18(a), here it reveals that the heat
transfer rises with an increase in heating length (Lh) as usual but this enhancement occurs
with the decrease in working fluid volume (Vf). Figure 18(b) shows the impact of side
inclination angle (as per subsection 5.2) on the heat transfer, reduction in working fluid
volume and cooling length and heat transfer drop with both reduction in volume and cooling
length. It is true that more heating length and cooling length both help to rise in heat
transfer. Therefore, the reduction of working fluid volume will not always dictate less heat
transfer rather it depends upon other parametric conditions. Similarly, Figure 18(c) shows
the impact of several undulations (m) (as per subsection 5.4) on the heating length (Lh),
working fluid volume (Vf) and heat transfer (Nu) drops. Of course, a continual increment in
the undulation peak number does not ensure a continual increment in heat transfer. When
m = 1, only heat transfer increment is maximum, beyond this point although Lh increases,
however, heat transfer improvement deteriorates. Furthermore, after m = 1 there is no
change in working fluid volume.

For ease of understanding, the impact because of the dimensionless changes in various
geometric shape parameters (namely the number of peaks (m), peak height (l), angle of
sidewalls (g), heating length (Lh), cooling length (Lc) and flow area (Af)) of the novel W-
shaped cavity is indicated in Table 7. As expected, when m = 0 and g = 90°, it corresponds
to the classical square cavity. Now, with the increase in m, up to m = 4, the heating length
(Lh) increases substantially for the same fixed cooling length (Lc) when the side angle
remains unchanged. For the same heating length (Lh), an increasing g causes an increase in
the cooling wall length (Lc). The working volume or fluid flow area (Af) is ideally 1 when
m = 0 and g = 90°. It becomes greater than 1 when g > 90° and at m = 0, it refers to a
trapezoidal cavity without any bottom undulating peak.

Furthermore, the summary of the controlling parametric effects (m, l, g, Ri, Re, Da, Ha
and w) on the overall thermal behavior of the complex W-shaped cavity is presented in
Table 8. From this table, anyone can quickly infer the overall effects because of the change
in the involved parameters. Based on the requirement, selective parameters could be
controlled for the desired thermal management of a system/device pertaining to the above
flow physics.

Table 7.
Impact of
geometrical shape
parameters (m, l, g,
Lh, Lc, Af)

No. of peaks
(m)

Peak height
(l)

Angle of sidewalls
(g)

Heating length
(Lh)

Cooling length
(Lc)

Flow area
(Af)

0 0 90 1.00 1.00 1.000
1 0.4 45 1.28 3.00 1.800
1 0.4 60 1.28 2.15 1.375
1 0.4 75 1.28 1.53 1.065
1 0.2 60 1.08 2.15 1.475
1 0.4 60 1.28 2.15 1.375
0 0 60 1.00 2.15 1.575
1 0.3 60 1.16 2.15 1.425
2 0.3 60 1.56 2.15 1.425
4 0.3 60 2.60 2.15 1.425
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5.11 Correlation for calculation of Nu
The main controlling parameters of mixed convection flow are Ri and Re in this study. Moreover,
the shape of the complexW-shaped cavity dictates the convective flow inside the cavity. Therefore
the evolved heat transfer measured by average Nu mainly depends upon Re, Ri, l and g. Here in
this section, an attempt has been made to formulate one correlation to find out the average Nu by
the four main influencing parameters, available data in our analysis. For this, regression analysis
is carried out by developing code in the MATLAB environment. The regression coefficient is
�99%. The graph (Figure 19) shows the original values versus predicted values, which is a close
agreement. This Nu correlation represents a quantitative estimation of the global thermal
performance. Targeting the desired thermal management of a system/device pertaining to the
above flow physics, anyone can select the appropriate parametric set. This will be very helpful for
a designer/manufacturer for designing a product based on amultiphysical thermal system.

The correlation for average Nu involving Re, Ri, l and g is:

Nu ¼ a1 þ a2lþ a3Riþ a4Reþ a5gþ a6lRiþ a7lReþ a8lgþ a9RiReþ a10Rig
þ a11Regþ a12l2 þ a13Ri

2 þ a14Re
2 þ a15g2

(15)

where, the coefficients are:

Figure 19.
Line plot of actual Nu

value versus the
predicted value of

average Nu by
regression analysis

Table 8.
Summary of the

controlling
parametric effects on
the overall thermal

behavior of the
complex cavity

Controlling
Parameters

Heating length
(Lh)

Cooling length
(Lc)

Bottom flow
separation

Flow volume
(Vf)

Heat transfer effect
(Nu)

l : fixed : ; :
m : fixed : fixed (after

m> 1)
; (afterm> 1)

g fixed ; ; ; ;
Ri fixed fixed : fixed :
Re fixed fixed : fixed :
Da fixed fixed : fixed :
Ha fixed fixed ; fixed ;
w fixed fixed ; fixed ; (after certain value)
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a13.133937925700390� 102 a90.004633563335046� 102

a23.651174348902585� 102 a10-0.000010409124584� 102

a3-0.458490659292019� 102 a11-0.000002153461546� 102

a4-0.045688064611867� 102 a120.113304120366402� 102

a50.024687238728217� 102 a13-0.000033563014366� 102

a60.001374203486695� 102 a14-0.000000599441670� 102

a70.000908824817922� 102 a150.000001305694678� 102

a8-0.062421076613736� 102

6. Conclusions
The present study explores mixed magneto-thermal convection in a novel W-shaped
enclosure filled with Cu–Al2O3–H2O hybrid nanofluid (saturated in porous structure)
and cooled through its translating horizontal top wall. The heating is applied at the
bottom. The effects of the geometrical shape of the triangular bottom (single to multiple
triangles of different heights) and cavity side angle are adequately elucidated for
exploring the thermal flow physics of hybrid nanofluid by using streamlines, isotherms
and heat transfer by average Nu value. This study is carried out by varying Ri and Re
which are the main controlling parameters of the present mixed convection flow.
Additionally, the impacts of other flow controlling parameters (like Da, Ha, w ) on
convective flow are explained by thermal energy transport. The outcomes of the study
are summarized below:

� At higher Ri, mixed convection in a square cavity produces two convective cells,
which are merged and transformed into a single cell for the trapezoidal as well as
W-shaped cavity, is because of the enhancement of flow area that in turn reduces
the convective velocity of fluid near the bottom wall.

� An increase in bottom triangular height always improves the thermal energy
transfer to hybrid nanofluid despite the reduction of flow volume and
formation of flow separation. With the increase in bottom undulation height,
effective heating length increases �28%, which leads to a �15% reduction in
the effective volume of the working fluid and a gain in heat transfer of
�56.48%.

� A rise in side inclination angle deteriorates the heat transfer despite the same
heating length, which is because of the reduction of flow volume and cooling
wall length.

� Ri and Re both assist more thermal energy transport to the fluid in the cavity as
both help to raise the convective strength of the fluid. The impact of change in Ri is
more effective relative to the effect of change in Re.

� The increase in permeability (or Da) improves the convective circulation; as a result, Nu
rises.

� The rise in the viscosity of hybrid nanofluid with more addition of nanoparticle
volume fraction deteriorates the Nu despite the rise in conductivity.

� Ha suppresses the flow velocity thereby Nu drops.
� Thermal energy transfer into the fluid domain depends upon heating surface length,

cooling surface length, flow volume in the cavity and also the magnitude of the
bottom undulation height of the W-shaped cavity.
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� An increase in length by undulation height is more effective compared to a rise in
length by the number of bottom peaks of the W-shaped cavity.

In many modern systems/processes pertaining to materials processing, continuous casting,
food processing, chemical reactors, biomedical applications, etc. fine control in the transport
process is a major concern. The findings of the present analysis can effectively be useful for
other applications for getting more control features in terms of achieving the operational
objectives. In fact, there are many opportunities for future research experimentally or
numerically, considering different curvature effects orientations of the geometry, working
fluids, boundary conditions, etc. Furthermore, the study could be extended by considering
unsteady flow or turbulent flow.
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