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Abstract

This paper examines the capability of hybrid lattice Boltzmann method to simulate developed turbulent buoyancy-driven
flows in closed rectangular cavities. The two-relaxation time mesoscopic lattice Boltzmann method is used as a fluid dynam-
ics solver, whereas the thermal behavior is described in terms of the macroscopic energy equation. Numerical simulation
is performed for air-filled square and tall cavities in a range of the Rayleigh number 10° < Ra < 10", An in-house numeri-
cal code is developed in this study and successfully validated against up-to-date numerical and experimental data of other
researches. It is found that the proposed hybrid approach accurately predicts the location of thermal plumes at the isothermal
walls despite an insignificant error in the heat transfer rate with the Ra > 3 - 10'°.

Keywords Turbulent natural convection - Hybrid lattice Boltzmann - Two-relaxation time - Direct numerical simulation

Abbreviations Nu  Mean Nusselt number/(—)
a Thermal diffusivity/(m?s™") Pr  Prandtl number Pr=va~Y(-)
A, Aspectratio, A, =HL™/(-) Ra  Rayleigh number Ra = gf(T, — T.)L*v~'a~"/(-)
Cy Particle speeds/(m s7h t Time/(s)
Cq Lattice speed of sound/(m s™1) 1y Time scale/(s)
f Distribution function/(kg m™) Ar  Time step in lattice Boltzmann equation/(s)
/%1 Equilibrium distribution function/(kg m™>) T Temperature/(K)
f* Symmetrical distribution function/(kg m™) T, Temperature of the cold wall/(K)
f Asymmetrical distribution function/(kg m™) T, Temperature of the hot wall/(K)
59 Symmetrical equilibrium distribution function/(kg uv  Velocities components/(m s ')
m™) UV Dimensionless analogues of u, v/(—)
f*4  Asymmetrical equilibrium distribution function/(kg V.. Velocity scale/(ms™")
m™3 xy  Coordinates/(m)
H Height of the cavity/(m) XY Dimensionless analogues of x, y/(—)
L Length of the cavity/(m) w,  Weighting factor/(—)

Nu  Local Nusselt number/(—) Greek symbols

Heat transfer coefficient/(W m™2 K1)

Coefficient of thermal expansion/(K~ h
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) Heat conductivity coefficient/(W m™" K™)
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Kinematic viscosity/(m?s~")
Density/(kg m™)

Dimensionless time/(—)
Symmetrical relaxation rate/(s™")
Asymmetrical relaxation rate/(s™')
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Introduction

Turbulent buoyancy-driven flows are encountered in differ-
ent engineering problems such as Trombe wall, electronics
and fuel cell cooling, building thermophysics and solar col-
lectors. In order to examine thermal and flow regularities,
mathematical physics methods are predominantly applied
since an up-to-date experimental study of turbulent convec-
tion is very expensive. However, despite some progress in
simulation of turbulent flows an accurate turbulence mod-
eling is still a great challenge.

Nowadays, Reynolds averaged Navier—Stokes (RANS)
approach [1-4] is mainly used to simulate turbulent buoy-
ancy flows. Popularity of this approach is due to an accept-
able time of computation. Along with that speed up in com-
putation reduces accuracy. Moreover, RANS models are
semiempirical. Consequently, results obtained with these
models should always be validated by experimental data. On
the contrary, classical macroscopic direct numerical simu-
lation (DNS) provides accurate results [5-9] without any
additional information. But this accuracy requires massive
computation resources and time. On the other hand, meso-
scopic lattice Boltzmann method (LBM) can successfully
deal with this kind of problems as shown in [10]. The most
relevant studies are presented below.

One of the first attempts to utilize lattice Boltzmann
method to perform a direct numerical modeling of high Ray-
leigh number flow in a cavity heated from the side was done
by Dixit and Babu [10]. The authors used widely accepted
LBGK model to examine the thermal and flow fields in a
range of the Rayleigh number 10* < Ra < 10'°. However,
it is well known that standard Bhatnagar—Gross—Krook
approximation suffers numerical instabilities with high Ray-
leigh number flows. So, to overcome this weakness, Dixit
and Babu applied interpolation supplemented technique and
computations were performed on a non-uniform mesh. To
increase numerical stability, multiple relaxation time (MRT)
approximation can be used instead of simple BGK model.
Du and Liu [11] studied buoyancy-driven flow via MRT
LBM with eight-by-eight collision matrix. The eight velocity
directions were applied in the velocity space. Mathematical
modeling was conducted for air with 103 < Ra < 10°. A two-
population entropic MRT lattice Boltzmann simulation was
performed in [12]. Frapolli et. al. considered both the canon-
ical non-rotating and rotating turbulent Rayleigh—-Bénard
convection.

Another approach to apply LBM for high Rayleigh num-
ber flows is to perform relaxation of central moments in a
“cascaded manner.” This model is known as cascaded lattice
Boltzmann (CLBM). Sharma et. al. [13] tested CLBM on a
benchmark problem of natural convection in a closed square
cavity in a range of 103 < Ra < 10'°, It was found that the
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wall shear stresses and the Nusselt numbers were satisfac-
tory agreed with the DNS and experimental data.

In order to conduct lattice Boltzmann modeling on non-
uniform and curvilinear grids, Polasanapalli and Anupindi
[14] extended a compact finite difference lattice Boltzmann
method (CFDLBM). The authors studied buoyancy-driven
flows in square and concentric circular annulus cavities with
the Rayleigh number up to 10°.

In the studies presented above, passive scalar approach
(PSA) was used as a thermal model. Moreover, DNS based
on the lattice Boltzmann equation was predominantly per-
formed for Ra < 10'°. It should be stressed that Lallemand
and Luo [15] noted that a hybrid approach had a higher
numerical stability in comparison with PSA in some cases.
Thus, the aim of this work is to examine the capability of
hybrid lattice Boltzmann method to simulate high Rayleigh
number flows up to 101,

Problem statement

It is general practice to implement the Reynolds averaged
Navier—Stokes technique to study turbulent flow patterns.
However, it needs to be stressed that RANS was originally
developed to examine forced convection. Hence, a signifi-
cant error can arise when implementing RANS for buoy-
ancy-driven flows. Therefore, we adopted the pseudo-direct
numerical simulation (pDNS) technique in order to obtain
reliable results. However, it is well known that the conven-
tional DNS approach is computationally very expensive
and numerical implementation of high-order finite differ-
ence schemes is a big challenge. So we used alternative lat-
tice Boltzmann method to compute the flow field. But gen-
eral LBGK model suffers numerical instabilities with high
Rayleigh numbers. To increase stability of the LBM, we
applied two-relaxation time approximation and the hybrid
formulation with implicit solution of energy equation. The
great benefit of the proposed hybrid pseudo-direct numeri-
cal simulation over RANS and LES is no need for empirical
input data. Consequently, the pDNS can be considered as
a universal CFD tool both for laminar and turbulent flow
behavior analysis.

Pseudo-direct numerical simulation of high Rayleigh
number flow was performed for a differentially heated cavity
with different aspect ratios (Fig. 1). Pseudo-direct numerical
simulation (pDNS) is a CFD technique similar to conven-
tional direct numerical simulation (DNS). When performing
the DNS, Kolmogorov scales of time and space must be
fully resolved. On the contrary, these scales can partially be
unresolved under pDNS [16—18]. This factor significantly
lightens the computational load, and a solution is obtained
much more faster in comparison with pure DNS. It should
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Fig.1 Solution domain: a—A, =1;b—A =4

be stressed that physical dissipation effects are introduced
through the numerical viscosity. Thus, very important issue
is the choice of convective terms approximation scheme.

The problem statement assumes that physical parameters
such as thermal diffusivity and heat conductivity are tem-
perature-independent. Low Mach number two-dimensional
transient flow under Boussinesq approximation is studied.
The Dirichlet conditions are set at the vertical walls, whereas
horizontal boundaries are assumed to be heat insulated. The
fluid is considered as an absolutely transparent medium for
thermal radiation.

Two-relaxation time lattice Boltzmann formulation

In the present study, the two-relaxation time (TRT) proposed
by Ginzburg [19] is applied to approximate a collision opera-
tor in the Boltzmann equation. The TRT is a kind of com-
promise between the single relaxation time (SRT) and the
multiple relaxation time approximations. On the one hand,
numerical stability of the TRT is superior to the SRT. On the
other hand, numerical implementation of the TRT is not as
complicated as the MRT. The discretized mesoscopic lattice
Boltzmann equation under the TRT approximation and the
D2Q9 scheme with buoyancy force term is as follows:

f(Z+8 - A 14+ A1) = (X, 1) = Ar- oo - (fF =)
—At-w, - (-1 + At F.
)]
where k=1.0.9. In the collision side, the distribution func-
tion fis divided into the symmetrical f* and asymmetrical f*
parts with corresponding relaxation rates. The symmetrical
relaxation rate e is related to shear viscosity, and the asym-
metrical relaxation rate w, is related to energy fluxes [20].

?

Fig.2 D2Q9 scheme

The symmetrical and asymmetrical distribution functions
can be expressed as follows:

eq q
s _fk +f—k seq _ Yk +ffk

fk 2 > Jk 2 (2)
eq eq
a_fk _f—k aeq_fk _f—k
K="g k=T
eq _ Cll (Ck'u)z w? . .
where f7 =w-p- [1+ =t oa T aals the equilib-

rium distribution function; w, is the weights: w, = 4/9,
wy s = 1/9, we o = 1/36; p is density; ¢, is particle speeds:
c; =(0,0), ¢y 5 =(x1,0),(0,%1), cg g = (1, +1); ¢, is lat-
tice speed of sound; and —k is the counter direction of k
(Fig. 2). If k is equal to 2, then the counter direction is 4.
Analogously, the counter direction for k=6 is -k =8, etc.

Macroscopic variables such as density and velocity are
related to the distribution function as:

9
p= D fi 3)
k=1

u=

9
IR )
k=1

o=

The symmetrical relaxation rate is computed through
the kinematic viscosity as:
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It is known that the best numerical stability is obtained 1 1
with the A = 0.25. . . N, = / O 4y, Na, :/ 0| 4y (15)
The buoyancy force in Eq. (1) can be determined as ) 90X |x=0 s 0X [x=1

follows:

> ©)

T, +T,
N (228
where g is acceleration due to gravity; f is volumetric ther-
mal expansion; 7, is temperature of the hot wall; and T is
temperature of the cold wall.
A simple bounce back condition is implemented to define

the value of the distribution function at the walls.

Heat transfer formulation

In this study, the lattice Boltzmann method is coupled with
a macroscopic energy equation in order to analyze thermal
behavior of turbulent flow. The dimensionless energy equa-
tion under conditions of natural convection is as follows:

00 00 0 1 (PO 9
iUV s —— =+ ).
x XN Rap < X2 " o2 > 7

where Ra = . is Rayleigh number; Pr = L—VI is
Prandtl number; and a is thermal diffusivity, m?s™".

The following conditions are set for Eq. (7):

gf T -T)-L
v-a

|, + 06,
0X,Y,r=0)= — = 0.5, ®)
UX,Y,7t=0)=V(X,Y,r=0)=0, 9)
00
0<X<l1l: — =0, 10
o |y-oy-1 (19)
X=0,0<Y<1:0=1, (11
X=1,0<Y<1:0=0, (12)

The following relations are applied to make Eq. (7)
with initial (8), (9) and boundary (10)—(12) conditions
dimensionless:

_T-T,

X = S
Th_Tc

z Y=X;U= ; ; ©
L L V. 1%

C nc

5 Vncz\/g'ﬁ'(Th_Tc)'L'

The partial differential Eq. (7) is discretized by the finite
difference technique. The first- and second-order schemes
are applied to approximate temporal and convective terms.
Diffusive terms are discretized by the central differences.
Difference analogues obtained after discretization are solved
by means of the sweep method.

Results and discussion

Numerical prediction of turbulent buoyancy-driven flow pat-
terns is performed in a wide range of governing parameters.
The cavity aspect ratio A, is changed from 1 to 4. Com-
putations are conducted for the Rayleigh number range of
10° < Ra < 10! with the fixed Prandtl number of Pr=0.71
corresponding to air. Results of numerical simulations are
presented in terms of the temperature and streamline con-
tours, streamslices, temperature and velocity profiles, local
and mean Nusselt numbers.

Square cavity with A, = 1

Firstly, the classical benchmark problem of turbulent free
convection in a square air-filled cavity is considered. It is
known that the flow behavior becomes turbulent when the
Ra = 2 - 108. Thus, simulations are performed in a range of
10° < Ra < 10'°,

Before the main numerical procedure, grid convergence
should be checked. In particular, this issue is crucial when
applying the pseudo-DNS approach. Figures 3 and 4 show
temperature, streamlines, vector fields and magnitude of
velocity (W =VU* + V2). The isotherm step is 0.05.

It is found that a uniform thermal stratification filled
almost the entire cavity with the number of 5012 nodes.
Probably, only large eddies are resolved with this mesh size.
It should be stressed that the numerical solution obtained
with the proposed hybrid TRTLB-FD approach is similar
to those computed by RANS models [1-4]. On the other
hand, the isotherm configuration is drastically altered when

13)

The heat transfer rate is estimated in terms of the local
and mean Nusselt numbers as:

@ Springer

increasing the mesh size to 6012. Temperature oscillations
are clearly observed and fluctuations are found at the left
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Fig.3 Temperature contours when Ra = 10'% and = = 1000: a 5012, b 6012, ¢ 7012, d 8012

top and right bottom corners of the cavity. In addition, the
temperature is reduced in the areas of 0<X<1,0.2<Y <04,
0.6 <Y <0.8 (Fig. 3b). A further increment in the number
of nodes slightly affects the thermal field in the core of
the analysis domain. The isotherm shape is insignificantly
changed near the isothermal walls. Finally, the quasi-grid-
independent solution is obtained with the grid size of 7012,
The isotherm location is almost identical when comparing
the temperature contours with 7012 and 8012 nodes. The
near-wall behavior is also similar. Figure 4 represents the
streamlines with the variation of mesh size.

A complex flow structure is observed inside the square
cavity due to turbulent flow behavior. As could be expected,
the flow pattern is altered every time with variation of the

grid size. When examining the vector fields and contours of
velocity magnitude, it can be stated that laminar and turbu-
lent boundary layers simultaneously exist at the isothermal
walls. The highest values of velocity are found at the top left
and bottom right corners of the solution domain. Along with
that, there is almost no circulation at the core of the cavity.
More small-scale structures are resolved as the number of
grid points is increased. However, a noticeable alteration
of heat transfer and fluid flow patterns is observed between
the mesh sizes of 501% and 6012. A quasi-grid-independent
solution in terms of the temperature is obtained when the
number of nodes is equal to 7012. Consequently, the ther-
mal field remains almost the same, whereas the flow pat-
tern is changed. This could be possible when the magnitude

@ Springer
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Fig.4 Streamlines a, d, g, 1, vector fields b, e, h, m and velocity magnitude c, f, i, n when Ra = 10'” and = = 1000: a, b, ¢ 5012, d, e, f 6012, g,
h,i7012,1, m, n 8012
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Table 1 Mean Nusselt numbers and CPU times when Ra = 10'* and
7 = 1000

Grid size 5012 6012 7012 8012

m 82.64 87.69 90.57 89.68
m 82.44 88.94 90.07 89.55
CPU times/h 68.8 92.49 155.86 205.67

of velocity fluctuations is insignificant. That hypothesis is
proved by distributions of velocity vectors. Variation of the
mean Nusselt numbers at the isothermal walls along with the
CPU times is presented in Table 1.

The mean Nusselt number is significantly increased for
both the hot and cold isothermal walls with an increment in
the number of nodes from 5012 to 6012. However, a devia-
tion in the mean Nusselt numbers of less than 1% is achieved
between 7012 and 8012. Thus, at least the grid size of 7012
should be applied to study the thermal and turbulent flow
patterns in closed square cavities by the hybrid TRTLB-FD
model when Ra < 10'°. CPU times are of interest since we
perform pseudo-direct numerical simulation. In order to
perform computations, we have involved a computer class
equipped by 10 PC with Intel Core i3-8100 CPUs and 4 GB
of DDR4 RAM. CPU times were estimated by means of the
“tic-tok” function of MATLAB. The numerical codes were

(a)

1,0 -
® Ra=10°[13] 3
0s ] 4 Ra=10"[13] a7
’ ——Ra=10° A
- - Ra=101 Y
0,6
v/
@

0,4

] /
0,2 i ',/
0,0 T T T

0,0 0,2 0,4 0,6 0,8 1,0

Y

Nu

run at least three times. The discrepancies in the executed
times did not exceed 5%.

Figure 5 shows temperature profiles in the midlength and
the local Nusselt numbers at the hot wall of the cavity when
varying the Rayleigh number. The benchmark data obtained
with cascaded LBM [13] are also presented.

When performing a general observation, it could be
stated that an increment in the Rayleigh number leads to
a slight increase/decrease of the temperature near the top/
bottom wall. This regularity is obviously concerned with
the enhancement of the buoyancy force. The local Nusselt
numbers at the hot wall are grown for the same reason. A
very accurate solution is obtained in terms of the tempera-
ture and the local Nusselt numbers with Ra = 10°. However,
an insignificant deviation is revealed when increasing the
Rayleigh number to 10'°. It should be stressed that Sharma
et al. [13] presented the time-averaged data. So the error may
be reduced when comparing the instantaneous solutions.
Table 2 shows the mean Nusselt numbers for the hot wall for
different Rayleigh numbers. The benchmark data obtained
with different numerical techniques are also presented.

Based on the data presented in Table 2, a reasonable con-
clusion could be made that the Nusselt numbers obtained
with the proposed pseudo-DNS approach are well correlated
with the results of other researches except for high Reyn-
olds turbulent viscosity methods [1, 26]. When performing

(b)
4501 :
® Ra=10°[13]
360 A Ra=10[13]|]
| —Ra=10°
A ~ — Ra=1010
27
o1/a
\
é
180{%
\A\A
S ~_AL
0] e tAau o
'\ka\.qw._‘t.':_\::y"\ N
0 . . — f LY
0,0 0,2 0,4 0,6 0,8 1,0
Y

Fig.5 Temperature a and local Nusselt number b variation with the Rayleigh number

Table 2 Variation of the Nu at the hot wall

Ra Conventional FMLBM LES [24] CDUGKS LBM- RANS with standard ~ Meshless method with Hybrid
DNS [23] based DNS [25] k — € model [1] Spalart—Allmaras model [26] TRTLB-FD
model
10° 54.6 54.51 52.3 74.96 51.71 53.81
1010 100 98.171 89.49 156.85 149.8 90.57
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a detailed analysis, it is revealed that the error between the
“true” conventional direct numerical simulation data [23]
and the hybrid TRTLB-FD model does not exceed 1.5%
with Ra = 10°. In general, the LBM-based techniques show
the similar heat transfer rate results when Ra = 10°. A dis-
crepancy in the mean Nusselt numbers is observed when
increasing the buoyancy force. The divergence between the
DNS [23] and the proposed hybrid lattice Boltzmann method
is around 9% when Ra = 10!°. On the contrary, the mean
Nusselt number computed in this study is in an excellent
agreement with the data obtained by the coupled discrete
unified gas kinetic scheme [25] even without a grid refine-
ment procedure.

The proposed hybrid pseudo-DNS approach was addi-
tionally validated against experimental data of Ampofo and
Karayiannis [27]. The authors performed a benchmark study
of turbulent thermal convection in a cavity filled with air
when Ra = 1.58 - 10°. Figure 6 presents a comparison of
temperature, velocity and local Nusselt numbers at the iso-
thermal walls.

When analyzing the data presented in Fig. 6, it is explored
that the temperature profile computed with the TRTLB-FD
model agrees well with the results of Ampofo and Karayian-
nis [27]. The same trend of velocity is obtained. However, it
should be stressed that a discrepancy in the extremum values
is observed (Fig. 6b). Probably, higher values of V are asso-
ciated with the 2D problem formulation. On the other hand,
Ampofo and Karayiannis [27] used a 3D domain where the
square plane was considered. Conceivably, the local Nusselt
numbers at both at the hot and cold walls are higher for the
same reason. But in general, the error is insignificant. Thus,
the results of this study are in agreement with the benchmark
experimental data.

Tall cavity with A, = 4

When considering turbulent natural convection, tall cavities
are often studied. A decrease in the solution domain along

@ Springer

1

Fig.7 Temperature contours a, b, ¢ and streamslices d, e, f when: a, d
Ra =10'° 7 = 440;b,e Ra = 3 - 10'°, ¢ = 280, ¢, f Ra = 10"}, = 240

by



% Downloaded from https://iranpaper.ir

Alio (il (gawass dey

e 0lnl ol oy90

https://www.tarjomano.com

Hybrid pseudo-direct numerical simulation of high Rayleigh number flows up to 10" 7863
(a) (b)
T T T 1000 ' .
041 e Ra=10"(8] | 4 le e Ra=101[9]
A Ra=3x101018] . A Ra=3x1010[9]
5| @ Ra=10"[g] A /s, i ¢ Ra=10""[9]
024 ___Ra=101 ) 2 ——Ra=10"
- — Ra=23x10"° 6004 - - Ra=23x101°
® 004 - - Ra=10" 2 - - Ra=10"
400
-0.2 4
L [ 200 e ..?.':' Py
—04 = ._‘ A A, DN
| . L
T T T 0 T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Y Y

Fig. 8 Variation of temperature a in the section of X=0.125 and local Nusselt numbers at the hot wall b

the X-axis allows reducing the grid size and, consequently,
computational resources are saved. Moreover, a quasi-sta-
tionary solution is obtained faster in the case of heating from
the side. Temperature contours and streamslices for fully
developed turbulent flow are shown in Fig. 7.

The thermal field becomes less stratified with an incre-
ment in the Rayleigh number. This behavior is concerned
with the formation of convective plumes at the isothermal
walls. The intensity and number of convective plumes are
increased as the buoyancy force is enhanced. These fac-
tors lead to a de-stratification. The temperature is lowered/
increased in the top/bottom half of the cavity. When ana-
lyzing the flow pattern, it is revealed that turbulization sig-
nificantly affects the secondary currents inside a large-scale
convective cell. Small eddies are predominantly formed with
an increment in the Rayleigh number. On the other hand,
configuration of outer flows near the top walls is slightly
altered.

The results of the study are compared with the benchmark
DNS data of Trias et al. [8, 9]. Figure 8 presents profiles of
temperature and local Nusselt numbers.

In general, satisfactory agreement is observed both for the
temperature and the local Nusselt numbers. When perform-
ing a careful examination, it is revealed that the proposed
hybrid TRTLB-FD model reproduces almost the same trend
of temperature profiles with variation of the buoyancy force.
Moreover, the best match is achieved in the case of the high-
est Rayleigh number. On the contrary, a discrepancy in the
local Nusselt numbers at the hot wall is increased with an
increment in the Rayleigh number since the thickness of the
boundary layer at the isothermal walls is decreased. Prob-
ably, in order to reduce the error, a grid refinement technique
near the solid walls can be applied in the proposed hybrid
lattice Boltzmann method. However, a slightly more accu-
rate solution will be obtained, whereas the numerical proce-
dure will become drastically harder. It is interesting to note

that the discrepancy in heat transfer rate is reduced as the
height of the cavity is increased. Moreover, the TRTLB-FD
model accurately predicts the location of the beginning of
the local Nusselt number fluctuations along the hot wall even
without a mesh refinement procedure.

Conclusions

A very simple approach to study the highly turbulent
buoyancy-driven flows in square and tall cavities was pro-
posed. Within this approach, the two-relaxation time lat-
tice Boltzmann method was applied to examine the fluid
dynamics, whereas the finite difference solver was used
to compute the thermal field. Hybrid method suggested in
this study showed incomparably better numerical stability
than the widespread single relaxation time approximation.
Moreover, numerical implementation of the TRT model is
significantly easier in comparison with the multiple relaxa-
tion time approximation. It should be also stressed that the
two-relaxation time model has only one input argument
called “magic” parameter. This parameter has been already
well studied. On the other hand, the MRT has more than
three free parameters in the case of the two-dimensional
nine velocity scheme. Simulation results obtained with an
in-house numerical code were compared with the up-to-
date numerical and experimental data of other researches.
In general, satisfactory agreement was demonstrated both
in local and mean heat transfer characteristics. It was
found that the proposed hybrid TRTLB—FD model accu-
rately captured thermal plumes at the isothermal walls.

In prospect, parallel implementation of the numerical
code developed in this study is of great interest.
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