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ABSTRACT
The present article deals with the analysis of the three-layer convective flow of immiscible nanofluids in a
composite porous annulus. Water and kerosene are chosen as base fluids due to their immiscible property
that leads to the formation of a non-physical boundary separation and thus forming a multi-layer flow. In
thismodel, the hybrid nanofluid is formedby suspending copper oxide (CuO) andmulti walled carbon nan-
otubes (MWCNTs) in water which is sandwiched between layers of nanofluid formed by suspending CuO in
kerosene leading to twoboundary separations that give rise to the interface regions. Sucha flow finds appli-
cations in the field of solar reactors, electronic cooling, etc. Themodel based on the above assumptions is in
the form of a system of ordinary differential equations that are solved using the differential transformation
method. The solutions are found to be in agreementwith the existing literature and the results of this study
are interpreted graphically. It is to be noted that the interfacial region in themultilayer nanofluid flowhelps
in maintaining the system at an optimum temperature which helps to cool down the systems. Further, the
increase in the Eckert number increases the heat conduction of the nanofluid and pressure enhances the
flow speed of the nanofluid.
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Nomenclature

μ dynamic viscosity (kgm−1s−1)

ν kinematic viscosity (kgm−1s−1)

ρ density (kgm−3)

Ui, velocity component for r directions (ms−1)

X, r Cartesian coordinates(m)
g gravitational acceleration (ms−2)

P pressure (kgm−1s−2)

βt coefficient of thermal expansion
T temperature (K)
Cp specific heat at constant pressure (m2s−2)

C nanoparticle concentration
Q internal heat source
θ dimensionless temperature
φ dimensionless concentration
N porosity parameter
βc coefficient of volumetric expansion
γ chemical reaction parameter
κ permeability of porous medium (m2)

δ dimensionless internal heat source
KT thermal diffusion ratio
Pr Prandtl number
Grt local temperature Grashof number
Grc local mass Grashof number
λt modified temperature Grashof number
λc modified mass Grashof number
Tw1 , Tw2 temperature at lower and upper wall (K)

CONTACT S. Manjunatha manjubhushana@gmail.com

k thermal conductivity (WK−1m−1)

Cw1 , Cw2 nanoparticle concentration at lower and upper wall
D coefficient of mass diffusivity (m2s−1)

Ec Eckert number
Re Reynolds number
Subscripts
1 nanoliquid
i Region I,II and III
f base liquid
np nanoparticle
2 hybrid nanoliquid

1. Introduction

The analysis of heat transfer finds lots of applications in many
industries. The development of materials having high thermal
conductivity and a faster transport rate of heat is essential
in engineering and industrial processes. Thus, the studies on
nanofluids have attracted many researchers across the world.
These fluids are formed by suspending metallic particles of size
10−9 m. Since these particles have a higher thermal conduc-
tivity than the fluids, they aid in enhancing the thermal con-
ductivity. These fluids find applications in industrial cooling,
heaters/coolers, microelectronic equipment, automobiles, etc.
For instance, nanofluids are used in vehicles to improve the effi-
ciency of heat exchangers and cooling systems. In this regard,
Farooq et al. (2016) analysed the non-linear radiation for the
flow of viscoelastic nanofluid at the stagnation point. Hayat
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et al. (2015) and Hayat, Shafiq, and Alsaedi (2014) performed a
heat transfer analysis of third grade nanofluid under the influ-
ence of Lorentz force. Later, Shafiq et al. (2014) extended this
study to analyse the unsteady flow of Williamson fluid. Whereas
Choi et al. (2021) conducted an experiment to study the impact
of nanoparticle migration in EG/water-based Al2O3 nanofluids.
Shafiq, Çolak, and Sindhu (2021) and Naseem et al. (2018) had
analysed the solid–fluid interface coating of CNT (carbon nan-
otubes) and its effect at the boundary interface. In the ethanol
condensation process, the heat transfer properties of water-
based nanofluids suspended with metals, metal oxides and
carbon were studied by Banisharif et al. (2021) and Shafiq, Ham-
mouch, and Sindhu (2017). Many studies have been conducted
on various kinds of non newtonian nanofluids like Walter’s B
nanofluid (Shafiq et al. 2021), tangent hyperbolic nanofluid (Zari
et al. 2021) and casson nanofluid (Shafiq et al. 2021) to reach the
demands of industries in the process of heat transfer.

Though the nanofluids were capable of enhancing the ther-
mal conductivity of traditional fluids, they lacked chemical sta-
bility. Hence in order to achieve stable nanofluid, researchers
designed hybrid nanofluid in which two types of nanoparti-
cles are suspended among which one of the nanoparticles
enhances the thermal conductivity and the other ensures the
inertness of the nanofluid. In this regard, Said et al. (2021)
studied the generation of entropy and performed the analy-
ses of linear Fresnel reflectors using hybrid nanofluids. Man-
junatha et al. (2019) discussed the effect of variable viscosity
for the flow of a hybrid nanofluid in the presence of natu-
ral convection. Ramesh et al. (2020) discussed the homoge-
neous–heterogeneous reactions for the flowof hybrid nanofluid
composed of ND − Co3O4−EG. Abbas et al. (2021) studied the
heat transfer in radiators made of aluminium tubes by allow-
ing the Fe3O4 − TiO2−water hybrid nanofluid. Fazeli, Emami,
and Rashidi (2021) analysed the heat transfer performance of
MWCNT − CuO hybrid nanofluid flowing in a fixed plate. These
studiesmotivatedManjunatha et al. (2021) to frame a newmath-
ematicalmodel that describes the heat transfer of ternary hybrid
nanofluids and observed that the heat conduction band to be
higher for thesenanofluids than the single-phase and two-phase
nanofluids.

Recent studies show that the multilayer flow of nanofluids
has gained more attention due to its higher heat transfer rate
as well as its interfacial effects that help to understand the inter-
actions between fluid layers. Especially, in analysing the flow of
groundwater in coarse material that finds applications in hydro-
carbon carbon spills and leaks. Multi-layer flow discusses the
characteristics of fluid flow in two or more layers. Such a flow
involving immiscible fluids has practical importance in the field
of petroleum extraction, crude oil transport, chemical indus-
tries, geophysics, plasma physics, etc. Based on these applica-
tions, Vajravelu, Arunachalam, and Sreenadh (1995) studied the
unsteady flow of fluids which was immiscible and observed the
effect of magnetic field over velocity. Then Chamkha (2000) had
given two immiscible fluid flow under porous and non-porous
channels and mainly focused on heat absorption and the effect
of buoyancy current. Malashetty, Umavathi, and Kumar (2004)
focused on the two-layer flow of couple stress and viscous fluid
and analysed the flow for strong, weak, and comparable poros-
ity conditions with the couple stress fluid parameter. Kumar

et al. (2010) discussed the effect of magnetic field on multilayer
flow of micropolar fluid under a porous medium. Recently, Man-
junatha et al. (2021) analysed the multilayer flow of a hybrid
nanofluid in porous media. Rajeev and Mahanthesh (2021) dis-
cussed non-linear Boussinesq approximation in the multilayer
flow of nanofluid.

The process of heat and mass transfer in porous medium
has grabbed the attention of various researchers in recent years
due to its wide applications in many engineering and thermal
applications like packed-bed heat exchangers, catalytic reac-
tors, thermal insulation, petroleum industries, electronic cool-
ing, etc. Moreover, significant progress was observed in using
the porous medium in biomedical applications such as drug
delivery, tissue replacement, medical imaging, tissue cultur-
ing, etc. Due to these abundant applications, studies related to
porous medium are in huge demand. For instance, Abo-Dahab
et al. (2021) analysed the effect of suction and blowing over
the flow of Casson nanofluid past a hot porous surface. Yadav,
Chu, and Li (2021) examined the convection instability in the
vertical flow of a nanofluid over a porous medium having con-
sidered variable gravity. Ying et al. (2021) conducted the thermo-
hydraulic analysis with molten salt-based nanofluid and porous
medium. El-Shorbagy et al. (2021) performed numerical analy-
sis to study the effect of mixed convection in a porous trape-
zoidal channel and Al-Farhany and Abdulsahib (2021) studied
mixed convection in two layers of the saturated porousmedium.
Ebrahimi et al. (2021) performed heat transfer analysis in the
presence of mixed convection for nanofluid flowing in a closed
elbow-shaped cavity. Valizadeh Ardalan et al. (2021) studied the
unsteady flow of Cu − H2O nanofluid in the presence of mixed
convection.

An annulus is the space between two concentric objects of
the same shape in which a larger one surrounds a smaller one.
Due to their technological uses in compact heat exchangers,
nuclear reactors, thermal storage systems, gas-insulated trans-
mission lines, etc., heat transfer in the annulus in the presence of
convectionplays a significant role in engineering systems.Mixed
convection exists when the currents of the natural convection
possess the same order of magnitude as forced flow velocities
and when forced and natural convection together contribute
to the heat transfer, mixed convection occurs. The contribu-
tion of each of these convection mechanisms is dependent on
the flow pattern and the magnitude of the temperature driving
force. In this regard, Shahsavar et al. (2021) considered eccen-
tric annulus to analyse the effect of free convection through the
first and second law of thermodynamics. Shahsavar et al. (2021)
have also given the details on entropy generation for the
flow of Ag − H2O nanofluid in a horizontal annulus. Miles and
Bessaih (2021) performed the analysis of entropy generation
for the fluids flowing past a cylindrical annulus. Mirzaie and
Lakzian (2021) discussed the effect of natural convection near
the density inversion point for the nanofluid flowing in a cylin-
drical annulus. Abd-Allah andAlsedais (2021) studied the impact
of magnetic field on the heat and mass profile of nanofluid
flowing in an annulus between a cavity and an elliptical
obstacle.

Through the detailed literature survey performed, it is
observed that no article exists that deals with the flow of
CuO − MWCNT−water hybrid nanofluid in between the layers
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of CuO−kerosene nanofluid in a concentric porous annulus.
Hence, the authors make a sincere effort to analyse such a
characteristic flow. The choice of two immiscible fluids, namely,
water and kerosene as base fluids give rise to interfacial bound-
ary regions. The selection of CuO as one of the nanoparticles
makes this model useful in various technologies like cataly-
sis, energy conversion, magnetic storage, energy storage, ther-
mites, as well as superconductors and they help in achieving
chemical stability. The CuO acts as a transition metal due to its
high thermo-electrical capacity and nontoxic nature. It can be
easily produced and is also available in affordable price; thus,
engineers suggest this for better commercial applications. Fur-
thermore, the middle region is suspended with an additional
nanoparticle, namely MWCNT that ensures better heat capac-
ity. Due to these applications and advantages, the authors have
framed a mathematical model in the form of a system of differ-
ential equations that is solved by the differential transformation
method and the results are interpreted through the tables and
graphs.

2. Mathematical model

Figure 1 represents an infinitely long porous annulus made of
two concentric cylinders with radii R

2 and 2R that contains a
three-layered flow of immiscible nanofluids. The base fluids are
assumed to be incompressible and the fluid flow is assumed to
be steady and laminar. The region R ≤ r ≤ 3R

2 contains porous
medium and is filled with CuO-MWCNT hybrid nanofluid with
water as the base fluid. The other two regions R

2 ≤ r ≤ R and
3R
2 ≤ r ≤ 2R are filled with CuO-kerosene nanofluid. The pres-
sure gradient is assumed to be common in all the regions. The
temperature (Tw2) and nanoparticle concentration (Cw2) are
kept constant in the cylinder having radius R

2 . Whereas the cylin-
der with radius 2R is held at Tw1 and Cw1 such that Tw1 ≤ Tw2 and
Cw1 ≤ Cw2 . The Boussinesq approximation and viscous dissipa-
tion are taken into account andall the thermophysical properties
of nanoparticles and the base fluid are assumed to be constant.
The fully developed vertical flow of the nanofluids is assumed.
The heat source, as well as chemical reaction, is considered in
thismodel toobtain the realistic results.With these assumptions,
the Mathematical model takes the following form (Abbas and
Hasnain 2017):

Region I -CuO -kerosene nanofluid

μ1

ρ1

(
d2u1
dr2

+ 1
r

du1
dr

)
− 1
ρ1

∂P

∂x

+ (
gβt1(T1 − Tw2)+ gβc1(C1 − Cw2)

) = 0, (1)

α1

(
d2T1
dr2

+ 1
r

dT1
dr

)
+ μ1

ρ1Cp1

(
du1
dy

)2

+ Q1

ρ1Cp1

(
T1 − Tw1

) = 0, (2)

D1

(
d2C1
dr2

+ 1
r

dC1
dr

)
− γ1

(
C1 − Cw2

) = 0. (3)

Figure 1. Geometry of the problem.

Region II -CuO-MWCNT -water Hybrid nanofluid

μ1

ρ2

(
d2u2
dr2

+ 1
r

du2
dr

)
− 1
ρ2

∂P

∂x
− ψμ2

ρ2κ
u2

+ (
gβt2(T2 − Tw2)+ gβc2(C2 − Cw2)

) = 0, (4)

α2

(
d2T2
dr2

+ 1
r

dT2
dr

)
+ μ2

ρ2Cp2

(
du2
dy

)2

+ Q2

ρ2Cp2

(
T2 − Tw2

)+ ψμ2

ρ2Cp2κ
u22 = 0, (5)

D2

(
d2C2
dr2

+ 1
r

dC2
dr

)
− γ2

(
C2 − Cw2

) = 0. (6)

Region III -CuO-kerosene Nanofluid

μ1

ρ1

(
d2u3
dr2

+ 1
r

du3
dr

)
− 1
ρ1

∂P

∂x
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+ (
gβt1(T3 − Tw2)+ gβc1(C3 − Cw2)

) = 0, (7)

α1

(
d2T3
dr2

+ 1
r

dT3
dr

)
+ μ1

ρ1Cp1

(
du3
dy

)2

+ Q1

ρ1Cp1

(
T3 − Tw1

) = 0, (8)

D1

(
d2C3
dr2

+ 1
r

dC3
dr

)
− γ1

(
C3 − Cw2

) = 0, (9)

The boundary and interface conditions can be expressed as
follows:

u1(r) = 0, T1(r) = Tw2 ,

C1(r) = Cw2 , at r = R

2
.

u2(r) = u1(r), T2(r) = T1(r),

C2(r) = C1(r),

μ1
du1
dr

= μ2
du2
dr

, k1
dT1
dr

= k2
dT2
dr

,

D1
dC1
dr

= D2
dC2
dr

atr = R.

u2(r) = u3(r), T2(r) = T3(r),

C3(r) = C2(r),

μ2
du2
dr

= μ1
du3
dr

, k1
dT3
dr

= k2
dT2
dr

,

D1
dC3
dr

= D2
dC2
dr

atr = 3R
2
.

u3(r) = 0, T3(r) = Tw1 ,

C3(r) = Cw1 , atr = 2R. (10)

where no slip condition for velocities is assumed, tempera-
ture and concentration are constant at r = R

2 and r = 2R. At
the interface, the velocities and stress, temperature and heat
flux, concentration and mass flux are equal. In order to simplify
the governing equations, Equations (1)–(9) have to be nondi-
mensionalised with the help of the following non-dimensional
quantities:

u∗
i = ui

u0
, r∗ = r

R
, θi = Ti − Tw2

Tw1 − Tw2

,

φi = Ci − Cw2

Cw1 − Cw2

,

pi = − R2

μiu0

(
∂Pi
∂x

)
, Rei = ρiRu0

μi
,

Gti = gρ2i βti(Tw1−Tw2)R
3

μ2
i

,

Gci = gρ2i βci (Cw1 − Cw2) R3

μ2
i

.

Using the thermophysical properties of CuO nanofluid and
CuO-MWCNT hybrid nanofluid (Nallusamy, Narayanan, and
Logeshwaran 2017; Nallusamy 2016) given in Table 1 alongwith
the non-dimensional quantities, the above equations take the
following form:

Region I: CuO -kerosene Nanofluid

A1

(
d2u1
dr2

+ 1
r

du1
dr

)
+ p1 + A5λt1θ1 + A11λc1φ1 = 0, (11)

A9

(
d2θ1
dr2

+ 1
r

dθ1
dr

)
+ A1Pr1Ec1

(
du1
dy

)2

+ Pr1δ1θ1 = 0, (12)

(
d2φ1
dr2

+ 1
r

dφ1
dr

)
− χ1φ1 = 0, (13)

Region II: CuO-MWCNT -water hybrid nanofluid

A2

(
d2u2
dr2

+ 1
r

du2
dr

)

+ p2 − A2Nu2 + A6λt2θ2 + A12λc2φ2 = 0, (14)

A10

(
d2θ2
dr2

+ 1
r

dθ2
dr

)
+ A2Pr2Ec2

((
du2
dy

)2

+ Nu22

)

+ Pr2δ2θ2 = 0, (15)(
d2φ2
dr2

+ 1
r

dφ2
dr

)
− χ2φ2 = 0, (16)

Region III: CuO -kerosene nanofluid

A1
d2u3
dy2

+ p1 + A5λt1θ3 + A11λc1φ3 = 0, (17)

A9

(
d2θ3
dr2

+ 1
r

dθ3
dr

)
+ A1Pr1Ec1

(
du3
dy

)2

+ Pr1δ1θ3 = 0, (18)

(
d2φ3
dr2

+ 1
r

dφ3
dr

)
− χ1φ3 = 0, (19)

The dimensionless boundary and interface conditions take
the following form:

u1 = 0, θ1 = 0, φ1 = 0, at r = 0.5.

u2 = u1, θ2 = θ1, φ2 = φ1,

du1
dr

= μ
du2
dr

,
dθ1
dr

= k
dθ2
dr

,
dφ1
dr

= D
dφ2
dr

atr = 1.

u2 = u3, θ2 = θ3, φ2 = φ1,

μ
du2
dr

= du3
dr

, k
dθ2
dr

= dθ3
dr

, D
dφ2
dr

= dφ3
dr

atr = 1.5.

u3 = 0, θ3 = 1, φ3 = 1atr = 2. (20)

Furthermore, to measure the difference of three-layer nanoflu-
ids, the ratios of the physical properties are defined as follows:

λti = Gti

Re
, λci = Gci

Re
, Pri = μiCpi

ki
,

Eci = u20
Cpi(Tw2 − Tw1)

,

δi = QiR2

μiCpi
, N = ψR2

κ
, χi = γiR2

Di
, μ = μ2

μ1
,
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Table 1. Properties of CuO - kerosene nanofluid and CuO- MWCNT - water hybrid nanofluid.

Properties -CuO − kerosene nanofluid CuO − MWCNT − water hybrid nanofluid

Viscosity (Nm−2)
μnf

μf
= 1

(1 −�np1 )
2.5

μhnf

μf
= [1 − (�np1 +�np2 )]

−2.5(Where � = �np1 +�np2 )

Density (kgm−3)
ρnf

ρf
=
[
(1 −�np1 )+�np1

ρnp1

ρf

]
ρhnf

ρf
=
[
(1 −�)+�np1

ρnp1

ρf
+�np2

ρnp2

ρf

]

Heat capacity
(Jkg−1K−1)

(ρCp)nf
(ρCp)f

=
[
(1 −�np1 )+�np1

(ρCp)np1
(ρCp)f

]
(ρCp)hnf
(ρCp)f

=
[
(1 −�)+�np1

(ρCp)np1
(ρCp)f

+�np2
(ρCp)np2
(ρCp)f

]

Thermal conductivity
(Wm−1K−1)

knf
kf

= (knp1 + 2kf )− 2�np1 (kf − knp1 )

(knp1 + 2kf )+ 2�np1 (kf − knp1 )

khnf
kf

=

⎡
⎢⎣ (
�np2knp2 +�np1knp1

�
)+ 2kf + 2[�np2knp2 +�np1knp1 ] − 2�kf

(
�np2knp2 +�np1knp1

�
)+ 2kf − [�np2knp2 +�np1knp1 ] +�kf

⎤
⎥⎦

Thermal expansion
co-efficient (K−1)

(ρβti)nf

(ρβti)f
=
[
(1 −�np1 )+�np1

(ρβti)np1

(ρ1β1)f

]
(ρβti)hnf

(ρβti)f
=
[
(1 −�)+�np1

(ρβti)np1

(ρ2βti)f
+�np2

(ρβti)np2

(ρ2βti)f

]

Volumetric expansion
co-efficient (m3)

(ρβci)nf

(ρβci)f
=
[
(1 −�np1 )+�np1

(ρβci)np1

(ρ1β1)f

]
(ρβci)hnf

(ρβci)f
=
[
(1 −�)+�np1

(ρβci)np1

(ρ2βci)f
+�np2

(ρβci)np2

(ρ2βci)f

]

k = k2
k1

, D = D2

D1
, p2 = 1

μ
p1, Pr2 = Cpμ

k
Pr1,

Ec2 = Ec1
Cp

,
λt2

λt1
= ν1βt2

ν1βt2
h2,

λc2

λc1
= ν1βc2

ν1βc2
h2.

3. Solution procedure

The ordinary differential equations (11)–(19) are numerically
solved using DTM (Odibat 2008). This method was derived from
the Taylor series expansion and the transformation is given by

F(hl) = 1
h!

[
dhf (r)

drh

]
r=0

(21)

and the inverse differential transformation is

f (r) =
∞∑
h=0

F(h)rh, (22)

merging Equations (21) and (22) we get

f (r) =
∞∑
h=0

rh

h!
dhf (r)

dyhr

∣∣∣∣
y=0

. (23)

Since
∑∞

h=0 F(h)r
h is trivial and can be ignored, so u(r) can be

formed as finite series and the equation can be noted as (Chen
and Liu 2014)

f (r) =
n∑

h=0

F(h)rh. (24)

Where the value of ndepends on the convergence requirements
in real applications and differential transform of f (r) is F(r). On
transforming Equations (11)–(19) we get.

Region I: CuO -kerosene nanofluid

A1(h + 1)(h + 2)U1[h + 2]

+�(h − m)(h + 1)U1[h + 1] − p1�(h − m)

+ A5λt1�1[h] + A11λc1�1[h] = 0, (25)

A9(h + 1)(h + 2)�1[h + 2]

+�(h − m)(h + 1)�1[h + 1] + Pr1δ1�1[h]

+ A1Ec1Pr1

h∑
h=0

(m + 1)(h − m + 1)

× U1[h − m + 1]U1[m + 1] = 0, (26)

(h + 1)(h + 2)�1[h + 2]

+�(h − m)(h + 1)�1[h + 1] + χ1�1[h] = 0, (27)

Region II: CuO-MWCNT-water hybrid nanofluid

A2(h + 1)(h + 2)U2[h + 2]

+�(h − m)(h + 1)U2[h + 1] − p2�(h − m)

− A2NU2[h] + A6λt2�2[h] + A12λc2�2[h] = 0, (28)

A10(h + 1)(h + 2)�2[h + 2]

+�(h − m)(h + 1)�2[h + 1]

+ Pr2δ2�2[h] + A2Ec2Pr2
r∑

h=0

(m + 1)(h − m + 1)U2[h − m + 1]U2[m + 1]

+ A2Pr2Ec2N
h∑

h=0

(h − m)(h − m + 1)U2[m] = 0, (29)

(h + 1)(h + 2)�2[h + 2]+
+�(h − m)(h + 1)�2[h + 1] + χ2�2[h] = 0, (30)

Region III: CuO -kerosene nanofluid

A1(h + 1)(h + 2)U3[h + 2]

+�(h − m)(h + 1)U3[h + 1] − p1�(h − m)



6468 R. ANANDIKA ET AL.

+ A5λt1�3[h] + A11λc1�3[h] = 0, (31)

A9(h + 1)(h + 2)�1[h + 2]

+�(h − m)(h + 1)�3[h + 1]

+ Pr1δ1�3[h]

+ A1Ec1Pr1

h∑
l=0

(m + 1)(h − m + 1)

× U3[h − m + 1]U1[m + 1] = 0, (32)

(h + 1)(h + 2)�3[h + 2] +�(h − m)(h + 1)

×�3[h + 1] + χ1�3[h] = 0, (33)

with the help of transformed boundary conditions, the problem
is converted to an initial value problem and by using the recur-
sive method, values for Ui,�i and �i can be calculated. Hence,
the final solution can be obtained by substituting Ui, �i and�i

in Equation (24).

4. Heat transfer rate and skin friction coefficient

Nusselt number: The rate of heat transfer dependson the temper-
ature distribution on the channel wall to liquid which is given as
follows:

qB =
(
dθ1
dr

.
)
r=0.5

, qT =
(
dθ3
dr

)
r=2

.

Skin friction: The skin friction at channel walls is given by

τB =
(
du1
dr

)
r=0.5

, τT =
(
du3
dr

)
r=2

.

Sherwood number: The mass transfer rate for channel walls are
given by

ShB =
(
dφ1
dr

)
r=0.5

, ShT =
(
dφ3
dr

)
y=2

.

5. Results and discussions

The multilayer flow comprising of a layer of hybrid nanofluid
in the middle of two nanofluid layers has been analysed. The
hybrid nanofluid in the middle region is formed by adding
MWCNT and CuO to water, whereas the other two layers of
nanofluid are formed by suspending CuO into kerosene. The
system of differential equations that govern such a flow is non-
dimensionalised and solved using DTM. The obtained results
coincide with the results achieved by Umavathi, Chamkha, and
Shekar (2014) which is shown in Table 2. The outcomes of the
study are rendered in this section through Figures 2–13.

The impact of thermal and mass Grashof number and pres-
sure on velocity is depicted in Figures 2– 4 respectively. It is
observed that these three parameters have a similar effect on
the velocity profile. The increase in the thermal Grashof number
indicates that the fluid is being heated and hence the density
decreases as a result the velocity of the nanofluid increases for
higher values of thermal Grashof number in all three regions as

Table 2. Comparison table.

Velocity (ms−1) Temperature (K)

y Umavathi Present Umavathi Present

−1 0 0 0 0
−0.5 1.25 1.25 0.1667 0.1667
0 2 2 0.3333 0.3333
0 2 2 0.3333 0.3333
0.5 2.25 2.25 0.5 0.5
1 2 2 0.6667 0.6667
1 2 2 0.6667 0.6667
1.5 1.25 1.25 0.8333 0.8333
2 0 0 1 1

Figure 2. Outcome of the modified thermal Grashof number λt on velocity.

Figure 3. Outcome of modified mass Grashof number λc on velocity.

seen in Figure 2. Further, it can also be observed that the veloc-
ity of the fluid is maximum in the middle region than the two
adjacent regions because of the low density of nanofluid upon
conduction of heat. Similarly, the effect of mass Grashof number
is shown in Figure 3. Due to various densities that create high
viscosity and pressure loss, the pressure gradient for nanofluids
and hybrid nanofluids formed with distinct base fluids is strong
and thus the velocity increases as shown in Figure 4.
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Figure 4. Outcome of pressure on velocity.

Figure 5. Outcome of porosity on velocity.

Figure 6. Outcome of porosity on temperature.

Figure 7. Outcome of Ec on temperature.

Figure 8. Outcome of ratios of viscosity on velocity.

Figure 9. Outcome of ratios of thermal conductivity on temperature.
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Figure 10. Outcome of ratios of mass diffusivity on concentration.

Figure 11. Outcome of heat source on temperature.

Figure 12. Outcome of nanoparticle volume fraction on velocity.

Figure 13. Outcome of nanoparticle volume fraction on temperature.

The viscosity of the nanofluid increases as a result of higher
porosity, this will gradually cause the fluid to flow at a lower
velocity as shown in Figure 5. It also shows that the effect of
porous medium affects the flow near the interface region on
either side but it has no impact far from the middle region. This
is because the porous medium is considered only in the middle
region. Meanwhile, the temperature of the nanofluid decreases
with the increase inporosityparameter. The increase in thepores
reduces the flow speed and their heat gets transferred from the
nanofluid to the surface and results in the decreased tempera-
ture of the nanofluid as shown in Figure 6. The Eckert number is
also known as the viscous dissipation parameter used to charac-
terise the impact of self-heating of fluid due to internal friction.
As a result, the temperature of the nanofluid increases with the
increase in Eckert number as shown in Figure 7.

Theeffect of ratios of viscosity, thermal conductivity andmass
diffusivity on the velocity, temperature and concentration pro-
file is shown in Figures 8– 10. For a fixed viscosity in the middle
region, the increase in the ratio of viscosity reduces the viscous
force in the first and third regions which increase the velocity in
these two regions. As a result, the layers at the interfacial regions
pull the hybrid nanofluid in the middle region and hence an
increase in the velocity of the nanofluid is observed in Figure 8.
Whereas the fluid flow remains constant in the middle region
due to the fact that its viscosity is left unaltered. Meanwhile, the
increase in the thermal conductivity ratio enhances the conduc-
tion band in regions I and III. The interface regions will assist
in developing the thermal conductance of the heat in the mid-
dle region as well hence an increase in the heat transfer is seen
in Figure 9 for higher values of thermal conductance ratios.
Similarly, the effect of mass diffusivity is seen in Figure 10.

The presence of a heat source is considered for positive val-
ues ofQ and this sourcewill constantly generate heat so that the
temperature of the nanofluid increases. The presence of a heat
sink is considered when the values of Q are chosen to be neg-
ative. This sink will absorb heat from the nanofluid as a result,
the temperature of the nanofluid decreases for negative values
of Q. This effect is depicted in Figure 11 which also shows that
the heat conduction in themiddle layer ismuch greater than the
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Table 3. Values for skin friction coefficients, Nusselt number and Sherwood number.

qB qT τB τT ShB ShT

Gt1 0.5 1.9509 −4.3257 5.3745 −28.3166 0.3461 −2.2068
1 2.0927 −6.8562 5.9004 −33.4486 0.3461 −2.2068
1.5 2.1765 −9.3721 6.2162 −37.3408 0.3461 −2.2068
2 2.2904 −11.788 6.3656 −39.572 0.3461 −2.2068

Gc1 0.5 1.9509 −4.3257 5.3745 −28.3166 0.3461 −2.2068
1 2.4525 −5.6561 6.1935 −32.3056 0.3461 −2.2068
1.5 3.2538 −8.8976 8.1014 −43.6865 0.4249 −6.3923
2 3.8052 −10.9968 9.7729 −53.6844 0.4249 −6.3923

Ec1 0.1 1.9509 −4.3257 5.3745 −28.3166 0.3461 −2.2068
0.2 1.8104 −4.7069 6.5407 −35.3677 0.3461 −2.2068
0.3 1.6873 −5.0316 7.578 −42.7641 0.3461 −2.2068
0.4 1.5831 −5.2876 8.478 −49.9606 0.3461 −2.2068

N 1 1.8843 −4.1571 5.3507 −28.686 0.3461 −2.2068
2 1.9521 −4.2031 5.31 −27.9638 0.3461 −2.2068
3 1.9593 −4.2074 5.3572 −27.8347 0.3461 −2.2068
4 1.9668 −4.212 5.3388 −27.7869 0.3461 −2.2068

P1 0.5 1.9509 −4.3257 5.3745 −28.3166 0.3461 −2.2068
1 2.8809 −5.8063 6.7402 −33.2446 0.3461 −2.2068
1.5 2.9267 −7.505 8.6186 −40.4236 0.3461 −2.2068
2 4.6333 −9.4135 11.0073 −50.512 0.3461 −2.2068

δ1 −2 1.2333 −1.2308 0.0758 −4.8663 0.3461 −2.2068
−1 1.373 −1.3897 1.0607 −10.9456 0.3461 −2.2068
1 1.7468 −3.1295 4.0094 −26.4361 0.3461 −2.2068
2 1.9509 −4.3257 5.3745 −28.3166 0.3461 −2.2068

μ 0.5 1.8845 −4.2798 5.3937 −29.1158 0.3461 −2.2068
1 1.9596 −4.2268 6.4791 −29.5978 0.3461 −2.2068
1.5 1.9891 −4.1931 6.9875 −30.0408 0.3461 −2.2068
2 2.0044 −4.1696 7.2913 −30.4016 0.3461 −2.2068

k 0.5 1.8845 −4.2798 5.3937 −29.1158 0.3461 −2.2068
1 2.0273 −4.1978 6.9943 −26.4292 0.3461 −2.2068
1.5 2.3189 −4.05 10.0805 −21.1304 0.3461 −2.2068
2 3.0749 −3.7333 18.3424 −5.7933 0.3461 −2.2068

D 0.5 1.9596 −4.2268 5.4791 −29.5978 0.3461 −2.2068
1 2.1318 −4.3249 5.6131 −29.6231 0.5098 −2.1961
1.5 2.3553 −4.4461 5.8483 −29.9178 0.6639 −2.1711
2 2.6236 −4.6482 6.1697 −30.6691 0.8555 −2.1303

other two layers. This occurs because of the fact that the mid-
dle layer is considered to be a hybrid nanofluid. The impact of
volume fraction over the velocity and thermal profile is shown
in Figures 12 and 13, respectively. The increase in the volume
fraction contributes to the increased density that would further
decrease the velocity of the fluid flow as shown in Figure 12. Fur-
thermore, the temperature of the nanofluid decreases with the
increase in the volume fraction ofMWCNT due to the interfacial
effect that arises at the boundary formed due to the immiscible
fluids.

The variations of the skin friction coefficient, Nusselt number
and Sherwood number for changes in various fluid flow param-
eters are depicted in Table 3. The Sherwood number shows
deflection only for the changes inGc1 andD. For all other param-
eters, it remains constant. The increase in mass Grashof number
enhanced the Sherwood number at radius r = 0.5 and an oppo-
site trend is seen in the wall at r = 2. Whereas the increase in
D enhances the rate of heat transfer at r = 0.5 and decreases
the heat transfer rate at r = 2. It has a similar impact on the
skin friction coefficients also. Meanwhile, the rise in the values
of Gc1 increases the skin friction coefficient and Nusselt number
at r = 0.5 and decreases them at r = 2. The increase in the ratio
of thermal diffusivity, the skin friction coefficient and the rate of
heat transfer at both ends increases. The increase in the ratio of

viscosity causes an enhancement in the Nusselt number on both
the walls and decreases the skin friction coefficient at the wall
r = 2. The increase in the other parameters like Gt1, N, P1, δ1
has a similar effect on the Nusselt number and the skin friction
coefficient. The increase in these parameters increases the Nus-
selt number and the skin friction coefficient at the wall r = 0.5
and decreases them at the wall r = 2.

6. Conclusion

The multilayer vertical flow of water and kerosene-based
nanofluids hasbeen investigated in thepresenceof the chemical
reaction parameter. The governing equations of this study were
non-dimensionalised using suitable relations and the resulting
system of equations was solved using the differential trans-
formation method. The outcomes of the study are interpreted
through graphs and tables as described in the results and dis-
cussion. The key outcomes of the study can be summarised as
below:

• The usage of the multilayer model developed in this study
helps in maintaining an optimum temperature in the system.
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• The region where hybrid nanofluid is considered exhibits
higher conduction of heat when compared with the other
two regions.

• The thermal andmass Grashof number are found to enhance
the flow velocity and the skin friction coefficient.

• The presence of porosity in the middle region helps in con-
trolling the fluid flow.

• It has been found that an increase in the Eckert number
enhances the temperature of the nanofluid due to internal
heating.

• The increase in the mass diffusivity ratio enhances the mass
transfer of the fluid in the middle region and improving the
ratio of viscosity enhances the fluid flow.
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(ρ2βc)bf

]
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