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A B S T R A C T

The physical phenomena of nanofluid at high temperature motivate us to analyze problems with temperature-
reliant fluid properties, like viscosity and thermal conductivity. Since in glass blowing, viscosity and thermal
conductivity of the fluid may gets affected in such high temperature. This communication deals with the unsteady
flow of nanofluid generated by nonlinear expansion of the surface. Temperature-dependent fluid viscosity and
thermal conductivity are considered in the investigation of the problem. The flow of nanofluid is modeled using
famous the Buongiorno's two-phase model, which includes the simultaneous effect of Brownian motion and ther-
mophoresis diffusion. Appropriate transformations are adopted to obtain the ODEs from governing PDEs. Then
MATLAB ‘bvp4c’ computation is used to solve the problem and to get a clear insight of the influences of various
parameters. Graphical comparisons are made to check the accuracy of used numerical method. The study explores
that heat transfer rate significantly enhances by the index of nonlinearity, variable viscosity and thermal con-
ductivity parameters. Unsteadiness of the flow can be used as a controlling parameter to reduce the surface drag,
heat and nano-mass transfer rate. Variable viscosity parameter leads to enhance the velocity near the surface and
reducing the concentration of the nanoparticles. The thermal and concentration boundary layer thickens with
thermal conductivity parameters. Nanofluid temperature and concentration of nanoparticles decay with nonlinear
expanding index.
1. Introduction

The flow of conventionally working fluid (water, oil, air, biofluids,
lubricants and polymer solutions, etc.) is widely used in our daily life
applications, such as machinery manufacturing, air conditioning, chem-
ical production, automobiles and so on. Due to advancements in tech-
nology these traditional fluids are not adequate to work as heat transfer
media to fulfill the demanding requirements of a high heat transfer rate.
Nanotechnology is an innovative idea in this direction. Nanotechnology
is the study of material at nano-scale along with its production and ap-
plications. The aim of research in nanotechnology mainly focuses to
improve the quality of products, saving energy, to make products
economically convenient, enhance the equipment's life and to reduce the
time of processing. An alternate way to overcome the limited use of lower
thermally conductive working fluids is by dispersing nanometer-sized
metallic/non-metallic solid particles in it. These particles are known as
nanoparticles and a mixture of base fluid with suitable nanoparticles is
termed as nanofluid. This advanced concept is given by Choi [1].
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Nanofluids have applications in a broad domain depending on several
parameters, such as shape, size, type and concentration of nanoparticles
in many industries [2]. Analysis of transfer characteristics of nanofluid
can be figured out by two proposed models. One of them is Tiwari and
Das [3] model, based on homogeneous principle and the other is the
Buongiorno [4] model based on slip mechanism between nanoparticles
and conducting fluid. Buongiorno [4] proposed a two-component and
four-equations model which considers the significance of the Brownian
and Thermophoresis mechanism over other slip mechanisms. Numerous
studies have been performed based on above two models [3,4] with
various aspects to examine the different characteristics of nanofluid flows
[5-10]. Recently, non-similar solution of EMHD flow of Casson nanofluid
with various shapes of nanoparticles is analyzed by Hussain et al. [11],
and Ajeet at al [12]. discussed the significant role of radius of copper
nanoparticles immersed in water for time-dependent flow in presence of
porous medium.

Analysis of axisymmetric flow caused by radially moving surface has
motivated many researchers to focus on such flows due to its wide range
of uses in industrial areas, such as rapid spray cooling, polymer
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Nomenclature

a a constant
A unsteady parameter
A1 a constant
C concentration of nanoparticles
Cfr local skin-friction coefficient
Cw concentration at the wall
C∞ concentration in free-stream
DB Brownian diffusion coefficients
DT thermophoretic diffusion coefficients
f dimensionless stream function
m nonlinear expanding parameter
Nb Brownian motion parameter
Nt thermophoresis parameter
Nur local Nusselt number
Pr Prandtl number
qm wall mass flux
qw wall heat flux
r distance from the origin
ðr;Θ; zÞ cylindrical coordinate system
Rer local Reynolds number
Sc Schmidt number
Shr local Sherwood number
t time

T temperature of nanofluid
Tw temperature at the wall
T∞ temperature in free-stream
Tr a constant
u;w velocity components in the r- and z-directions, respectively
uw velocity at the wall
V velocity field

Greek symbols
ε thermal conductivity parameter
η a variable
γ thermal property of the nanofluid
θ dimensionless temperature
θr variable viscosity parameter
κ thermal conductivity
κ∞ thermal conductivity at ambient temperature
λ a constant
μ viscosity
μ∞ dynamic viscosity at ambient temperature
ρ density
ðρCpÞ heat capacity
υ kinematic viscosity
φ dimensionless concentration
τ ratio of heat capacities
τw wall shear stress
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extraction, glass blowing and metal foundries. In 2D steady case,
axisymmetric boundary layer equations over a continuous cylindrical
solid surface initiated by Sakiadis [13] in 1961. A problem of axisym-
metric flow for second-grade fluid due to the radially expanding surface
was reported by Ariel [14]. Sajid et al. [15] conducted the work for
axisymmetric flow for third-grade fluid and solved the problem via HAM.
Later, Shahzad et al. [16] performed an analytical calculation on
axisymmetric MHD flow past a nonlinear stretching surface for the index
of nonlinearity taken as 3 and presented correlations for velocity and
temperature profiles as functions of the incomplete gamma function. In
literature, there are several studies regarding nonlinear expanding
sheets, but very few have pointed out the radially nonlinear expanding
sheet. Closed-form solution of the MHD axisymmetric flow problem of
hybrid nanofluid with permeable stretching/shrinking sheet with
assuming thermal radiation effect was provided by Khan et al. [17].
Recently, many researchers inspected the axisymmetric boundary layer
problems either analytically or numerically [18-23].

In served research works on the flow and heat transfer problems
ignore the variation of physical properties with temperature, but to
predict the rate of heat transfer more precisely it is important to consider
the change of viscosity and thermal conductivity with temperature. The
problems of this kind have relevant applications in glass fiber production,
paper production, geothermal energy extraction, underground storage
system and nuclear reactor cooling. Many renowned researchers have
introduced several temperature-based viscosity models. Out of which
some important viscosity-temperature equations are proposed by Rey-
nold, Vogel (discussed by Ellahi et al. [24]) and Ling and Dybbs [25].
Here, Ling and Dybbs [25] viscosity-temperature equation is more
appropriate for a wide range of temperature. While in Reynold's viscosity
model, there is a restriction that it is accurate only for a confined range of
temperature, and on the other hand, Vogel's viscosity model is more
useful to model the third-grade fluid as discussed by Kne�zevi�c et al. [26]
and Das et al. [27]. For the thermal conductivity-temperature equation,
variation of thermal conductivity with temperature is usually assumed in
2

a linear manner (see Kay [28]). Further, the above mentioned relations
for variable viscosity and thermal conductivity have been considered by
several scientists [29-35] for modeling the thermophysical properties of
the flows. Furthermore, studies of nanofluid with temperature varying
thermal properties are performed by Khan et al. [36] and Lawal et al.
[37] for Walter's B and Eyring–Powell nanofluids, respectively. Akbar
et al. [38] formulated the unsteady nanofluid flow problem with variable
fluid properties and consequently found the exact solution of this flow
problem.

In several practical problems in industries, a steady-state radially
expanding surface with linear velocity is not enough for the accurate
prediction of physical phenomena of the flow and heat transfer when
there are nanoparticles in the flow field and fluid properties are
considered temperature-dependent. The practical relevance of unstead-
iness in flow due to radial expansion of flat sheet with nanoparticles and
its nonlinear expansion velocity acts to create the motivation towards the
explanation of an unsteady problem involving radial expansion with
nonlinear velocity, variable fluid properties and nanoparticles simulta-
neously. So, in the present study the boundary layer flow of nanofluid
over the unsteady radially nonlinear expanding surface along with
temperature-dependent viscosity and thermal conductivity is examined.
Four equations two-phase Buongiorno model is adopted to formulate the
mathematical description of the boundary layer flow problem. The novel
feature regarding this study is to determine the significance of imple-
menting variable viscosity model(Ling and Dybbs [25]) and variable
thermal conductivity linear temperature-conductivity model [29] to
know the heat and nano-mass transfer characteristics of nanofluid fluid
flow due to nonlinear radially expanding surface with Brownian and
thermophoresis slip mechanisms. Then governing partial differential
equations(PDEs) are converted into ordinary differential equations(-
ODEs) by using some suitable transformations and then those are con-
verted in the system of first-order ODEs. Later, the system is numerically
solved by the ‘bvp4c’ method (a MATLAB programme). For validation of
the obtained solution, we compare our findings with the exact solutions



Fig. 1. Physical sketch of the problem.
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graphically. In this investigation, the following research queries have
been tried to address:

� What are the simultaneous effects of unsteadiness and nonlinear
expanding of sheet in presence of nanoparticles ?

� How is the aforesaid flow field of nanofluid influenced by using
temperature-reliant viscosity and thermal conductivity ?

� What are the consequences of Brownian and thermophoresis effects in
unsteady nanofluid flow on radially expanding surface ?

This type problem has relevant applications in high heat transfer
processes in industries and engineering, like cooling of nuclear reactor,
paper manufacturing, polymer extraction, etc.

2. Flow analysis

2.1. Model development

The axisymmetric unsteady radial flow of nanofluid with
temperature-dependent fluid properties over a nonlinear radially
expanding sheet is considered. The flow is generated due to the nonlinear
radial velocity of the sheet i.e. uw ¼ armð1� λtÞ�1 where r is the distance
from the origin, m is a nonlinear expanding parameter, a and λ are
constants (>0) having dimension time�1. A cylindrical polar coordinate
system ðr;Θ; zÞ is adopted for the mathematical description of the prob-
lem. The temperature and concentration are assumed constant at the
surface and in the free stream, which are Tw;Cw;T∞ and C∞, respectively
with Tw > T∞ and Cw > C∞. For time-dependent axisymmetric two-
dimensional flow, velocity, temperature and nanoparticle concentra-
tion fields are taken in the following manner:

V ¼ ½uðr; z; tÞ; 0;wðr; z; tÞ�;T ¼Tðr; z; tÞ;C¼Cðr; z; tÞ (1)

Under assumptions of the boundary layer structure, the governing
flow, energy and nanoparticles concentration equations can be expressed
as [18,31]:

∂u
∂r þ

u
r
þ ∂w

∂z ¼ 0 (2)

∂u
∂t þ u

∂u
∂r þw

∂u
∂z¼

1
ρ

∂
∂z

�
μðTÞ ∂u∂z

�
(3)

∂T
∂t þ u

∂T
∂r þw

∂T
∂z ¼

1
ρCp

∂
∂z

�
κðTÞ ∂T∂z

�
þ τ

"
DB

∂C
∂z

∂T
∂z þ

DT

T∞

�
∂T
∂z

�2
#

(4)

∂C
∂t þ u

∂C
∂r þ w

∂C
∂z ¼ DB

∂2C
∂z2 þ DT

T∞

∂2T
∂z2 (5)

where u and w are velocity components along r and z directions,
respectively, T and C are nanofluid temperature and concentration of
nanoparticles, ρ is density of nanofluid, μ is viscosity of nanofluid, ρCP is
heat capacity of nanofluid, κ is thermal conductivity of nanofluid, τ is
ratio of heat capacity of nanoparticles to heat capacity of fluid, DB and DT

are Brownian and thermophoretic diffusion coefficients.
The appropriate boundary conditions of the problem are given by

u ¼ uw ¼ arm

1� λt
;w ¼ 0;T ¼ Tw;C ¼ Cw at z ¼ 0;

u → 0;T → T∞;C → C∞ as z → ∞:

9=
; (6)

2.2. Introduction of variable fluid properties

To estimate the flow and heat transfer more precisely, variation of
3

viscosity and thermal conductivity with temperature becomes more
important in several engineering processes, such as in machinery lubri-
cation, where viscosity and thermal conductivity of lubricants used in
bearings gets affected by frictional temperature. The model used by Ling
and Dybbs [25] is taken for viscosity variation estimation of the fluid,
which is a good approximation for liquids, such as water and crude oil
and is given by

1
μ
¼ 1
μ∞

f1þ γðTw � T∞Þg (7)

where γ is the thermal property of the nanofluid (a constant with
dimension temp�1), μ∞ is the dynamic viscosity at ambient temperature.
Eq. (7) can be rearranged as

1
μ
¼A1ðT �TrÞ (8)

where A1 ¼ γ
μ∞

and Tr ¼ T∞ � 1
γ are constants. For the model of variable

thermal conductivity, it follows (Chaim [29]):

κ¼ κ∞

�
1þ ε

T � T∞

Tw � T∞

�
(9)

where κ∞ is the thermal conductivity away from the surface, ε is the
thermal conductivity parameter. A diagram of the physical problem is
portrayed in Fig. 1.

2.3. Introduction of suitable transformations

The following transformations (Mustafa et al. [18]) introduce for
conversion of PDEs into ODEs:

u ¼ uwf
0 ðηÞ;w ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aυ

ð1� λtÞ
r ��

mþ 3
2

�
f þ

�
m� 1
2

�
ηf

0
�
rðm�1Þ=2;

θðηÞ ¼ T � T∞

Tw � T∞
;φðηÞ ¼ C � C∞

Cw � C∞
and η ¼ rðm�1Þ=2 z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a

υð1� λtÞ
r

;

9>>>>=
>>>>;

(10)

where η is similarity variable, υ is kinematic viscosity. The continuity
equation (Eq. (2)) is identically satisfied by u and w (given in Eq. (10)).
The dimensionless temperature can be written as

θ¼ T � Tr

Tw � T∞
þ θr (11)
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Fig. 2. Comparison of (a) velocity profiles: Numerical solution (Solid line) and exact solution (Circles) given by Eq. (19) and (b) temperature profiles for different
values of Pr: Numerical solution (Solid line) and exact solution (Circles) given by Eq. (20).
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where θr ¼ Tr�T∞
Tw�T∞

¼ � 1
γðTw�T∞Þ is the variable viscosity parameter. Using

Eq. (11), one may obtain from Eq. (8) μ ¼ μ∞
�

θr
θr�θ

�
and from Eq. (9) κ ¼

κ∞ð1 þ εθÞ.
In view of Eqs. (10) and (11), the following ODEs are obtained:

�
θr

θr � θ

�
f
000 þ

�
mþ 3
2

�
ff 00 �mf

0 2 þ
(

θr

ðθr � θÞ2
)
f 00θ

0 �A
�
f
0 þ η

2
f 00
�
¼ 0

(12)
4

ð1þεθÞθ00þεθ
0 2þPr

�
1� θ

θr

�
ð1þεθÞ

	�
mþ3
2

�
f θ

0 �η
2
Aθ

0þNbθ
0
φ

0 þNtθ
0 2


¼0

(13)

φ00 � Sc
	
η
2
Aφ

0 �
�
mþ 3
2

�
fφ

0


þ Nt
Nb

θ00 ¼ 0 (14)

where A is local unsteady parameter, Pr is Prandtl number, Nb is Brow-



Fig. 3. Effects of A on (a) f
0 ðηÞ, (b) θðηÞ and (c) φðηÞ.
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nian motion parameter, Nt is thermophoresis parameter, Sc is Schmidt
number, which are defined as:
5

A ¼ λ

arm�1
;

Pr ¼ μCp

κ
;

Nb ¼ τDBðCw � C∞Þ
υ

;

Nt ¼ τDT ðTw � T∞Þ
T∞υ

;

Sc ¼ υ
DB

The converted non-dimensional forms of the boundary conditions are

f ð0Þ ¼ 0; f
0 ð0Þ ¼ 1; θð0Þ ¼ 1;φð0Þ ¼ 1;

f
0 ð∞Þ → 0; θð∞Þ → 0;φð∞Þ → 0:



(15)

2.4. Quantities of engineering interest

The important mechanisms of the flow are local skin-friction coeffi-
cient, local Nusselt number and local Sherwood number, which are
written as:

Cfr ¼ τw
ρu2w

;

Nur ¼ rqw
κ∞ðTw � T∞Þ and

Shr ¼ rqm
DBðCw � C∞Þ

(16)

where τw, qw and qm are the wall shear stress, wall heat flux and wall mass
flux respectively, having the following expressions:

τw ¼ μ
�
∂u
∂z

�
z¼0

;

qw ¼ �κ

�
∂T
∂z

�
z¼0

and

qm ¼ �DB

�
∂C
∂z

�
z¼0:

(17)

Using Eqs. (10), (11) and (18) in Eq. (16), the surface drag force, heat
and nano-mass transfer rates reduce in the following forms:

Re1=2r Cfr ¼
�

θr
θr � θð0Þ

��
d2f
dη2

�
η¼0

;

Re�1=2
r Nur ¼ �f1þ εθð0Þg

�
dθ
dη

�
η¼0

;

Re�1=2
r Shr ¼ �

�
dφ
dη

�
η¼0

;

9>>>>>>>>>=
>>>>>>>>>;

(18)

where Rer ¼ ruw
υ is the local Reynolds number.

2.5. Exact solution for m ¼ 3

In the case of fluid flow without nanoparticles, closed-form of the
analytic solution of the Eqs. (12) and (13) along with boundary condi-
tions Eq. (15) can be obtained form ¼ 3 with constant properties (details
given by Shahzad et al. [16]):

f ðηÞ ¼ 1ffiffiffi
3

p
�
1� e�

ffiffi
3

p
η
�
; (19)

θðηÞ ¼
ΓðPr; 0Þ � Γ

�
Pr; e�

ffiffi
3

p
η Pr

�
ΓðPr; 0Þ � ΓðPr;PrÞ ; (20)

where Γða;xÞis the incomplete Gamma function.



Fig. 4. Effects of θr on (a) f
0 ðηÞ, (b) θðηÞ and (c) φðηÞ. Fig. 5. Effects of m on (a) f

0 ðηÞ, (b) θðηÞ and (c) φðηÞ.
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Fig. 6. Effects of ε on (a) f
0 ðηÞ, (b) θðηÞ and (c) φðηÞ.
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3. Solution methodology and its validation

The system of nonlinear ODEs is numerically solved by “bvp4c”
[39-42], a programme of MATLAB after converting the boundary value
problem into the initial value problem, which is given by:

f
0 ¼p;p

0 ¼q;θ
0 ¼r;φ

0 ¼s;

q
0 ¼

"
mp2�

�
mþ3
2

�
fq�

(
θr

ðθr�θÞ2
)
qrþA

�
pþη

2
q
�#,�

θr
θr�θ

�
;

r
0 ¼ 1

1þεθ

�
�εr2�Pr

�
1� θ

θr

�
ð1þεθÞ

	�
mþ3
2

�
fr�η

2
ArþNbrsþNtr2


�
;

s
0 ¼Sc

	
η
2
As�

�
mþ3
2

�
fs


�Nt
Nb

r
0
;

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

(21)

with

f ð0Þ¼ 0; pð0Þ ¼ 1; θð0Þ ¼ 1;φð0Þ ¼ 1: (22)

The bvp4c package is related to finite difference method which is
4th-order accurate and it uses three-stage Lobatto scheme. This collo-
cation formula provides solutions in terms of collocation polynomials
which are C1-continuous functions. Mesh points are used in this
technique to divide the integration interval into subintervals. The re-
sidual error term is used to control the error of the solution and
tolerance level is fixed in order 10�5 for convergence of the solution. A
set of suitable initial approximations missing initial conditions is
required to initiate the solution procedure and these guesses are
selected in such a way that they fulfill the asymptotic convergence of
the boundary restrictions.

For the validation of implemented numerical scheme as well as
computed results, a comparison between numerical results and analytic
solution given by expression Eqs. (19) and (20) for the nonlinear
expanding parameter m ¼ 3 is shown in Fig. 2 for the velocity and
temperature profiles. We observe that both solutions match in an
excellent manner and this confirms the accuracy of the numerical
method.

4. Results and discussion

The computational outcomes explore the impact of temperature-
dependent viscosity and thermal conductivity on unsteady nanofluid
flow past a nonlinear radially expanding sheet. In this analysis, we
consider negative values of θr , because θr is negative for liquid (here we
consider water as base fluid) and positive for gases [30]. This happens,
since the viscosity of liquid decays with a rise in temperature of the fluid,
while the viscosity of gases enhances with temperature. For a large value
of θr , change in viscosity due to temperature can be ignored because
either γ or Tw � T∞ is very small i.e. θr → �∞ reduces to constant vis-
cosity case. But for small value of θr , viscosity remarkably changes with
temperature. Thus, the assumption of variable viscosity is important.
From the literature on temperature-dependent thermal conductivity, the
domain of thermal conductivity parameter divides in different ranges
based on the type of liquid which we want to consider as conducting
fluid. For lubricating oil (� 1 � ε � 0), water (0 � ε � 1:2) and gas (0 �
ε � 6)(Das et al. [31]). Here we have taken working fluid as water, so we
consider the range of ε from 0 to 1.2. A particular case ε ¼ 0 is equivalent
to studying fluid flow with constant thermal conductivity. The default
values of the involved parameters are taken as A ¼ 0:1, m ¼ 3, θr ¼ �
2, Nb ¼ 0:1, Nt ¼ 0:2, ε ¼ 0:4, Pr ¼ 7 and Sc ¼ 5 in the numerical
simulation, otherwise specified. Here velocity, temperature and con-
centration for different values of involved parameters are analyzed
through the graphical demonstrations. Also, the impact of various pa-
rameters on drag force, temperature and concentration gradients are
analyzed graphically.
7

4.1. Influences on velocity, temperature and concentration

Firstly, the impacts of unsteadiness (A ¼ 0:1;0:2;0:3) instead of the
steady-state flow (A ¼ 0) on nanofluid velocity, temperature and con-
centration (f

0
;θ;φ) are analyzed through Fig. 3. It is noticed that velocity

shows dissimilar behaviour, i.e. initially(near the surface) it decreases



Fig. 7. Effects of Nb on (a) f
0 ðηÞ, (b) θðηÞ and (c) φðηÞ. Fig. 8. Effects of Nt on (a) f

0 ðηÞ, (b) θðηÞ and (c) φðηÞ.
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and later(away from surface) increases with a larger estimation of un-
steadiness. The escalating trends of temperature and concentration and
their respective boundary layer thicknesses(BLTes) are witnessed.
Alternatively, unsteadiness of the flow has capability to intensify the
thickness of thermal and concentration boundary layers. Impact of flow
unsteadiness is dominant near the surface.
8

The consequences of variable viscosity parameter (θr ¼ � 1;� 2;� 5;
� 10) on f 0

; θ;φ are revealed in Fig. 4. From the figure, it can be seen that
in a certain range of η velocity within the boundary layer grows, while
after that it decays. Physically, near the surface variation of flow velocity
is more because of high temperature of fluid layers adjacent to the surface
which influences viscous force. But temperature and concentration of



Fig. 9. Effects of Pr on (a) θðηÞ and (b) φðηÞ. Fig. 10. Effects of Sc on (a) θðηÞ and (b) φðηÞ.
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nanofluid and related thermal and nanoparticle concentration BLTes
decay with absolute values of θr . It is observed from figures that the
impact of the viscosity is less significant for larger values of θr because for
higher θr value fluid viscosity is tending to a constant value.

Fig. 5 sketches the nature of f
0
; θ;φ with index of expanding surface

(nonlinear expanding parameterm ¼ 0:5;1;2;3), wherem ¼ 1 denotes the
linear expanding surface. One can conclude from the figure that as the
index of nonlinearity enhances, the nanofluid velocity, temperature and
their relatedmomentum and thermal BLTes decay. Also, a minor impact of
m on the concentration of nanoparticles near the surface, but far from the
surface change in nanoparticle concentration is notable, i.e. nanoparticle
concentration and its BLT decreases with m. With higher values of m, the
surface cooling rate and nano-mass transfer rate enhance and it works
behind the declines of thermal and nanoparticle concentration BLTes.

The impacts of thermal conduction parameter (ε ¼ 0;0:4;0:8;1:2) on
f 0
; θ;φ is portrayed in Fig. 6. Velocity and temperature variations show

opposite nature with ε, i.e. velocity decays and temperature grows with ε.
Physically, thermal conductivity of the nanofluid enhances with ε which
raises heat transport within the fluid, and hence improve the temperature
of nanofluid. Thermal boundary layer becomes thicker for higher value of
thermal conduction parameter. While concentration is treated in a quite
different manner with ε. It can be noticed that in some range near the
wall concentration is decreasing function of ε, while after that concen-
tration is increasing function of ε and nanoparticle concentration
boundary layer thickens with ε.
9

Fig. 7 is plotted to describe the impact of Brownian motion parameter
(Nb ¼ 0:1;0:2;0:4; 0:6) on f

0
; θ;φ. Both velocity and concentration and

related BLTes decay for larger estimation of Nb. Also, noted influence on
concentration is prominent for lower variation of Brownian motion and
its effect reduces with the more chaotic motion of nanoparticles. Nano-
fluid temperature and its related BLT are upsurging functions of Nb. It
happens due to enhancement of higher kinetic energy of nano-sized
particles for their chaotic motion.

The variation of thermophoresis parameter (Nt ¼ 0:1;0:2;0:4;0:6) on
f
0
; θ;φ can be seen via Fig. 8. It is observed that velocity declines for

increasing value of Nt while nanofluid temperature, nanoparticle con-
centration and their BLTes are uplifting functions of estimated parameter
Nt. Also, concentration overshoot is observed for higher Nt. Thermo-
phoresis force is a temperature gradient force that causes transportation
of hotter molecules having more kinetic energy towards the low tem-
perature region. Therefore, the nanoparticle concentration and fluid
temperature increase with the thermophoretic force. Applications of such
force can be seen in oil industry, thermal precipitators, polymeric mol-
ecules transportation in micro-sized channels, in controlling DNA trans-
portation and in many other medical phenomena [43].

The effect of Prandtl number (Pr ¼ 3; 5; 7; 10) on temperature and
concentration is examined via Fig. 9. Enlarging values of Pr relates to
lower temperature and thermal BLT. This happens due to slow thermal
diffusion for the higher Pr value. Larger estimations of Pr indicating
slightly different changes on the concentration of nanoparticles, i.e. near



Fig. 11. Effects of A and m on (a) skin-friction coefficient, (b) Nusselt number
and (c) Sherwood number.

Fig. 12. Effects of Nb and Nt on (a) skin-friction coefficient, (b) Nusselt
number and (c) Sherwood number.
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the surface concentration is increasing function of Pr, but far from the
surface, it is decreasing function of Pr. Also, note that the concentration
BLT becomes thinner with the large estimation of Pr.

The variation of θ;φ for the estimation of Schmidt number (Sc ¼ 1;2;
5;10) can be measured from Fig. 10. We can note that the temperature
and thermal BLT is enlarging function of Sc. The figure also demonstrates
10
the effect of Sc on the concentration of nanoparticles. From this figure,
concentration overshoot is noted for smaller values of Sc. Concentration
and its associated BLT reduce with Sc. Schmidt number is measured as
the relative thickness of the momentum and concentration boundary
layers. When Sc is small, mass diffusion is more than the momentum. So,
the concentration boundary layer is thicker as compared to the mo-
mentum boundary layer.



Fig. 13. Effects of θr and ε on (a) skin-friction coefficient, (b) Nusselt number
and (c) Sherwood number.
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4.2. Influences on skin-friction coefficient, Nusselt and Sherwood
numbers(Cfr;Nur; Shr)

In this section, we described that how physical quantities, like skin-
friction, Nusselt number and Sherwood number respond with the varia-
tions of unsteady parameter, nonlinearity expanding index, temperature-
dependent viscosity and conductivity parameter, Brownian and
11
thermophoresis parameter.
The influence of unsteadiness and nonlinearity of expansion of the

surface on the surface drag, heat and nano-mass transfer rate can be
understood from Fig. 11. We can conclude that unsteadiness of the flow
reduces the surface drag, heat transfer rate and nano-mass transfer rate.
While the rates of heat and nano-mass transfer increase with the
nonlinearity expanding index, but surface drag reduces.

From Fig. 12, one can observe that both Nb and Nt show the same
effect for drag force, heat transfer and nano-mass transfer rates. Surface
drag is an increasing function of Nb as well as Nt. Enhancement in
random movement of nanoparticles due to Brownian motion and
migration of small particles from hot to cold region caused by tempera-
ture gradient force create friction and hence drag force increases.
Whereas, the rate of heat transfer decreases with both Nb and Nt. Also, it
is noted that for lower values of Brownian motion parameter, heat
transfer rate changes significantly with Nt. From the figure, we can also
state that nano-mass transfer rate decreases with Nb for strong thermo-
phoresis force. Also, the nano-mass transfer rate reduces with Nb for
smaller values of Nt. So, for minor Brownian motion the nano-mass
transfer rate diminishes with increasing thermophoresis force having
small magnitude. But, for stronger thermophoresis force, nano-mass
transfer rate grows.

The effect of ε and θr on the surface drag, heat and nano-mass transfer
rates are discussed through Fig. 13. From the figure, a minute change can
be noted in the surface drag for higher values of the thermal conductivity
parameter. But surface drag decreases prominently with the increasing
absolute value of θr . The figure also reveals that the rate of heat transfer
enhances with both ε and θr . Whereas, for higher values of thermal
conductivity parameter, the rate of nano-mass transfer is high, and
opposite effect is observed for θr , i.e. the nano-mass transfer rate reduces
for small value of θr . In engineering processes, where heat is generated
due to internal friction, it is necessary to take into account the effect of
temperature on viscosity and thermal conductivity.

5. Main outcomes

Unsteady nanofluid boundary layer flow generated by a radially
nonlinear expanding surface is mathematically represented by the
Buongiorno model. In this study, viscosity and thermal conductivity of
the fluid are considered as a function of temperature. Numerical
computation is performed to solve the problem, and to demonstrate the
effect of influential parameters graphically. The study reveals that flow
unsteadiness produces growths of nanofluid temperature and nano-
particle concentration inside boundary layer, whereas these two exhibits
reducing trend with rise of variable viscosity related parameter. In
addition, the momentum, thermal and concentration boundary layers
become thinner with nonlinear expanding parameter related to expan-
sion of the surface. While the thermal BLT is small for a larger value of
variable thermal conductivity related parameter. Also, for less prominent
Brownian motion, the nano-mass transfer rate reduces with increasing
thermophoresis force with small magnitude and for stronger thermo-
phoresis force, it grows. Furthermore, the rates of heat and nano-mass
transfers enhance with variable thermal conductivity parameter. It is
noticed that the surface drag decreases with both unsteadiness of the flow
and nonlinear expanding index, whereas the heat and nano-mass transfer
rates enhance with nonlinear expanding index and decay with flow un-
steadiness. Finally, the nanofluid heat transfer rate increases with vari-
able viscosity related parameter, while surface drag and nano-mass
transfer rate decrease.
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