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ABSTRACT
Ohmic heating, which significantly affects magnetohydrodynamic
flow, is one of the exciting effects to be experienced. This study looks
at the significance of Ohmic heating on two-dimensional flow and
dissipative heat transfer of a viscous fluid over a flat surface. The
mainstream flow is subjected to a pressure gradient and externally
oriented inclinedmagnetic field. An implicit finite differencemethod
has been used to obtain the convergent solutions and the graphi-
cal results have been obtained using MATLAB software. A positive
correlation is found between temperature and viscous dissipation
parameter. Further, the flow encountered higher resistance due to
themagnetic field,which ismoreprominentwhen themagnetic field
is normal to the flow direction (γ = π/2).
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1. Introduction

Researchers and manufacturers have long been fascinated by the phenomenon of heat
transfer. Previous studies have looked at heat transfer characteristics in various fields,
including bio-heat transfer, cooling methods, semiconductors, natural phenomena such
as oceanic currents, and other essential and related fields. Heat transfer techniques have a
wide range of industrial applications like heating and cooling of batch tanks, heat exchang-
ers, condensers, boiler and calandrias, evaporators, and many others. Most of these tech-
niques used different kinds of electrically conducting fluids as heat carriers. On the other
hand, electro-magnetic forces in liquidmetalsmoving under the control of amagnetic field
have been regarded as promising candidates [1]. Because the fluid motion in a magnetic
field produces electric currents, the resultant electromagnetic forces affect the turbulent
pulsation andvelocity field andeffectuate internal retarding forces in the flow. These effects
permute thepressure drop, friction factors, andheat transfer efficiency [2]. The examination
of magnetohydrodynamic (MHD) flow fluid flow and heat transfer has been the subject of
extensive recent research in the literature. Megahed et al. [3] looked at how variable fluid
characteristics and heat flux affected laminar MHD flow and heat transfer over a stretched
sheet. Jha and Gambo [4] examined the Saffman’s dusty fluid model for MHD flow of a
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binary mixture inside an annular duct. The MHD flow of Maxwell nanofluid while consid-
ering the effects of thermal radiation, cross-diffusion, and heat source along a stretched
sheet is examinedby Reddy and Lakshminarayana [5]. Hanif et al. investigated the influence
ofmagnetic field on heat transfer characteristics of a fluidmoving over a vertical permeable
cone alongwith nanoparticles [6–9]. For several years, MHD flow permeated by an inclined
magnetic field has gained much attention due to its wide range of industrial applications
such asMHDpower generators, turbine blades, andnuclear reactor high-temperature cool-
ing systems [10]. A deterioration in heat transfer rate can be controlled by the magnetic
inclination angle. For instance, Selimefendigil and Öztop [11] showed that the averaged
Nusselt number increased by 27.16% by changing the magnetic inclination angle from
30◦ to 90◦. Saif et al. [12] examined the significance of inclined magnetic field on viscous
fluid flow inside porous medium with extended Brinkman–Forchheimer model. Hussain
et al. [13] showed that a magnetic inclination angle might affect the velocity and thermal
field of fluid, and the impact was most apparent when the inclination angle was greater
than 30◦. Srinivasulu and Goud [14] presented research on MHD flow and heat transfer of
Williamson nanofluid under an inclinemagnetic field. Saqib et al. [15] discussed the impact
of an inclined magnetic field in Maxwell fluid flow over a vertical surface. Some interest-
ing research onMHD flow and heat transfer of various fluids along different geometries are
present in Refs. [16–19].

The effects of viscous dissipation are often overlooked, but they become more signif-
icant when the viscosity of the liquid is high. It affects heat transfer rates by acting as
an energy source, causing temperature distributions to change. Kumar et al. [20] imple-
mented modified Fourier’s law on MHD flow and heat transfer of micropolar fluid through
a slandering surface with viscous dissipation. Gul et al. [21] analyzed the significance of
viscous dissipation on heat transfer of electroosmotic flow of Newtonian fluid through a
vertical ciliated tube under heat source. The obtained results ensured that the thermody-
namic conductivity of a fluid can be improved by viscous dissipation. Hanif and Shafie [22]
discussed the flow of Maxwell nanofluid with viscous dissipation and Newtonian heating.
Their results showed that the viscous dissipation factor causes friction forces that raise the
temperature. Maleki et al. [23] looked at how viscous dissipation affected heat transfer in a
non-Newtonian pseudo-plastic nanofluid flow over a moving permeable plate in the pres-
enceofheat absorption/generation. Their results havediscovered that increasing theEckert
number increases the temperature. That enhancement becomesmore prominent at higher
Eckert number and due to viscous heating. The role of viscous dissipation in various fields
is addressed in Refs. [24–27].

The conversionof electrical energy intoheat,which results in internal energygeneration,
is the basic concept of Ohmic heating. It is used in electric heaters, fuses, incandescent light
bulbs, resistance thermometers, food processing, and a variety of other applications [28].
The significance of Ohmic heating in different areas is discussed by several researchers, a
fewwill be discussed here. Hou et al. [29] explored the influence of Ohmic heating in three-
dimensional flowof a hybrid nanofluidwithgyrotacticmicroorganism.Hanif andShafie [30]
appraised the significance of Ohmic heating on heat transfer of a two-dimensional flow
of electrically conducting Maxwell nanofluid over an horizontal surface. Wang et al. [31]
analyzed the effects of flow of Ohmic heating and viscous dissipation in chemically reactive
Maxwell nanofluid flow and found that the fluid velocity decreases due to the occurrence
of the retardation effect as themagnetic characteristic and Deborah number are improved.
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In a study [32], Turkyilmazoglu claims that the temperature of fluid increases due to Ohmic
heating since the heat generated by viscous resistance raises for increased circular motion.
Khan et al. [33] analyzed the effects of Ohmic heating on internal energy modification in
an incompressible electrically conducting Carreau fluid flow with the Von Karman porosity
model. More research on Ohmic heating can be found in Refs. [34–37].

Motivated by the aforementioned research, this article is designed to analyze the heat
transfer enhancement in a two-dimensional flow of electrically conducting viscous fluid
due to an inclined magnetic field. The fluid is occupying the surface of a horizontal flat
plate and the mainstream flow is due to a pressure gradient. Moreover, heat is induced
by viscous dissipation and Ohmic heating. The numerical solutions are obtained by using
the Crank–Nicolson finite difference method [38, 39] with the aid of MATLAB software.

2. Mathematical formulation

The problem to be addressed is the unsteady two-dimensional flow and heat transfer of
an incompressible electrically conducting fluid due to pressure gradient in the presence of
external inclinedmagnetic field andOhmic heating. In general, the heat transfer and flowof
incompressible viscous fluid in presence ofmagnetic field andOhmic heating are governed
by the following continuity, momentum and energy equations [32]:

∇ · V = 0, (1)

ρ

(
∂V

∂t
+ V · ∇V

)
= −∇p + μ�V + J × B, (2)

ρCp

(
∂T

∂t
+ V · ∇T

)
= k�T + � + 1

σ
J · J, (3)

where ρ is the density, μ is the dynamic viscosity, k is the thermal conductivity, σ is the
electrical conductivity, Cp is the specific heat at constant pressure, J is the current density,
B is the magnetic field strength, and � is the viscous dissipation term defined by

� = 2μ

{(
∂u

∂x

)2

+
(

∂v

∂y

)2

+
(

∂w

∂z

)2

+ 1
2

[(
∂u

∂y
+ ∂v

∂x

)2

+
(

∂w

∂y
+ ∂v

∂z

)2

+
(

∂u

∂z
+ ∂w

∂x

)2
]}

.

(4)

Assume the fluid is occupying the space above an infinite plate parallel to the xz-plane and
bounded by two parallel side walls perpendicular to the plate; z = 0 and z = L2. At time
t>0, a pressure is applied to the fluid in x-direction, causing mainstream flow along the
x-axis, see Figure 1. The velocity field of the flow therefore assumes the form

V = (u (y, z, t) , 0, 0) . (5)

The fluid is pervaded by a magnetic field of strength B applied normal to xz-plane. The
current density vector J is defined by Ohm’s law [40]:

J = σ (E + V × B) . (6)

The magnetic field created by the movement of an electric fluid is considered to be non-
existent, henceforth B = (0, B0 sin γ , 0). This assumption is supported by the fact that the
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magnetic Reynolds number of metallic liquids and partly ionized fluids is relatively low.
Therefore, the effect of polarization of the fluid is insignificant because no external elec-
tric field is applied, hence we can assume that the effective electric field E = 0. As a
consequence, the current density J, in the absence of electric field, is given by

J = σ (0, 0, B0 sin γ u) . (7)

Utilizing Equation (7), the resistive Lorentz force is obtained as

J × B = σ
(−B20 sin

2 γ u, 0, 0
)
. (8)

Further, the expression for Ohmic heating is given as

1
σ
J · J = σB20 sin

2 γ u2. (9)

In conjunction with Equations (5), (8) and (9), the modified governing equations are pre-
sented as

ρ
∂u

∂t
= −∂p

∂x
+ μ

(
∂2u

∂y2
+ ∂2u

∂z2

)
− σB20 sin

2 γ u, (10)

ρCp
∂T

∂t
= k

(
∂2T

∂y2
+ ∂2T

∂z2

)
+ μ

{(
∂u

∂y

)2

+
(

∂u

∂z

)2
}

+ σB20 sin
2 γ u2. (11)

The fluid is initially at rest and having ambient temperature, therefore it is natural to set the
initial conditions to:

u (y, z, 0) = 0 = ∂u (y, z, 0)
∂t

, T = T∞, ∀ (y, z) , (12)

The imposed boundary conditions along the plate and on the walls at t>0 are

u (0, z, t) = 0, k
∂T (0, y, z)

∂y
= −qw , u (L1, z, t) = 0, T (L1, z, t) = T∞, z ∈ [0, L2] ,

u (y, 0, t) = 0, T (y, 0, t) = T∞, u (y, L2, t) = 0, T (y, L2, t) = T∞, y ∈ [0, L1] . (13)

Further, we assume that the applied pressure force in the x-direction is

1
ρ

∂p

∂x
= −ctyz (L1 − y) (L2 − z) . (14)
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Figure 1. Graphical model.

3. Non-dimensionalization

Tomake the physics of the suggested problemeasier to understand, non-dimensional form
is needed. For the sake, we introduce following non-dimensional parameters

ȳ = y

L2
, z̄ = z

L2
, t̄ = νt

L22
, ū = uL2

ν
, T̄ = T − T∞

qwL2/k
, c̄ = L92c

ν2
, (15)

todevise anon-dimensional flowandheat transfermodel,which is givenby (after removing
the bars for simplicity):

∂u

∂t
= ∂2u

∂y2
+ ∂2u

∂z2
− M sin2 γ u + cf , (16)

Pr
∂T

∂t
= ∂2T

∂y2
+ ∂2T

∂z2
+ E

{(
∂u

∂y

)2

+
(

∂u

∂z

)2

+ M sin2 γ u2
}
. (17)

Here M = σB20L
2
2

μ
, Pr = Cpμ

k
, E = μν2

qwL32
, and f = f (y, z, t) = tyz(L − y)(1 − z). The corre-

sponding initial and boundary conditions are

u (y, z, 0) = 0 = ∂u (y, z, 0)
∂t

, T = 0, ∀ (y, z) ,

u (0, z, t) = 0,
∂T (0, z, t)

∂y
= −1, u (L, z, t) = 0, T (L, z, t) = 0, z ∈ [0, 1] ,

u (y, 0, t) = 0, T (y, 0, t) = 0, u (y, 1, t) = 0, T (y, 1, t) = 0, y ∈ [0, L] . (18)

4. Numerical scheme

The aim of this section is to devise a scheme for approximating the Equations (16), (17)
and (18) over a finite time interval.
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4.1. Discretizationmethod

Define tk = k�t, k = 0, 1, 2, . . . , r with the time step size �t = tf/r and yi = i�y, i =
0, 1, 2, . . . ,p; zj = j�z, j = 0, 1, 2, . . . , q, where �y = L/p and �z = 1/q are the mesh sizes.
Let uk+1

i,j be the numerical solution at (xi, yj, tk). Henceforth, the following approximation
for derivatives will be used:

1. for 0 < k < r, tk ≤ s ≤ tk+1

∂u

∂t
(y, z, s) � ∂u

∂t

(
yi, zj, tk

) �
uk+1

i,j − uk
i,j

�t
. (19)

∂2u

∂y2
(y, z, s) � ∂2u

∂y2
(
yi, zj, tk

) �
uk+1

i+1,j − 2uk+1
i,j + uk+1

i−1,j + uk
i+1,j − 2uk

i,j + uk
i−1,j

2�y2
.

(20)

∂2u

∂z2
(y, z, s) � ∂2u

∂z2
(
yi, zj, tk

) �
uk+1

i,j+1 − 2uk+1
i,j + uk+1

i,j−1 + uk
i,j+1 − 2uk

i,j + uk
i,j−1

2�z2
.

(21)

2. for k = 0

∂u

∂t

(
yi, zj, t0

) �
u1

i,j − u0
i,j

�t
. (22)

∂2u

∂y2
(
yi, zj, t0

)
simeq

u1
i+1,j − 2u1

i,j + u1
i−1,j + u0

i+1,j − 2u0
i,j + u0

i−1,j

2�y2
. (23)

∂2u

∂z2
(
yi, zj, t0

) �
u1

i,j+1 − 2u1
i,j + u1

i,j−1 + u0
i,j+1 − 2u0

i,j + u0
i,j−1

2�z2
. (24)

3. Since u satisfies the initial condition:

u
(
yi, zj, t0

) = 0 = ∂u

∂

(
yi, zj, t0

)
, (25)

therefore:

u
(
yi, zj, t1

) � u1i,j � 0. (26)

Using the approximation describe above, the discrete form of Equation (16) can be
defined as

− c1u
k+1
i−1,j − c2u

k+1
i,j−1 + (2 + d1) u

k+1
i,j − c2u

k+1
i,j+1 − c1u

k+1
i+1,j = c1u

k
i−1,j + c2u

k
i,j−1

+ (2 − d1) u
k
i,j + c2u

k
i,j+1 + c1u

k
i+1,j + c�t

(
fk+1
i,j + fk

i,j

)
, (27)

where c1 = �t

�y2
, c2 = �t

�z2
, d1 = 2c1 + 2c2 + M sin2 γ�t. By adhering to the same rules,

the approximation for derivative terms in temperature Equation (17) can be easily obtained
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as

− c1T
k+1
i−1,j − c2T

k+1
i,j−1 + (2Pr + d1) T

k+1
i,j − c2T

k+1
i,j+1 − c1T

k+1
i+1,j = c1T

k
i−1,j + c2T

k
i,j−1

+ (2Pr − d1) T
k
i,j + c2T

k
i,j+1 + c1T

k
i+1,j + F, (28)

provided that

F = E�t

�y2

{(
uk+1

i+1,j − uk+1
i,j

)2 +
(
uk

i+1,j − uk
i,j

)2} + E�t

4�z2

{(
uk+1

i,j+1 − uk+1
i,j−1

)2

+
(
uk

i,j+1 − uk
i,j−1

)2} + M sin2 γ�t
(
u2k+2

i,j + u2k
i,j

)
. (29)

4.2. Solution procedure

The computational domain is taken as [0, 9] × [0, 1] at time t = 1. The solutions are com-
putedwith themesh sizes�y = 0.05 = �z and time step�t = 0.001. The iteration process
for the discrete equations (27) and (28) is startedwith the help of given initial values. For the
(k + 1)th level, the earlier values uk

i,j and Tk
i,j at time t = tk are known. Replacing the terms

at kth level on the right-hand side of the equations results in five diagonal linear systems,
solved using traditional direct approach in MATLAB.

5. Results and discussion

This section includes numerical depictions describing the change in velocity field and tem-
perature distribution with respect to magnetic parameter M, inclination angle γ , Prandtl
number Pr and viscous dissipation parameter E .

To obtain a better understanding of the physical problem, the numerical results for
velocity and temperature distributions across the flow domain for various parameters are
portrayed graphically.

The effect ofmagnetic parameterMon velocity distribution is analyzed and the resultant
surface and contour plots are depicted in Figure 2. From this figure, it was perceived that
the fluid velocity declined due to magnetic field. Generally, the magnetic field induced a
retardation force, and these forces produced resistance inside fluid flow [27]. Figure 3 illus-
trates the variation in velocity profile with respect to γ , where a declination is witnessed
in the velocity of fluid for higher inclination angle. It is an accurate depiction because fluid
flowencounters higher resistancedue to themagnetic field,which ismoreprominentwhen
magnetic field is normal to the flow direction. It is worth noting that M is directly propor-
tional to sin2 γ , and the magnetic field has no influence on velocity filed when γ = 0, but
has significant effect on flow when γ = π/2 [14].

In Figure 4, the variations in temperature profile due to Prandtl number Pr are depicted.
From these plots, it can be concluded that the greater Pr values cause the T to rapidly
shift toward the boundary, reducing the thickness of the thermal boundary layer. A sim-
ilar behavior is observed by Wang et al. [31]. Generally, Pr governs the relative thickness
of the momentum and thermal boundary layers in heat transfer analysis. Heat diffuses
incredibly quickly when Pr is small relative to velocity (momentum); hence the thermal
boundary layer is significantly thicker than the momentum boundary layer in liquid met-
als. Fluidswith lowerPr havehigher thermal conductivity,which allowsheat todiffusemore
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Figure 2. Velocity profile for various values ofMwhen γ = π/4, Pr = 0.72, and E = 0.1.
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Figure 3. Velocity profile for various values of γ whenM = 3, Pr = 0.72, and E = 0.1.
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Figure 4. Temperature profile for various values of Pr whenM = 3, γ = π/4, and E = 0.1.
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Figure 5. Temperature profile for various values of E M = 3, γ = π/4, and Pr = 0.72.
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Figure 6. One-dimensional velocity profile forM.

Figure 7. One-dimensional temperature profile for Pr.

quickly than fluidswith higher Pr. Viscous dissipation describes the interaction between the
enthalpy and the kinetic energy in the flow. The effects of viscous dissipation parameter E
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Figure 8. One-dimensional temperature profile for E .

are illustrated in Figure 5. This figure reflects an increased temperature profile for increas-
ing estimates of E . This is because of the viscosity and viscous dissipation, which transform
energy from the fluid’smotion into internal energy and raise the temperature [32]. Because
the fluid’s viscosity and viscous dissipation absorb energy from the fluid’smotion and trans-
form it into internal energy,which raises the temperature. In Figures 6, 7, 8, one-dimensional
velocity and temperature profiles are portrayed by fixing y-coordinate (y = 2) at t = 1. The
default parameters for the calculations are chosen as γ = π/4, M = 3, Pr = 0.72, E = 0.1,
all graphs correspond to these values unless otherwise mentioned. The same conclusions
can be made as found in two-dimensional surface and contour plots.

6. Conclusion

An unsteady flow and heat transfer of electrically conducting fluid occupying the space
above a horizontal plate is considered. The fluid is bounded between two side walls per-
pendicular to the plate, and the flow is driven by a variable pressure gradient. The effects of
inclinedmagnetic field, Ohmic heating and viscous dissipation are also taken into account.
In the context of these assumptions, the governing partial differential equations are solved
by using Crank–Nicolson finite difference method, and simulations are carried out using
MATLAB software. For various values of the related parameters, the physical attributes are
graphically illustrated. It is observed that the velocity of the fluid decreases for higher values
ofmagnetic field and inclination angle. The temperature drops as Pr rises, and the thickness
of the thermal boundary layer decreases.
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