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fractal analysis of viscous fingering of a reactive miscible flow displacement in homogeneous porous media is
investigated and multifractal spectrum, and fractal dimension are introduced as two essential features to char-
acterize the irregularity of finger patterns. The Reaction of the two reactant fluids generates a miscible chemical
product C in the contact zone. Considering the similarity between chemical products and coastline, monofractal
and multifractal analyzes are performed. In monofractal analysis, the box-counting method is implemented on
binary images and in multifractal analysis, due to the image processing; the fractal characteristics of viscous
fingering instability are analyzed by means of fractal quantities such as Holder exponent, multifractal spectrum,
f ���-image and fractal dimension dynamics. Fractal analysis shows that the fractal dimension increases with
time. Also, by considering five different nonlinear simulations, the results show that in the case both sides of the
chemical product C are unstable, the multifractal spectrum curve has the highest peak, which means the more
complex finger patterns lead to more values of fractal dimension. In addition, a comparison between different
values of Ar is conducted and the results show similar behavior. However, small value of aspect ratio leads to
a broader width of the multifractal spectrum curve. Furthermore, f ���-images of concentration contour were
investigated for different precisions and some undetectable finger patterns were observed in these images. It
can be concluded that the use of f ���-image represents more detailed image than concentration contours.
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1. INTRODUCTION
Fractal, introduced by Mandelbrot in 1983,1 is a branch
of geometry that explains complex, rough and random
shapes and is close to several significant geometrical con-
cepts such as self-similarity, symmetry, periodicity and
scale invariance.2 Before introducing the Fractal concept,
the Euclidean and Topological geometries were used to
calculate the dimension of the shapes. Both the Euclidean
and Topological dimensions have only integer quantity
but the fractal dimension, which describes how the fractal
occupies the space, is a non-integer number. The Cantor
set, von-Koch curve, Sierpinski triangle and Carpet are
some common examples of fractal geometries. These frac-
tal shapes are exact self-similar and also made up by parts
that are scaled, translated and/or rotated copies of itself.3

There are some fractals in nature that have not so arranged
structure. For example, a magnified part of a coastline will
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look like the whole relatively, but not exactly. This struc-
ture represent statistical self-similarity.3 Fractal analysis is
widely used in time series and image processing problems,
such as financial time series,4�5 signal processing,6 med-
ical fields,7–10 street networks,11 satellite and microscopic
images,12�13 weather14�15 and music.16

Viscous fingering instability is a natural phenomenon
and occurs when a more viscous fluid is displaced with a
less viscous one under circumstances leading to the foun-
dation of fingerlike patterns17 which affects sweep effi-
ciency of the displacement instability. Examples of these
processes are secondary and tertiary oil recovery, fixed bed
regeneration in chemical processing, soil remediation and
filtration. In this paper, monofractal and multifractal anal-
ysis can be performed due to the similarity in appearance
of fingerlike patterns with the coastline.
viscous fingering instability was first introduced by

Hill18 and thereafter many researchers have studied differ-
ent aspects of instabilities. Peaceman and Rachford19 stud-
ied a system of equations to explain displacement of the
miscible fluid in porous media. They used the finite dif-
ference technique and observed fingerlike patterns. Due to
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the accuracy limitation of the grid-based method, Fourier
transform was used by Tan and Homsy.20 In addition,
Zimmerman and Homsy21 utilized Hartley transform and
extended the work of Tan and Homsy.20 They examined
the effect of anisotropic dispersion on nonlinear viscous
fingering in miscible displacements. These works were the
foundation of many researches, which were performed in
order to investigate nonlinear simulation of viscous fin-
gering instability in a porous media. In these researches,
many aspects of viscous fingering instability were
investigated, e.g., considering gradient stress in porous
media,22 homogenous23�24 or heterogeneous25�26 medium,
Newtonian27 or non-Newtonian fluids,28 horizontal20 or
vertical29�30 plate, two or three31 dimensional viscous
fingering, miscible or immiscible32 fluids, radial33 and
rectilinear flow, and also introducing novel algorithms
to simulate the instability23 and different techniques to
reduce the instability.27�34 Most papers investigated non-
reactive viscous fingering instability, However, a limited
but growing number of those, which model the reac-
tive flow displacements are mentioned in the literature.
Edward et al.35 and De Wit and Homsy36 were the first
to study the autocatalytic reactions in immiscible and
miscible fluid, respectively. In subsequent studies, Mishra
et al.37 just used convection–dispersion equation and inves-
tigated the effect of R on direction of the fingers devel-
opment. Ghesmat and Azaeiz38 considered autocatalytic
second-order and third-order reactions. In recent years,
Non-autocatalytic chemical reactions in which the proper-
ties of the fluids are different, have been examined. Hejazi
et al.39 and Hejazi and Azaiez40 conducted linear and non-
linear stability analysis of the reactive viscous fingering
instability, respectively, in which the viscous properties of
product and the reactants are different. Also, reversible
chemical reaction between the reactant fluids was exam-
ined by Alhumade and Azaiez.41 Recently, Shukla and
DeWit42 studied the effect of Peclet number on the effi-
ciency of the chemical control of hydrodynamic viscous
fingering and Wang et al.43 simulated a chemical reaction
on viscous fingering and investigated the effect of gas-
bubble generation on it.

In this context, monofractal and multifractal analysis of
reactive viscous fingering are conducted, which the viscous
properties of fluids are different. For this purpose, at the
first the mathematical model is investigated in section II,
after that the basic principles of multifractal image analysis
are explained in Section 3 and finally results are mentioned
in Section 4.

2. MATHEMATICAL MODEL
2.1. Flow Displacement in Porous Medium
Hele-shaw can model the flow of fluid through a porous
medium. Figure 1 shows a Hele-Shaw, a horizontal plate,
with width H, length L and thickness b (H � b) which are

L
H

b

U

Fig. 1. Hele-shaw cell schematic.

used in this paper. It has been assumed that an incompress-
ible fluid (A) is injected from the left hand side to displace
the second fluid (B). The flow is in x direction with con-
stant velocity U. The viscosity and density of displacing
fluid are �A and �A, respectively and also the mentioned
properties of displaced fluid are shown with subscript B. It
should be stressed that as soon as the solution of reactant
A and B are in contact, the chemical product C is produced
as follow:

A+B→ C (1)

It has also been considered that the viscosity of the fluid
C is different from that of fluids A and B. Generally, in
porous medium, the motion of the two fluids is described
by the equations of continuity, momentum in Darcy’s law
form and also the convection–dispersion–reaction:

� ·u= 0 (2)

�p =−
(�
K

)
u (3)

DA

Dt
= 	A

	t
+u ·�A= � ·D�A−kAB (4)

DB

Dt
= 	B

	t
+u ·�B = � ·D�B−kAB (5)

DC

Dt
= 	C

	t
+u ·�C = � ·D�C+kAB (6)

where u = �u� v� is the velocity vector, p is the pres-
sure, D is the diffusion coefficients and k is the reaction
constant. Furthermore A, B and C are the concentra-
tion of the two reactants and the product, respectively. It
should be mentioned that the ratio of the viscosity � and
the medium permeability K named fluid mobility ��/K�.
In this paper, diffusion and permeability are treated as
constants. In order to complete governing equations, the
viscosity-concentration relationship should be specified, so
for numerical convenience and as same as Hejazi and
Azaiez,40 the viscosity and the concentration are related
by the following relation:

�= �Ae
�RbB+RcC�/A0 (7)

where A0 is the initial concentration of reactants. Further-
more Rb and Rc refer to the mobility ratio log between the
viscosity of solution at initial concentration:39

Rb = ln

(
�B

�A

)
(8)
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Rc = ln

(
�c

�A

)
(9)

According to assumptions, initial conditions are given
by:

u= U�v = 0

A=
{
A0 x < L/2
0 x > L/2

(10)

B =
{
0 x < L/2
B0 = A0 x > L/2

C = 0

which means constant velocity in x direction and the con-
tact zone of reactant fluids is just in the middle of the
plate. In addition, the initial concentration of both reactant
fluids is equal.
Due to the spectral methods, researchers utilized peri-

odic boundary conditions in variables of problems. So fol-
lowing previous studies, the boundary conditions are as
given below:

@ x = 0� u= U�v = 0� A= A0� B = 0

@ x = L� u= U� v = 0� A= 0� B = A0 (11)

�u� v�A� B� C� �x�0� t�= �u� v�A� B� C� �x�H� t�

2.2. Scaling
In order to model the viscous fingering instability, an
appropriate scaling is required. So the length and time are
scaled with D/U and D/U 2. In addition, we scale the vis-
cosity with �A, the pressure with �AD/K, the velocity
with U and concentration with pure displacing fluid. It also
has been assumed that the frame moves with the average
velocity U, so it is assumed that the reference system is
moving. The velocity of the reference system assumed to
be constant (U ):

x∗ = �x∗� y∗�= x̄− it∗ (12)

u∗ = �u∗� v∗�= ū− i (13)

i is the unit vector in x direction. After scaling, the dimen-
sionless equations are given as below:

� ·u∗ = 0 (14)

�p∗ = −�∗ �u∗ + i� (15)

DA∗

Dt∗
= 	A∗

	t∗
+u∗ ·�A∗ = � 2A∗ −DaA

∗B∗ (16)

DB∗

Dt∗
= 	B∗

	t∗
+u∗ ·�B∗ = � 2B∗ −DaA

∗B∗ (17)

DC∗

Dt∗
= 	C∗

	t∗
+u∗ ·�C∗ = � 2C∗ +DaA

∗B∗ (18)

where Da is dimensionless Damkohler number defined as
ratio of the hydrodynamic time scale 
h = D/U 2 to the

chemical time scale 
c = 1/kA0,
39 so Da = kA0D/U 2.

In addition, the dimensionless form of Eq. (7) can be
written as:

�∗ = e�RbB
∗+RcC

∗� (19)

It should be noted that two dimensionless parameters
Pe=LU/D and Ar =L/H are introduced where Pe is the
Peclet number and Ar is the aspect ratio. The parameters
Pe/Ar and Pe are the width and the length of the domain,
respectively.

2.3. Stream Function and Vorticity
Based on a literature review, it can be seen that many
researchers utilized the description of vorticity � and
stream function �, where

�=−� 2� (20)

Stream function and vorticity are independent variables
than the velocity field and pressure.21 The pressure can be
removed by taking curl of the Eq. (15) and the vorticity
can be written as follow:

� = Rb

(
	�

	x

(
	B

	x

)
+
(
	�

	y
+1

)(
	B

	y

))

+Rc

(
	�

	x

(
	C

	x

)
+
(
	�

	y
+1

)(
	C

	y

))
(21)

Equations (16)–(18) and (20), (21) form the governing
equations of viscous fingering instability. In this paper, the
described numerical scheme in Ref. [40] is followed. By
using the Hartley transform, the equations are transformed
in Hartley space. A random noise of very small magni-
tude in the initial condition is added to the concentration
at interface in y direction, which causes instability to starts
and fingers to grow. In what follows, first the basic con-
cept of multifractal image analysis are briefly described
and then the results of the numerical simulations and frac-
tal analysis are presented.

3. FRACTAL ANALYSIS
Fractal dimension is one of the most important parameters
to analyze the fractal images. In general, fractal dimension
describes the irregular or fragmented shape of complex
objects. There are several methods to estimate the frac-
tal dimension, such as Box-counting dimension, Hausdorff
dimension Similarity dimension, and Higuchi dimension.44

Various methods may give different values of dimension
for the same object. To analyze a fractal image with these
methods, the image must first be presented as a binary one.
However, the concentration contours of viscous fingering
instability offer a broad spectrum of colors. Therefore, the
theory of multifractal spectrum can be utilized. Following
are the calculation of multifractal parameters and a brief
description of the principles of multifractal image analysis.
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3.1. Multifractal Analysis
Multifractal spectrum provides a modified of fractal
dimension, in which shows the variation of fractal dimen-
sions that form a continuous fractal spectrum. As described
before, the resulting concentration contours are in RGB
color mode in which red, green and blue lights are added
together in order to produce a broad matrix of colors. The
RGB image file is about three times larger than a grayscale
one with the same number of pixels,45 so for simplicity,
we can convert RGB images to grayscale mode.

The concentration contours are composed of a N ×M
number of pixels. It should mentioned that each pixel has a
specific spot and value, so we can write the contour images
with M rows and N columns in matrix form. It is worth to
note that the concentration images are considered as 8-bit
color images, which means that 256 (28) gray levels can
be displayed on each pixel. The local dimension or the
local Holder exponent (�) of each pixel can be estimated
as:

�i �m�n�= ln �Gi �m�n��

ln �i�
� i = 1� 2� 3�    (22)

It has been assumed that Gi is sum of gray-scale inten-
sity gi within box size � = i which were first introduced
by Levy Vehel and Pascal Mignot.46

Gi �m�n�= ∑
�k�l�∈Q

g �k� l� (23)

where Q is set of all pixels (k� l) in domain. As an illus-
trative example, Figure 2(a) shows the concentration iso-
surface of the product C which is converted to grayscale
mode (Fig. 2(b)). The given image has gray levels ranged
from 0 to 255. An arbitrary pixel at position m= 156 and
n= 161 and its nearest pixel (up to i= 5) are selected and
their intensity levels are shown in Figure 2(c). In order to
solve a multifractal problem, the intensity values should
be in the range [0, 1]. Hence, all pixels are divided by
its maximum value (the value of 255 in this example).
Figure 3 shows the normalized values of these selected
pixels.

When i= 1, the domain contained only the central pixel.
Therefore, the value of G1 �156�161� in the domain is 0.71

167 169 174 179 181

172 175 178 180 184

178 179 181 183 186

184 187 188 192 194

191 193 194 196 197(a) (b)
(c)

Fig. 2. (a) Concentration iso-surface of product for Pe = 1000, Ar = 1, Rb = 3, Rc = 3 and t = 1000, (b) Gray-scale mode, (c) Pixel intensities.

and its natural logarithm is ln �071� = −035 (Fig. 3(a)).
For i = 3 the value of G3 �156�161� in the domain is
6.43 and its logarithm is ln �643� = 186 (Fig. 3(b)).
The values of G5 �156�161� = 17.94 and ln �1794� =
288 are obtained in a manner similar to the previous
domain and are shown in Figure 3(c). Figure 4 depicts
bi-logarithmic diagram ln �Gi �156�161�� versus ln �i� in
box size i. According to Eq. (22), �i �m�n� is the slope of
bi-logarithmic diagram ln �Gi �m�n�� versus ln �i�. There-
fore, the value of ��m�n� is equal to the linear regression
line slope and in this example is ��156�161�= 199.
After finding the values of � for all pixels, the pixels of

the image can be replaced with it, considering one-by-one
correspondence and create the �-image.
In order to find the multifractal spectrum, the next step

is to subdivide the range of � values, lying between �min

and �max, into n discrete intervals:47

�i = �min+
(�max−�min

n

)
i� i = 0�1�    � n−1 (24)

where accuracy of the multifractal spectrum is affected
by sub-ranges n. Smooth curve with small resolution is
the result of small n. On the contrary, a larger number
of n leads to a jagged curve with more details.47 In this
paper, the entire range of � values are divided into 150
sub-ranges.
Now, it can be pointed out that each �-slice image con-

tained by pixels, belonging to a narrow range of � value.
Each �-slice is converted to a binary image, so by the
means of the box counting method, f ��) value of each
�-slice can be estimated. It is worth mentioning that the
global information of the image is given by the values of
f ��). For the given illustrative instance, amounts of � are
ranged from 0 to 6.3.
In order to use the box-counting method, the �-slice

image which contains �i values, is subdivided into boxes
of size j = �. The box counting dimension of each �-slice
image is calculated by:

fj
(
�p

)=− ln
(
Nj

(
�p

))
ln �j�

� j = 1�2�3�    (25)
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Fig. 3. Normalized pixel intensities at position m= 156 and n= 161 and its nearest neighborhood (left (3a) to right (3c)).

Where the number of cells is defined by Nj

(
�p

)
and

contain at least one point of �p. To illustrate, an estimation
of f ��� is plotted in range 1.72<�p < 175 in Figure 5.
For variety of values of box sizes j, different amount of
cells containing �p exists. As shown in Figure 5, boxes of

Fig. 4. Estimation of holder exponent �.

y = 1.114x + 6.4898

0

1

2

3

4

5

6

7

-6 -5 -4 -3 -2 -1 0

�

�

Fig. 5. Bi-logarithmic diagram for estimating fj
(
�p

)
.

size j = 4 contains 143 cells, which their �p is in men-
tioned range.
Similar to calculation of Holder exponent, fj

(
�p

)
is the

slope of bi-logarithmic diagram ln
(
Ni

(
�p

))
versus ln �j�

in box size j. Therefore, the value of f
(
�p

)
is equal to

linear regression line slope. Hence, the value of fj
(
�p

)
is

equal to 1.14, which is the linear regression line slope in
Figure 5.
As same procedure by calculating the fj

(
�p

)
in each

�-slice image, multifractal spectrums (�−f ��� curve) for
all � ranges can be plotted.
After estimating the values of f

(
�p

)
for each �-slice,

the f ���-image can be obtained by replacing all pixels
with � in a given sub-range with the respective f ���
value.

4. RESULTS
Nonlinear simulation results of instability are presented
in this section. First, we will briefly investigate different
cases of reactive flow displacement. Second, the multi-
fractal analysis of obtained results will be carried out and
discussed. In addition, convergence of the numerical simu-
lation has been tested by varying the spatial resolution and
the concentration contours are selected based on 256×256
grids. To study the reactive viscous fingering instability,
we conducted a simulation with parameter values Pe =
1000, Ar = 1, Rb = 3 and Rc = 3. In order to investigate
the mono and multi fractal analysis, Rb varies between −1
and 3 and Rc varies between −5 and 3.

4.1. Concentration Contour
The concentration iso-surface of the two reactant and the
product fluids are depicted in Figure 6. As seen from the
figure, the two reactants and the product fluids are not
mutually exclusive but overlap and are complementary.
Therefore, in all what follows, just the contour of chemical
product will be depict.
In addition, Figure 7 illustrated the growth and shape of

the fingers with time. The simulation is conducted for the
same geometric parameter values. In this case, the initial

292 J. Nanofluids, 12, 288–297, 2023
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Fig. 6. Concentration iso-surface of the two reactant and product for Pe = 1000, Ar = 1, Rb = 3, Rc = 3 and t = 1000.

Fig. 7. Concentration iso-surface of the product C for Pe = 1000, Ar = 1, Rb = 3, Rc = 3.

front between displaced and displacing fluids (Rb) is unsta-
ble, the viscosity of fluid C is between the two reactants
fluids and is smaller than displaced fluid, so the fingers
grow in both side of interface. In addition, different pat-
terns and mechanisms such as spreading, shielding, trail-
ing lobe detachment, side merging and necking, can be
observed in Figure 7.

It should mentioned that in the case where the log-
mobility ratio is positive, Rb > 0; the initial interface
between the reactants flow is definitely unstable. In this
situation, the value of Rc determines the growth of fingers
in each side. In General, RCB at the interface between the
fluid C and fluid B and also RAC at the interface between
fluid A and the chemical product can be defined as:

RAC = ln
(
�c �C = 05�

�A

)
= Rc/2�

RCB = ln
(

�B

�C �C = 05�

)
= ln

(
�B

�A

�A

�C �C = 05�

)

= Rb −Rc/2 (26)

The interfaces between the two reactants and product
fluid are unstable when the mobility ratios are positive

and the interfaces are stable when the mobility ratios are
negative.39

The monofractal and the multifractal analysis of insta-
bility in a reactive displacement will be presented in fol-
lowing sections.

4.2. Monofractal Analysis
Zakad et al.48 utilized monofractal analysis to obtain the
fractal dimension of the flow displacement instability in
radial Hele-Shaw. In order to use monofractal, the concen-
tration contours should all be drawn in black and white,
so the true color image RGB should be converted to a
binary one, which has only two possible colors (black and
white) for each pixel. The binary images are analyzed by
implementation of the box counting method which is most
widely used in calculation of fractal dimensions.44

In Figure 8, the variation of the fractal dimension in
flow displacement instability is shown with time for dif-
ferent values of Rb and Rc. According to Figure 8, It
can be inferred that the fractal dimension of the image is
affected by the shape and growth of the finger. In other
words, the fractal dimension of instability increases with
time. In the case that one side of the chemical product C

J. Nanofluids, 12, 288–297, 2023 293
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Fig. 8. Fractal Dimension versus time for different values of mobility
ratio.

is stable (Rb = −1 and Rc = −5 or 3), the fingers grow
slightly and make no patterns, so the fractal dimension is
less than the others. In contrast, in the case where both
side of the fluid C is unstable (Rb = 3 and Rc = 3), the
fingers grow in downstream and upstream of the system
and lead to development of different types of viscous fin-
gering patterns, therefore it has greater fractal dimension.
In situation where Rb = 1 and Rc =−1 or 3, although only

Fig. 9. Multifractal spectrum and its �-slice images in different values of � for viscous fingering instability in Pe = 1000, Ar = 1, Rb = 3, Rc = 3
and t = 1000.

one side of the chemical product C is unstable, the ini-
tial front between fluid A and B is is unstable, so leads to
more complicated finger structures than the case in which
Rb < 0.
It should be stressed here that there might be some

errors in fractal dimension, because finger structures may
be removed due to the conversion of RBG image to binary
one.

4.3. Multifractal Analysis
The multifractal spectrum curve, which represents the vari-
ation of f ��� with �, has a bell shaped curve and is con-
tinuous over �. However, the obtained spectra will not look
the same due to the dependency of the method which is
used, but the overall shapes are similar. it should be noted
that the maximum value of multifractal spectrum will be
obtained where the value of alpha is close to dimension
of the shape, which is under observation. Considering a
two-dimensional concentration contour, it is expected that
the maximum value of � will be obtained at � close to 2.
Figure 9 shows the multifractal spectrum of the viscous

fingering instability. In addition, four �-slice images have
been attached to the figure. As seen from the Figure 9, the
maximum value of the multifractal spectrum is equal to
1.6, which is attained at �� 2. It is to be noted from the
�-slice images that more occupied cell in each slice leads
to a larger value of f ��� in that slice.

294 J. Nanofluids, 12, 288–297, 2023
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The changes of multifractal spectrum in time is shown
in Figure 10. The plots indicate that maximum value of
multifractal spectrum increases with time, which express
the growth of the fingers and their complex structures. As
seen from the figure, the width of the curves are almost
equal and the curves are overlapped with a relatively small
change. It is worth mentioning that the variability of the
gray scale level intensities will effect on the width of
the curve; higher variability leads to a broader spectrum.
Therefore, in a specific simulation, the width of the curve
is expected to remain constant.

Figure 11 illustrates the multifractal spectrum curves in
different Rb and Rc. The values of Rb and Rc are selected
in a way that one or both of them are equal to 1.5. In case
of Rb = 3 and Rc = 3, the both sides of chemical product
C are unstable (unstable trailing and leading fronts), so
fingers develop complex structures and the maximum val-
ues of multifractal spectrum curve is equal to 1.6, which

Fig. 10. Multifractal spectrum in Pe= 1000, Ar = 1, Rb = 3 and Rc = 3.

Fig. 11. Multifractal spectrum with different values of Rb and Rc in
Pe = 1000, Ar = 1, and t = 1000.

is the largest among the others. In the situation that Rb = 1
and Rc =−1 (unstable leading front, stable trailing front)
or 3 (stable leading front, unstable trailing front), only one
side of chemical product C is unstable, but the initial front
between fluid A and B is unstable, so the maximum values
of their multifractal spectrum curves are relatively equal.
The same for the case of Rb = −1 and Rc = −5 (unsta-
ble leading front, stable trailing front) or 3 (stable leading
front, unstable trailing front) is true. In this situation, the
initial front between fluid A and B is is stable (Rb < 0)
and only one side of the product fluid is unstable, so their
maximum values of multifractal spectrum curve are equal
to 1.35.
The variations of the multifractal spectrum curve with

different quantity of Ar are plotted in Figure 12. From the
Figure 12, it can be concluded that as the aspect ratio of
domain decreases, the maximum value of the multifrac-
tal curve increases and also the width of the curve goes
broader. This is because of the fact that larger aspect ratio
leads to a decrement in the complexity of the finger struc-
tures and a decrease in number of the them.23

4.4. f ���-Image
An f ���-image with one-by-one correspondence to the
primary image can be obtained by replacing all pixels with
� in a given sub-range with the respective f ��� values.3

As discussed earlier, the concentration contours are
composed of a N×M number of elements, which are filled
with concentration values. The decimal places of these val-
ues are selective, depends on desired precision. The more
decimal place number leads to an increment in the preci-
sion of f ���-image. Figure 13(a) depicts the concentration
iso-surface of reactant fluid A and its f ���-images with
different precisions are shown in Figures 13(b) to (f).
Figure 13(b) according to its small decimal place num-

ber has same finger-structure as Figure 13(a). By increas-
ing decimal place number of the image, it can be seen

Fig. 12. Multifractal spectrum with different values of aspect ratio Ar

in Pe = 1000, Rb = 3, Rc = 3 and t = 1000.

J. Nanofluids, 12, 288–297, 2023 295



IP: 5.10.31.210 On: Tue, 03 Jan 2023 10:41:02
Copyright: American Scientific Publishers

Delivered by Ingenta

Simulation of Nonlinear Viscous Fingering in a Reactive Flow Displacement: A Multifractal Approach Shahnazari et al.

A
R
T
IC
LE

(a) (b) (c)

(d) (e) (f)

Fig. 13. (a) Concentration iso-surface of reactant fluid A and its f ���-images which their decimal places are equal to (b) 1 (c) 2 (d) 3 (e) 4 (f) 7 in
Pe = 1000, Ar = 1, Rb = 3, Rc = 3 and t = 580.

that those parts of the finger structures which were unde-
tectable in the concentration iso-surface of reactant fluid
A, are now visible in the f ���-images. In other words,
concentration contours have not enough capability to dis-
tinguish small gradients. However, f ���-image functions
make small gradients more vivid. Figure 13(c) illustrates
two small regions of the reactant fluid A, which are invis-
ible in concentration iso-surface. These regions are indi-
cated by red circles. By further increment in decimal place,
it can be observed that hidden parts of the finger shapes
begin to appear. In fact, at first, the body of finger and
after that the its tip became visible. This process can be
deduced from Figures 13(c) to (e). Also the further incre-
ment in precision, leads to appearance of two new small
regions indicated by red circles in Figure 13(f). In con-
clusion, by using f ���-images, more detailed images than
concentration contours can be represented.

5. CONCLUSION
In this paper, nonlinear simulation of fluid flow instability
in a displacement in a reactive flow through a homogenous
porous medium is conducted. The main goal of paper is
the multifractal analysis of the viscous fingering instability.
Considering concentration iso-surface of chemical product
C, both mono- and multifractal analysis were performed.
In the monofractal analysis, although the finger struc-

tures are not very accurate after converting to binary
image, the results show that the maximum fractal dimen-
sion of instability is obtained in the case which both sides

of interface are unstable and increases with time. However,
when only one side of the interface is unstable, the insta-
bility with Rb > 0 has greater fractal dimension than the
case Rb < 0. Also the multifractal spectrum curve of the
concentration iso-surface of product C was plotted in time
and also was compared for different values of mobility
and aspect ratios. The results state that although the max-
imum multifractal spectrum grows with time, the widths
of curves are equal. In addition, a comparison between
different mobility ratio values show that the maximum of
multifractal spectrum is affected by the finger structures.
Also by decreasing the aspect ratio, the maximum value of
multifractal spectrum and the width of the curve decrease.
Eventually, the f ���-image of concentration iso-surface
of reactant A was investigated for different precisions and
some missing fingers were observed. In summary, it can
be concluded that the use of f ���-image represents more
detailed images than concentration contours and also mul-
tifractal analysis can be considered as one important fea-
ture to characterize the irregularity of the finger patterns.

NOMENCLATURE
C Concentration of chemical product
A Concentration of displacing fluid
B Concentration of displaced fluid
b Thickness (m)
D Diffusion coefficients (m2/s)
H Width (m)
k Reaction constant (1/s)
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t Time (s)
K Permeability (m2)
L Length (m)
u Velocity (m/s)
P Pressure (kg/ms2)
k Reaction constant
R Log-mobility ratio
U Initial velocity
Da Damkohler number
Pe Peclect number
G Sum of gray scale intensity
G Gray scale pixel intensity
� Viscosity (kg/ms)
� Density (kg/m3�

� Vorticity (1/s)
� Stream function (m2/s)

c Chemical time scale

h Hydrodynamic time scale
� Box size
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