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A mathematical study was conducted for the mixed convection inside a cavity for three aspect ratios filled with
hybrid nanofluids by moving the vertical walls down, where the upper wall was thermally isolated, and the two
vertical walls with a temperature that is less than the lowest wall’s, which was at a sinusoidal temperature. The
investigation and discussion focused on the Richardson numbers (0.1–100), hybrid nanoparticle sizes (0.0–
0.08), and the impact of size on the thermal and hydrodynamic properties of hybrid nanoparticles. At lower
Richardson numbers, hybrid nanoparticle volume fraction impacts the thermal behaviour model. Besides, it was
observed that decreasing the effect of average Nusselt number and nanoparticle size was due to the increase
in Richardson numbers.The present results also showed the vital role that sinusoidal temperature has on heat
transfer.
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1. INTRODUCTION
The necessity of increasing fluid heat transmission has
developed a new category of fluids called nanofluids and
hybrid nanofluids. Hybrid nanofluids are solutions com-
prising nanoparticles suspended in a base fluid that may be
employed in various residential and industrial applications
due to their qualities that increase thermal performance.
The resulting suspensions can be used in multiple appli-
cations, such as cooling atomic containers and optimizing
heat transmission in a heat exchanger.
Traditional transfer fluids like oil and water have lim-

ited heat transmission qualities. So, there is a continuing
necessity for heat transmission fluids with improved prop-
erties. It required severe and significant efforts to over-
come this problem; this is what Maxwell 1 considered the
probability of enhancing the thermal performance of the
transmission fluid by adding additional particles. It was
demonstrated that solid-liquid mixtures enhance thermal
conductivity as particle size increases. When Choi and
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Eastman1 developed the term nanofluids to describe the
conductivity of heat of fluids and specific minerals, they
noticed that the shape and size of particles affected on
it a fluid particle system. An increase in conductivity of
around 150% has been reported for oils containing less
than 1% by volume of nanotubes, as stated in an article
by Choi et al.2 The heat may be increased by as much as
40%, as discovered by Eastman et al.,3 who employed Cu
nanoparticles of 10 nm diameter. Mahmoodi4 investigated
a rectangular cavity with natural convection filled with
nanofluid heated by a skinny heat source and found that
the percentage of Ht increased with both the nanoparticle
size and the Ra number. In various forms of cavities, sev-
eral researchers have examined the mechanical and ther-
mal mechanisms of nanofluids in order to enhance them.
In addition, Oztop and Abu-Nada5 researched the free
convection inside and the change of tempreture inside a
rectangular cavity. They concluded that buoyant force pro-
motes fluid and HT movement by simultaneously growing
the volume fraction and Ra number. On additional study
Abu-Nada et al.6 calculated the properties of HT by free
convection, while utilizing several models of thermal con-
ductivity and viscosity by using H2O-EG-Cuo nanofluid,
Garoosi et al.7 demonstrate that rising the Gr number
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Fig. 1. Schematic of the partitioned square cavity.

Table I. Thermo-physical characteristics of pure fluid and
nanoparticles.33

Property Water Copper Al2O3

� (kg/m3) 997.1 8954 3970
Cp (J/K) 4179 383 765
k (W/mK) 0.613 400 40
� (K−1) 21×10−4 1�67×10−5 0.85×10−5

decreases the Ri number and improves the HT ratio. They
also show nanoparticles near the cold wall have a larger
fraction volume. Also, Ghalambaz8 studied the natural
convective with a new type of hnf; according to his find-
ings, the rate of Ht is proportional to the Ra number and
the conductivity of heat. According to Results by Shahi
et al.,9 the surface-calculated number of Nuavg rises with
the concentration volume, while the average temperature
diminutions.

Additionally, when the Ra number rises, the temperature
rises as well. On the other hand. Mansour et al.10 mathe-
matically analyzed the mixed convective of many types of
nanofluids based on (TiO2, Al2O3, Au and Cu), a source
that heats the lowest wall of the chamber; the top wall
moves steadily from left to right while the walls remain

Fig. 2. Problem geometry (a) and grid distribution (b).

Table II. Comparison of the previous literature and the present study
results.

Reference Reference Reference Reference Present
Re [35] [36] [37] [38] study

1 – – 1.010134 1�00033 1�002
102 1.94 2.02 2.090837 2�04935 2�025253
400 3.84 4.04 4.161057 4�09826 4�05837
500 – – 4.663689 4�6179 4�568938
103 6.33 6.42 6.551615 6�70345 6�549277

cold. According to the literature study, a few research has
looked into hybrid nanofluids convection. For example,
Ghalambaz et al.11 and Chamkha et al.,12 another com-
ponent of Ht from hybrid nanofluids is the investigation
of convection heat transfer from hybrid materials with
nanoscale optimization. A turbulent flow inside a circular
tube uniformly heated. Sundar et al.13 Used forced con-
vection to investigate heat transmission and the pressure
decrease in a hybrid nanofluid (MW NT—Fe3O4/water).
Cimpean et al.14 investigated mixed convective inside a
trapezoidal form filled with hnf (Al2O3–Cu/water); the
results show the increases in Re number reflect on aug-
mentation of convection circulation and energy transport.
In order to explore the numerical modeling of forced Ht
in a channel within hybrid nanofluids and fixed thermal
flux, Balla15 compared the Ht coefficients of CuO, Cu,
and CuO–Cu as well as the conductivity of nanofluids
with increasing Ht coefficients. The pressure loss rises
as the Re number, density of nanoparticles, and convec-
tive particle size of fraction increase, and the superior Re
number for the nanofluid flow suggests an increase in Ht.
According to various studies, hnf have greater thermal con-
ductivity than nanofluids and essential fluids containing
single solid particles.16–19 Madhesh20 examined the heat
transmission rheological and potential properties of Cu-
Ti2O hybrid nanofluids at fractional concentrations (0.1%–
2%); an experiment was conducted utilizing a tube in a
reverse flow heat exchanger. When using a 1% hybrid
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nanoparticles volume concentration, the total heat trans-
mission coefficient increased by 68 per cent, but raising
the volume concentration of nanoparticles by 2% increased
the total Ht coefficient by Using a 2% hybrid nanopar-
ticles volume concentration, a pressure drop of 14.9%
was reported, suggesting a loss in pumping capacity. Sev-
eral studies have used enclosures and square cavities of
different aspect ratios and sizes in the past few years,
including entropy generation,21–23 heat transmission,24–28

heat transmission in porous media29�30 magnetohydrody-
namic effects.31�32

This paper aims to evaluate the impact of aspect ratio
on HT inside a square cavity within hybrid Nanofluids
numerically. A new temperature function is used when the
vertical walls are moved downward. It could be found in
a variety of industries and natural processes, such as solar

distillers, solar energy, stream cooling, and electronic com-
ponent cooling, where the cosine function represents ther-
mal heating; that is, with varying on the Ri number, the
heat is first focused in the middle before being dispersed
to the sides. The results show that the Ht rose with the
increase of nanoparticles inside the essential fluid and also
showed that the lower Richardson numbers improved Ht;
as for the aspect ratio, the Ht improved whenever the ratio
was more significant.

2. MATHEMATICAL FORMULATION AND
MODELLING

A schematic illustration of the computational model with
height H and length L are depicts in Figure 1. The
definition of aspect ratio is (AR = H/L). As the lower

Fig. 3. Continued.
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Fig. 3. Isotherms and Streamlines for a cavity with AR= 0.5.

wall has a sinusoidal temperature more significant than
that of the descending vertical walls and the upper wall
was thermally insulated, the cavity was filled with a hybrid
nanofluids (H2O–Cu–Al2O3) for various volume fraction
of solid particles. The fluid-base and nanoparticle thermal
characteristics were reported in Table I at a reference tem-
perature. The Boussinesq approximation is also believed
to be valid for buoyancy force. The research is focused on
governing equations (energy, momentum, and continuity
equations).

For laminar mixed convection, the dimensionless
steady-state equations are as follows:

�U

�X
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Dimensionless numbers, including the Prandtl number,
Reynolds number, and Richardson number, are defined as
follows:

Pr = �Cp

k
� Ri = g�TL

�
� Re = U0L

�f

Moreover, the number of Grashof, Gr, is defined as:

Gr = g�TL3

�2
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These are the governing equations boundary conditions:

X = 0� 0 < Y < 1� U = 0� V =−1� � = 0

Y =0� 0<X<1� U =0� V =0� �=	1−cos	2X�

/2

X = 1� 0< Y < 1� U = 0� V =−1� � = 0

Y = 1� 0<X < 1� U = 0� V = 0� ��/�Y = 0

Where the hybrid nanofluids’ density, heat capacity,
coefficient of thermal expansion, and thermal diffusion are
as follows, respectively:34

�hnf = �nf 2�nf 2+�nf 1�nf 1+ 	1−�hnf
�f+��s

	�Cp
hnf = �nf 2	�Cp
nf 2+�nf 1	�Cp
nf 1+ 	1−�hnf
 	�Cp
f

	��
hnf = �nf 2	��
nf 2+�nf 1	��
nf 1+ 	1−�hnf
 	��
f

The dynamic viscosity of the Cu–Al2O3–water as
follows:

�hnf=
�f(

1− (
�nf 2+�nf 1

))2�5
The hybrid nanofluid’s thermal conductivity is Ref. [34]:

khnf
kbf

=
[
	�nf 2knf 2+�nf 1knf 1


�hnf

+2kf

+2
(
�nf 2knf 2+ �nf 1knf 1

)−2 �hnf kf 


]

×
[
	�nf 2knf 2+�nf 1knf 1


�hnf

+2kf

− (
�nf 2knf 2+�nf 1knf 1

)+�hnf kf 


]−1

Fig. 4. Continued.
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Fig. 4. Isotherms and Streamlines for a cavity with AR= 0.75.

Where: �hnf = �nf 1+�nf 2

The Nu number and Nuavg number at the hot wall
were computed as follows to estimate the heat transfer
optimization:

Nu	X
= khnf
kf

��

�Y

∣∣∣∣
wall

Nuavg =
1∫
0
Nu	X
dX

3. NUMERICAL IMPLEMENTATION
The governing equations of physics in the research were
solved using computational fluid dynamics (CFD). Fluent

is a program that uses an FVM to relate the continuity and
momentum equations, which uses semi-implicit approx-
imations to the equations related to pressure. The con-
vective conditions were non-linear convective dynamics;
the grid was examined for the study at the base fluid in
AR = 0.5 and Ri = 0.1, represented by Figure 2; from
the figure, we note that the grid system 81× 81 is good
enough to obtain. On the reliable results of this study. To
verify the proposed simulation studies for mixed convec-
tion in the cavity according to the literature presented by
Refs. [35–38] shown in Table II, the comparison was made
by average Nusselt number, so we can be said that there
is an estimated fair value between all the results, a good
agreement is noted between all results.
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4. RESULTS AND DISCUSSION
The simulation examines the Ht and the fluid flow of
mixed convection within the square cavity filled with
Hybrid Nanofluids (H2O–Cu–Al2O3) after the numerical
approach has been confirmed by solving the test case.

The results were presented for Grashof number 104, three
aspect ratios 0.5, 0.75, 2, the Ri number range (10−1–102)
and four nanoparticles (0%–8%). Figure 3 illustrates the
isotherms and streamlines for the cavity at AR= 0.5 for Ri
values and various nanoparticle volume fractions. The flow

Fig. 5. Continued.
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Fig. 5. Isotherms and Streamlines for a cavity with AR= 2.

of the hybrid nanofluids causes two vortices to develop
inside the cavity. Close the right and left walls, the heat
flow and its effect dominate the resulting flow at Ri =
0.1, and the symmetric behaviour is due to the relatively
negligible buoyancy force. As shown in the illustration,
increasing the number of Richardson while keeping the
size of nanoparticles constant increases the impact of nat-
ural convection on Ht and fluid flow. In addition, the flux

value rises significantly due to the increase in nanoparticle
size by 8%. For the temperature profile, as in Figure 3,
the forced convection system is the one that dominates the
boundary layers of the cavity wall. As the Ri number rises,
the centre of the cells shifts to the centre of the bottom
wall, and it increases the expansion of the streamlines as
the thickness of the thermal limits rises until the cavity
reaches an equal heat distribution of the temperature lines,

J. Nanofluids, 12, 476–486, 2023 483
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As seen in the same figure, the fluid flows into the cavity
at Ri= 100 and is regulated by natural convection.
The streamlines and temperature profile within the cav-

ity at AR = 0.75 for nanoparticle volume fractions and
various Ri numbers are shown in Figure 4. The size of the
vortices shown in the figure is more significant than those
of different aspect ratios, and due to the rise in nanoparti-
cle size and dynamic viscosity, the asymptotes stimulated
by natural convection decrease in strength and size and of
rises the concertation volume of nanoparticles of various
sizes considerably enhances the flow. In addition, Figure 4
depicts that along the moving side walls that the flow
descends downward it making a horizontal toward the cen-
tre. However, due to the non-slip situation near the cavity’s
centre, the circulation around the enclosure’s perimeter is
more substantial. It rises gradually until it collides with
the upper thermal insulated wall, turning it into horizontal

walls, where the more Richardson, the higher the temper-
atures.
The streamlines and temperature profile are shown in

Figure 5 for an aspect ratio AR= 2; with the rise in aspect
ratio, it should be mentioned that the vertical motion of
the walls reasons the increase in AR to inconsistent pattern
and that the HT produced by natural convection is domi-
nant, which is significantly influenced by the decrease in
the boundary layer at the level of the wall hot, which justi-
fies the flow towards each wall, where the cavity’s heating
and cooling are significantly influenced by the nanoparti-
cles’ size, which leads to an increase in Ht.
Figure 6 presents the bottom (hot) wall’s Nuavg number

with hnf of various Ri numbers and aspect ratios, where
the difference can be observed between the basic fluid and
the hybrid nanofluids, as the rise in the size of the hybrid
nanoparticles increases Nuavg number, where it have an

Fig. 6. The NuAvg for various Richardson numbers (hot wall). (a) Ri= 0.1 (b) Ri= 10 (c) Ri= 1 (d) Ri= 100.
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Fig. 7. The average Nusselt number at the hot wall of the various of Aspect ratio (a) AR= 0.5 (b) AR= 2 (c) AR= 0.75.

oppositely related to the Ri number, that is, the higher the
Ri number, the lower of the Nuavg number. This is due to
the high speed of the moving vertical walls and therefore
higher shear strength. Figure 7 allows us to better compare
the Nuavg number with the aspect ratio, for each Ri num-
ber, As we can see that the mean of Ht rises with a boost
in the concentration of nanoparticles, and the Nuavg num-
ber likewise increases with an rise in the aspect ratio, the
maximum Ht occurs AR= 2 and minimum at AR= 0.5.

5. CONCLUSION
Numerical simulation was used to verify the mixed
convection flows of a hybrid nanofluids system (H2O–Cu–
Al2O3) which was filled inside a square cavity with verti-
cal walls moving downwards, where the bottom wall was
exposed to a sinusoidal temperature higher than the verti-
cal walls and the upper wall was thermally isolated, where
the result were presented for different Aspect ratios (0.5–2)

and Richardson numbers range from (10−1–102) and for
various hybrid nanoparticle sizes ranging from (0%–8%),
where the impact of each of the aspect ratio and size
of hybrid nanoparticles and Richardson numbers on the
stream patterns and thermal properties has been investi-
gated, where the findings of Richardson numbers demon-
strated that the size of hybrid nanoparticles has a positive
impact on Ht. An rise in the size of nanoparticles the flow
function rises as the Richardson number decreases. This
point was noted in calculating the average Nusselt number.
The most important conclusions are summed up below:
• Enhanced heat transmission when aspect ratio increases
• There is an inverse relationship between the Ri num-
ber, the coefficient of heat transfer and the mean Nusselt
number.
• Reducing the Ri number increases the strength and this
increase in the current function is due to the control of
forced convection and thus the rise in inertia.
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• The Nuavg number rises as the concetraction of hybrid
nanoparticles and the aspect ratio rises.

NOMENCLATURE
cp Specific heat capacity/(J/K)
Gr Grashof number, �gL3T/�2

g Gravitational acceleration/(m/s2)
H Height of cavity/(m)
Ht Heat Transfer
L Width of cavity/(m)
K Thermal conductivity/(W/m K)
Nu Nusselt number
p Pressure/(N/m2)
P Dimensionless pressure, p/�nfU0

2

Pr Number of Prandtl, �f /�f

Ri Number of Richardson, Gr/Re2

Re Number of Reynolds, �U0L/�
T Temperature/(K)

u, v Components of velocity/(m/s)
U, V Dimensionless of velocity component, (U= u/U0,

V= v/U0)
x, y Cartesian coordinates/(m)
X, Y Dimensionless of Cartesian coordinates

Greek Letters
� Thermal diffusivity, k/(�cp) (m2/s)
� Coefficient of volume expansion/(K−1)
� Volume fraction of Nano fluid
� Dynamic viscosity/(Pa s)
� Kinematics viscosity/(m2/s)
� Density/(kg/m3)
� Dimensionless temperature

Subscript
f Fluid

Avg Average
hnf Hybrid Nanofluids
s solid
w wall
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