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The combined impacts of mechanical variation and the applied magnetic field on the onset of convection in an infi-
nite flat liquid permeated anisotropic porous module are investigated subject to an adverse temperature gradient. The
Brinkman model is taken to describe the flow momentum in the porous module, and the Boussinesq approximation
is implicated in the field of buoyancy-driven flow. Floquet theory is applied to govern the onset condition within the
framework of linear stability analysis. The present study is focused on the small amplitude gravity vibration, and the
thresholds are found using Mathieu’s functions and stability charts. Specific attention is paid to examine the effects
on anisotropies in permeability and thermal conductivity of the porous module along the transverse direction. The
emerging instabilities of synchronous and subharmonic modes and the exact point of the transition between them are
examined for the control parameters. The applied magnetic field is more effective in stabilizing the system subject to
gravity modulation than the system subject to gravity modulation alone. The findings of this analysis will give ad-
ditional knowledge in controlling convective streams in designing highly perfect crystals or materials with improved
mechanical properties.
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1. INTRODUCTION

Free convection in a fluid-saturated porous module has received considerable attention in recent years due to its
numerous applications in different fields such as nuclear waste repository, solidification of molten alloys, oil reservoir
modeling, and geothermal fields, to name a few. Crystal growth is an interdisciplinary area which requires a thorough
knowledge of hydrodynamics associated with heat transfer through a porous module. The primary goal of a crystal
grower is to manufacture highly perfect crystals or materials required for modern technology which are free from
structural nonuniformities. Thermal convection in a horizontal fluid-saturated porous module was first investigated
by Horton and Rogers, Jr. (1945) and individually by Lapwood (1948) using linear stability analysis. Their results
were later confirmed experimentally by Elder (1967) and Katto and Masuoka (1967). Comprehensive reviews of
literature and the fundamental applications of heat transfer in the porous module were well documented by Ingham
and Pop (1998), Vafai (2005), and Nield and Bejan (2006).
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NOMENCLA TURE

B⃗ magneticfield induction vector
B0 external magnetic field
b∗ vibration amplitude
Da Darcy number,Kz∗/H

2
∗

F⃗ Lorentz force
Fr Froude number,λ2

z∗/g∗H
3
∗

g⃗∗ gravitational acceleration
H∗ height of the porous module
Ha Hartmann number
J⃗∗ electric current density

K∗ permeabilitytensor,Kx∗(⃗i⃗i+ j⃗j⃗) +Kz∗k⃗k⃗
L∗ length of the porous module
p pressure
Pr Prandtl number
R Rayleigh number,β∗∆TCg∗Kz∗H∗/ν∗λz∗
s wave number
T temperature,(T∗ − TC)/(TH − TC)
t time
u horizontalx component of the filtration

velocity
v horizontaly component of the filtration

velocity
V⃗ filtration velocity vector,u⃗i+ vj⃗ + wk⃗

V⃗1 anisotropy modified velocity vector,
(u/ξ)⃗i+ (v/ξ)⃗j + wk⃗

Va Vadasz number,ϕPr/Da
w verticalz component of the filtration velocity
x horizontal length coordinate
y horizontal width coordinate
z vertical coordinate

Greek Symbols
α parameter related to the wave

number,s2/π2

β∗ thermal expansion coefficient
γ Va/π2

δ amplitude,κFrΩ2

∆TC characteristic temperature difference
κ b∗/H∗

λ∗ thermaldiffusivity tensor,
λx∗(⃗i⃗i+ j⃗j⃗) + λz∗k⃗k⃗

µ∗ dynamic viscosity
µe∗ effective dynamic viscosity
µ µe∗/µ∗
ν∗ kinematic viscosity
ξ mechanical anisotropy parameter,Kx∗/Kz∗
η thermal anisotropy parameter,λx∗/λz∗
ς scaled exponent, equalsσ/

√
−a

ρ∗ fluid density
σ Mathieu exponent
σm∗ electrical conductivity
ϕ porosity
ω∗ vibration frequency
Ω scaled vibration frequency,ω∗H

2
∗/λz∗

Subscripts
∗ dimensional quantity
c characteristic
cr critical
C cold wall
H hot wall
o unmodulated quantity

Externalregulation of convection is important for either enhancing or diminishing heat transfer in the physical
systems. Several techniques have been used for controlling the convective instability of such systems. Gravity, rota-
tional, thermal modulation, and magnetic field are a few of them being adopted to reach this objective. Modulation
of the gravity field introduces a variable body force, usually gravity fluctuating with time in the presence of density
gradients. Its significance on thermal convection depends on the direction of the body force relative to the thermal
gradient. Gershuni et al. (1970) and Gresho and Sani (1970) first examined the g-jitter effect in a differentially heated
fluid-filled module. They found that the undesirable buoyancy-driven flow in a differentially heated fluid layer is
stabilized by the appropriate vertical vibrations. Further, the stability solution of a fluid-drenched porous module de-
pending on small amplitude vertical vibration was investigated by Malashetty and Padmavathi (1997). They noticed
that the imposed vibration considerably influences the stability limits of the system.

Govender (2005) discussed the g-jitter effect on the onset of convection in a differentially heated homogeneous
porous module. He predicted the exact changeover point from the synchronous to the subharmonic solution using
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Mathieu’s stability charts. Saravanan and Purusothaman (2009) later confirmed Govender’s results and also examined
the effects of anisotropy parameters of the porous module subject to vertical vibration using the Brinkman model.
Thermal convection instability in a mushy module depending on gravity modulation has been examined by Srivastava
and Bhadauria (2011). They discussed the influence of pertinent parameters on the stability of the module. The
fundamental researches on the stability of a rotating porous module have significantly augmented due to its diverse
industrial requirements. The detailed discussions and its applications on thermal convection in a rotating porous
module were explored by Govender (2006) and Malashetty and Swamy (2010).

The topic of thermal stability in a fluid-drenched porous module induced by vibrating forces such as the modu-
lated gravity forces, vibrating wall temperatures, or the combination of these two under the presence of a magnetic
field has been investigated for the past few decades due to its noteworthy applications in different fields and indus-
tries. The effect of magnetic field modulation on a horizontal magnetic fluid-filled module was studied by Aniss et al.
(2001). They exhibited the possibility of stabilizing and destabilizing effects on the onset of convection with a suitable
choice of the proportion of the magnetic and oscillating forces. Li (2001) examined the linear stability analysis of
convective instability in a differentially heated fluid module subject to an externally imposed magnetic field. Also,
Mahabaleswar (2007) inspected the combined effect of magnetic field and thermal modulation on the onset of convec-
tion in a weak electrically conducting micropolar liquid-filled module. The problem was further investigated with an
electrically conducting fluid-drenched porous module by Bhadauria (2008). Siddheshwar et al. (2012) examined the
weakly nonlinear stability analysis of magneto convection in an electrically conducting Newtonian fluid-filled module
subjected to thermal or gravity vibration. It was clearly revealed from these surveys that the imposed external mag-
netic force is found to stabilize the system subject to oscillating forces. Recently, the natural convection heat transfer
in nanofluid was investigated subject to applied magnetic field by many researchers, for instance, Purusothaman et al.
(2016a), Chamkha et al. (2017, 2018), and Rashad et al. (2018). It was found that the heat transfer rate amplifies
with increasing the nanoparticle solid volume fraction; however, the convection currents are highly suppressed by the
enforced magnetic field.

Therefore, the main objective of the present study is to investigate the combined impacts of gravity variation
and magnetic field on the stability of convective flow through a liquid-saturated anisotropic porous module. A linear
stability analysis is made to show how the combined effect of gravity modulation and applied horizontal magnetic
field can significantly affect the stability limits of the system. The Brinkman model is taken to describe the flow
momentum in the porous module. Specific attention is paid to analysis of the effects on anisotropies in permeability
and thermal conductivity of the porous module along the transverse direction. The findings of this analysis will
give additional knowledge in controlling convective streams in designing highly perfect crystals or materials with
improved mechanical properties.

2. MATHEMATICAL FORMULATION

The geometry and the coordinate system are schematically shown in Fig. 1. An infinite horizontal fluid-saturated
sparsely packed anisotropic porous module confined between the surfacesz∗ = 0 andz∗ = H∗ is considered.
A homogeneous magnetic field expressed byB⃗(B0,0,0) is imposed parallel to thex∗ axis. The module is heated
from below and is depending on the low-amplitude vibration in the vertical direction. Brinkman’s law is used and
the convective terms are neglected as we deal with a quiescent initial state. The system of dimensional equations
describing the above coordination under the hypothesis of Boussinesq are given by the following (Purusothaman,
2018; Purusothaman et al., 2016b),

∇∗ · V⃗∗ = 0 (1)

ρc∗

ϕ

∂V⃗∗

∂t∗
= −∇∗p∗ −

µ∗

K∗
V⃗∗ + µe∗∇2

∗V⃗∗ − (ρ∗ − ρc∗)[g∗ + b∗w
2
∗ sin(w∗t∗)]⃗k

+ J⃗∗ × B⃗

(2)

∂T∗

∂t∗
+ V⃗∗ · ∇∗T∗ = ∇∗ · (λ∗ · ∇∗T∗) (3)
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FIG. 1: Schematic of a differentially heated porous module subjected to the combined action of gravity modulation and applied
magnetic field

∇.J⃗∗ = 0 (4)

J⃗∗ = σm∗(V⃗∗ × B⃗) (5)

Further, this research is principally focused on two-dimensional disturbances in thex∗ andz∗ directions. Hence,
the component of the Lorentz force is assumed to be systematically negligible in they∗ direction. The Lorentz force
J⃗∗×B⃗ then reduces to−σm∗B

2
0w∗k⃗. The physical framework is nondimensionalized using the following parameters:

(x∗, y∗, z∗) = H∗(x, y, z), (u∗, v∗, w∗) =
λz∗

H∗
(u, v, w), t∗ =

H2
∗

λz∗
t,

p∗ =

(
µ∗λz∗

Kz∗

)
p, (T∗ − TC) = △TCT = (TH − TC)T, ρ∗ = ρc∗(1− β∗△TCT ),

µ∗ = ν∗ρc∗ , R = β∗△TCg∗Kz∗H∗/ν∗λz, Ha= B0H∗
√
σm∗/µ∗

(6)

andexpress Eqs. (1)–(3) in non-dimensional form as

∇ · V⃗ = 0 (7)

1
Va

∂V⃗

∂t
+ V⃗1 − Da∇2V⃗ = −∇p+R [1+ δ sin(Ωt)]T k⃗ − Ha2 Dawk⃗ (8)

∂T

∂t
+ V⃗ · ∇T =

(
η∇2

H +
∂2

∂z2

)
T (9)

whereΩ = ω∗H
2
∗/λz denotes the scaled frequency,δ = κFrΩ2 denotes the amplitude,κ = b∗/H∗, and Fr=

λ2
z∗/(g∗H

3
∗) denote the modified Froude number. The parameter Va is the Vadasz number and is defined as

Va =
ϕPr
Da

(10)

wherePr = ν∗/λz∗ is the Prandtl number and Da= Kz∗/H2
∗ is the Darcy number. The boundaries are presumed

to be horizontal and stress-free, that is,w = 0 and(∂u/∂z) = (∂v/∂z) = 0. The thermal boundary conditions are
T = 1 at z = 0 andT = 0 at z = 1. The perturbations around the basic state solution are assumed in the form
V = VB + V ′ andT = TB + T ′, whereVB = 0 andTB = 1 − z. Replacing these in Eqs. (7)–(9), excluding the
pressure by applying the curl operator twice in Eq. (8) and projecting it on thez direction, the equations describe the
perturbations as (

1
Va

∂

∂t

)
∇2w′ +∇2

Hw′ +
1
ξ

∂2w′

∂z2
− Da∇2∇2w′ −R [1+ δ sin(Ωt)]∇2

HT ′

+ Ha2 Da∇2
Hw′ = 0

(11)
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[
∂

∂t
−
(
η∇2

H +
∂2

∂z2

)]
T ′ − w′ = 0 (12)

wherew′ is the vertical component of the perturbed velocity. The appropriate boundary conditions arew′ = (∂2w′)
/(∂z2) = T ′ = 0 atz = 0 andz = 1. We eliminatew′ from Eqs. (11) and (12) to obtain a single equation for the
temperature perturbation in the form(

1
Va

∂

∂t

)
∇2

[
∂

∂t
−
(
η∇2

H +
∂2

∂z2

)]
T ′ +∇2

H

[
∂

∂t
−
(
η∇2

H +
∂2

∂z2

)]
T ′

+
1
ξ

∂2

∂z2

[
∂

∂t
−
(
η∇2

H +
∂2

∂z2

)]
T ′ − Da∇2∇2

[
∂

∂t
−
(
η∇2

H +
∂2

∂z2

)]
T ′

−R [1+ δ sin(Ωt)]∇2
HT ′ + Ha2 Da∇2

H

[
∂

∂t
−
(
η∇2

H +
∂2

∂z2

)]
T ′ = 0

(13)

Assuming an expansion into normal modes in thex andy directions and a time-dependent amplitudeθ(t) of the
form

T ′ = θ(t) exp [i(sxx+ syy)] sin(πz) (14)

wheres2 = s2
x + s2

y. Substituting Eq. (14) into Eq. (13) provides an ordinary differential equation for the amplitude
θ(t)

d2θ

dt2
+ 2p

dθ

dt
− F (α)γ

[
(R̃− R̃0) + R̃δ sin(Ωt)

]
θ = 0 (15)

where 2p = π2
(
ηα+ 1+ γ

{
[(ξα+ 1)/ξ(α+ 1)] +Daπ2(α+ 1) +Ha2Da [α/(α+ 1)]

})
, α = s2/π2, γ =

Va/π2, R̃ = R/π2,F (α) = π4α/(α+ 1), andR̃0 is the unmodulated Rayleigh number defined asR̃0 = [(α+1)2/α]
×
{
[(ξα+ 1)(ηα+ 1)]/[ξ(α+ 1)2] + Daπ2(ηα+ 1) +Ha2 Da[α(ηα+ 1)/(α+ 1)2]

}
. Using the transformation

t = (π/2− 2τ)/Ω, Eq. (15) can be expressed in the canonical form of Mathieu’s equation [see McLachlan (1964)]
as

d2X

dτ2
+ [a− 2q cos(2τ)]X = 0 (16)

The solution to the above equation is of the formX = θ(τ)eστ, whereθ(τ) is a periodic function with a period
of π or 2π andσ is a characteristic exponent which is a complex number and is a function ofa andq. Here the
definitions fora, q, andσ are obtained upon transforming Eq. (15) to the canonical form and are given by

2√
−a

=
Ω[

F (α)γ(R̃− ζ)
]1/2

(17)

1
2
q =

F (α)γR̃δ

Ω2
= F (α)γR̃κFr (18)

σ = −2p/Ω (19)

whereζ is a parameter defined as

ζ = −R̃0

{
ηα+ 1− γ

[
(ξα+ 1)
ξ(α+ 1)

+ Daπ2(α+ 1)+ Ha2 Da
α

(α+ 1)

]}2

4γ(α+ 1)

[
(ξα+ 1)(ηα+ 1)

ξ(α+ 1)2
+ Daπ2(ηα+ 1)+ Ha2Daα

(ηα+ 1)
(α+ 1)2

] (20)
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3. SOLUTION PROCEDURE

The characteristic exponent with the largest Re(σ)governs the stability of the system. The disturbances intensify if
Re(σ)≥ 0 and decline if Re(σ)≤ 0. If Re(σ) =0, the solution to Eq. (16) is defined in terms of Mathieu’s functions
cen(a, q) andsem(a, q), n = 0,1,2, . . ., m = 1,2, . . .. Detailed discussion on the properties of these functions can
be found in the book by McLachlan (1964). Figure 2(a) displays the graphs ofce0, se1, andce1, which separate the
stable and unstable solutions. Here, theq values are presumed to be small, and therefore the lower order function of
ce0, se1, andce1 is enough for this investigation. The region below the curvece0 and the region bounded between the
curvesse1 andce1 stand for the unstable zones.

A graph ofq/2 against 2/
√
−a, for different values of the modified characteristic exponentς = σ/

√
−a, is

displayed in Fig. 2(b) for small values ofq. In Fig. 2(b),ς = 0 denotes Mathieu’s function represented by the curves
for ce0 andse1. Now, the relation for the characteristic Rayleigh number in terms of the parameterς, by replacing
ς = σ/

√
−a in Eq. (17), is presented as follows:

R̃ = ζ+
(R̃0 − ζ)

ς2
(21)

Figure2(b) together with Eqs. (17)–(21) is used to compute theR̃cr andαcr in terms of the frequencyΩ and
the parameters(κFr) andγ. The characteristic Rayleigh number against the frequency for particular values ofα are
calculated in the following way: (i) choose a value ofς, (ii) calculateR̃ using Eq. (21), (iii) calculate the value for
q/2 using Eq. (18), (iv) read 2/

√
−a from Fig. 2(b), and (v) calculateΩ from Eq. (17). TheRcr is then attained by

minimizingRc overα.

In order to check the accurateness of the current work, the present results are validated corresponding to a
fluid-drenched porous module of Darcian nature and the absence of magnetic field (Ha = 0), which was studied by
Govender (2005). In the case of limitΩ → 0 (stationary), the critical wave numberαcr and critical Rayleigh number
R̃cr approach the values 1 and 3.93π2 against the exact values 1 and 4π2, respectively. In the existence of vibration,
the changeover frequency splitting the synchronous and subharmonic solutions takes place atΩ = 1222.35, in contrast
toΩ ∼= 1225 of Govender (2005).

FIG. 2: Stable region as a functiona andq: (a) lower order Mathieu’s functions depicting stable and unstable regions and (b) sta-
bility chart for Mathieu’s equation for various values ofς
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4. RESULTS AND DISCUSSION

The combined effects of gravity modulation and an externally imposed magnetic field on the onset of convection
in an infinite horizontal fluid-saturated anisotropic porous layer which is heated from below is investigated using
Brinkman’s equation. Based on the prior study and accessibility of necessary data sources, the control parameters are
assumed in the following ranges: 10−4 ≤ Da≤ 10−2 and 10−1 ≤ ξ, η ≤ 10. Following Govender (2005), the value
of (κFr) is fixed to beO(10−5) corresponding to the solidification of binary liquid metals andγ = O(3).

Marginal stability curves for both synchronous and subharmonic solutions are found corresponding to the case
of an isotropic porous medium (ξ= η =1) and are graphically shown in Figs. 3(a)–3(c). The characteristic Rayleigh

FIG. 3: (a) Characteristic Rayleigh number against frequency forα = 0.5, (b) critical Rayleigh number against frequency, and
(c) critical wavenumber against frequency with fixed values ofξ = 1 andη = 1 and different values of Da and Ha
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numberRc is plotted against the frequencyΩ for various values of Ha and Da whenα = 0.5 and is shown in Fig. 3(a).
It is noted that the region below the curves is stable and the region above them is unstable for both synchronous
and subharmonic modes. It is also found that both synchronous and subharmonic solutions are greatly affected by
changes in the values of Da from 10−4 to 10−2. The critical Rayleigh number̃Rcr and critical wave numberαcr

against frequencyΩ are plotted in Figs. 3(b) and 3(c) for different values of Da and Ha. One should note that the limit
Ω → 0 corresponds to the nonvibrating porous medium, and the critical Rayleigh number tends to the unmodulated
value as expected. WhenΩ is increased from zero, the vibration frequency regulates the onset of convection in the
region of synchronous response irrespective of the value of Ha. Moreover, the strength of the applied magnetic field
is increased gradually from Ha = 0 to 100 subject to gravity modulation, and the undesirable convection currents
are highly suppressed further by the Lorentz force, which ensures the stability of the system. Hence, it is found
that the applied magnetic field is more effective in stabilizing the system subject to gravity modulation than the
system subject to gravity modulation alone. In the synchronous mode, the stabilizing effect of vibration is weak
for lower frequencies and becomes strong for higher frequencies untilΩ reaches a certain frequency, beyond which
subharmonic mode becomes critical. Further than the crossover point, the effect of increasing the frequency is to
slowly destabilize the convection. The transitions occur at different frequenciesΩ [see Fig. 3(c)] with respect to Da
and Ha and the transition point gets shifted to lower frequencies as the magnetic field strength is increased. However,
R̃cr decreases in the region of subharmonic response and becomes invariant for sufficiently large values ofΩ. The
correspondingαcr decreases [see Fig. 3(c)] for the synchronous mode and increases for the subharmonic mode with
a sudden change at the point of transition as the vibration frequency is increased.

Figures 4(a)–4(c) show the stability characteristics against the vibration frequencyΩ for various values ofξ and
Ha when Da = 10−2. R̃cr plotted againstΩ in Fig. 4(b) shows that even though an increase inξ reducesRc in both
synchronous and subharmonic modes, its effect is prominent only in the synchronous mode. The crossover points on
the synchronous mode of instability to the subharmonic mode for different values ofξ and Ha is shown in Fig. 4(c).
The crossover point becomes shifted to lower frequencies for the strong applied magnetic field; however,ξ shifts
the crossover point to a higher frequency region. The correspondingαcr plotted againstΩ in Fig. 4(c) shows that
strengthening the magnetic field shows a strong reduction in wave number in both synchronous and subharmonic
modes. In the same way, the stability characteristics for various values ofη and Ha when Da = 10−2 is displayed
in Figs. 5(a)–5(c). It is evident from Fig. 5(a) that whenη increases,Rc also increases for both synchronous and
subharmonic modes, supporting the stability of the system. The critical Rayleigh numberR̃cr and critical wave
numberαcr against frequencyΩ are shown in Figs. 5(b) and 5(c) for different values ofη. The effect of Ha is found
to stabilize the diffusive solution and delay the onset of convection. When comparing Figs. 4 and 5, it is evident that
anisotropy in permeability significantly affects the instability compared to that in conductivity with respect to Ha. The
transition between the synchronous and subharmonic modes for the different values ofη and Ha is shown in Fig. 5(c).
It is noted that the amplitude of the disturbance pattern is reduced significantly with increasingη for both synchronous
and subharmonic solutions with respect to Ha. In general, the effect of increasing the Ha value for any selected value
of Da,ξ, or η is to stabilize the convection corresponding to the synchronous mode and to destabilize the convection
in the subharmonic mode. It must be kept in mind that for molten alloy solidification, one is concerned with using
low-frequency modulation as well as an external magnetic field to prevent undesired effects such as unfavorable
buoyancy-driven convection and sedimentation. Hence, it is expected that the region of synchronous results will be
sufficient for use in metal manufacture applications.

5. CONCLUSION

A stability study of gravity modulation on the onset of buoyancy-driven convection in a horizontal porous layer
subject to an applied magnetic field has been investigated. The porous domain was assumed to be anisotropic in the
mechanical as well as thermal sense along the transverse direction. The investigation was based on the solutions
of linearized magnetohydrodynamic Brinkman’s equation using the small parameter perturbation technique, and the
Boussinesq approximation was used in the field of buoyancy-driven flow. The objective of the current work is to
extend the use of Mathieu’s functions and stability charts for studying the onset of modulated Rayleigh-Benard
convection in a more general porous domain. The results of this study lead to the following conclusions:
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FIG. 4: (a) Characteristic Rayleigh number against frequency forα = 0.5, (b) critical Rayleigh number against frequency, and
(c) critical wavenumber against frequency with fixed values of Da = 10−2 andη = 1 and different values ofξ and Ha
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FIG. 5: (a) Characteristic Rayleigh number against frequency forα = 0.5, (b) critical Rayleigh number against frequency, and
(c) critical wavenumber against frequency with fixed values of Da = 10−2 andξ = 1 and different values ofη and Ha
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(a) The instability mode changes from synchronous to subharmonic as the vibration frequency increases to a
certain level. Both the synchronous and subharmonic modes are vastly affected by the non-Darcian effects as
well as anisotropies of the porous domain subject to an applied magnetic field.

(b) In the synchronous mode, the stabilizing effect of vibration is weak for lower frequencies and becomes strong
for higher frequencies untilΩ reaches a certain frequency, beyond which subharmonic mode becomes critical.
Further than the crossover point, the effect of increasing the frequency is to slowly destabilize the convection.

(c) The applied magnetic field is more effective in stabilizing the system subject to a modulated gravity field
than the system subject to gravity modulation alone, since the undesirable convection currents are highly
suppressed further by the Lorentz force, which ensures the stability of the system.

(d) The crossover frequency gets shifted to a lower frequency range for the strong applied magnetic field. The
same tendency is noticed when either the medium becomes sparse or the thermal anisotropy parameter be-
comes large. However, the crossover frequency gets shifted to a higher frequency range when the mechanical
anisotropy parameter becomes large.

(e) The critical wave number decreases for the synchronous mode and increases for the subharmonic mode with
a sudden change at the point of transition as the vibration frequency is increased.
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