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Abstract
Purpose – This paper aims to explore particle shape effect on Cu-H2O nanoparticles over a moving
plate in the presence of nonlinear thermal radiation. To characterize the effect, particle shape and
viscous dissipation are considered. Convergent solutions for the resulting nonlinear systems are
derived and the effects of embedded parameters of interest on velocity and temperature field are
examined.

Design/methodology/approach – The Runge–Kutta–Fehlberg fourth-fifth order method along with
shooting technique is used to solve the governing equations (6) and (7) with boundary conditions (8). A
suitable finite value of h1 is considered in such a way that the boundary conditions are satisfied
asymptotically.
Findings – The results show an increase in both the heat transfer and thermodynamic performance of the
system. However, among the three nanoparticle shapes, disk shape exhibited better heat transfer
characteristics and heat transfer rate. On the other hand, the velocity profile enhances with increasing values
of f in the first solution, but the opposite trend was found in the second solution.
Originality/value – The present paper deals with an exploration of particle shape effect on Cu-H2O
nanoparticles over a moving plate in the presence of nonlinear thermal radiation. To characterize the
effect, particle shape and viscous dissipation are considered. Convergent solutions for the resulting
nonlinear systems are derived and the effects of embedded parameters of interest on velocity and
temperature field are examined. The skin friction coefficient and Nusselt number are numerically
tabulated and discussed. The results show an increase in both heat transfer and thermodynamic
performance of the system. However, among the three nanoparticle shapes, disk shape exhibited better
heat-transfer characteristics and heat-transfer rate. On the other hand, the velocity profile enhances
with increasing values of f in the first solution, but the opposite trend was found in the second
solution.

Keywords Viscous dissipation, Dual solution, Nonlinear thermal radiation, Particle shape effect

Paper type Research paper

Particle shape
effect

1867

Received 1 October 2018
Revised 28 November 2018
Accepted 7 December 2018

International Journal of Numerical
Methods for Heat & Fluid Flow

Vol. 30 No. 4, 2020
pp. 1867-1879

© EmeraldPublishingLimited
0961-5539

DOI 10.1108/HFF-10-2018-0539

The current issue and full text archive of this journal is available on Emerald Insight at:
https://www.emerald.com/insight/0961-5539.htm

Downloaded from https://iranpaper.ir
https://www.tarjomano.com https://www.tarjomano.com

http://dx.doi.org/10.1108/HFF-10-2018-0539


Introduction
Many experimental and theoretical studies have addressed the effect of particle shape on
nanofluid flows. Nanomaterials are widely incorporated in numerous engineering areas,
including solar collectors, electronics, optics, catalysis, materials, smart computers, solar
cells and renewable energy. The main goal of using nanomaterials in such processes is to
augment heat-transfer capability so as to achieve better thermal performance. In view of
these applications, Xie et al. (2012) discussed the thermal conductivity enhancement of
suspensions containing nano-sized alumina particles. Timofeeva et al. (2009) compared
experimental data with theoretical modeling to discuss particle shape effects on the
thermophysical properties of alumina nanoparticles. Lin et al. (2016) considered spherical,
hexahedron, tetrahedron, columnar and lamina-shaped copper nanoparticles, with water as
a base fluid, to study the effect of radiation with exponential temperature on Marangoni
boundary-layer flow. Considerable literature is available on these topics (Ellahi et al., 2016;
Ellahi et al., 2016; Ooi and Popov, 2013; Trodi and Hocine Benhamza, 2016; Sheikholeslami
and Shehzad, 2018; Waqas et al., 2018; Rauf et al., 2017; Sheikholeslami et al., 2018;
Sheikholeslami and Shehzad, 2017; Hayat et al., 2017; Upadhya et al., 2018; Ramesh et al.,
2015; Ramesh et al., 2017).

The problem of boundary-layer flow on a moving plate is a classic problem, and it has
been considered by many researchers. For example, Norfifah et al. (Bachok et al., 2010, 2012)
discussed the boundary layer flow of nanofluids over a moving surface in a flowing fluid.
Turkyilmazoglu (2013) analyzed the unsteady convection flow of some nanofluids past a
moving vertical flat plate with heat transfer. Thumma et al. (Hussain et al., 2017) studied the
magnetohydrodynamics natural convective flow of nanofluids past stationary and moving
inclined porous plates, considering temperature and concentration gradients with suction.
The topic of boundary-layer flow on a moving plate has been surveyed in various review
articles (Ma et al., 2017; Kadiyala and Chattopadhyay, 2018; Gul et al., 2017).

The effects of thermal radiation on flow and heat transfer processes have been attracting
researchers because of its applications, which include turbid water bodies, nuclear power
plants, gas turbines, the various propulsion devices for aircraft, furnace design, fluidized
bed heat exchangers, solar ponds, combustion, solar collectors, photo chemical reactors,
missiles, satellites and space vehicles. In view of these applications, Cortell (2014) discussed
fluid flow and radiative nonlinear heat transfer over a stretching sheet. Shehzad et al. (2014)
investigate the three-dimensional flow of Jeffrey nanofluid by considering nonlinear thermal
radiation. Hayat et al. (2015) studied the three-dimensional flow of viscoelastic nanofluid in
the presence of nonlinear thermal radiation. Similar studies of thermal radiation effects can
also be seen in Makinde and Animasaun (2016), Kumar et al. (2017); Khan et al. (2017),
Rudraswamy et al. (2016); Kumar et al. (2018), Ramesh et al. (2012); and Grubka and Bobba
(1985).

Many authors have studied the flow and heat transfer structures of nanofluids with
differently shaped and sized nanoparticles. However, these deal for the most part with
spherical nanoparticles and the flow regime over a stretched surface. To the best of the
authors’ knowledge, there has been no theoretical investigation of the effect of particle shape
on the thermophysical, heat transfer and thermodynamic performance of nanofluid flow
over a moving plate. Therefore, the aim of the present study is to study the fluid’s movement
over a moving plate. Furthermore, a dual solution is obtained for the case when the plate
moves in the opposite direction to the free stream. The results for the velocity and
temperature profile, skin friction coefficient and local Nusselt number have been considered
for varying values of the parameters. The physical features of pertinent parameters are
discussed through graphs.
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Mathematical formulation
Consider a steady, laminar, two-dimensional boundary-layer flow and heat transfer of a
copper–water nanofluid over a moving flat plate with constant velocity Uw, in the same or
opposite direction to the free stream U1 (Figure 1). The sheet coincides with the plane y=0
and the flow is confined to y> 0. The ambient fluid temperature is a constant T1. The fluid
is water-based with Cu nanoparticles. Three different types of nanoparticle shapes, i.e.
sphere, needle and disk, are taken into account in this study. Moreover, it is assumed that
the nanoparticles are in thermal equilibrium state. The Rosseland approximation for
radiation is considered.

Under the usual boundary-layer approximations, the flow-governing equations of
nanofluid are given by:

@u
@x

þ @v
@y

¼ 0; (1)

u
@u
@x

þ v
@u
@y

¼ mnf

rnf

@2u
@y2

; (2)

rcpð Þnf u
@T
@x

þ v
@T
@y

� �
¼ @

@y
knf þ 16s �T3

3k�

� �
@T
@y

" #
þ @u

@y

� �2

(3)

where x and y, respectively, represent the coordinate axis along the continuous surface in the
direction of motion and perpendicular to it. The velocity components of the nanofluid along
the x and y directions are denoted by u and v, respectively. K = 6pmnf r is Stokes’ drag
constant, r is the radius of dust particle, s is the electrical conductivity, rnf is effective
density of nanofluid and mnf is effective dynamic viscosity of nanofluid, which are given by:

rnf ¼ 1� fð Þr f þ f r s; mnf ¼
m f

1� fð Þ2:5
;

where f is solid volume fraction of nanofluid, r f is the density of base fluid, r s is the
density of nanoparticles and m f is the dynamic viscosity of the base fluid.

Figure 1.
Physical geometry of

the problem
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In equation (3), T is the temperatures of the fluid particles inside the boundary layer, cpf is
the specific heat of the fluid particles, s* is the Stefan–Boltzmann constant, k* is the mean
absorption coefficient, qr is the radiative heat flux, knf is the thermal conductivity and (rcp)nf
is the heat capacity of the nanofluid, which are given by:

knf
kf

¼ ks þ m� 1ð Þkf
� �� m� 1ð Þf kf � ks

� 	
ks þ m� 1ð Þkf
� �þ f kf � ks

� 	 ; rcpð Þnf ¼ 1� fð Þ rcpð Þf þ rcpð Þs;

where (rcp)f is the heat capacity of the base fluid, (rcp)s is the heat capacity of nanoparticle,
kf is the thermal conductivity of base fluid and ks is the thermal conductivity of nanoparticle
andm is the particle shape.

The corresponding boundary conditions are given by:

u ¼ Uw; v ¼ 0; T ¼ Tw at y ¼ 0;

u ! U1; T ! T1 as y ! 1 (4)

To convert the governing equations into a set of similarity equations, the following
similarity transformation is introduced:

u ¼ Uf
0
hð Þ; v ¼

ffiffiffiffiffiffiffiffiffi
�f U
2x

r
h f ’ hð Þ � f hð Þ

� 	
; T ¼ Tw 1þ u w � 1ð Þu hð Þ

� 	
;

h ¼
ffiffiffiffiffiffiffiffiffi
U

2�f x

s
y; (5)

whereU=Uw+U1, u w ¼ T1
Tw
, u w> 1 the temperature ratio parameter.

Making use of the transformations in equation (5), equation (1) is identically satisfied,
and equations (2) and (3) take the form:

f
000 þ 1� fð Þ2:5 1� fð Þ þ f

r s

r f

� �
ff

00 ¼ 0; (6)

knf
kf

R 1þ u w � 1ð Þuð Þ3u 00 þ 3 u w � 1ð Þu ’2 1þ u w � 1ð Þuð Þ2
h i

þPr 1� fð Þ þ f
rcpð Þs
rcpð Þf

" #
fu

0 þ Ecf ’’2
� 	

¼ 0: (7)

The corresponding boundary conditions will take the following form:

f 0ð Þ ¼ 0; f
0
0ð Þ ¼ A; u 0ð Þ ¼ 1 at h ¼ 0;

f
0 1ð Þ ¼ 1� A; u 1ð Þ ¼ 0; as h ! 1

(8)

where A ¼ Uw
U1

is the velocity ratio parameter, Pr ¼ mcpð Þf
kf

is the Prandtl number,

Ec ¼ Uw
2

Tw �T1ð Þcpf is the Eckert number andR ¼ 16s �T3
1

3knf k�
is the radiation parameter.
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The physical quantities of interest are the skin friction coefficient (Cf) and the local
Nusselt number (Nux), which are defined as:

Cf ¼ tw
r f U2

w
; Nux ¼ xqw

kf Tw � T1ð Þ
@T
@y

����
y¼0

where the surface shear stress tw and the surface heat flux qw are given by:

tw ¼ mnf
@u
@y

� �
; qw ¼ �knf

@T
@y

þ qrð Þw at y ¼ 0

with mnf and knf being the dynamic viscosity and thermal conductivity of the nanofluids,
respectively. Using the similarity transformation equation (5), we obtain:

ffiffiffiffiffiffiffi
Rex

p
Cf ¼ 1

1� fð Þ2:5
f
00
0ð Þ; Nuxffiffiffiffiffiffiffi

Rex
p ¼ � knf

kf
1þ Ru 3

w

� 	
u

0
0ð Þ;

whereRe ¼ Ux
�f
is the local Reynolds number.

Numerical method and code validation
The Runge–Kutta–Fehlberg fourth-fifth order method along with the shooting
technique is used to solve the governing equations (6) and (7) with boundary conditions
(8). A suitable finite value of h1 is considered in such a way that the boundary
conditions are satisfied asymptotically. In addition, the relative error tolerance to 10�6

is considered for convergence, and the step size is chosen as Dh = 0.001. To examine
the numerical procedure for validity and accuracy, the numerical results are compared
with published work. The numerical code is validated with the benchmark results of
Grubka and Bobba (1985), Chen (1998) at different Prandtl numbers as shown in
Table I. In fact, excellent agreement is shown between the present results and the
benchmark solutions (Tables II and III).

Table I.
Comparison results

for surface
temperature gradient
[�u 0(0)] in the case of
f = 0, R=0, u w = 0

andm=0

Pr Grubka and Bobba (1985) Chen (1998) Present study

0.72 1.0885 1.0885 1.0884
1.0 1.3333 1.3333 1.3333
3.0 2.5097 2.5097 2.5096
10.0 4.7969 4.7968 4.7968

Table II.
Thermophysical
properties of Cu-

water nanoparticles

r (kg/m3) Cp(j/kgk) k(W/mk)

H2O 997.1 4,179 0.613
Cu 8,933 385 400
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Result and discussion
To get a clear insight into the physical situation of the present problem, the numerical
values for velocity and temperature profile are computed for different values of the
dimensionless parameters using the method described in the previous section.
The numerical results for the local skin friction coefficient and local Nusselt number are
presented for different values of the governing parameters in Table IV. Figure 2 portrays the
influence of f on the f’ (h ) field for the first and second solutions. In Figure 1, it is noticed
that in the first solution (A = �0.1), the f’ (h ) field increases by increasing the values of f
correspondingly increases the momentum boundary-layer thickness. But the second
solution (A =�0.1) shows quite the opposite behavior.

A rise in the Pr increases the heat transfer rate in the surface of the fluid. This happens
because increasing Pr increases the fluid viscosity but reduces the thermal conductivity,
consequently increasing the heat transfer rate at the surface. This phenomenon is observed
in Figure 3. Further, this figure reveals that the second solution shows the opposite behavior
of the first solution.

Figure 4 displays the effect of R on the u (h ) field profile. It is noted that u (h ) increases
with increasing values of R and correspondingly increases the thickness of the boundary
layer. It is also noted that the maximum enhancement in the u (h ) profile is caused by the
disk shape, followed by the needle- and sphere-shaped particles, respectively. Further, the
disk-shaped particles requires maximum viscosity as compared to needle- and sphere-

Table III.
The value of
parameters for
thermal conductive
and viscosity models

Nanoparticles Shape factor (m)

Needle-shaped 4.9
Disc-shaped 8.6
Sphere-shaped 3

Table IV.
Numerical values of
Nusselt number for
different physical
parameters with
various shapes of
nanoparticles

A Ec Pr R u w f (%)
Nusselt No.

m=3 m=4.9 m=8.6

0.2 0.36722 0.35144 0.32983
0.3 0.29671 0.29256 0.28353
0.4 0.21897 0.22635 0.23028

0.1 0.33069 0.32112 0.30611
0.2 0.29005 0.28739 0.27973
0.3 0.24936 0.25364 0.25333

5.776 0.35865 0.34247 0.32053
6.587 0.36722 0.35151 0.32990
7.578 0.37598 0.36090 0.33978

0.5 0.36722 0.35144 0.32983
1 0.33266 0.31642 0.29491
1.5 0.30957 0.29332 0.27217

1.2 0.36722 0.35144 0.32983
1.4 0.32565 0.31078 0.29076
1.6 0.28807 0.27416 0.25572

1 0.43665 0.42492 0.40752
2 0.36722 0.35144 0.32983
3 0.30841 0.29212 0.27084
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shaped particle-containing nanofluids. Figure 5 illustrates the effect of u w on u (h ). From the
figure, as expected, we see that the u (h ) profile is higher for larger values of u w. Further,
from this figure, we notice that the disk-shaped nanoparticles have higher temperature
values than the needle- and sphere-shaped particles.

The effect of Ec on the u (h ) profile is highlighted in Figure 6. Here, the u (h ) and the
corresponding thickness of the boundary layer increase by increasing values of Ec. The
main reason for this effect is that the viscosity of the fluid takes energy from the motion of

Figure 2.
Effect of f on f’ (h )

Figure 3.
Effect of Pr on u (h )

Figure 4.
Effect of R on u (h )

Particle shape
effect

1873

Downloaded from https://iranpaper.ir
https://www.tarjomano.com https://www.tarjomano.com



the fluid, transforming it into the internal energy of the fluid, which results in the heating of
the fluid temperature. Hence, the thermal boundary layer thickens with the increase in
viscous dissipation. Here, the disk-shaped nanoparticles have a higher temperature than the
temperature of the needle- and sphere-shaped particles.

Figure 7 displays the effect of Pr on the Nusselt number. It is observed that the rate of
heat transfer increases with increasing values of Pr. It is also observed that the thermal
conductivity of the fluid is maximum because of the disk-shaped nanoparticles compared to
other particle shapes. Figure 8 shows the influence of the A on the skin friction coefficient.

Figure 5.
Effect of u w on u (h )

Figure 6.
Effect of Ec on u (h )

Figure 7.
Effect of Pr on
Nusselt number
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This figure reveals that higher values of A increase the skin friction coefficient. It is
appropriate to mention here that the disk-shaped nanoparticles have the highest rate of skin
friction coefficient at the surface, followed by the needle-shaped particles and, finally, the
sphere-shaped particles, which have the lowest rate of skin friction coefficient at the wall.

Figure 9 shows the effect of variation of f and A on the skin friction coefficient. It
is noted that the skin friction coefficient decreases for larger values of f and A. It is
also noted that the maximum decrease in velocity is caused by the disk shape,
followed by the needle- and sphere-shaped particles, respectively. This is in
accordance with the physical expectation, a nanofluid containing disk-shaped
particles requires maximum viscosity compared to needle- and sphere-shaped
particles containing nanofluids.

Figure 10 shows the effects of u w and R on the skin friction coefficient. Here, we
observe that the skin friction coefficient decreases for larger values of u w and R.
Figure 11 delineates the influence of f and Ec on the Nusselt number. We can observe
from the figure that the Nusselt number decreases for larger values of f and Ec. It can
also be perceived from these figures that the maximum decrease in the rate of heat
transfer is motivated by the disk-shaped particles, followed by the needle- and sphere-
shaped particles. This is because the disk-shaped particles have maximum thermal
conductivity compared to the other particle shapes. Table IV presents the numerical
values of the Nusselt number for various values of the physical parameter. It is
observed that the Nusselt number increases with increasing values of Pr. Furthermore,

Figure 8.
Effect ofA on skin
friction coefficient

Figure 9.
Effect of f andA on

skin friction
coefficient
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from this table, we observe that the Nusselt number decreases with increasing values of
u w, R, f and A. Table V shows the numerical values of the skin friction coefficient and
Nusselt number for the first and second solutions. From the table, one can infer that the
first and second solutions show opposite behaviors.

Figure 10.
Effect of u w andR on
Nusselt number

Figure 11.
Effect of f and Ec on
Nusselt number

Table V.
Numerical values of
skin friction
coefficient and
Nusselt number with
different parameters
for both first and
second solutions

Ec Pr f (%) First solution Second solution

ffiffiffiffiffiffiffi
Rex

p
Cf � Nuxffiffiffiffiffiffiffi

Rex
p ffiffiffiffiffiffiffi

Rex
p

Cf � Nuxffiffiffiffiffiffiffi
Rex

p

0.1 0.55369 0.40378 0.15624 0.19287
0.2 0.55369 0.30798 0.15624 0.39168
0.3 0.55369 0.21197 0.15624 0.59057

5.776 0.55369 0.47797 0.15624 0.18370
6.587 0.55369 0.48982 0.15624 0.14017
7.578 0.55369 0.50200 0.15624 0.12537

1 0.55369 0.48982 0.15896 0.13331
2 0.54401 0.48199 0.15624 0.14017
3 0.53440 0.47423 0.15353 0.14767
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Conclusion
In this study, the nanoparticle shape effect on the thermophysical properties of a Cu-water
nanofluid over a moving plate in the presence of nonlinear radiation and viscous dissipation
has been examined. Some important features regarding the effects of different physical
parameters on different flow fields of the problem are reported. The main outcomes are
summarized as follows:

� The highlight of the study is that temperature profiles enhance more significantly in
disk-shaped nanoparticles than needle- and sphere-shaped nanoparticles.

� Thermal boundary-layer thickness increases with increasing values of Ec and u w.
� The velocity profile enhances with larger values of f in the first solution, but the

opposite trend is found in the second solution.
� For larger values of Pr, the temperature profile decays.
� The rate of heat transfer increases by enhancing the values of R.
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