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In recent times, a different kind of nanofluid, namely hybrid nanofluid, has

been taken to enrich the rate of heat transfer in base fluid additionally. In the

present study, a novel type of hybrid nanofluid having H2O as a base with alu-

minum oxide (Al2O3) and copper (Cu) nano-sized particles has been numeri-

cally demonstrated to improve the flow at nodal/saddle stagnation point.

Radiative heat transfer and the magnetic field are included in this analysis.

Depending on Tiwari-Das nanofluid technique, an innovative direct mathe-

matical idea has been framed and introduced. The rate of flow is measured

through partial differential equation (PDE). These equations are complex

nonlinear, so a set of appropriate transformations is used to decrease the order

of these equations. The reduced system is evaluated by applying a fifth-order

R.K. Fehlberg technique together with the shooting process. The obtained out-

comes are exhibited in graphs and tables. The concluding remark is that the

rate of heat transfer is increased by 20.51% and 49.81% in hybrid nanofluid

when compared with hybrid nanofluid and all kinds of other fluids

(i.e., regular and nano), respectively.
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GREEK SYMBOLS

α thermal diffusivity (m2 s−1)
μ dynamic viscosity (kg m−1 K−1)
ν kinematic viscosity (m2 s−1)
ρ density (kg m−3)
ρcp heat capacity (kg m2s−2 K−1)
σ electrical conductivity
τw wall shear stress
φ volume fraction of nanoparticles
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SUBSCRIPTS

f fluid phase
hnf hybrid nanofluid
nf nanofluid
s solid phase
∞ condition at infinity

1 | INTRODUCTION

Nanofluids are better heat transfer fluids than conventional industrial fluids. Nanofluids are made by the suspension of
nanoparticles in the typical industrial fluids such as water, carbon-based fluids (e.g., C2H4 and triethylene), engine oil,
solutions of polymers, and biological fluids. The regularly encountered nanoparticles for better heat transfer processes
are various carbon structures (e.g., allotropy forms of carbon), metals (for example, Cu, Ag, and Au), and metal oxides
(for example, TiO2 and ZrO2). The word nanofluid was initially used by Choi1; his investigation resolved that the fluids
involving suspended nano-sized particles are nanofluids. The elementary persistence of presenting the nano-sized parti-
cles is to enhance the thermal conductivity of poor heat transfer fluid. After the revolutionary research of Choi,1 many
investigational and hypothetical trails have been recorded. Such nanofluids have significant attractive features for
industrial applications, as reported by Das et al.2 Venkata Subba Rao et al3 studied numerical analysis regarding the
implementation of solar energy on nanofluid by considering the flow over a stretchable sheet by considering the con-
vective heating conditions in detail. Gangadhar et al4 presented a detailed note on heat transfer characteristics of nano-
sized particles of copper and silver by considering the engine oil as a base fluid with the help of power full numerical
technique, that is, Keller-Box strategy.

Moreover, in another study, Gangadhar et al5 produced the results regarding nanofluid that is thermal features of
Al2O3-H2O nanofluid is far better than the TiO2/H2O nanofluid. Later, Sobhana Babu et al6 produced the ultimate out-
comes regarding the study of non-Newtonian nanofluid flow past a stretching sheet. Gangadhar et al7 conducted a
numerical analysis on the improvement of copper (Cu), aluminia (Al2O3), and titania (TiO2) with the help of a water-
base fluid flowing past stretching or shrinking sheet with Newtonian heating. Recent investigations on the nanofluid
flows are made in other studies.8–23

Hiemenz24 introduced the stagnation point flow through the solid surface on noncompressible viscid fluid and
declared the meticulous solution for the Navier-Stokes equation. Further, Howarth25 continued the work and signifi-
cantly improved the approximate solutions. Homan26 presented the solution of axisymmetric flow conditional to a
noncompressible viscid fluid. Ahmed et al27 worked out on the Maxwell nanofluid flow over a porous radially revolving
disk at the stagnation point. Further, Malvandi et al28 presented their views on the circumstance of stagnation point
flow of a permeable stretching sheet by considering the three various varieties of nanofluids that are copper, alumina,
and titania. Later, Jamaludin et al29 conducted a detailed study on the stagnation point of convective condition past a
stretching sheet and the thermal radiation parameter. After that, Jusoh et al30 examined the flow characteristics of the
stagnation point flow of magnetohydrodynamic (MHD) nanofluid. Their work illustrates that the silver nanoparticle
dominates the highest thermal conductivity, and a more energetic magnetic field provides to enhance the surface shear
stress. Kumar et al31 inspected the impacts of thermal and velocity slips on unstable nanofluid stagnation point flow.
Later, Gireesha et al32 investigated stagnation point hydromagnetic nanofluid flow past a stretching surface with heat
generation/absorption.

For the past several years, there have been many inquiries conducted about nanofluids. But in recent times,
hybrid nanofluid, an innovative kind of nanofluids, has fascinated many researchers. Hybrid nanofluids are
became in a pair of forms like (i) two or more than two different types of nanoparticles are mixed with the base
fluid, (ii) nano-sized particles of two or many kinds are suspended in the base fluid, and (ii) suspension of nano-
sized particles in the base fluid. In actuality, the cause of the researcher's concentration on this topic is the
enrichment of heat transfer rate with less price production, which can be acquired by using of these nanofluids.
A limited work and numerous investigational works have been reported in the hybrid nanofluids field. Some of
the following investigations are contributed notably. Ghadikolaei et al33 inspected the MHD stagnation point flow
above a stretching sheet about the heat transfer characteristics of TiO2-Cu/H2O. In their investigation, it is
reported that the transfer of heat percentage is more considerable in hybrid nanofluid than nanofluid. Abbas
et al34 discussed the problem of 3D symmetric about axis stagnation flow of hybrid nanofluid. Riaz Khan et al35
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analyzed the composite convection hybrid nanofluid flow adjacent to the stagnation point flow over the arched
surface with suction. Lund et al36 examined hybrid nanofluid flow in the presence of viscous dissipation. Waini
et al37 discussed the MHD hybrid nanofluid flow over a permeable stretching wedge and observed that the local
Nusselt number is highly improved by hybrid nanofluid than the usual nanofluid. Subhani and Nadeem38 formu-
lated the problem of hybrid Cu-TiO2/H2O nanofluid flow past a stretched surface in a porous medium. It is con-
cluded that the hybrid nanofluid exhibits notably better heat transfer rates than traditional fluids.

Several types of research have been investigated the influence of the magnetic field in various fluid flow problems
because of its extensive application in the field of engineering and medical equipment production industries. Alfven39

was the first to investigate the effect of the magnetic field on the fluid. He observed electro-magneto hydrodynamic
waves in his research. Since then, this enormous discovery has been studied in several eminent scholar's investigations.
Gangadhar et al40 studied the MHD micropolar ferrofluid with thermal radiation and Newtonian heating. They
reported that temperature distribution is higher in micropolar ferrofluid than that of convectional micropolar fluid.
Chandra Sekhar et al41 numerically studied a bent square cavity saturated with the porous medium about the MHD
influence on Cu, Al2O3, TiO2, and SiO2 nanoparticles. Pandy and Kumar42 analyzed the MHD Cu-H2O nanofluid flow
past a stretching cylinder with thermal radiation. The resulted nonlinear system of equations is solved numerically by
employing R.K. Fehlberg fourth- to fifth-order method. Daniel et al43 exemplified the effects of thermal radiation on the
nanofluid boundary layer flow past the stretching sheet. In this investigation, it is concluded that the nanofluid temper-
ature is increased by enhancing the thermal radiation. Khan et al44 analytically calculated radiative Jeffrey nanofluid
flow with Brownian and thermophoresis diffusion. Farhangmehr et al45 demonstrated that the heat and mass transfer
enhancement by transferring on MHD nanofluid upon a sheet with nonlinear boundary conditions. Shit and
Mukherjee46 numerically examined the problem of MHD graphene-dimethicone nanofluid flow among two pressing
parallel plates with thermal radiation. Liang et al47 studied the impact of MHD flow carbon nanotubes with some sig-
nificant thermal effects.

The primary purpose of this study is to analyze the nodal/saddle stagnation-point flow of Al2O3-Cu/H2O hybrid
nanofluid by considering the two essential parameters, that is, magnetic field and thermal radiation effects. At this time,
hybrid nanofluid is synthesized by suspending a pair of distant nano-sized particles aluminum oxide (Al2O3) and copper
(Cu) in pure water (H2O). The leading nonlinear partial differential equations (PDEs) are altered into nonlinear ordi-
nary differential equations (ODEs) by taking similarity transformations and then evaluated by R.K. Fehlberg fourth and
fifth techniques numerically. The thermophysical characteristics of hybrid nanofluid for both hydrodynamic and hydro-
magnetic flows are inspected. The effects of various factors on the velocity and temperature profiles with an induced
magnetic field have been discussed in detail.

2 | MATHEMATICAL FORMULATION

2.1 | Analytic modeling of hybrid nanofluid

Aluminum oxide (Al2O3) and copper (Cu) nanoparticles with H2O as base fluid are considered in this investigation. In
the present discussion, primarily, aluminum oxide is dispersed in the base fluid to create nanofluid Al2O3/ H2O. To pre-
pare the required hybrid nanofluid Al2O3-Cu/H2O, copper is scattered in a nanofluid Al2O3/H2O. At present, a single
state structure of lone nanoparticle nanofluid can be taken for Al2O3–Cu/H2O; for this hybridization, Al2O3/H2O
nanofluid behaves as the base fluid. Though the concept appears to be easy, the procedure gives the realistic outcomes
for a complex problem. The physical characteristics of the nanofluid (Oztop and Abu-Nada,48 Raza et al,49 and Khan
and Dil50) and hybrid nanofluid (Dinarvand,51 Hayat and Nadeem,52 Ghadikolaei et al,33 and Izadi et al53) for applied
methods are presented in Table 1.

In Table 1, the volume fractions of aluminum oxide and Cu nanoparticle are represented with ϕ1 and ϕ2, respec-
tively. The base fluid compactness is indicated by ρf as well as the compactness of the aluminum oxide and copper
nanoparticles are indicated by ρs1 and ρs2. μf and σf denote the viscidity and electrical conductivity of the base fluid in
order. Similarly, σs1 and σs2 denote the electrical conductivities of the aluminum oxide and copper nano-sized particles
in order. The base fluid thermal conductivity is indicated by kf, while ks1 and ks2 are thermal conductivities of alumi-
num oxide and copper nanoparticles. khnf is the hybrid nanofluid's potent thermal conductivity estimated by the
Maxwell-Garnett method (Oztop and Abu-Nada48). The physical characteristics of the base fluid and the nano-sized
particles are shown in Table 2 (Raza et al,49 Khan and Dil50).
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2.2 | Convective transit equations

The planar and symmetric about axis stagnation points are well-specialized cases. The stagnation point flow encounters
a body that is considered to be steady and three-dimensional. An electrically conducting Al2O3-Cu/H2O hybrid
nanofluid over a wavy radiative cylinder is considered. It has a sinusoidal variation radius. Significantly, at the posi-
tions M, N, and O, it is witnessed that the stagnation point case arises. Where, the velocity profiles through the direc-
tion of x-axis, y-axis, and z-axis are a1, a2, and a3, correspondingly. Subsequently,

25 we have

ue = d1x,ve = d2y, ð1Þ

where d1 and d2 are flow-dependent free constants. The streamlines are denoted by the equation xe = βy1/c, where
c = d2/d1 and β refers a specific streamline. The nodal and saddle stagnation point ranges are 0 < c < 1 and −1 < c < 0,
respectively. The flow is planar when c = 0. These streamlines are given in Figure 1B, and the final describing equations
of the flow are

∂a1
∂x

+
∂a2
∂y

+
∂a3
∂z

=0, ð2Þ

a1
∂a1
∂x

+ a2
∂a1
∂y

+ a3
∂a1
∂z

= b21x+ υhnf
∂2a1
∂z2

−
σhnf B2

0

ρhnf
a1−ueð Þ, ð3Þ

a1
∂a2
∂x

+ a2
∂a2
∂y

+ a3
∂a2
∂z

= b22x+ υhnf
∂2a2
∂z2

−
σhnf B2

0

ρhnf
a2−veð Þ, ð4Þ

a1
∂T
∂x

+ a2
∂T
∂y

+ a3
∂T
∂z

= αhnf
∂2T
∂z2

−
1

ρcp
� �

hnf

∂qr
∂y

: ð5Þ

Using Roseland estimations,54–56 the notation qr denotes radiation flux, which is defined as

TABLE 1 Thermo-physical properties (Gireesha et al32)

Properties Nanofluid Hybrid nanofluid

Density ρnf ¼ ρs
ρ f

� �
ϕ− ϕ−1ð Þ

h i
ρ f ρhnf ¼ ρs2ϕ2þ ρs1

ρ f

� �
ϕ1− ϕ1−1ð Þ

h i
ρ f 1−ϕ2ð Þ

Heat capacity
cpρ
� �

nf ¼
cpρð Þs
cpρð Þ f

� �
ϕ− ϕ−1ð Þ

� 	
cpρ
� �

f

cpρ
� �

hnf ¼ϕ2 cpρ
� �

s2þ ϕ1
cpρð Þ

s1

cpρð Þ f

� �
− ϕ1−1ð Þ

� 	
cpρ
� �

f 1−ϕ2ð Þ

Viscosity μnf ¼ μ f

1−ϕð Þ2:5 μhnf ¼ μ f

1−ϕ1ð Þ2:5 1−ϕ2ð Þ2:5

Thermal conductivity knf
k f

¼ k f −ksð Þ 1−sð Þϕ−k f 1−sð Þþks

k f −ksð Þϕ−k f 1−sð Þþks

khnf
kbf

¼ kbf −ks2ð Þ 1−sð Þϕ2−kbf 1−sð Þþks2

kbf −ks2ð Þϕ2−kbf 1−sð Þþks2
, where

kbf
k f

¼ k f −ks1ð Þ 1−sð Þϕ1−k f 1−sð Þþks1

k f −ks1ð Þϕ1−k f 1−sð Þþks1

Electrical conductivity, σ,
(S/m)

σnf ¼ σs−σ fð Þ3ϕ
2σ fþσsð Þþ σ f −σsð Þϕþ1

� 	
σ f σhnf ¼ σbf

σs2−σbfð Þ3ϕ2

2σbfþσs2ð Þþ σbf −σs2ð Þϕ2
þ1

� 	
, where

σbf ¼ σ f
σ f −σs1ð Þ3ϕ1

σs1−σ fð Þϕ1− σs1þ2σ fð Þþ1

� 	

TABLE 2 Density, specific heat, thermal conductivity, and electrical conductivity of base fluids and nanoparticles48

Properties/constituents H2O Cu Al2O3

Density, ρ(kg/m3) 991.1 8,933 3,970

Specific heat, Cp (J/kg K) 4,179 385 765

Thermal conductivity, k (W/m K) 0.613 401 40

Electrical conductivity σ, (S.m−1) 0.05 5.96 × 107 3.69 × 107
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qr = −
4σ
3χ

∂T4

∂z
, ð6Þ

where σ and χ are the “Stefan-Boltzman constants” and mean suction coefficients, correspondingly. Currently, by the
Taylor series expansion,

T4≈4TT3
∞−3T4

∞: ð7Þ

The connected boundary conditions for 3D flow are stated by

a1 = 0,a2 = 0,a3 = 0,T =T∞, Whenz=0, ð8Þ

a1 ! ue,a2 ! ve,T!T∞,WhenZ!∞, ð9Þ

where the temperature and velocity profiles on the directions of the coordinate system x,y, and z axis are denoted as T,
a1,a2, and a3, respectively.

For the steady stagnation point 3D flow past a circular cylinder, the dimensionless normal distance η has been pres-
ented by Howarth25 as shown as follows:

η= z b1=υ f
� �1=2

: ð10Þ

Presentation of the parallel alterations (Dinarvand51)

a1 = b1xA
0 ηð Þ,a2 = b2xB

0 ηð Þ,w= - b1υ f
� �1=2

A+ cBð Þ,
C ηð Þ= T-T∞ð Þ= Tw-T∞ð Þ:

ð11Þ

The transformed ODEs are

FIGURE 1 Physical diagram of the problem [Colour figure can be viewed at wileyonlinelibrary.com]
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1

1−ϕ1ð Þ2:5 1−ϕ2ð Þ2:5 1−ϕ2ð Þ 1−ϕ1ð Þ+ϕ1
ρs1
ρf

 !
+ϕ2

ρs2
ρf

 !" #( )A000−A02 +A00 A+ cBð Þ

−

σbf 1+
3

σs2
σbf

−1

� �
ϕ2

σs2
σbf

+2

� �
−

σs2
σbf

−1

� �
ϕ2

2
6664

3
7775

1−ϕ2ð Þ 1−ϕ1ð Þ+ϕ1
ρs1
ρf

 !
+ϕ2

ρs2
ρf

 !" #M A0−1ð Þ+1,

ð12Þ

1

1−ϕ1ð Þ2:5 1−ϕ2ð Þ2:5 1−ϕ2ð Þ 1−ϕ1ð Þ+ϕ1
ρ

ρ f

 !
+ϕ2

ρs2
ρ f

 !" #( )B000

+B00 A+ cBð Þ−B02c+ c −

σbf

σ

σbf
−1

� �
3ϕ2

σs2
σbf

+2

� �
−

σs2
σbf

−1

� �
ϕ2

+ 1

2
6664

3
7775

1−ϕ2ð Þ 1−ϕ1ð Þ+ϕ1
ρs1
ρ f

 !
+ϕ2

ρs2
ρ f

 !" #M B0−1ð Þ+1,

ð13Þ

k
k f

+ 3
4R

� �
Pr 1-ϕ2ð Þ 1-ϕ1ð Þ+ϕ1

ρcpð Þs1
ρcpð Þ f

� �
+ϕ2

ρcpð Þs2
ρcpð Þ f

� �
 �� 	C00 + A+ cBð ÞC0 = 0, ð14Þ

subjected to the boundary conditions

A 0ð Þ=0,A0 0ð Þ=0,A0 ∞ð Þ=1, ð15Þ

B 0ð Þ=0,B0 0ð Þ=0,B0 ∞ð Þ=1, ð16Þ

C 0ð Þ=1,C ∞ð Þ=0, ð17Þ

where the prime represents differentiation of dependent variables with respect to η. In the hybrid nanofluid, velocity is
denoted as A and B, and C refers the nondimensional temperature.

The Prandtl number is Pr=
υ f cpρð Þ f

k f
, radiation parameter is R=

4 σT3
∞ð Þ

χk f
, and magnetic parameter is M = σ f B2

0
ρ f a

.
From the given problem, the physical quantities are, “skin friction coefficient” along the x and y axes Cfx,Cfy, the

“local Nusselt number” Nux described by

Cf x =
μhnf

∂a1
∂z

� �
z= 0

ρ f b1xð Þ2 ,Cf y =
μhnf

y
x

� �
∂a2
∂z

� �
z= 0

ρ f b1xð Þ2 , ð18Þ

Nux = −
xkhnf

k f Tw−T∞ð Þ
∂T
∂z

� �
z= 0

, ð19Þ
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or

Re1=2x Cf x =
1

1−ϕ1ð Þ2:5 1−ϕ2ð Þ2:5A
00 0ð Þ, ð20Þ

x
y

� �
Re1=2x Cf y =

1

1−ϕ1ð Þ2:5 1−ϕ2ð Þ2:5B
00 0ð Þ, ð21Þ

Re−1=2
x Nux = −

khnf
k f

+
4
3
R

� �
C0 0ð Þ, ð22Þ

whereas Rex = uwx
υ f

is Reynolds number.

2.3 | Numerical solution of the problem

The reduced system of ODEs 12 to 14 along with the appropriate boundary conditions 15 to 17 is evaluated numerically
by applying the fifth-order R.K. Fehlberg technique together with the shooting process. MATLAB algebraic software is
also utilized. Initially, the nonlinear system is converted into the system of first-order ODEs by assuming the following:

A= f 1,A
0 = f 2,A

00 = f 3,B= f 4,

B0 = f 5,B
00 = f 6,C= f 7,C

0 = f 8:

With these substitutions, equations 12 to 17 can be rewritten as follows:

f 1
0 = f 2,

f 2
0 = f 3,

f 3
0 = 1−ϕ1ð Þ2:5 1−ϕ2ð Þ2:5 1−ϕ2ð Þ 1−ϕ1ð Þ+ϕ1

ρs1
ρ f

 !
+ϕ2

ρs2
ρ f

 !" #( ) !

f 22− f 3 f 1 + c f 4ð Þ+

σbf 1+
3

σs2
σbf

−1

� �
ϕ2

σs2
σbf

+2

� �
−

σs2
σbf

−1

� �
ϕ2

2
6664

3
7775

1−ϕ2ð Þ 1−ϕ1ð Þ+ϕ1
ρs1
ρ f

 !
+ϕ2

ρs2
ρ f

 !" #

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA
M f 2−1ð Þ−1

2
6666666666664

3
7777777777775
,

f 4
0 = f 5,

f 5
0 = f 6,
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f 6
0 = 1−ϕ1ð Þ2:5 1−ϕ2ð Þ2:5 1−ϕ2ð Þ 1−ϕ1ð Þ+ϕ1

ρs1
ρ f

 !
+ϕ2

ρs2
ρ f

 !" #( ) !

c f 25−c− f 6 f 1 + c f 4ð Þ+

σbf 1+
3

σs2
σbf

−1

� �
ϕ2

σs2
σbf

+2

� �
−

σs2
σbf

−1

� �
ϕ2

2
6664

3
7775

1−ϕ2ð Þ 1−ϕ1ð Þ+ϕ1
ρs1
ρ f

 !
+ϕ2

ρs2
ρ f

 !" #

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA
M f 5−1ð Þ−1

2
6666666666664

3
7777777777775
,

f 7
0 = f 8,

f 8
0 = −

Pr 1−ϕ2ð Þ 1−ϕ1ð Þ+ϕ1
ρcpð Þs1
ρcpð Þ f

� �
+ϕ2

ρcpð Þs2
ρcpð Þ f

� �
 �� 	
khnf
k f

+ 3
4R

� � f 1 + c f 4ð Þ f 8½ �:

The boundary conditions are converted into the following:

f 1 0ð Þ=0, f 2 0ð Þ=0, f 3 0ð Þ= S1,

f 4 0ð Þ=0, f 5 0ð Þ=0, f 6 0ð Þ= S2,

f 7 0ð Þ=1, f 8 0ð Þ= S3:

At present, to work out the above differential equations (DEs) together with the corresponding initial conditions by
using the R.K. technique of the fifth-order integration scheme, the initial pace is to select an appropriate assessment for
the limit η∞. At this time, our option is 20. Then, the unidentified preliminary conditions S1,S2, and S3 are computed by
using an iterative technique called shooting technique till the boundary conditions A0(η ! ∞) ! 1,B0(η ! ∞) ! 1,C
(η ! ∞) ! 0 are gratified. Continue the process till the nonlinear evaluation convergence with a convergence standard
of 10−9. Furthermore, the considered step size is assumed as Δη = 0.001.

TABLE 3 Comsparison of outcomes of skin friction coefficients and local Nusselt number and those that of outcomes of other

studies57,58 for distinct values of c when Pr = 6.2

Re1=2x Cfx

Bhattacharya and Gupta57 Bachok et al58 Current results

-1/2 1.2312 - 1.230195

½ 1.2679 1.2681 1.266866

Re1=2x Cfy

c Bhattacharya and Gupta57 Bachok et al58 Current results

- ½ 0.0557 - 0.055750

½ 0.4993 0.4994 0.499056

Re−1=2
x Nux

c Bhattacharya and Gupta57 Bachok et al58 Current results

s- ½ 1.1235 - 1.122710

½ 1.3302 1.3302 1.293834
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Table 2 produces information about the thermophysical characteristics of particles in nano-size, along with the base
fluid. Table 3 shows the similarities of the present gained outcomes of the local skin friction coefficient and the local
heat transfer rate with those demonstrated by Bhattacharya and Gupta57 and Bachok et al.58 From all these outcomes,
we can understand that there is a decent understanding between the results obtained and available.

3 | RESULTS AND DISCUSSION

The results gained by evaluating the transformed nonlinear equations with the support of the supposed numerical tech-
nique are presented in this section. The numerical values are displayed in the graphs and the tables to investigate the
behavior of hybrid nanofluids in addition to nanofluids. In the present study, Al2O3/H2O is treated as nanofluid and
Al2O3-Cu/H2O as a hybrid nanofluid.

For nodal (c = 1/2) and saddle points (c = − 1/2) the velocity profiles (A0(η) and B0(η)) for usual fluid
(ϕ1 = 0,ϕ2 = 0), nanofluid (ϕ1 = 0.1,ϕ2 = 0),and hybrid nanofluid (ϕ1 = 0.1,ϕ2 = 0.1) have been presented in Figures 2
and 3 in the presence of MHD flow. It is observed that for hybrid nanofluid (Al2O3-Cu/H2O), the velocity profiles (A0(η)
and B0(η)) provide a thicker boundary layer when compared to nanofluid (Al2O3/H2O) and regular fluid. It indicates
that in problematic conditions, the occurrence of nanoparticles provides a route to additional thickening of the hydro-
magnetic boundary layer.

Figure 4 is drawn to understand the influence of transverse magnetic field effect on the temperature profile C(η) for
three types of fluids, that is, regular fluid, nanofluid, and hybrid nanofluid. There is a lower temperature for pure water,
whereas the highest temperature is noted for the hybrid nanofluid (Al2O3-Cu/H2O). The reason is that due to this

FIGURE 2 Velocity A0(η) for the regular fluid, nanofluid, and
hybrid nanofluid when Pr = 6.2, M = 0.5, and R = 0.2 [Colour figure

can be viewed at wileyonlinelibrary.com]

FIGURE 3 Velocity B0(η) for the regular fluid, nanofluid, and
hybrid nanofluid when Pr = 6.2, M = 0.5, and R = 0.2 [Colour figure

can be viewed at wileyonlinelibrary.com]
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hybridity, the temperature distribution is lifted up for the hydromagnetic condition. The outcome coincides with physi-
cal behavior that is thermal conductivity, and the corresponding boundary layer thickness is increased for the increase
of volume of nanoparticles.

The effects of Cu volume fraction (ϕ2 = 0,0.05,0.1) with the stable value of Al2O3 volume fraction (ϕ1 = 0.1) on the
velocity profiles (A0(η) and B0(η)) and temperature profile C(η) of nodal and saddle points region are represented in Fig-
ures 5, 6, and 7, respectively. If the concentration of hybrid nanoparticles increases, then the hydromagnetic boundary

FIGURE 4 Temperature C(η) for the regular fluid, nanofluid,

and hybrid nanofluid when Pr = 6.2, M = 0.5, and R = 0.2 [Colour

figure can be viewed at wileyonlinelibrary.com]

FIGURE 5 Velocity A0(η) for ϕ2 when ϕ1 = 0.1, Pr = 6.2,

M = 0.5, and R = 0.2 [Colour figure can be viewed at

wileyonlinelibrary.com]

FIGURE 6 Velocity B0(η) for ϕ2 when ϕ1 = 0.1, Pr = 6.2,

M = 0.5, and R = 0.2 [Colour figure can be viewed at

wileyonlinelibrary.com]
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layer is also increased. The leading cause for increasing the hydromagnetic boundary layer is the increase of the Cu-
nanoparticle volume ratio, which helps raise the viscidness of the fluid. It is also observed that the approach of fluid
velocities progressively shows down when the Cu-nanoparticle volume ratio is enhanced. Figure 7 exhibits that the
higher values of ϕ2 produce a larger thermal boundary layer hybridity of nano-sized particles that can also enable the
equal and faster distribution of the heat by well Stirling and can eliminate local hot spots in industrial heat transfer
devices, such as hot mixers and chemical reactor cores.

For all nanofluid and hybrid nanofluid situations, the velocity profiles A0(η) and B0(η) are explicitly shown to
increase with the magnetic field M, which can be seen in Figures 8 and 9.

It is due to the incorporation of the magnetic field in nano-sized particles, which add additional kinetic energy to
the particle such that its velocity is quickly increasing.

In fact, by applying a magnetic field, nanofluid motion can be effectively controlled, which can be used in a variety
of probable direct heat reduction applications along with the power generation dynamos, metal case manufacturing
process, and spacecraft propulsion, and so forth. Temperature profiles are decreased for the two types of fluids, that is,
nano and hybrid nanofluid, due to the magnetic field effect as displayed in Figure 10. The temperature and related
thickness of the boundary layer is enhanced for the increasing augments of radiation parameter R for the two fluids, as
displayed in Figure 11. Due to the increase of the thermal radiation parameter, increasing this parameter means that
there is a reduction in the mean absorption coefficient χ. As a result, the heterogeneity of the radiative heat flux is
increasing. As a response, the temperature of the fluid will increase.

Figures 12 and 13 report the results for dimensionless shear stress [Rex]
1/2Cfx and [Rex]

1/2(x/y) Cfy against the
parameter of nodal and saddle index c for the three types of fluids, that is, base fluid, nanofluid (Al2O3/H2O), and
hybrid nanofluid (Al2O3-Cu/H2O). The negative sign of the skin friction coefficient physically means that the stretching
sheet exerts a dragging force on the fluid, while the positive sign indicates that it uses a drag force on the stretching

FIGURE 8 VelocityA0(η) for M when Pr = 6.2, R = 0.2, and

c = 0.5 for nanofluid and hybrid nanofluid [Colour figure can be

viewed at wileyonlinelibrary.com]

FIGURE 7 Temperature C(η) for ϕ2 when ϕ1 = 0.1, Pr = 6.2,

M = 0.5, and R = 0.2 [Colour figure can be viewed at

wileyonlinelibrary.com]
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sheet.59 Now, the observation is that shear stress is gradually increased for the various augments of c for the influence
of magnetic field effect in the direction of x-axis. It happened due to the existence of more shear stress, particularly in
this direction. Now, coming to hybrid nanofluid (Al2O3-Cu/H2O), it produces the enormous compactness impact on the
shear stress in the direction of y. Another observation in the direction of the y-axis is that it has a minimum value for
the range of saddle point, that is, (−1/2 ≤ c < 0), while it has the maximum value for the field of nodal point, that is,
(0 < c ≤ 1/2).

FIGURE 9 Velocity B0(η) for M when Pr = 6.2, R = 0.2, and

c = 0.5 for nanofluid and hybrid nanofluid [Colour figure can be

viewed at wileyonlinelibrary.com]

FIGURE 10 Temperature C(η)M when Pr = 6.2, R = 0.2, and

c = 0.5 for nanofluid and hybrid nanofluid [Colour figure can be

viewed at wileyonlinelibrary.com]

FIGURE 11 Temperature C(η) for R when Pr = 6.2, M = 0.5,

and c = 0.5 for nanofluid and hybrid nanofluid [Colour figure can be

viewed at wileyonlinelibrary.com]
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FIGURE 12 Skin friction Re1=2x Cf x for c

when Pr = 6.2 and R = 0.2 for regular fluid,

nanofluid, and hybrid nanofluid [Colour figure

can be viewed at wileyonlinelibrary.com]

FIGURE 13 Skin friction x=yð ÞRe1=2x Cf y for

c Pr = 6.2 and R = 0.2 for regular fluid,

nanofluid, and hybrid nanofluid when [Colour

figure can be viewed at wileyonlinelibrary.com]

FIGURE 14 Nusselt number Re−1=2
x Nux

for c when Pr = 6.2 and R = 0.2 for usual fluid,

nanofluid, and hybrid nanofluid [Colour figure

can be viewed at wileyonlinelibrary.com]
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Figure 14 is one of the significant graphs to understand the effect of thermal radiation on the Nusselt number for
the parameter c for three fluids. The maximum local heat transfer rate is attained for Al2O3-Cu/H2O hybrid nanofluid.
It means that the nanoparticles create warmness. Thus, the addition of new and different nanoparticles enhances
energy, which raises the local Nusselt number values. Consequently, the heat transfer rate rises almost simultaneously
with increasing the nodal/saddle index parameter within the nodal point region.

For nodal (c = 1/2) and saddle (c = − 1/2) points, at a constant value of Al2O3 volume ratio (ϕ1 = 0.1) in both
hydrodynamic and hydromagnetic flows, the dimensionless shear stresses and dimensionless Nusselt number versus
Cu volume ratio ϕ2 have been plotted in Figures 15, 16, and 17. The wall shear stress coefficients and heat transfer rate
raise almost simultaneously raising with Cu volume ratio ϕ2. One can see that the intensity of shear stress is more in

FIGURE 15 Skin friction Re1=2x Cf x for ϕ2 when Pr = 6.2,

ϕ1 = 0.1, and R = 0.2 for saddle and nodal points [Colour figure can

be viewed at wileyonlinelibrary.com]

FIGURE 16 Skin friction x=yð ÞRe1=2x Cf y for ϕ2 when Pr = 6.2,

ϕ1 = 0.1, and R = 0.2 for saddle and nodal points [Colour figure can

be viewed at wileyonlinelibrary.com]

FIGURE 17 Nusselt number Re−1=2
x Nux for ϕ2 when Pr = 6.2,

ϕ1 = 0.1, and R = 0.2 for saddle and nodal points [Colour figure can

be viewed at wileyonlinelibrary.com]
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FIGURE 18 Nusselt number Re−1=2
x Nux

when Pr = 6.2, c = 0.5, M = 0.5, and R = 0.2 for

different cases [Colour figure can be viewed at

wileyonlinelibrary.com]

FIGURE 19 Streamlines for c = 0.5 [Colour figure can be

viewed at wileyonlinelibrary.com]

FIGURE 20 Streamlines for c = −0.5 [Colour figure can be

viewed at wileyonlinelibrary.com]
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the x-direction when compared with the y-direction, while the circular cylinder's geometry will prove the topic from a
physical perspective on the increasing pattern of the Nusselt number.

It is observed that thermal diffusivity is very high for Cu nanoparticles; because of this property, there is a reduction
in the temperature gradient to affect the efficiency of the Cu nanoparticles. However, as the volume ratio ϕ2 is boosted
from 0 to 0.1, due to this boost up in ϕ2, there is exist an enhancement in rate of heat exchange. Finally, in the x-direc-
tion, wall shear stress rate is maximum in the magnetic flow than the hydrodynamic flow, while their impact on the
shear stress rate in y-axis direction and the heat transfer rate can be improved. In reality, for the saddle point case and
nodal point case, the magnetic flow has the minimum and maximum values of [Rex]

1/2(x/y) Cfy and [Rex]
−1/2Nux,

respectively.
Figure 18 shows the comparative analysis of Nusselt number for three types of fluids, that is, regular, nanofluid, and

hybrid nanofluid. An upsurge in the rate of heat exchange with the increasing augments of the volume ratio of Al2O3

and Cu in all the cases is witnessed in Figure 18. The cause behind this is copper is high in thermal conductivity; it is a
well-known fact. Moreover, the same figure reveals that NF4 has taken the most significant Nusselt number, that is, it
is about 1.554093, among other kinds of nanofluids. Among all sorts of nanofluids, NF1 has the least capacity in
exchange for heat, and its value is 1.36151. From this comparison, notice that 14.1% of increment is there between NF1
and NF4. Now, coming to hybrid nanofluid, HNF3 is the highest rate in heat transfer among the other kinds, and the
numerical value of Nusselt number for HNF3 is 1.847636.

In comparison, 49.81% of increment of heat transfer is there among all kinds of fluids (i.e., regular and nano). From
this comparison analysis, the remarkable point is that hybrid nanofluids are high in numerical values of Nusselt num-
ber compared with nanofluids with a single particle and pure fluids. Figures 19 and 20 represent the streamlines for the
nodal and saddle points to understand the flow patterns.

4 | CONCLUSIONS

From this study, features of heat transfer are analyzed for nodal/saddle stagnation-point flow of Al2O3-Cu/H2O hybrid
nanofluid by considering the two important parameters, that is, magnetic field and thermal radiation effects. At this
time, hybrid nanofluid is synthesized by suspending a pair of distant nano-sized particles aluminum oxide (Al2O3) and
copper (Cu) in pure water (H2O). The leading nonlinear PDEs are altered into nonlinear ODEs by taking similarity
transformations and then evaluated by R.K. Fehlberg fourth and fifth techniques numerically. Some significant findings
from this current analysis are listed as follows:

1. For the increase of nodal/saddle indicative parameter, both velocity profiles in x- and y-directions are increased,
whereas reverse trend is noted in thickness of thermal boundary layer.

2. Al2O3-Cu/H2O hybrid nanofluid has the maximum velocities and temperature distribution than that of regular fluid
and Al2O3/H2O nanofluid.

3. Maximum velocities and temperature occur when enhancing the values of the Cu-volume ratio.
4. The nanofluid temperature profile and temperature inside the thermal boundary layer are greatly improved in the

presence of radiation.
5. The local skin friction coefficient and the local heat transfer rate rise almost concurrently with the increase of the

Cu-volume fraction ϕ2 for the nodal and saddle points.
6. Only in nanofluid cases, the Nusselt number increased by 14.1%, and only in hybrid nanofluid cases, the Nusselt

number is improved by 20.5%.

The current investigation is relevant for different engineering applications and is connected to the increased preference
of a distant combination of nano-mixed materials, heat transfer, and thermophysical characteristics.
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NOMENCLATURE
A, B nondimensional velocities
a1, a2, a3 dimensional velocity components (m s−1)
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B0 magnetic field strength
C dimensionless temperature
Cfx, Cfy skin friction coefficients
cp specific heat (J kg−1 K−1)
M magnetic parameter (Tesla)
Nux nusselt number
Pr Prandtl number
R radiation parameter
T fluid temperature (K)
x, y, z coordinates (m)
η similarity variable
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