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This work presents a numerical analysis of the time-dependent three-dimensional hydromagnetic Casson fluid flow
along a stretching surface through a porous medium considering the effects of Hall current and nonlinear radiation.
The mathematical model of the problem is presented in the form of a set of nonlinear partial differential equations along
with suitable boundary conditions. These equations are transformed to a set of nonlinear ordinary differential equations
using suitable similarity transformations which are later dealt with the efficient spectral quasi-linearization method
(SQLM) to obtain the numerical solution of the considered model. A parametric study involving the emerging physical
parameters is performed to analyze the effects of relevant flow parameters on the fluid velocity, fluid temperature, and
coefficients of skin-friction and heat transfer at the surface. It is found that the momentum boundary layers, in both
directions, get thicker whereas the thermal boundary layer becomes thinner with increasing Hall current.
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1. INTRODUCTION

Boundary layer flow of a viscous fluid finds applications in many engineering processes, such as in paper production,
glass production, and steel production. In steel production, a better outcome in the manufacturing process is achieved
by controlling the cooling rate of the liquid and the stretching rate of the sheet. The rapid stretching of the sheet
may finally affect the penultimate quality of the product. As a result, the theoretical study of the flow of a viscous
fluid over a stretching surface was investigated by several researchers. The study of laminar boundary layer flow of
viscous fluid along a stretching surface was pioneered by Crane (1970). Following the study of Crane (1970) several
researchers (Elbashbeshy, 1998; Mahapatra and Gupta, 2002; Patil et al., 2010) investigated the flow of a viscous fluid
over a stretching surface considering different aspects of the problem and under different geometrical conditions. It
is well known that the implication of presence of a magnetic field in the flow of a viscous incompressible electrically
conducting fluid results in the production of a resistive force in the flow field which acts as a stabilizing agent to
the flow and delays the boundary layer separation. The boundary layer flow of a viscous and electrically conducting
fluid in the presence of a magnetic field is encountered in several engineering devices, such as in geothermal heat
pumps, MHD generators, MHD flow meters, and MHD propulsion systems. In heat transfer processes, the desired
properties of the final product can be obtained by controlling the rate of cooling. In order to control the cooling rate,
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NOMENCLA TURE

a aconstant
A unsteadiness parameter
B(t) time-dependent magnetic field
C convective heating parameter
Cfx skin-friction coefficient inx-direction
Cfz skin-friction coefficient inz-direction
cp specific heat capacity at constant pressure
f ′, g dimensionless velocities inx- andz-directions
hs convective heat transfer coefficient
k thermal conductivity of the fluid
K permeability of the porous medium
m Hall current parameter
M magnetic parameter
Nr radiation parameter
Nux local Nusselt number
Pr Prandtl number
qw wall heat transfer coefficient
Rex local Reynolds number
T temperature of the fluid
t time variable
T∞ fluid temperature at infinity
Tw fluid temperature at the surface

tr temperature ratio parameter
uw(x, t) time dependent stretching velocity
u, v, w velocity components inx-, y-, and

z-directions
x, y, z space variables

Greek Symbols
α∗ Rosseland mean absorption coefficient
αm thermal diffusivity of the fluid
β Casson fluid parameter
η similarity variable
γ a constant
λ permeability parameter
µ coefficient of viscosity of the fluid
µe effective viscosity of the fluid
ν kinematic coefficient of viscosity
ρ density of the fluid
σ electrical conductivity of the fluid
σ∗ Stefan–Boltzmann constant
τwx shear-stress component inx-direction
τwz shear-stress component inz-direction
θ dimensionless fluid temperature

theflow field is also subjected to an externally applied magnetic field. For these reasons, the magnetohydrodynamic
flow of a viscous fluid was studied by several researchers. The study of MHD fluid flow toward a stretching sheet
was introduced by Pavlov (1974) who first extended the idea of Crane (1970) including the effects of an applied
magnetic field. Kumaran et al. (2009) examined the MHD boundary layer fluid flow to obtain the analytical solution
along with a quadratically stretching sheet. Rashidi et al. (2013) analyzed the second law of thermodynamics on
the magnetohydrodynamic boundary layer flow of a nanofluid over a rotating porous disk. Nandkeolyar et al. (2014,
2013) investigated the homogeneous and heterogeneous reaction effects on the flow of a viscous nanofluid along
the stretching sheet in the presence of an external magnetic field under different conditions. Sheikholeslami et al.
(2016) considered the effects of a variable magnetic field on the forced convection heat transfer in a ferrofluid filled
semi-annulus lid.

When the strength of the externally applied magnetic field is strong and/or the density of the electrically con-
ducting working fluid is low, the effect of Hall current becomes significant, which induces a flow in the secondary
direction. Even though, the Hall effect phenomenon was discovered by Edwin Herbert Hall in 1879, it took several
years for the researchers to feel the impetus toward the study of Hall current effects on hydromagnetic flows. Gupta
(1975) was perhaps the first to investigate the influence of Hall current on the magnetohydrodynamic fluid flow along
a porous surface. Reddy and Bathaiah (1982) discussed the problem involving the effects of Hall current on the steady
flow of a viscous incompressible and electrically conducting fluid in the presence of a magnetic field. Saleem and
Aziz (2008) studied the combined influence of Hall current and mass diffusion on laminar flow of a hydromagnetic
heat generating/absorbing fluid. Seth et al. (2010) considered the effects of Hall current on the Hartmann flow of a
viscous and incompressible fluid under the influence of an inclined magnetic field. Sarkar et al. (2014) further in-
vestigated the effects of Hall current on the hydromagnetic rotating flow of an electrically conducting fluid within
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a parallel plate channel. The influence of Hall current on the hydromagnetic boundary layer flow of an electrically
conducting fluid over a variable thickness stretching sheet was investigated by Prasad et al. (2016). It was observed
by Prasad et al. (2016) that the presence of Hall current has a significant effect on the flow and heat transfer within
the boundary layer region and the Hall current induces a cross flow in the flow field. These investigations mostly deal
with the steady-state aspect of the problem and assume the fluid properties to be independent of time. However, to
study the flow characteristics of real-life problems, it is essential to investigate the models that are transient. Wang
(1990) made the first attempt to analyze the unsteady-state fluid flow problem using a particular type of similarity
transformation which transformed the governing partial differential equations into ordinary differential equations in
similar form. Elbashbeshy and Bazid (2004) examined the heat transfer characteristics of the hydromagnetic flow
of a viscous fluid toward a time-dependent stretching surface. They inferred a decrease in the thickness of both the
momentum and thermal boundary layers with increasing unsteadiness in the flow field. Ishak et al. (2009) studied
the heat transfer properties of the unsteady boundary layer flow problem over a vertical stretching surface. Chamkha
(1997) studied the influence of Hall current on the hydromagnetic natural convective flow of viscous and electrically
conducting fluid flow in a stratified porous medium. The implications of Hall current in a rotating flow of a second-
grade fluid toward a stretching surface in a porous medium was studied by Hayat et al. (2008). Saleem and Aziz
(2008) presented a study to investigate the simultaneous influence of Hall current and mass diffusion on laminar flow
of a hydromagnetic heat generating/absorbing fluid. Hussain et al. (2017) made an attempt to examine the effects of
Hall current and heat absorption on the natural convection flow induced due to an accelerated plate in the presence of
chemical reaction.

The effect of radiative heat transfer on the flow of a viscous incompressible fluid appears due to the presence
of temperature differences between the surrounding and the ambient fluid. Radiative heat transfer also affects the
penultimate product that is to be produced. Several authors have considered the influence of radiative heat transfer
effects on the boundary layer flow of a Newtonian fluid under different conditions. Aziz (2009) obtained the similarity
solutions for the unsteady boundary layer flow in the presence of a radiative heat transfer. The combined effects of
Hall current and radiative heat transfer for the time-dependent hydromagnetic fluid flow along a porous surface was
analyzed by Pal (2013). Ram et al. (2013, 2017) and Singh et al. (2014) have extensively studied the problems related
to unsteady heat and mass transfer in MHD radiating/reacting fluids flow past a moving vertical porous plate in the
presence of source/sink. In these studies, authors have considered an ordinary viscous fluid under the influence of
uniform transverse/cosinusoidal magnetic field. Seth et al. (2015, 2016) obtained the exact results of the Hall effects
on the transient hydromagnetic natural convective heat and mass transfer flow in a porous medium including effects
of heat absorption and thermal radiation. In these studies, the authors also included the influence of the Coriolis force.
It was found in the study of Seth et al. (2016) that the rate of heat transfer is increased with increasing heat absorption
and thermal radiation, whereas the Hall current reduced the primary shear stress and increased the shear stress in the
secondary direction.

The study of the magnetohydrodynamic flow of a Newtonian fluid through a porous medium has attracted the
attention of many researchers due to its applications in the optimization of solidification processes of metals and metal
alloys. Rashad et al. (2014) presented a numerical simulation to discuss the effect of thermal radiation, permeability of
the medium, and chemical reaction on the flow of a viscous fluid in a square enclosure. The steady mixed convective
boundary layer flow of a viscous nanofluid about a solid sphere with convective heating at the surface in the presence
of thermal radiation and Darcy porous medium was investigated by El-Kabeir et al. (2015). Nabwey et al. (2015)
presented Lie group analysis to study the implications of thermal radiation, chemical reaction, and velocity slip on the
unsteady heat and mass transfer in a laminar flow of a viscous and incompressible fluid along a horizontal stretching
surface embedded in porous medium. Mallikarjuna et al. (2016) investigated the effects of thermal radiation and
transpiration on the flow and heat transfer in a non-Darcy convective flow of a viscous fluid flow adjacent to a rotating
vertical cone. Joshi et al. (2017, 2018) have also carried numerical investigations about porosity effects of magnetic
nanofluids over a moving/stationary stretchable disk. Some recent contributions on the magnetohydrodynamic flow
of a Newtonian fluid in a porous medium under different conditions are also due to Makinde et al. (2018), Sekhar
et al. (2018), and Sheikholeslami and Abelman (2018).

Unlike the Newtonian fluids, the rheological properties of non-Newtonian fluids cannot be described by a sin-
gle model, and hence researchers have developed different models to study the flow behavior of different types of
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non-Newtonian fluids. One such type of non-Newtonian fluid model is the Casson fluid model, which is based on the
yield stresses. The Casson fluid model includes the interaction of solid and liquid phases. When the yield stresses are
more significant than shear stresses, the Casson fluid acts like a solid. On the other hand, when yield stresses are less
than the shear stresses, the fluid starts moving. Examples of liquids following the Casson fluid model in our day-to-
day life are chilly sauce, honey, jelly, and condensed milk. The Casson fluid model also finds applications in drug
delivery during cancer therapy as the flow of blood within the artery can be treated as a Casson fluid flow. Keeping
in view the important applications of this model, several researchers investigated the flow and heat transfer properties
in a Casson fluid flow. Eldabe and Salwa (1995) were the first to study the Casson fluid flow between two coaxial
cylinders. However, it took many years before many researchers conducted the theoretical study of Casson fluid flow
under different conditions and configurations. Shehzad et al. (2013) examined the heat and mass transfer in hydro-
magnetic non-Newtonian liquid flow by considering the chemical reaction and suction effects. Tufail et al. (2013)
analyzed the heat source/sink impacts on magnetohydrodynamic fluid flow and heat transfer toward a porous stretch-
ing surface. The partial velocity-slip effects in MHD Casson liquid flow along a stretching surface are investigated by
Nandy (2013). He obtained the solutions which are analytic about the stagnation point. Mukhopadhyay (2013) stud-
ied the heat transfer phenomenon in MHD Casson liquid flow along a stretching sheet. Vajravelu et al. (2013) studied
the flow and heat transfer of a Casson liquid due to an exponentially stretching permeable surface. Mukhopadhyay
and Vajravelu (2013) examined the unsteady-state problem for Casson liquid toward a porous surface. Ashraf et al.
(2017) investigated the mixed convection flow of a Casson liquid in the presence of Hall effect along a stretching
surface. Butt et al. (2016) investigated the time-dependent three-dimensional flow of an electrically conducting fluid
embedded into the porous medium in the presence of a magnetic field. The mixed convective boundary layer Casson
fluid flow about a solid sphere including the effects of chemical reaction was studied by El-Kabeir et al. (2016).
In this study, the authors also included the hydrodynamic, thermal, and solutal slip effects and solved the resulting
model numerically using finite difference technique. Khan et al. (2017) investigated the homogeneous-heterogeneous
reactions for Casson liquid flow.

To the best of the authors’ knowledge, no one has studied the simultaneous effects of Hall current and nonlinear
Rosseland thermal radiation on the transient three-dimensional flow of a viscous and incompressible Casson fluid in a
fluid saturated porous medium along a convectively heated stretching surface. Keeping this in mind, our aim through
this article is to numerically investigate a time-dependent model for the three-dimensional hydromagnetic Casson
fluid flow along a stretching surface embedded in a porous medium considering the combined effects of Hall current,
nonlinear radiation, and convective heating at the surface. The mathematical model describing the physics of the
problem is in the form of a set of nonlinear partial differential equations along with suitable boundary conditions. The
governing nonlinear partial differential equations are reduced to a set of nonlinear ordinary differential equations using
a suitable similarity transformation. To obtain the numerical solutions of the nondimensionalized coupled nonlinear
differential equations, an efficient technique, namely the spectral quasi-linearization method, is employed. The effects
of several parameters on the flow and heat transfer characteristics are studied with the help of suitable graphs and
tables.

2. THE MATHEMATICAL MODEL

Let us consider a transient three-dimensional flow of a Casson fluid along a convectively heated stretching sheet
embedded in a fluid-saturated porous medium under the influence of an applied magnetic field.

The stretching surface is assumed to be in the planey = 0, and the Casson fluid is confined in the regiony ≥ 0.
The fluid flow in the regiony ≥ 0 is induced due the linear stretching of the sheet along thex-axis with a velocity
u = uw(x, t). The fluid flow is permeated with an externally applied magnetic fieldB(t) acting in they-direction. In
addition to these, the following assumptions are made:

1. The density of the fluid is low and/or the strength of the magnetic field is high so that the effects of Hall
current become significant.

2. The magnetic Reynolds number of the fluid is small in comparison to the applied one so that the effect of
induced magnetic field is neglected.
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3. The fluid is optically thick, and a nonlinear Rosseland diffusion approximation is employed to study the effects
of radiative heat transfer.

4. The Casson fluid is flowing in a saturated porous medium.

Under the preceding assumptions, and using the Rosseland approximation, the equations governing the flow and
heat transfer in the unsteady three-dimensional magnetohydrodynamic flow of a Casson fluid along a stretching sheet
within a fluid-saturated porous medium in the presence of Hall current, and nonlinear radiative heat transfer, are

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0, (1)

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
= ν

(
1+

1
β

)
∂2u

∂y2
− σB2(t)

ρ(1+m2)
(u+mw)− µe

ρK
u, (2)

∂w

∂t
+ u

∂w

∂x
+ v

∂w

∂y
+ w

∂w

∂z
= ν

(
1+

1
β

)
∂2w

∂y2
+

σB2(t)

ρ(1+m2)
(mu− w)− µe

ρK
w, (3)

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y
+ w

∂T

∂z
=

∂

∂y

[(
αm +

16σ∗T 3

3α∗ρcp

)
∂T

∂y

]
, (4)

where the components of velocity in thex-, y-, andz-directions are represented asu, v, andw, respectively;t is
taken as time;β is the Casson liquid parameter;µe denotes the effective viscosity of the fluid;K is the permeability
of the porous medium;σ is electrical conductivity of the fluid;ρ is density of the fluid;ν = µ/ρ is the liquid’s
kinematic viscosity;m is Hall current parameter;αm = k/(ρcp) represents the liquid’s thermal diffusivity. The
Stefan–Boltzmann constant and coefficient of Rosseland mean absorption are denoted asσ∗ andα∗, respectively;cp
is specific heat capacitance at constant pressure; andT is the temperature within the boundary layer.

The appropriate boundary conditions for the physical problem are

At y = 0 : u = uw, v = 0, w = 0,
∂T

∂y
= −hsT ; (5)

As y → ∞ : u → 0, w→ 0, T → T∞, (6)

wherehs is the convective heat transfer coefficient. In the present problem the stretching velocity is assumed as
uw(x, t) = (ax)/(1− γt) and the time-dependent magnetic field is taken asB(t) = B0(1− γt)−1/2, wherea andγ
are constants andB0 is the strength of the magnetic field.

We now choose a transformation of the form

u =
ax

(1− γt)
f ′(η), v = −

√
aν

(1− γt)
f(η), w =

ax

(1− γt)
g(η), (7)

θ(η) =
T − T∞

T∞
, η = y

√
a

ν(1− γt)
, (8)

sothat the equation of continuity Eq. (1) is automatically satisfied and the Eqs. (2)–(4) reduce to(
1+

1
β

)
f ′′′ + ff ′′ − (f ′)2 −A

(
f ′ +

η

2
f ′′

)
− M

(1+m2)
(f ′ +mg)− λf ′ = 0, (9)(

1+
1
β

)
g′′ − gf ′ + fg′ −A

(
g +

η

2
g′
)
+

M

(1+m2)
(mf ′ − g)− λg = 0, (10)(

1+
4

3Nr
(1+ θ)3

)
θ′′ − PrA

η

2
θ′ + Prfθ′ +

4
Nr

(1+ θ)2θ′2 = 0. (11)

Theboundary conditions in Eqs. (7) and (8) reduce to

At η = 0 : f ′ = 1, f = 0, g = 0, θ′ = −C(1+ θ); (12)

As η → ∞ : f ′ → 0, g → 0, θ → 0, (13)
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whereη is the dimensionless similarity variable and the primes denote derivative with respect toη. The nondimen-
sional parameters used previously are defined as

A =
γ

a
, M =

σB2
0

ρa
, Nr =

kα∗

4σ∗T 3
∞
, Pr=

ν

αm
, λ =

µe

ρK

Rex
Re2

k

, C = −hs

√
ν(1− ct)

a
,

whereA, M , Nr, Pr, λ, andC are, respectively, the unsteadiness parameter, magnetic field parameter, radiation
parameter, Prandtl number, local porosity parameter, and the convective heating parameter.

Apart from the velocity and temperature fields, the important physical quantities of engineering interest are the
friction coefficients alongx- andz-directions, and the local Nusselt number. These are denoted in the text asCfx,
Cfz, and Nux, respectively, and are defined as

Cfx =
τwx

ρu2
w

, Cfz =
τwz

ρu2
w

, Nux =
xqw

k(T − T∞)
, (14)

wherethe shear-stress componentsτwx, τwz, and the rate of heat transfer at the surfaceqw, are defined as

τwx = µ

(
1+

1
β

)(
∂u

∂y

)
y=0

, τwz = µ

(
1+

1
β

)(
∂w

∂y

)
y=0

, qw =

[
−k

(
∂T

∂y

)
+ qr

]
y=0

. (15)

Therefore, the values ofCfx, Cfz, and Nux, respectively, are given by

CfxRe1/2
x =

(
1+

1
β

)
f ′′(0), CfzRe1/2

x =

(
1+

1
β

)
g′(0); (16)

Re−1/2
x Nux = C

[
1+

4
3Nr

(1+ θ(0))3
](

1+
1

θ(0)

)
, (17)

whereqr is the radiative heat flux and Rex = (xuw)/ν is the local Reynolds number.

3. NUMERICAL SOLUTION

The governing nondimensionalized nonlinear ordinary differential equations in Eqs. (9)–(11) are solved using an
efficient numerical technique known as spectral quasi-linearization method (SQLM). SQLM follows the idea of lin-
earizing the nonlinear differential equations using linear Taylor series approximation. In the framework of SQLM,
we obtain the linearized iteration scheme as

a
(3)
11 f

′′′
r+1 + a

(2)
11 f

′′
r+1 + a

(1)
11 f

′
r+1 + a

(0)
11 fr+1 + a

(0)
12 gr+1 = R1, (18)

a
(2)
22 g

′′
r+1 + a

(1)
22 g

′
r+1 + a

(0)
22 gr+1 + a

(1)
21 f

′
r+1 + a

(0)
21 fr+1 = R2, (19)

a
(2)
33 θ

′′
r+1 + a

(1)
33 θ

′
r+1 + a

(0)
33 θr+1 + a

(0)
31 fr+1 = R3, (20)

where

a
(3)
11 =

(
1+

1
β

)
, a

(2)
11 = fr −A

η

2
, a

(1)
11 = −2f′r −A− M

1+m2
− λ, a

(0)
11 = f ′′

r , a
(0)
12 = − Mm

1+m2
,

R1 = frf
′′
r − (f ′

r)
2, a

(2)
22 =

(
1+

1
β

)
, a

(1)
22 = fr −A

η

2
, a

(0)
22 = −f ′

r −A− M

1+m2
− λ,

a
(1)
21 = −gr +

Mm

1+m2
, a

(0)
21 = g′r, R2 = −grf

′
r + g′rfr, a

(2)
33 =

4
3Nr

(1+ θr)
3 + 1,

a
(1)
33 = −APr

η

2
+ Prfr +

8
Nr

(1+ θr)
2θ′r, a

(0)
33 =

4
Nr

(1+ θr)
2θ′′r +

8
Nr

(1+ θr)(θ
′
r)

2,

R3 =
NrPrfrθ′r + 4(1+ θr)(θr(1+ θr)θ

′′
r + (3θr + 1)(θ′r)

2)

Nr
.
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The corresponding boundary conditions for the iteration scheme are

At η = 0 : f ′
r+1 = 1, fr+1 = 0, gr+1 = 0, θ′r+1 = −C(1+ θr+1), (21)

As η → ∞ : f ′
r+1 → 0, gr+1 → 0, θr+1 → 0. (22)

The preceding iteration scheme requires initial approximations to start with, which are chosen to be convenient
functions satisfying the boundary conditions as

f0 = 1− e−η, h0 = 0, θ0 =

(
C

1− C

)
e−η.

TheChebyshev pseudo-spectral collocation method is used to solve the linearized Eqs. (18)–(20). The domain
of the physical problem[0, ∞) is approximated with[0, L], whereL is used to invoke the boundary conditions at
∞. The computational domain[0, L] is then transformed to[−1, 1] by using the transformationη = L(ξ+ 1)/2 so
that the Gauss–Lobatto points can be used to discretize the computational domain. The derivatives of the unknown
functions at the grid points, in the linearized equations, are approximated with the Chebyshev differentiation matrix.
The application of the Chebyshev pseudo-spectral collocation method yield us A11 A12 A13

A21 A22 A23

A31 A32 A33

 fr+1

gr+1

θr+1

=

 R1

R2

R3

,

where eachAij is of order(N + 1)× (N + 1). fr+1, gr+1, θr+1, R1, R2, andR3 are vectors of order(N + 1)× 1.

4. RESULTS AND DISCUSSION

The present article numerically investigates the flow and heat transfer characteristics due to the unsteady three-
dimensional hydromagnetic flow of a Casson fluid along a stretching sheet in a fluid-saturated porous medium. The
primary purpose of the work is to highlight the combined effects of Hall current, the porosity of the medium, nonlinear
thermal radiation, and convective heating of the surface on the fluid flow and heat transfer. In an attempt to fulfill the
primary objective, suitable similarity transformations are used to reduce the governing nonlinear partial differential
equations to a set of coupled nonlinear ordinary differential equations. Several pertinent nondimensional parameters
appear in the nonlinear coupled ordinary differential equations, such as magnetic parameterM , Hall current parame-
term, Casson fluid parameterβ, porosity parameterλ, unsteadiness parameterA, Prandtl number Pr, and convective
parameterC. To investigate the effect of these parameters, Eqs. (9)–(11) are solved using SQLM, and the profiles
of fluid velocitiesf ′(η) andg(η), and fluid temperatureθ(η) are presented in Figs. 1–5. The numerical values of
coefficients of skin frictionCfx, Cfz, and coefficient of heat transfer, formally known as Nusselt number Nux, are
tabulated in Table 1.

Figure 1 presents the effect of the magnetic parameterM and the Hall current parameterm on the fluid velocity
in thex-directionf ′(η), fluid velocity in thez-directiong(η), and the fluid temperatureθ(η) within the boundary
layer region. The magnetic parameterM measures the strength of the Lorentz force that appears in the flow field due
to the presence of the external magnetic field while the Hall current parameterm measures effect of Hall current,
which appears in the flow field due to the presence of a strong magnetic field and/or if the density of the fluid is low.
Figure 1 shows that the Lorentz force appearing due to the magnetic field acts as a resistive force in the flow field, and
it decelerates the fluid flow in thex-direction throughout the boundary layer region. The fluid flow inz-direction gets
accelerated but only in a region near to the stretching surface, whereas it gets decelerated afterward before attaining
the free-stream velocity. The implication of the Hall current in the flow field is to accelerate the fluid velocities in
both directions. However, the noted impact is significant on the fluid velocity in thez-direction. The magnetic field
generated Lorentz force and the Hall current have opposite effects on the fluid temperature. The fluid temperature
is found to be an increasing function of the magnetic field parameter but a decreasing function of the Hall current
parameter.
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FIG. 1: Effect of magnetic parameterM and Hall current parameterm on (a)f ′, (b) g, and (c)θ whenA = 0.1, λ = 0.1,
β = 0.1,Nr = 1, Pr= 10, andC = 0.1
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FIG. 2: Effect of Casson parameterβ and porosity parameterλ on (a)f ′, (b) g, and (c)θ whenA = 0.1, m = 0.1,M = 3,
Nr = 1, Pr= 10, andC = 0.1

Volume 24, Issue 6, 2021

Downloaded from https://iranpaper.ir
https://www.tarjomano.com https://www.tarjomano.com



24 Prashu,Nandkeolyar, & Chamkha

0 1 2 3 4 5 6 7 8 9 10

η

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

f '
(η

)

1.04 1.05 1.06 1.07

η

0.515

0.52

0.525

0.53

0.535

f '
(η

)

A = 0.01, 0.1, 0.15

(a)

0 2 4 6 8 10 12 14

η

0

0.005

0.01

0.015

g(
η
)

3.86 3.88 3.9 3.92 3.94 3.96

η

8.6

8.8

9

g(
η
)

×10-3

A = 0.01, 0.1, 0.15

(b)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

η

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

θ
(η

)

A = 0.01, 0.1, 0.15

(c)

FIG. 3: Effect of unsteadiness parameterA on (a)f ′, (b) g, and (c)θ whenm = 0.1,λ = 0.1,β = 0.1,Nr = 1, Pr= 10, and
M = 3
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M = 3
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FIG. 5: Effect of convective parameterC onθ whenm = 0.1,λ = 0.1,β = 0.1,A = 0.1, Pr= 10,Nr = 1, andM = 3

The influence of Casson fluid parameterβ and the porosity parameterλ on the fluid velocities inx- and z-
directions, and on the fluid temperature is shown in Fig. 2. One must note that the Casson parameterβ measures
the yield stress and the fluid behaves as a Newtonian fluid asβ → ∞. Also, the porosity parameterλ is inversely
proportional to the permeability of the medium, i.e., smaller the value ofλ the higher is the permeability of the
medium. It resembles from the figure that the fluid velocities inx- andz-directions decrease with increasing values
of λ, and this shows that these velocities are higher in mediums with higher permeability. The fluid velocity inx-
direction decreases with increasing Casson parameterβ. Therefore, it follows that the fluid velocity in a Casson
fluid is higher than that of a Newtonian fluid. The fluid velocity in thez-direction also follows this trend except for
increasing near the surface of the stretching sheet with an increase in the Casson parameterβ. The fluid temperature,
within the boundary layer region, rises with an increase in eitherλ or β, which implies that the temperature of the
fluid is higher in the case of a Newtonian fluid and lesser in a medium with higher permeability.

The unsteadiness parameterA measures the transient behavior of the flow and heat transfer and the flow field
becomes steady whenA = 0. Figure 3 captures the implications of increasing unsteadiness parameters on the fluid
velocity in thex-directionf ′(η), fluid velocity in thez-directiong(η), and fluid temperatureθ(η). From the observed
results, it is clear that the fluid velocity in both the directions gets decelerated with increasing unsteadiness in the flow
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TABLE 1: Influence of different parameters on skin-friction coefficients and Nusselt number

M m A Nr C β Pr λ −CfxRe1/2
x CfzRe1/2

x Re–1/2
x Nux

3 0.1 0.1 1 0.1 0.1 10 0.1 6.75668869 0.25242903 3.57521555

5 8.21533482 0.34099012 3.50034797

7 9.45142273 0.41197207 3.43616354

0.1 6.75668869 0.25242903 3.57521555

1 5.65134497 1.55455540 3.62835138

1.9 4.76295267 1.56554520 3.67298301

0.01 6.70234056 0.25460189 3.68312501

0.1 6.75668869 0.25242903 3.57521555

0.15 6.78675232 0.25123802 3.51317283

1 6.75668869 0.25242903 3.57521555

2 6.75668869 0.25242903 3.01147937

3 6.75668869 0.25242903 2.79957595

0.01 6.75668869 0.25242903 3.44113263

0.1 6.75668869 0.25242903 3.57521555

0.17 6.75668869 0.25242903 3.73455556

0.1 6.75668869 0.25242903 3.57521555

0.5 3.52856559 0.13182676 3.25256053

1 2.88106174 0.10763610 3.09495642

10 6.75668869 0.25242903 3.57521555

15 6.75668869 0.25242903 4.41622642

20 6.75668869 0.25242903 5.12636593

0.1 6.75668869 0.25242903 3.57521555

1.5 7.81266622 0.21582339 3.52117747

3 8.80504026 0.19016116 3.46994702

field whereas the fluid temperature experiences a rise in case of a transient flow. These effects on the fluid velocities
and heat transfer, however, are not that significant.

Figure 4 captures the variations in fluid temperatureθ(η) with increasing values ofNr and Pr. The radiation
parameterNr measures the effect of radiative heat transfer on the fluid temperature and is inversely proportional to
the radiation effect. Therefore, increasing values ofNr correspond to decreasing radiative heat transfer effect and
vice versa. From this figure, one may note that the fluid temperatureθ(η) falls with increasing values ofNr, which
shows that the radiative heat transfer tends to increase the fluid temperature within the boundary layer region. The
radiation contributes to the thermal energy of the system, which forces the fluid temperature to rise in the flow field.
The Prandtl number Pr is the ratio of viscous diffusivity to thermal diffusivity, and an increase in Prandtl number
leads to a decrease in the thermal diffusivity of the fluid. Figure 4 shows that the fluid temperature is a decreasing
function of the Prandtl number of the fluid, which implies that the increasing thermal diffusivity leads to higher fluid
temperature. The convective heating parameterC signifies the impact of convective heating at the surface. Behavior
of fluid temperature with increasing values of the convective parameter is presented in Fig. 5, and it follows that the
temperature of the fluid, within the boundary layer region, rises with the increase in the convective heating at the
surface. This increase in temperature happens as a result of heat transfer that takes place from the surface to the fluid
lying in the boundary layer region.
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The effects of pertinent flow parameters, viz. the magnetic parameterM , Hall current parameterm, unsteadiness
parameterA, Casson fluid parameterβ, and porosity parameterλ on the skin-friction coefficientsCfx andCfz, and
on the coefficient of heat transfer at the surface Nux, is presented in Table 1. The coefficient of skin friction in the
x-directionCfx increases with increasing values of the magnetic parameter, unsteadiness parameter, and porosity
parameter, whereas it decreases upon increasing the Hall current parameter and the Casson fluid parameter. Thus,
the skin-friction coefficient in thex-direction increases with the increasing strength of the Lorentz force and the
unsteadiness in the flow field, whereas the Hall current tends to reduce it. A Newtonian fluid has lesser skin-friction
coefficientCfx as compared to a Casson fluid. The skin-friction coefficient is higher in the case of a lesser permeable
medium. It follows from Table 1 that the skin-friction coefficient in thez-directionCfz increases with increasing
effects of the Lorentz force, Hall current, and the permeability of the medium, while it decreases with the increase in
the unsteadiness in the flow field. The coefficient of heat transfer at the surface Nux decreases with increase in the
strength of the magnetic field, unsteadiness, Casson parameter, and permeability of the medium, whereas it increases
with the increase in the Hall current. Since the heat transfer coefficient decreases with increasing values of the Casson
parameter, it follows that the heat transfer from the surface is higher in the case of Casson liquids than in the case
the Newtonian fluids. Table 1 also reflects the influence of the radiation parameterNr, convective heating parameter
C, and the Prandtl number Pr. Following the tabulated values, it is clear that the heat transfer at the surface increases
with increasing values of the thermal radiation, convective heating, and Prandtl number.

5. CONCLUSIONS

The combined effects of the Hall current, the nonlinear Rosseland thermal radiation, the permeability of the porous
medium, and the convective heating at the surface in the unsteady three-dimensional flow of a Casson fluid along
a stretching surface are investigated numerically using the spectral quasi-linearization method (SQLM). The crucial
findings of the study are:

1. The effect of Lorentz force in the flow field is to resist the fluid flow in thex-direction, whereas the fluid
velocity inz-direction increases near the surface, and then decreases away from the surface, within the bound-
ary layer region. The temperature of the fluid experiences an enhancement with the increase in the strength of
Lorentz force.

2. The effect of Hall current arising in the flow field is to the accelerate the fluid velocities in both the directions.
The skin-friction coefficient in thex-direction decreases while the skin-friction coefficient in thez-direction
increases with increasing Hall current. The Hall current tends to reduce the temperature of the fluid within the
boundary layer region, which results in an increase in the rate of heat transfer at the surface.

3. Fluid velocities in both the directions increase with increasing permeability of the medium. The skin-friction
coefficient in thex-direction decreases with increased permeability of the medium, whereas the skin-friction
coefficient inz-direction increases with the increase in the permeability. The rate of heat transfer at the
surface is higher in mediums with higher permeability. This increase in the rate of heat transfer contributes in
enhancing the fluid temperature.

4. The convective heating from the surface and thermal radiation tend to raise the fluid temperature within the
boundary layer region, and as a result, an increment in the heat transfer rate may also be observed.
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