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porous medium: a case of expanding sheet of variable
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aDepartment of Mathematics, Institute of Science, Banaras Hindu University, Varanasi, India; bDepartment of
Mathematics, The University of Burdwan, Bardhaman, India; cFaculty of Engineering, Kuwait College of
Science and Technology, Doha, Kuwait

ABSTRACT
An expanding sheet problem is more relevant when the thickness
of the sheet is variable and it bears frequent applications in poly-
mer press, paper production,metallic plate cooling, etc. On the other
hand, activation energy is an important phenomenon of chemical
reaction in flow dynamics of Newtonian and non-Newtonian fluids.
The activation energy and chemical reaction have vital applications
in food preparing, the mechanism of water and oil emulsions, chem-
ical engineering, and more. So in this project, the impacts of activa-
tion energy and binary chemical reaction on MHD two-dimensional
boundary layer flow of Williamson nanofluid on an expanding sur-
face of variable thickness embedded in Darcy–Forchheimer porous
medium are investigated. Using suitable transformations, the gov-
erning equations are transformed into a set of non-linear ordinary
differential equations (ODEs). Later, numerical solutions have been
achieved by well-known MATLAB inbuilt function ‘bvp4c’. Several
vital results are explored for variations of involved physical param-
eters and those are presented in graphical and tabular modes.
The achieved results suggest that when wall thickness parameter
increases, there is a contrast in behaviors of velocity, temperature
and nanoparticle concentration if there is a condition that the shape
parameter is greater than or less than unity. For the former case,
the above flow properties reduce with wall thickness parameter,
whereas, for the latter case, those are showing significant growth.
The Brownianmotion of nanoparticles causes an increase in temper-
ature and a reduction in nanoparticle concentration, whereas due to
thermophoretic force, both temperature and nanoparticle concen-
tration rise. Due to the presence of activation energy in chemical
reaction, the nanoparticle concentration enhances, while, temper-
ature decreases(increases) near(away from) the sheet. With increas-
ing reaction rate parameters, nanoparticle concentration diminishes,
but temperature increases near the sheet. The surface drag force
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2 A. K. GAUTAM ET AL.

decreases with Williamson fluid parameter, while it increases with
the magnetic parameter, inverse Darcy number, and Forchheimer
parameter. On the other hand, the surface heat flux and surfacemass
flux are decreasing functions of Williamson fluid parameter, mag-
netic parameter, inverse Darcy number, and Forchheimer parameter.
It also reveals that surface heat flux reduces with increasing reaction
rate parameters, whereas surface mass flux increases. Finally, for the
growth of activation energy parameter, initially surface heat flux rises
and surfacemass flux declines, but for its larger values, the quantities
turn out to be constants. Also, the surface heat and mass fluxes are
decreasing functions of thermophoresis parameter.

Nomenclature

A a constant
B0 variable strength of magnetic field
C nanoparticle concentration
Cf local skin-friction coefficient
Cw concentration at the wall
C∞ concentration in the free-stream
c a constant
cF variable Forchheimer inertia coefficient
Da−1 inverse Darcy number
DB Brownian diffusion coefficient
DT thermophoretic diffusion coefficient
E activation energy parameter
Ea activation energy
f, F non-dimensional stream functions
Fr Forchheimer parameter
k variable permeability of porous medium
kr variable binary chemical reaction rate
k0 Boltzmann constant
M magnetic parameter
m shape parameter
n fitted rate constant
Nb Brownian motion parameter
Nt thermophoresis parameter
Nu local Nusselt number
Pr Prandtl number
Rc reaction rate parameter
Rex local Reynolds number
Sc Schmidt number
Sh local Sherwood number
T fluid temperature
Tw temperature at the wall
T∞ temperature in the free-stream
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WAVES IN RANDOM AND COMPLEX MEDIA 3

u, v velocity components in x, y directions
W Williamson fluid parameter or Weissenberg number

Greek symbols

α wall thickness parameter
α1 thermal diffusivity
� material time constant
η, ξ similarity variables
θ ,� non-dimensional temperatures
θw temperature difference parameter
ξ∞ a finite value of ξ
ρ fluid density
σ electric conductivity
τ ratio of heat capacity
υ kinematic viscosity
ϕ porosity
φ,� non-dimensional nanoparticle concentrations
ψ stream function

1. Introduction

To study the nature and behaviors of different fluids in various branches of science and
engineering, scientists focus their attention on the boundary layer phenomenon of fluid
motion. Also, many researchers work on simultaneous heat and mass transfer in fluid flow
with various physical properties.

The branch of science where the mathematical, as well as, physical structures of flow
dynamics of an electrically conducting fluid in a magnetic region is studied is known as
magnetohydrodynamics (MHD). Due to many applications of MHD, it is necessary to think
about the MHD effect in different fluid flow models and details of it may be found in the
article by Harada [1]. Along with MHD flows, many researchers are also attracted towards
the useful applications of fluid flow and heat transfer through a porousmedium in different
scientific and technical fields. Some of its popular applications noticed in the automobile
sector, gas turbines, heating and cooling phenomena, heat exchanger design, reactors
related to catalysis, etc. In addition, the fluid flow behaviors in porous media are useful in
grain storage, fermentation process, movements of water in reservoirs, groundwater sys-
tems, and groundwater pollution andmanymore. Themajor study of flow in porousmedia
is divided into two different fronts. The first one is the experimental study, which contains
areas, like physics, engineering, hydrology, etc. The second one is the theoretical study in
which mathematical forms of many complicated and useful flows are proposed and dis-
cussed. Many scientists and researchers have contributed to some analytical solutions of
such mathematical relationships and concluded some vital remarks. The consideration of
MHD effect on the flow through porous media converts the problem more realistic and
convenient. Ibrahim and Shankar [2] investigated MHD boundary layer flow of a stretching
sheet embedded in a non-Darcy porous medium.
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4 A. K. GAUTAM ET AL.

The progress of the research in the area of nanofluid is remarkable due to its extraordi-
nary applications indifferent engineering fields for its heat transfer enhancement character.
In literature, nanofluid formation and various applications of nanofluid in many commer-
cial and non-commercial purposes are explained [3–6]. When any fluid is engaged with
nanoparticles, then the resulting mixture is known as nanofluid. The trending studies on
nanofluid are recorded in the context of heat exchange and mass transfer characteristics.
Themost popular two-phase nanofluidmodel was explained by Buorgiorno [7] in which he
suggested a substitute for increasing the typical heat transfer coefficient. Masood et al. [8,
9] explained the non-Darcian flow of viscous nanofluid using Buorgiorno’s model and they
also reported the MHD nanofluid flow explaining its applications in biomedical fields.

On the basis of Newton’s law of viscosity, fluid is categorized into two categories. A fluid
which agrees with this law is called Newtonian fluid and fluid which does not agree with
this law is known as non-Newtonian fluid. In the last few years, many remarkable studies
in the area of non-Newtonian fluid models are recorded. A numerical analysis of features
of heat and mass transfer for the Sisko fluid model was contributed by Hamid et al. [10].
Iqbal et al. [11] fixed the effect of variable thermal conductivity, with zero mass flux condi-
tion on the flow of Carreau nanofluid and energy transport analysis. The MHD micropolar
nanofluid between rotating horizontal parallel plates was studied by Nadeem et al. [12]
and the effect of transversemagnetic field onmicropolar fluid was described byMehmood
et al. [13]. Verma et al. [14] reported the entropy generation in Maxwell nanofluid flowwith
temperature-dependent viscosity. Williamson fluid model is one of the non-Newtonian
fluid models in which shear-thinning properties have been noticed. Williamson proposed
this model and after that many researchers have worked considering this model [15–22]
taking different physical aspects, like, MHD effect, viscous dissipation, Joule heating, Darcy
or non-Darcy porous medium, thermal radiation, chemical reaction, Ohmic dissipation,
unsteady flow condition, nanoparticles in flow field, etc.

For many industrial purposes and some commercials applications, like, the formation of
plastic sheets, paper production, polymer press, etc., stretched surfaces have a vital role.
Firstly, Khan and Pop [23] studied the boundary layer flow of a nanofluid past a stretching
sheet. In the progressive contribution of such a study, Nadeem and Hussain [24, 25] had
been initiated an interesting feature for the flow of the boundary layer over the stretch-
ing surface by considering Williamson fluid. In recent years, the boundary layer flow of
Newtonian and non-Newtonian fluid over expanding surface with variable thickness is
highlighted, which is quite natural because it is a realistic structure for expansion of sheet.
The boundary layer flow on an expanding sheet having variable thickness was analyzed
by Fang et al. [26]. Khader and Megahed [27] studied numerically the boundary layer flow
past a nonlinear expanding sheet with slip effect and variable sheet thickness. MHD radia-
tive nanofluid flow due to nonlinear stretching sheet considering variable sheet thickness
was studied by Daniel et al. [28]. Masood and Farooq [29] examined characteristics of
MHD hybrid nanofluid on an expanding sheet with thermal radiation and stratification.
Hayat et al. [30] studied Williamson nanofluid flow over a variable thicked surface. Hayat
et al. [31] also described the double-diffusive MHD flow of Williamson fluid. Aliy and Kis-
han [32] presented the Williamson nanofluid flow for surface of variable thickness using
a semi-analytical approach. Dawar et al. [33] reported 3D Williamson nanofluid flow over
a stretching sheet in Darcy-Forchheimer porous medium and obtained optimal solutions.
Reddyet al. [34] analyzedMHDWilliamsonnanofluid flowover a stretching sheet of variable

Downloaded from https://iranpaper.ir
https://www.tarjomano.com https://www.tarjomano.com



WAVES IN RANDOM AND COMPLEX MEDIA 5

thickness having variable thermal conductivity. Hayat et al. [35] illustrated chemically radia-
tive Williamson nanofluid flow over a stretching sheet with variable thickness in a 3D
model. Khan et al. [36] investigated entropy generation analysis for the flow of Williamson
nanofluid with chemical reaction. Patil et al. [37] studied mixed convective 2D flow over a
stretching sheet of variable thickness with double-diffusive effect.

In chemistry and physics, activation energy is a popular terminology to study the chem-
ical reaction procedure in a critical situation. The credit is given to Swedish chemist S. A.
Arrhenius for introducing the word activation energy in 1889. The lower limit of energy
to start a chemical reaction is known as activation energy. In the last few years, some
researchers investigate the effect of Arrhenius activation energy on boundary layer flow
in the context of non-Newtonian fluid flow with the different physical aspects. Zaib et al.
[38] examined the second law analysis of Casson nanofluid flow model past a wedge con-
sidering activation energy and chemical reaction. Khanet al. [39] contributed to the entropy
generation optimization for Prandtl-Eyring nanofluid flow having binary chemical reaction
along with Arrhenius activation energy. Kumar et al. [40] examined the impact of radiation
on MHDWilliamson nanofluid flow over slandering stretching sheet with a source of heat.
Khanet al. [41] examined thedouble stratificationand transportationof activationenergy in
Oldroyd-B nanofluid over a surface with variable thickness and obtained a semi-analytical
solution. Hamid et al. [42] reported the impact of binary chemical reaction on unsteady
flow of MHD-Williamson nanofluid considering activation energy. Irfan et al. [43] investi-
gated theperformanceof activationenergy formixedconvective3DCarreaunanofluid flow
with thermal radiation. Mustafa et al. [44] examined the buoyancy-driven MHD nanofluid
flow on a vertical surface with chemical reaction and activation energy. Ramzan et al. [45]
analyzed the buoyancy effects for micropolar MHD fluid with thermal radiation, double
stratification, chemical reaction and also activation energy.Mustafa et al. [46] examined the
flow of Cross fluid with activation energy and binary chemical reaction and it is a pressure-
driven flow. Hayat et al. [47] investigated the flow of Carreau fluid with activation energy,
cross-diffusion effect and heat source. Khan et al. [48] discussed the impact of nonlinear
radiation and activation energy on Cross nanofluid flow. Irfan et al. [49] obtained dual solu-
tions for the unsteady flowof Carreau nanofluidwith activation energy andbinary chemical
reaction. Recently, Reddy et al. [50] examined the 3D flow of Eyring-Powell nanofluid past
a slandering surface with taken into account the activation energy and binary chemical
reaction.

Motivated by the significance of variable thickness of expanding surface to gener-
ate the flow and by the major impact of activation energy along with chemical reaction
on non-Newtonian nanofluid boundary layer, here the effects of activation energy and
binary chemical reaction on MHD boundary layer flow of Williamson nanofluid in a non-
Darcian porous medium over an expanding sheet with variable thickness are investigated.
The study of influences of activation energy and chemical reaction in non-Newtonian
Williamson nanofluid flow induced by an expanding sheet of variable thickness is quite a
novel problem. The introduction of non-Darcian porous medium along with a magnetic
field makes the physical problem more interesting and attractive in scientific and applica-
tion viewpoints. Also, numerical solutions of converted the governing equations, i.e. the
non-linear ordinary differential equations(ODEs) are achieved byMATLAB function ‘bvp4c’.
Graphical and tabular forms of computed results are presented and discussed.
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2. Mathematical formulation

Consider the two-dimensional steady laminar MHD boundary layer flow of an incompress-
ible Williamson nanofluid over an expanding impermeable surface of variable thickness
embedded in a non-Darcy porous medium with binary chemical reaction and Arrhenius
activation energy. It is assumed that the fixed point of the sheet is located at a fixed slot,
from where the sheet is being pulled in the direction of fluid motion. The x-axis is consid-
ered along the expanding surface which is in the direction of the motion of sheet, whereas
y-axis is considered upright to it. The magnetic Reynolds number is assumed to be small
enough, so that the induced magnetic field may be ignored. In addition, thermal radiation
in the flow field is considered to be very insignificant. Also, our assumption is that the sheet
is not flat, i.e. the thickness of the sheet is variable.

Considering all the above assumptions, the governing boundary layer equations of
motion are specified as [51, 52]:

∂u

∂x
+ ∂v

∂y
= 0, (1)

u
∂u

∂x
+ v

∂u

∂y
= υ

∂2u

∂y2
+

√
2υ�

∂u

∂y

∂2u

∂y2
− σB02

ρ
u − υ

k
ϕu − cFϕu

2 (2)

u
∂T

∂x
+ v

∂T

∂y
= α1

∂2T

∂y2
+ τ

[
DB
∂C

∂y

∂T

∂y
+ DT

T∞

(
∂T

∂y

)2
]
, (3)

u
∂C

∂x
+ v

∂C

∂y
= DB

∂2C

∂y2
+ DT

T∞
∂2T

∂y2
− kr

2
(

T

T∞

)n

e−Ea/k0T (C − C∞), (4)

with boundary conditions [34]

u = Uw(x) = U0(x + c)m, v = 0, T = Tw(x), C = Cw(x) at y = A(x + c)
1−m
2

u → 0, T = T∞, C = C∞ at y → ∞ (5)

where u and v are velocity components in x and y directions, respectively, T and C are
fluid temperature and nanoparticle concentration, respectively, Tw and Cw are temperature
and concentration at the wall, respectively, T∞ and C∞ are temperature and concentra-
tion in the free-stream, respectively,DB andDT are Brownian diffusion and thermophoretic
diffusion coefficients, respectively, �, ρ, α1, σ , υ , ϕ, Ea, n, τ , m are material time con-
stant, fluid density, thermal diffusivity, electric conductivity, kinematic viscosity, porosity,
activation energy, fitted rate constant, ratio of heat capacity, and shape parameter, respec-
tively, B0[= B′

0(x + c)(m−1)/2] is variable strength of magnetic field, k[= k′/(x + c)m−1] is
variable permeability of porous medium, cF[= c′F/(x + c)] is variable Forchheimer inertia
coefficient for second-order resistance, kr[= k′

r(x + c)(m−1)/2] is variable binary chemi-
cal reaction rate, k0 is Boltzmann constant and c is a constant. Here, the positive shape
parameterm = 1 stands for flat stretching sheet;m < 1 corresponds the increasing thick-
ness shape of the sheet along the flow direction and m > 1 gives the decreasing thick-
ness shape [53]. Also, A is a constant, which controls the rate of increase/decrease of
sheet thickness. A schematic of the physical problem with geometrical detail is plotted in
Figure 1.

Downloaded from https://iranpaper.ir
https://www.tarjomano.com https://www.tarjomano.com



WAVES IN RANDOM AND COMPLEX MEDIA 7

Figure 1. Geometry and physical sketch of problem.

The following transformations are introduced [53]:

ψ(x, y) =
√

2U0υ
m+1 (x + c)

m+1
2 f (η), η = y

√
U0(m+1)

2υ (x + c)
m−1
2 ,

T−T∞
Tw−T∞ = θ(η), C−C∞

Cw−C∞ = φ(η),

}
(6)

where ψ is stream function with

u = ∂ψ

∂y
, v = −∂ψ

∂x
(7)

So, u = U0(x + c)mf ′(η) and v = −
√
(m+1)U0υ(x+c)m−1

2

[
f ′

(
m−1
m+1

)
η + f

]
.

Using above transformations, equations (2)–(4) are finally reduce to:

f ′′′ + Wf ′′ f ′′′ − (M + Da−1)f ′ −
(
Fr + 2m

m + 1

)
(f ′)2 + ff ′′ = 0 (8)

θ ′′ + PrNbφ′θ ′ + PrNt(θ ′)2 + Pr fθ ′ = 0 (9)

Nbφ′′ + Ntθ ′′ + Nb Sc fφ′ − Nb Sc Rc φ(1 + θθw)
ne

−E
1+θθw = 0 (10)

where W = �

√
U3
w(m+1)
υ(x+c) , M = 2σB′

0
2

(m+1)ρU0
, Da−1 = 2υ

(m+1)k′U0
, Fr = 2ϕc′F

(m+1) , Nb = τDB(Cw−C∞)
υ

,

Nt = τDT (Tw−T∞)
υT∞ , Pr = υ

α1
, Sc = υ

DB
, θw = Tw−T∞

T∞ , E = Ea
k0T∞ , Rc = 2k′

r
2

(m+1)U0
are Williamson

fluid parameter or Weissenberg number, magnetic parameter, inverse Darcy number,
Forchheimer parameter, Brownian motion parameter, thermophoresis parameter, Prandtl
number, Schmidt number, temperature difference parameter, activation energy parameter
and reaction rate parameter, respectively.
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From equation (5), corresponding boundary conditions are:

f (α) = α

(
1 − m

1 + m

)
, f ′(α) = 1, θ(α) = 1, φ(α) = 1, f ′(∞) = 0, θ(∞) = 0, φ(∞) = 0

(11)

where α = A
√

U0(m+1)
2υ is the wall thickness parameter.

Using the following transformations:

F(ξ) = F(η − α) = f (η), �(ξ) = �(η − α) = θ(η), �(ξ) = �(η − α) = φ(η)

the equations (8)–(10) become

F′′′ + WF′′F′′′ − (M + Da−1)F′ −
(
Fr + 2m

m + 1

)
(F′)2 + FF′′ = 0 (12)

�′′ + PrNb�′�′ + PrNt(�′)2 + Pr F�′ = 0 (13)

Nb�′′ + Nt�′′ + Nb Sc F�′ − Nb Sc Rc�(1 +�θw)
ne

−E
1+�θw = 0 (14)

with boundary conditions

F(0) = α

(
1 − m

1 + m

)
, F′(0) = 1, �(0) = 1, �(0) = 1,

F′(∞) = 0, �(∞) = 0, �(∞) = 0 (15)

Physical quantities for engineering interest, such as local skin-friction coefficient, local
Nusselt number and local Sherwood number are given by:

Re1/2x Cf =
√
(m+1)

2 F′′(0)
[
1 + W

2 F
′′(0)

]
, Re−1/2

x Nu = −
√
(m+1)

2 �′(0) and

Re−1/2
x Sh = −

√
(m+1)

2 �′(0)

where Rex = UwX
υ

is the local Reynolds number with X = (x + c).

3. Method of solution

The above non-linear ODEs (12)–(14) with boundary conditions (15) constitute a bound-
ary value problem(BVP) and have been solved using MATLAB inbuilt function ‘bvp4c’ by
converting into an initial value problem(IVP) with a system of first-order ODEs. For proce-
dure and convergence analysis with error tolerance of bvp4c, one can look into the book
by Shampine et al. [54]. For obtaining solutions, we give different initial guesses forF′′(0),
�′(0) and �′(0), such that, it satisfies the boundary conditions, asymptotically. Also, here
we choose a fixed finite value of ξ → ∞, say ξ∞(= 12) and the equations (12)–(14) are
converted into a system of non-linear 1st order ODEs as:

y′
1 = y2, y′

2 = y3, y′
3 =

(
Fr + 2m

m+1

)
y22 + (M + Da−1)y2 − y1y3

1 + Wy3
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y′
4 = y5, y′

5 = − Pr y1y5 − Nt Pr y25 − Nb Pr y7y5

y′
6 = y7, y′

7 = Nt Pr y5(y1 + Nty5 + Nby7)− NbScy1y7 + NbScRc(1 + y4θw)ny6e
−E

1+y4θw

Nb

with y1(0) = α
(
1−m
1+m

)
, y2(0) = 1, y4(0) = 1, y6(0) = 1, where y1 = F(ξ), y4 = �(ξ) and

y6 = �(ξ).

4. Obtained results and necessary discussion

To explore the characteristics of non-NewtonianWilliamson nanofluid (Buongiornomodel)
flow in presence of activation energy and chemical reaction, the numerical results obtained
by the above described numerical scheme are plotted in figures and also presented in tab-
ular forms. At first, to validate the numerical results we have compared the values of−F′′(0)
forW = M = 0 and α = 0.5 with available data in literature by Fang et al. [26], Khader et al.
[27] and Reddy et al. [34] in Table 1 and it appears that our computed values have a good
agreement with those results. If the variations of some parameters are not visible in any
figure, then it obviously means that those parameters assume fixed values and those fixed
values of various parameters should be: W = 0.3, M = 0.3, Da−1 = 0.2, Fr = 0.4, Pr = 1.0,
Sc = 1.0,m = 0.5, Nb = Nt = 0.1, n = 0.5, θw = 0.2, Rc = 0.2, α = 0.8 and E = 0.5.

The influences of the most important parameter, Williamson fluid parameter W on
dimensionless velocity F′(ξ), temperature �(ξ) and nanoparticle concentration �(ξ) are
represented in Figure 2. ForW = 0, we can get the Newtonian fluid case from Williamson
fluidmodel and in this case, the velocity attains itsmaximumvalue, but growth ofW causes
a decrement in velocity, whereas contrary nature shows in temperature and nanoparti-
cle concentration. Williamson fluid parameter/Weissenberg number is the ratio of elastic
force to viscous force, hence as W rises the elastic force enriches or the viscous force
losses it strength or both. All three possibilities cause the reduction of velocity. In Figure
3, the impacts of magnetic parameter M on velocity, temperature and nanoparticle con-
centration profiles are demonstrated. Since the nature of the Lorentz force is of resisting
type for the fluid motion, therefore, for raising the value of magnetic parameter, velocity
is showing decreasing behavior, but due to Lorentz force temperature and nanoparticle
concentration enhances. Similar to magnetic field, due to presence of Darcy-Forchheimer
porous medium, two resisting forces arise. The first one is Darcy force for first-order resis-
tance and other one is Darcy-Forchheimer force for second-order resistance. A complete

Table 1. Comparative analysis of the values of−F′′(0)whenW = 0,M = 0 and α = 0.5.

Values of−F′′(0)

m Fang et al. [26] Khader and Megahed [27] Reddy et al. [34] Present Investigations

0.0 0.9576 0.9577 0.9576443 0.95764307
0.5 0.9799 0.9798 0.9799497 0.97994548
1.0 1.0000 1.0000 1.0000484 1.00000113
2.0 1.0234 1.0234 1.0234206 1.02341995
3.0 1.0359 1.0358 1.0358835 1.03588120
5.0 1.0486 1.0486 1.0486283 1.04862499
10.0 1.0603 1.0603 1.0603432 1.06033903
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Figure 2. Effects ofW on (a) velocity (b) temperature and (c) nanoparticle concentration profiles.

Figure 3. Effects ofM on (a) velocity (b) temperature and (c) nanoparticle concentration profiles.
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Figure 4. Effects of Da−1 and Fr on (a) velocity (b) temperature and (c) nanoparticle concentration
profiles.

view of the effects of those forces on velocity, temperature and nanoparticle concentration
is exhibited in Figure 4. For increments of inverse Darcy number Da−1 and Forchheimer
parameter Fr , velocity inside boundary layer shows reducing trend. The value of Da−1 is
inversely proportional to the permeability of the porous medium. So, as Da−1 rises Darcy
force becomes stronger andwhich causes the reduction in velocity. Similarly, for larger val-
ues of Fr the Darcy-Forchheimer force increases and it ultimately reduces the velocity. So,
due to the introduction of porous medium boundary layer thickness becomes thin. On the
contrary, for larger values of parameters Da−1 and Fr representing porous medium resis-
tance forces the temperature and concentration rise. If the permeability of the medium is
less, it means that porous medium is more compact and it enhances the conduction heat
transfer, which consequently causes the growth of nanofluid temperature inside boundary
layer. The changes in velocity, temperature and nanoparticle concentration on variations
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Figure 5. Effects of (a) α with m = 0.5, (b) α with m = 1.5 and (c) m on velocity, temperature and
nanoparticle concentration profiles.

of wall thickness parameter α and shape parameter m are shown in Figure 5. The effect
of wall thickness parameter is depicted for two cases of shape parameter: increasing and
decreasing shapes. It is interesting to note that for increasing thickness shape of sheet,
the velocity, temperature and nanoparticle concentration exhibit reducing tendency with
thickness parameter and for decreasing thickness shape of sheet, contrary characters are
observed with thickness parameter. With same stretching velocity, the vorticity generation
is very low for increasing thickness shaped sheet compared to the decreasing thickness
shaped sheet and this causes the reductions velocity, temperature and nanoparticle con-
centration inside boundary layer. Now, for increasing value ofm velocity, temperature and
nanoparticle concentration and their corresponding boundary layer thicknesses grow and
it is obvious due the change of sheet thickness structure asm increases.

In Figure 6, the effects of Brownian motion parameter(Nb) and thermophoresis param-
eter(Nt) on temperature and nanoparticle concentration profiles are presented. The occur-
rence of Brownian motion is recorded because of the collision of fluid molecules with the
nanoparticles. Due to this reason, there is an arbitrary motion of modest colloidal pieces,
which is totally suspended in the fluid. Thus, due to enhancement of the value of Brownian
motion parameter, the considerablemovement of nanoparticles is noticed and it grows up
the kinetic energy of the fluid. Due to this reason, the increment in temperature is observed
and nanoparticle concentration reduces. Whereas the force which arises from unsymmet-
rical intercourse of particles with surrounding fluid molecules as a result of a temperature
gradient is known as thermophoretic force and higher values of Nt means stronger ther-
mophoretic force. This force is behind the enhancements of temperature and nanoparticle
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Figure 6. Effects of Nb and Nt on (a) temperature and (b) nanoparticle concentration profiles.

concentration with growing values of Nt. Next, the influences of the activation energy
parameter (E), temperature difference parameter (θw) and reaction rate parameter (Rc)
on temperature and nanoparticle concentration profiles are demonstrated in Figure 7. A
minor but interesting effect of E on temperature is noted. For initial values of ξ , the temper-
ature diminishes with increasing E, but for higher values of ξ , the temperature is showing
increasing nature with E. Whereas, a clearly increment in nanoparticle concentration pro-
file is found with raising values of E and the minimum value of concentration occurs at
E = 0. In addition, it is worth noting that as the value of E becomes greater the effect comes
out to be less significant and this is expected due to its occurrence in inverse exponential
form. Physically, the activation energy is theminimumenergy required for commencement
of chemical reaction and so, reaction eases out the effects of activation energy. Also, the
effects of temperature difference parameter and reaction rate parameter on temperature
are minor, but opposite to that of activation energy parameter. It is also perfectly clear
that for increasing values of θw and Rc, the nanoparticle concentration profiles consider-
ably decrease. Due to the destructive nature of the chemical reaction, the concentration
of solid nanoparticles reduces. The influences of the Prandtl number(Pr) on temperature
profiles and the Schmidt number(Sc) on nanoparticle concentration profiles are displayed
in Figure 8. For higher values of Prandtl number, thermal diffusivity of the fluid decreases
and as a consequence the temperature and thermal boundary layer thickness reduce. Simi-
larly, with larger Schmidt number Brownian diffusion diminishes and it results in significant
reductions of nanoparticle concentration and its boundary layer thickness.

The variations in the 1st physical quantity of engineering interest, the local skin-friction
coefficient with Williamson fluid parameter, magnetic parameter, inverse Darcy number,
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Figure 7. Effects of E, θw and Rc on (a) temperature and (b) nanoparticle concentration profiles.

Figure 8. Effects of (a) Pr on temperature profiles and (b) Sc on nanoparticle concentration profiles.
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Figure 9. Variations in local skin-friction coefficient for various values of (a)W and M, (b) Da−1 and Fr ,
and (c) α andm.

Table 2. Values of skin-friction coefficient for different parameters.

W M Fr Da−1 m α Re1/2x Cf

0.0 0.3 0.4 0.2 0.5 0.8 −1.19691
0.1 −1.16997
0.2 −1.13964
0.3 −1.10405
0.3 0.0 −1.01197

0.6 −1.18506
1.0 −1.27974
0.3 0.0 −1.02948

0.8 −1.17193
1.2 −1.23409
0.4 0.0 −1.04410

0.5 −1.18505
1.0 −1.30139
0.2 1.0 −1.21625

1.5 −1.32847
2.0 −1.43550
0.5 0.2 −1.01944

0.4 −1.04692
0.6 −1.07513

Forchheimer parameter, wall thickness parameter and shape parameter are displayed in
Figure 9 and Table 2. The magnitude of skin-friction coefficient increases with increasing
magnetic parameter, inverse Darcy number, Forchheimer parameter, whereas it declines
with Williamson fluid parameter. For rise of magnetic parameter causes an increment in
Lorentz force and it results enhancement of the surface drag force. Similarly, due to growth
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Figure 10. Variations in local Nusselt number for various values of (a)W andM, (b)m and α, (c) Nb and
Nt, and (d) E and Rc.

Table 3. Values of local Nusselt number for different parameters.

W M Fr Da−1 m α Nb Nt Pr Rc Re−1/2
x Nu

0.0 0.3 0.4 0.2 0.5 0.8 0.1 0.1 1.0 0.2 0.5743753
0.1 0.5693850
0.2 0.5636044
0.3 0.5566109
0.3 0.0 0.5755040

0.6 0.5401566
1.0 0.5210163
0.3 0.0 0.5652622

0.8 0.5486878
1.2 0.5413608
0.4 0.0 0.5688873

0.5 0.5401566
1.0 0.5166296
0.2 1.0 0.4620222

1.5 0.4040744
2.0 0.3655915
0.5 0.2 0.4439551

0.4 0.4805880
0.6 0.5181614
0.8 0.2 0.5268038

0.3 0.4981688
0.4 0.4706924
0.1 0.2 0.5392626

0.3 0.5225082
0.4 0.5063315
0.1 0.71 0.4274852

2.0 0.9233804
3.0 1.2255101
1.0 0.4 0.5537137

0.6 0.5515445
0.8 0.5498277
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of inverse Darcy number and Forchheimer parameter the Darcy and Darcy-Forchheimer
resistant forces become stronger and consequently, the surface drag force, i.e. skin-friction
coefficient (in magnitude) augments. Also, the increase of W means that there is an
enhancement of the elastic force or a drop of the viscous force or both and it consequently
causes the fall down of the surface drag force. From the figure, one can understand that
when the value of shape parameter, m is less than 1 then the magnitude of skin-friction
coefficient increases with wall thickness parameter α and when m is greater than 1 then
it decreases with α. As α increases the velocity due to stretching is more for 0 < m < 1.
Also, for same reason as m grows surface drag force, i.e. the local skin-friction coefficient
augments. The second physical quantity which has immense engineering significance is
local Nusselt number which is plotted in Figure 10 and also exhibited in Table 3 for various
values ofW, M, Da−1, Fr ,m, α, Nb, Nt, E, and Rc. The local Nusselt number, i.e. surface heat
flux reduces with Williamson fluid parameter, magnetic parameter, inverse Darcy number
and Forchheimer parameter. Increase of resistant forces, like, Lorentz force, Darcy force,
Darcy-Forchheimer force causes the reduction of surface heat flux. In addition, the decay
of surface heat flux is found for increments in Brownianmotion parameter, thermophoresis
parameter, and reaction rate parameter. Due to Brownianmotion of nanoparticles temper-
ature in flow field becomehighdue to greater kinetic energy and it reduces the surface heat
flux though boundary layer temperature enhances. Whereas, for initial increment of activa-
tion energy parameter surface heat flux rises, but for higher values it becomes constant.
This fact is obvious for its form of effect as the minimum energy requirement for chemical
reaction and when the reaction starts it impact turns into a steady one. For larger values

Figure 11. Variations in local Sherwood number for various values of (a) Nb and Nt, (b) E and Rc, and (c)
E and θw .
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Table 4. Values of local Sherwood number for different parameters.

W M Fr Da−1 m α Rc θw E Nb Nt Re−1/2
x Sh

0.00 0.3 0.4 0.2 0.5 0.8 0.2 0.2 0.5 0.1 0.1 0.3365529
0.1 0.3352238
0.2 0.3338183
0.3 0.3323108
0.3 0.0 0.3385874

0.6 0.3279946
1.0 0.3242367
0.3 0.0 0.3342900

0.8 0.3306592
1.2 0.3292686
0.4 0.0 0.3362236

0.5 0.3279946
1.0 0.3235568
0.2 1.0 0.3880079

1.5 0.4316089
2.0 0.4672988
0.5 0.2 0.3365877

0.4 0.3355492
0.6 0.3340962
0.8 0.4 0.4670569

0.6 0.5783690
0.8 0.6743971
0.2 0.0 0.3188951

0.5 0.3507262
1.5 0.4016091
0.2 0.0 0.4129140

1.0 0.2741619
1.5 0.2337773
0.5 0.2 0.5344481

0.3 0.6015345
0.4 0.6348612
0.1 0.2 −0.0152269

0.3 −0.3347101
0.4 −0.6277559

of α, local Nusselt number is a decreasing function of shape parameter m. While, Nusselt
number enhances with α, only whenm < 1 and form > 1, it show contrary nature with α.
Because of the increasing/decreasing shape of sheet thickness, these outputs are observed.
The graphical and tabular presentations of 3rd physical quantity, the local Sherwood num-
ber are organized for various values of W, M, Da−1, Fr , m, α, Nb, Nt, E, θw , and Rc in Figure
11 and Table 4, respectively. The local Sherwood number diminishes withW,M, Da−1, and
Fr . There exist similar physical reasons for these results, like Nusselt number variations. On
the contrary, for higher values of Nb, Rc, and θw the surface mass flux, i.e. the Sherwood
number augments. The Brownian motions of nanoparticles act in favor of surface mass
flux increment, whereas, the thermophoretic force acts reversely. So, with Nt surface mass
flux decreases significantly. For small Nb negative surface mass flux, i.e. mass absorption is
observed. Brownian motion of nanoparticles hugely influenced the diffusivity of the solid
nanoparticles and it enriches the mass flux. Also, surface mass flux diminishes with growth
of activation energy parameter up to a certain level and after that it is constant. The activa-
tion energy affects the mass flux of solid nanoparticles directly in form of minimum energy
requirement for chemical reaction and for large values E of it is ineffective.
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5. Concluding remarks

Following points can be concluded from the investigation of impacts of activation energy
andbinary chemical reactiononMHDflowofWilliamsonnanofluidonanexpanding surface
of variable thickness embedded in Darcy–Forchheimer porous medium:

(a) Velocity is a decreasing function of W , M, Da−1, and Fr and temperature and
nanoparticle concentration are increasing functions of these parameters.

(b) Form < 1, the velocity, temperature and nanoparticle concentration decrease with
increasing values of α, while form > 1, those show a reverse trend with α. Also, the
velocity, temperature and nanoparticle concentration increase with increasingm.

(c) Due to thermophoretic force, temperature and nanoparticle concentration rise and
Brownian motions of nanoparticles results the increase in temperature and the
reduction in nanoparticle concentration.

(d) The presence of activation energy causes enhancement in the nanoparticle con-
centration, while, temperature decreases near the sheet and shows contrary nature
away from the sheet.

(e) Nanoparticle concentration diminishes with reaction rate parameter Rc and tem-
perature increases initially. The effect temperature difference parameter is same as
Rc.

(f) The magnitude of skin-friction coefficient increases and local Nusselt number and
local Sherwood number drop withM, Da−1 andFr .

(g) The magnitude of skin-friction coefficient, i.e. the surface drag force decreases
with Williamson fluid parameter W and local Nusselt number and local Sherwood
number also show same behavior with increase ofW.

(h) For m < 1, the surface drag force and surface heat flux increase with increment in
α, but form > 1, the influences of α are opposite.

(i) Surface heat and mass fluxes are decreasing functions of Nt.
(j) Surface heat flux decreases gradually with increasing Rc, but surface mass flux

increases with Rc.
(k) Initially, surface heat flux rises and surfacemass flux diminisheswith E, but for higher

values of E those become constants.
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