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Natural convection inside nanofluid superposed wavy porous
layers using LTNEmodel

Ammar I. Alsabery a,b, Ali S. Abosinnee a, Muneer A. Ismaelc, Ali J. Chamkhad and
Ishak Hashimb

aRefrigeration & Air-conditioning Technical Engineering Department, College of Technical Engineering,
The Islamic University, Najaf, Iraq; bDepartment of Mathematical Sciences, Faculty of Science & Technology,
Universiti Kebangsaan Malaysia, UKM Bangi, Selangor, Malaysia; cMechanical Engineering Department,
Engineering College, University of Basrah, Basrah, Iraq; dFaculty of Engineering, Kuwait College of Science
and Technology, Kuwait, Malaysia

ABSTRACT
This work describes the natural convection and thermodynamic irre-
versibility of alumina-water nanofluid filled inside a layered cavity.
The local thermal non-equilibrium (LTNE) approach is taken into con-
sideration. The cavity bed is considered as a wavy hot plate of a very
thin thickness, while its roof is thermally insulated. The heat is dis-
sipated from the cold vertical walls. A porous layer fills the cavity’s
lower half and is assumed toobey theDarcy-Forchheimermodel. The
finite-element method is adopted to compile the numerical results.
The relevant parameters assessed in this paper are theDarcynumber,
waviness of thehot bottomwall, porosity, volume fractionof alumina
nanoparticles and the modified ratio of thermal conductivity. The
obtained numerical results show that the LTNE condition expands as
theDarcy number augments, while a quasi-local thermal equilibrium
is attained with a higher modified ratio of thermal conductivity. The
waviness of the hot wall raises the Nusselt number of both the fluid
and the solid phases but producesmore entropy. It is quoted that the
augmentations in the fluid and solid phases of the Nusselt numbers
and the increase in the maximum entropy production are 42.25%,
69% and 55.5%, respectively.
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Nomenclature

A amplitude
Be Bejan number
D dimensionless thickness of the nanofluid layer, D = d/L
Da Darcy number
Cp specific heat capacity
g gravitational acceleration
GEG Dimensionless global entropy generation
H inter-phase heat transfer coefficient
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2 A. I. ALSABERY ET AL.

k thermal conductivity
K permeability of the porous medium
L width and height of the square cavity
N number of undulations
Nu average Nusselt number
Pr Prandtl number
Ra Rayleigh number
ReB Brownian motion Reynolds number
Sgen Entropy generation rate
SGEN Dimensionless entropy generation rate
Sθ dimensionless entropy generation due to heat transfer irreversibility
S� dimensionless entropy generation nanofluid friction irreversibility
T temperature
Tfr freezing point of the base fluid (273.15 K)
u, v velocity components in the x-direction and y-direction
U, V dimensionless velocity components in the X-direction and Y-direction
uB Brownian velocity of the nanoparticle
x, y X, Y space coordinates dimensionless space coordinates

Greek symbols

α thermal diffusivity
β thermal expansion coefficient
γ modified conductivity ratio
ε porosity of the medium
θ dimensionless temperature
μ dynamic viscosity
ν kinematic viscosity
ρ density
φ solid volume fraction

subscript

b bottom
c cold
f base fluid
h hot
m porous layer (porous media)
nf nanofluid phase
p solid nanoparticles
s solid phase

1. Introduction

Natural convection is one of the most important topics in current research work, mainly
when it occurs inside a partially filled porous cavity (fluid-porous layers). Many fields spe-
cialize in harnessing this concept in their applications, such as in engineering (fibrous and

Downloaded from https://iranpaper.ir
https://www.tarjomano.com https://www.tarjomano.com



WAVES IN RANDOM AND COMPLEX MEDIA 3

granular insulation systems, packed bed solar energy storage, water reservoirs, and post-
accident nuclear reactors cooling) as well as in geophysical such as (thermal circulation in
lakes and contaminant transport in groundwater) [1, 2]. One of the first studies that dealt
with this concept was in 1967, where [3] studied the boundary positions within the porous
media and the homogeneous liquid. Oztop [4] studied the free convection within a partly
cooled and tilted rectangular enclosure, and he came up with many results depending on
the enclosure’s inclination angle. In [5], an investigation of effective heat transfer asso-
ciated with convection heat transfer inside fully and partially porous enclosures, where
Darcy, Rayleigh and Nusselt numbers were calculated to measure the studied enclosure
geometrical features, the permeability of porous layer, and fluid characteristics. The inves-
tigation of [6] evaluated the convection flow and heat transfer inside enclosure partly filled
with a porous layer having non-Newtonian fluid including pseudoplastic behavior, and
discussed the influence of the porous layer thickness, Rayleigh number and power-low
index toward the heat transfer behavior. Mikhailenko et al. [7] examined the mechanism
that deals with uniform rotation and the porous layer in an electronic cabinet with a local
heat source. It studied the impacts of Rayleigh, Taylor, and Darcy numbers, porous layer
thickness on hydrothermodynamics. Saleh et al. [8] investigated the impacts of a flexible
membrane at unstable convective flow in an enclosure based on a vertical fluid-porous
layer.

Throughmany types of researchwork, the thermal properties of fluids have been shown
to improvebyusingnanoparticles in fluidswhich are termed ‘nanofluids’. Heat transfer con-
cerning nanofluids is applied in several fields such as electronics cooling, car radiators, heat
exchangers and machining [9]. The investigations of the influence of porous substances,
nanoparticles characters, and their concentrations toward transient natural convection
found that the application of nano-fluids within the porous situation could improve con-
vection heat transfer [10–15]. Alsabery et al. [16] explained the influence of Darcy number,
Rayleigh number, nanoparticle volume fraction and power-law index toward flow fields,
temperature distributions and overall heat transfer on the thermal conductivities basis of
nonfluid andporousmedium. A numerical analysis of [17]was performed to investigate the
fluid flow, entropy generation and heat transfer inside an enclosure including an internal
heat generation; the extracted results were depending on the position of the heat source
in the cavity.

It does know that the fluid and the porousmedium’s different physical properties signif-
icantly influence the heat transfer rule. A classification of the fluid flow and heat transfer
within a porous medium could be modeled employing local thermal equilibrium (LTE)
model or local thermal non-equilibrium (LTNE)model [18]. LTNE hypotheses can be applied
tomodel convectionheat changewithin porous substances; therefore, the fluid andporous
substance maintain various thermal conductivities. The extracted results of [19] showed
that periodic changes by positive and negative rates rise into the isotherms regarding the
fluid and solid phases; also the sinusoidal thermal boundary condition could improve the
heat transfer of the porous enclosure. Using LTNE, heat transfer within a cavity saturated
by porous material was investigated; the thickness of surfaces, the influence of the heat
transfer bifurcation intowalls’ interface and the porousmediumwere taken into account in
this research [19], where the results proved that the active surfaces’ location could notably
influence the fluid flow and isotherms range into the porous location and the isotherms
range within the solid surfaces.

Downloaded from https://iranpaper.ir
https://www.tarjomano.com https://www.tarjomano.com



4 A. I. ALSABERY ET AL.

The study of [20] examined the natural convection from different nanofluids inside
porous cavity employing LTNE condition. Sheremet et al. [21] examined convection
flow of a nanofluid within a differentially-heated square cavity partially loaded by a
heat-generating porous material using the LTNE approach; it remains exposed that the
dimensionless coefficient of heat transfer represents a perfect control parameter for the
convective flow. Sivasankaran et al. [22] analyzed the convection flow and heat changes
in an inclined nanofluid cavity having a heat-generating porous substance using the LTNE
model. Tahmasebi et al. [23] investigated thenatural convectionheat transfer into an enclo-
sure filled with three layers of the solid, porousmedium, and fluid is addressed. The porous
and fluid layers are saturated with a nanofluid where the LTNE used to model the porous
layer.

Free convection in a porous cubical enclosure has been examined through the bot-
tom wall’s wavy form and with including a conductive square cylinder inside of it [24].
Convection heat transfer numerically investigated employing the temperature gradient of
the hot inner ridged cylinder. Kadhim et al. [25] conducted a parametric numerical anal-
ysis regarding the free convection in a cavity, including facing wavy surfaces and porous
layer saturated with hybrid nanofluid for various incline angles. Alsabery et al. [26] exam-
ined the importance of the LTNE and water-based nanofluid on the free convection into
a porous enclosure with a bottom heated wavy surface and an internal solid cylinder. The
study achieved that the Darcy number, the volume of particles, and the modified conduc-
tivity ratio significantly influence the flow and temperature distributions. Alsabery et al.
[27] examined the influences of amplitude and heat source on convection heat transfer
of hybrid nanofluids within a wavy cavity using heatline procedure and finite-element
method. They found that the average heat transfer grown by the hybrid nanofluid was
higher than pure fluid and nanofluid.

Based on the inspection of the earlier literature and to the best of the authors’ knowl-
edge, there is no previous consideration of convection heat transfer within a nanofluid
superposedwavy porous layers using the LTNEmodel. Accordingly, this investigation intro-
duces an understanding of the LTNE condition of a nanofluid superposed wavy porous
layers via the fluid flow and heat transfer features.

2. Mathematical formulation

The steady two-dimensional natural convection problem in a wavy-walled cavity with
length L, as illustrated in Figure 1. Thewavy-walled cavity is divided into three segments, the
first layer (upper segment) is filled with a nanofluid and the second layer (lower segment) is
filledwith a porousmedium saturatedwith the nanofluid. The bottomwavy surface having
a constant hot temperature Th, while the vertical left and right surfaces are fixed at constant
cold temperatures Tc. Otherwise, the horizontal top and bottom surfaces are preserved in
an adiabatic situation. The edges of the domain (except for the interface surface between
the porous-nanofluid layer) are supposed to remain impermeable. The mixed liquid inside
the composite cavity performs as a water-based nanofluid holding Al2O3 nanoparticles.
The Forchheimer–Brinkman-extended Darcy approach and the Boussinesq approximation
remain appropriate. In contrast, the nanofluid phase’s convection and the solid matrix are
in local thermal non-equilibrium condition. The set of porous media applied in the follow-
ing output is glass balls (km = 1.05W/m.◦C). Examining earlier specified hypotheses, the
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WAVES IN RANDOM AND COMPLEX MEDIA 5

Figure 1. Physical model of convection in a wavy-walled cavity together with the coordinate system.

continuity,momentumand energy equations concerning theNewtonian fluid, laminar and
steady-state flow are formulated as:

For the nanofluid layer:

∂unf
∂x

+ ∂vnf
∂y

= 0, (1)

unf
∂unf
∂x

+ vnf
∂unf
∂y

= − 1
ρnf

∂p

∂x
+ μnf

ρnf

(
∂2unf
∂x2

+ ∂2unf
∂y2

)
, (2)

unf
∂vnf
∂x

+ vnf
∂vnf
∂y

= − 1
ρnf

∂p

∂y
+ μnf

ρnf

(
∂2vnf
∂x2

+ ∂2vnf
∂y2

)
+ βnfg (Th − Tc) , (3)

unf
∂Tnf
∂x

+ vnf
∂Tnf
∂y

= knf
(ρCp)nf

(
∂2Tnf
∂x2

+ ∂2Tnf
∂y2

)
. (4)

For the porous layer:

∂um
∂x

+ ∂vm
∂y

= 0, (5)

ρnf

ε2

(
um

∂um
∂x

+ vm
∂um
∂y

)
= −∂p

∂x
+ μnf

ε

(
∂2um
∂x2

+ ∂2um
∂y2

)

−
(

μnf

K
um − 1.75√

150ε3/2
ρnfum |u|√

K

)
, (6)
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ρnf

ε2

(
um

∂vm
∂x

+ vm
∂vm
∂y

)
= −∂p

∂y
+ μnf

ε

(
∂2vm
∂x2

+ ∂2vm
∂y2

)

−
(

μnf

K
vm − 1.75√

150ε3/2
ρnfvm |u|√

K

)
+ (ρβ)nfg(Th − Tc), (7)

um
∂Tm
∂x

+ vm
∂Tm
∂y

= εknf
(ρCp)nf

(
∂2Tm
∂x2

+ ∂2Tm
∂y2

)
+ h (Ts − Tm)

(ρCp)nf
, (8)

0 = (1 − ε)ks

(
∂2Ts
∂x2

+ ∂2Ts
∂y2

)
+ h (Tm − Ts) . (9)

where x and y are the fluid velocity components, |u| = √
u2 + v2 is the Darcy velocity, g is

the acceleration due to gravity, ε is the porosity of themedium and K is the permeability of
the porous medium which is define as follows:

K = ε3d2m
150(1 − ε)2

. (10)

Here dm represents the average particle size of the porous bed.
The thermophysical characteristics regarding the adopted nanofluid for 33nm particle-

size will be prepared as [28]:

(ρCp)nf = (1 − φ)(ρCp)f + φ(ρCp)p, (11)

ρnf = (1 − φ)ρf + φρp, (12)

(ρβ)nf = (1 − φ)(ρβ)f + φ(ρβ)p, (13)

μnf

μf
= 1

1 − 34.87
(
dp
df

)−0.3
φ1.03

, (14)

knf
kf

= 1 + 4.4Re0.4B Pr0.66
(

T

Tfr

)10 (kp
kf

)0.03

φ0.66. (15)

where ReB is defined as

ReB = ρf uBdp
μf

, uB = 2kbT
πμf d2p

. (16)

The molecular diameter of water (df ) is given as [28]

df = 0.1
[

6M
N∗πρf

] 1
3

. (17)

Currently, we present the employed non-dimensional variables:

(X , Y) = (x, y)
L

, Unf,m = unf,mL

αf
, Vnf,m = vnf,mL

αf
, θnf = Tnf − Tc

Th − Tc
,

θm = Tm − Tc
Th − Tc

, P = pL2

ρfα
2
f

, keff = εknf + (1 − ε)km, CF = 1.75√
150

.
(18)

This then yields the following dimensionless governing equations are:
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WAVES IN RANDOM AND COMPLEX MEDIA 7

In the nanofluid layer:

∂Unf

∂X
+ ∂Vnf

∂Y
= 0 (19)

Unf
∂Unf

∂X
+ Vnf

∂Unf

∂Y
= − ∂P

∂X
+ Pr

ρf

ρnf

μnf

μf

(
∂2Unf

∂x2
+ ∂2Unf

∂Y2

)
(20)

Unf
∂Vnf
∂X

+ Vnf
∂Vnf
∂Y

= − ∂P

∂Y
+ Pr

ρf

ρnf

μnf

μf

(
∂2Vnf
∂X2

+ ∂2Vnf
∂Y2

)

+ (ρβ)nf

ρnfβf
Ra Pr θnf (21)

Unf
∂θnf

∂X
+ Vnf

∂θnf

∂Y
= (ρCp)f

(ρCp)nf

knf
kf

(
∂2θnf

∂X2
+ ∂2θnf

∂Y2

)
. (22)

In the porous layer:

∂Um

∂X
+ ∂Vm

∂Y
= 0 (23)

1
ε2

(
Um

∂Um

∂X
+ Vm

∂Um

∂Y

)
= − ∂P

∂X
+ ρf

ρnf

μnf

μf

Pr
ε

(
∂2Um

∂X2
+ ∂2Um

∂Y2

)

− ρf

ρnf

μnf

μf

Pr
Da

Um − CF
√
U2
m + V2

m√
Da

Um

ε3/2
, (24)

1
ε2

(
Um

∂Vm
∂X

+ Vm
∂Vm
∂Y

)
= − ∂P

∂Y
+ ρf

ρnf

μnf

μf

Pr
ε

(
∂2Vm
∂X2

+ ∂2Vm
∂Y2

)

− ρf

ρnf

μnf

μf

Pr
Da

Vm − CF
√
U2
m + V2

m√
Da

Vm
ε3/2

+ (ρβ)nf

ρnfβf
Ra Pr θm

(25)

1
ε

(
Um

∂θm

∂X
+ Vm

∂θm

∂Y

)
= ks

kf

(ρCp)f
(ρCp)nf

(
∂2θm

∂X2
+ ∂2θm

∂Y2

)

+ (ρCp)f
(ρCp)nf

H (θs − θm) , (26)

0 = ∂2θs

∂X2
+ ∂2θs

∂Y2
+ γH (θm − θs) . (27)

The dimensionless boundary conditions of Equations (19)–(27) are:

On the bottom hot wavy surface :

U = V = 0, θm = 1, A(1 − cos(2NπY)), 0 ≤ X ≤ 1, (28)

On the left cold vertical surface :

U = V = 0, θnf = θm = 0, X = 0, 0 ≤ Y ≤ 1, (29)

On the right cold vertical surface :

U = V = 0, θnf = θm = 0, X = 1, 0 ≤ Y ≤ 1, (30)
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8 A. I. ALSABERY ET AL.

On the top adiabatic horizontal surface :

U = V = 0,
∂θnf

∂Y
= 0, 0 ≤ X ≤ 1, Y = 1, (31)

The dimensionless boundary forms toward the interface between the nanofluid and the
porous layers will be obtained from (1) the continuity of tangential and normal velocities,
(2) shear and normal stresses, (3) temperature and the heat flux crossed the central inter-
face and allowing an identical dynamic viscosity (μnf = μm) into both layers. Therefore, the
interface dimensionless boundary conditions can be addressed as the following:

θnf|Y=D+ = θm|Y=D− , (32)

∂θnf

∂Y

∣∣∣∣
Y=D+

= keff
knf

∂θm

∂Y

∣∣∣∣
Y=D−

, (33)

Unf|Y=D+ = Um|Y=D− , (34)

Vnf|Y=D+ = Vm|Y=D− , (35)

where D denotes the nanofluid layer’s thickness, and the subscripts + and − are indi-
cated that the correspondingmeasures are estimatedwhile addressing the interface of the

nanofluid and porous layers, respectively. Ra = gβf (Th−Tc)L3

νfαf
is the Rayleigh number of the

base fluid and Pr = νf
αf

is the Prandtl number of the base fluid.
The local Nusselt numbers (Nunf and Nus) at the wavy bottom surface for the nanofluid

and the solid phase can be written, respectively, as follows:

Nunf = −keff
kf

(
∂θnf

∂n

)
n
. (36)

Nus = −ks
kf

(
∂θs

∂n

)
n
, (37)

Here n determines the entire length of the curved heat source.
Lastly, the average Nusselt numbers at the wavy bottom surface within the nanofluid

and the solid phase are addressing with the following:

Nunf =
∫ n

0
Nunfdn, (38)

Nus =
∫ n

0
Nusdn. (39)

The entropy production related to the nanofluid layer is provided by [29]:

Snf = knf
T20

[(
∂T

∂x

)2

+
(

∂T

∂y

)2
]

+ μnf

T0

[
2
(

∂u

∂x

)2

+ 2
(

∂v

∂y

)2

+
(

∂u

∂x
+ ∂v

∂x

)2
]
. (40)

While the entropy production related to the porous layer is addressed by [30]:

Sm = keff
T20

[(
∂T

∂x

)2

+
(

∂T

∂y

)2
]

+ μf

T0

[
2
(

∂u

∂x

)2

+ 2
(

∂v

∂y

)2

+
(

∂u

∂x
+ ∂v

∂x

)2
]
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+ μf

KT0

(
u2 + v2

)
. (41)

In dimensionless form, Equation (40) can be expressed as:

SGEN,nf = knf
kf

[(
∂θ

∂X

)2

+
(

∂θ

∂Y

)2
]

+ μnf

μf
Nnf

{
2

[(
∂U

∂X

)2

+
(

∂V

∂Y

)2
]

+
(

∂2U

∂Y2
+ ∂2V

∂X2

)2
}
, (42)

where Nnf is the irreversibility distribution ratio within the nanofluid layer can be
represented by:

Nnf = μf T0
kf

(
αf

L(T)

)2

, (43)

and SGEN,nf shows the dimensionless entropy generation rate:

SGEN,nf = Sgen,nf
T20L

2

kf (T)2
. (44)

The terms of Equation (48) can be separated according to the following form:

SGEN,nf = Snf,θ + Snf,� , (45)

where Snf,θ and Snf,� are the entropy generation due to heat transfer irreversibility (HTI) and
the fluid friction irreversibility (FFI) of the nanofluid layer, respectively.

Snf,θ = knf
kf

[(
∂θ

∂X

)2

+
(

∂θ

∂Y

)2
]
, (46)

Snf,� = μnf

μf
Nnf

{
2

[(
∂U

∂X

)2

+
(

∂V

∂Y

)2
]

+
(

∂2U

∂Y2
+ ∂2V

∂X2

)2
}
. (47)

In dimensionless form, Equation (41) can be expressed as:

SGEN,m = keff
kf

[(
∂θ

∂X

)2

+
(

∂θ

∂Y

)2
]

+ μnf

μf
Nm

×
{
Da

[
2

((
∂U

∂X

)2

+
(

∂V

∂Y

)2
)

+
(

∂2U

∂Y2
+ ∂2V

∂X2

)2
]

+ (
U2 + V2)} , (48)
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10 A. I. ALSABERY ET AL.

where

Nm = μf T0
kf

(
α2
f

K(T)2

)

is the irreversibility distribution ratio in the porous layer and

SGEN,m = SGEN,m
T20 L

2

kf (T)2
.

The terms of Equation (48) can be separated into the following form:

SGEN,m = Sm,θ + Sm,� , (49)

where Sm,θ and Sm,� are the entropy generation due to heat transfer irreversibility (HTI) and
fluid friction irreversibility (FFI) of the porous layer, respectively.

Sm,θ = keff
kf

[(
∂θ

∂X

)2

+
(

∂θ

∂Y

)2
]
, (50)

Sm,� = μnf

μf
Nm

×
{
Da

[
2

((
∂U

∂X

)2

+
(

∂V

∂Y

)2
)

+
(

∂2U

∂Y2
+ ∂2V

∂X2

)2
]

+ (
U2 + V2)} . (51)

In the dimensionless form, the local entropy generation can be expressed as:

SGEN = SGEN,nf + SGEN,m. (52)

The global entropy generation (GEG) is obtained by integrating Equation (52) over the
domain

GEG =
∫

SGENdX dY =
∫

SGEN,nfdX dY +
∫

SGEN,mdX dY . (53)

The Bejan number Be defined as:

Be =
∫
Snf,θdX dY + ∫

Sm,θdX dY

GEG
. (54)

When Be>0.5, the HTI is the dominant, while when Be<0.5, the FFI is the dominant.

3. Numerical method and validation

The governing dimensionless equations (19)–(27) subject to the boundary condi-
tions (28)–(35) are solved by the Galerkin weighted residual finite-element technique. The
computational region is discretized into small triangular portions.

These small triangular Lagrange componentswith various forms are applied to each flow
variable within the computational region. Residuals for each conservation equation exist
accomplished through substituting the approximations within the governing equations.
The Newton–Raphson iteration algorithm is adopted for clarifying the nonlinear expres-
sions into themomentumequations. The convergence from the current numerical solution
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Table 1. Grid testing for Nunf , Nus, and Be at different grid
sizes for Ra = 106, φ = 0.02, γ = 10, N = 3, and ε = 0.5.

Grid size Number of elements Nunf Nus Be

G1 1641 20.124 17.476 0.18366
G2 2076 20.131 17.485 0.18526
G3 2581 20.138 17.488 0.18579
G4 3420 20.142 17.492 0.18652
G5 7537 20.144 17.495 0.18654
G6 18068 20.144 17.499 0.18656

does consider, while the corresponding error toward each of the variables does fill the
resulting convergence criteria: ∣∣∣∣�i+1 − �i

�i+1

∣∣∣∣ ≤ 10−6.

To ensure the independence of the present numerical solution on the grid size of the
numerical domain, we have used different grid sizes to calculate the average Nusselt num-
ber of the nanofluid phase (Nunf ), average Nusselt number of the solid phase (Nus) and
Bejan number (Be) for the case of Ra = 106, φ = 0.02, γ = 10, N = 3, and ε = 0.5. The
results are shown in Table 1 indicate insignificant differences for the G6 grids and above.
Therefore, for all computations in this paper for similar problems to this subsection, the G5
uniform grid is employed in Figure 2.

Concerning the validation for the current numerical data, the outcomes are examined
with earlier published experimental outcomes achieved by Beckermann et al. [31] toward
the natural convection within a square cavity including fluid and porous layers, as per-
formed in Figure 3. Besides that, a comparison is obtained among the resulting patterns
and the one implemented by Khanafer et al. [32] for the case of natural convection heat
transfer in a wavy non-Darcian porous cavity as displayed in Figure 4. According to the
above-achieved comparisons, the numerical outcomes of the existing numerical code are
significant to a great degree of reliability.

4. Results and discussion

Performance of the outcomes described by the streamlines, isotherms, and the isentropic
lines are addressed in this segment. We varied the following four parameters; the Darcy
number (10−6 ≤ Da ≤ 10−2), nanoparticle volume fraction (0 ≤ φ ≤ 0.04), modified con-
ductivity ratio (0.01 ≤ γ ≤ 1000), number of undulations (0 ≤ N ≤ 4), and the porosity of
themedium (0.2 ≤ ε ≤ 0.8). Otherparameterswere kept fixedatRa = 106,A = 0.1,H = 10
and Pr = 4.623, respectively. Table 2 displays the thermos-physical properties of the base
fluid (water) and the solid Al2O3 phases at T = 310 K.

Throughout the isolines presentation, we present four rows of contour maps, each row
for a specified parameter. The left contours refer to the flow rate represented by stream-
function lines (streamlines), the middle contours display two isotherms; solid lines for fluid
phase (nanofluid) and dashed ones for solid matrix (solid phase) which are restricted in
the porous layer. While the right maps stand for the global entropy generation (isentropic
lines). Figure 5 quote the isolines for different Darcy numbers at modified thermal conduc-
tivity ratio, γ = 10, nanofluid volume fraction φ = 0.02, three undulations wavy bottom
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12 A. I. ALSABERY ET AL.

Figure 2. FEM grid-points distribution for the grid size of 7537 elements.

wall N = 3 and porosity ε = 0.5. From the streamline contours, the flow rises from a situa-
tion close to the center of the wavy bottomwall and then bisects to two returning streams
at the top adiabatic wall. Thismechanism forms two counter rotating convective cells. With
a lowDarcy number (Da = 10−5), the convective cells are limited in the clear layerwhile the
porous layer looks stagnant. This is because the very low permeability of this layer. As the
Darcy number is elevated, the convective cells strengthen and extend down to the porous
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Figure 3. (a) Streamlines of [31] (left) and present study (right); (b) isotherms for Ra = 3.70 × 106,
Da = 1.534 × 10−5, ε = 0.9, D = 0.5 N = 0, keffkf = 37.47, and Pr = 6.44.

layer and their cores budge down. The isotherms of the lower permeability porous layer
reveal a short thermal plume in the clear layer. This accounts for the restricted convection.
At a higher Darcy number, a long thermal plume spouts from the wavy bottom wall as an
implication of the strong convection. Because the heat in the porous layer is transferred
mainly by conduction, we observe significant distinctions between the isotherms of the
fluid and solid phases, especially at the higher Darcy number. However, this considerable
local thermal non-equilibrium (LTNE) produces more entropy as can be observed in Figure
5(d). It is interesting to note that the entropy of the lower Da number is produced in the
clear layer, whereas at the higherDa, the porous layer participates in producing the entropy
as well.
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Figure 4. (a) (left) Numerical streamlines of [32] and (right) streamlines of the current work; (b) (left)
isotherms of [32] and (right) current work for Ra = 105,Da = 10−2, ε = 0.9,N = 3,D = 0, and Pr = 1.

Table 2. Thermophysical properties of water
with Al2O3 nanoparticles at T = 310 K [33].

Physical properties Fluid phase (water) Al2O3

Cp (J/kgK) 4178 765
ρ (kg/m3) 993 3970
k (Wm−1K−1) 0.628 40
β × 105 (1/K) 36.2 0.85
μ × 106 (kg/ms) 695 –
dp (nm) 0.385 33
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Figure 5. Streamlines (left), isotherms (solid lines for nanofluid phase and dashed lines for solid phase)
(middle), and isentropic lines (right) for Darcy number (Da); φ = 0.02, γ = 10, N = 3, and ε = 0.5.
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Figure 6. Local velocity (a), local average temperature of nanofluid phase (b) and local average temper-
ature of solid phase (c) with the horizontal line (X) for Y = 0.5 for differentDa;φ = 0.02, γ = 10,N = 3,
and ε = 0.5.

To support what we demonstrated in Figure 5, the local vertical velocity (V) and the local
temperatures of both fluid phase (θnf) and solid phase (θs) are plotted in Figure 6 along
X-axis atY = 0.5. The velocity distribution (Figure 6(a)) demonstrates how the flow switches
from stagnant state at Da = 10−5 to multi-directional flow (vortex) at higher Da number.
Meanwhile the deviations between θnf and θs clearly portray the LTNE between the fluid
and solid phases as shown in Figure 6(b) and (c). Because the convection augmentswithDa,
the temperature of the fluid phase acquires diverse patterns while the solid phase appears
almost with a parabolic distribution. It is noted that, in general, the solid phase is hotter
than the fluid one. This is due to the heat in the solid phase which is transferred solely by
conduction.

Downloaded from https://iranpaper.ir
https://www.tarjomano.com https://www.tarjomano.com



WAVES IN RANDOM AND COMPLEX MEDIA 17

Figure 7. Streamlines (left), isotherms (solid lines for nanofluid phase and dashed lines for solid phase)
(middle), and isentropic lines (right) for modified conductivity ratio (γ ); Da = 10−3, φ = 0.02, N = 3,
and ε = 0.5.
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Figure 8. Local velocity (a), local average temperature of nanofluid phase (b) and local average tem-
perature of solid phase (c) with the horizontal line (X) for Y = 0.5 for different γ ; Da = 10−3, φ = 0.02,
N = 3, and ε = 0.5.

The impact of the modified thermal conductivity ratio (γ ) is shown in Figures 7 and 8 by
fixing Da at 10−3. From the streamlines contours depicted in Figure 7, it can be seen that
the role of γ in driving the nanofluid is marginal, where the strength of cores decreases
only 4.7% as γ increased four orders of magnitude. It is seen also that the production of
entropy does the same, where it reduces 0.6% merely. Contrariwise, the isotherms show
distinct maps namely, the temperature of the solid phase matrix starts to from the thermal
plume as γ elevated. Moreover, these isotherms mostly coincide with those of fluid phase
as γ amplified to 1000. The elucidation of this can be drawn from the equation that bal-
ancing energy of porous solidmatrix (Equation (30)), which implies to that the temperature
difference between the fluid and solid phase diminishes as γ augments. The local distribu-
tions of V, θnf, and θs are plotted in Figure 8. As was observed in Figure 7, the movement
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Figure 9. Streamlines (left), isotherms (solid lines for nanofluid phase and dashed lines for solid phase)
(middle), and isentropic lines (right) for number of undulations (N); Da = 10−3, φ = 0.02, γ = 10, and
ε = 0.5.
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Figure 10. Local velocity (a), local average temperature of nanofluid phase (b) and local average tem-
perature of solid phase (c) with the horizontal line (X) for Y = 0.5 for different N; Da = 10−3, φ = 0.02,
γ = 10, and ε = 0.5.

of nanofluid is irrespective of γ (Figure 8(a)), while the temperature of nanofluid slightly
decreases (except at X = 0.5). However, diversified distributions of solid phase tempera-
ture are shown in Figure 8(c), where it can be noted that the distribution of θs diverts from
parabolic to plume-like as γ gained four order of magnitude. It is seen also that the solid
phase becomes colder until the mostly local thermal equilibrium dawns at γ = 1000.

The influence of the waviness of the lower wall is shown in Figures 9 and 10. Cores of
the convective cell retain their positions whatever the bottom wall undulated, whereas
the behavior of streamlines switches from the tapered at flat wall (N = 0) to elongated
form in other wavy walls. Two distinct values of stream functions can be drawn. The first
is maximal at N = 1, because the solely peak of this wall coincides with X = 0.5, the center
line along which the fluid rises up. The second is minimal at N = 4, where in this case the
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Figure 11. Streamlines (left), isotherms (solid lines for nanofluid phase and dashed lines for solid phase)
(middle), and isentropic lines (right) for porosity of the medium (ε); Da = 10−3, φ = 0.02, γ = 10, and
N = 3.
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Figure 12. Local velocity (a), local average temperature of nanofluid phase (b) and local average tem-
perature of solid phase (c) with the horizontal line (X) for Y = 0.5 for different ε; Da = 10−3, φ = 0.02,
γ = 10, and N = 3.

convective cells are influenced roughening-like action imparted by the multi peaks wall.
Regarding the isotherms, the solid phase isotherms acquire the triangular shape at N = 0
(Figure 9(a)) owing to the uniformity of the hot wall. The thermal plume within the clear
layer can be observed in all N values. The maximal entropy produced is indicated at N = 4
(Figure 9(d)). This is because the multi peaks wall holds random thermal boundary layers
and more disturbed streamlines. The velocity distribution (Figure 10(a)) demonstrates the
maximal stream function at single central peak (N = 1) and theminimal flow rate at rough-
ened wall (N = 4). Both distributions of θnf and θs disclose that the flat wall yields colder
phases while the wavy wall of N = 3 yields the opposite.

The role of the void spaces in the porous layer is studied by varying the porosity (ε)
with fixing the other parameters at Da = 10−3, φ = 0.02, γ = 10, and N = 3. Figure 11
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Figure 13. Variations of (a) average Nusselt number for nanofluid phase, (b) average Nusselt number
for solid phase and (c) Bejan number with Da for different φ at γ = 10, N = 3, and ε = 0.5.

demonstrates that increasing ε from 0.2 to 0.8, the rate of nanofluid flow is notably
increased. This because the availability of free space. Nevertheless, no prominent variations
are seen in the non-equilibrium between the isotherms of fluid and solid phases. Mean-
while the entropy production reduces suddenly when ε switches from 0.2 to 0.4, and then
monotonically up to ε = 0.8. This can be elucidated to the robust friction in the low poros-
ity layer. The perceptible strengthening of the nanofluid flow is demonstrated again by the
local velocity which is depicted in Figure 12(a). Figure 12(b) and (c) assert two results; the
first is that as ε elevates, the heat removed from the lowerwavywall is greater thus, the fluid
phase and the solid phase get hotter. The second result is that the local thermal equilib-
rium takes place almost at X = 0.5. Otherwise, the local thermal non-equilibrium is clearly
observed.

Apart from the contour maps and the local distribution of velocity and temperatures,
the average quantities of the Nusselt numbers (in the fluid θnf and solid phases θs) and
the Bejan’s number are shown plotted in Figures 13–17. However, three merits can be
drawn fromFigure 13, these are; (i) Nusselt andBejannumbers increaseswith increasing the
volume fraction φ of the alumina nanoparticles. The enhanced thermal conductivity with
φ, whichmotivates the energy transportation, can surely be considered themain reason of
this result. When Da number is less than 10−4, the low permeability restricts the nanofluid
motion therefore; (ii) Nusselt number unaffected by theDa and (iii) the entropy production
is based on thermal irreversibility (Be ≥ 0.5). As Da ≥ 10−4, the consequent free motion

Downloaded from https://iranpaper.ir
https://www.tarjomano.com https://www.tarjomano.com



24 A. I. ALSABERY ET AL.

Figure 14. Variations of (a) average Nusselt number for nanofluid phase, (b) average Nusselt number
for solid phase and (c) Bejan number with γ for different φ at Da = 10−3, N = 3, and ε = 0.5.

Figure 15. Variations of (a) average Nusselt number for nanofluid phase, (b) average Nusselt number
for solid phase and (c) Bejan number with Da for different N at φ = 0.02, γ = 10, and ε = 0.5.
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Figure 16. Variations of (a) average Nusselt number for nanofluid phase, (b) average Nusselt number
for solid phase and (c) Bejan number with φ for different N at Da = 10−3, γ = 10, and ε = 0.5.

Figure 17. Variations of (a) average Nusselt number for nanofluid phase, (b) average Nusselt number
for solid phase and (c) Bejan number with Da for different ε at φ = 0.02, γ = 10, and N = 3.
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provides efficientmixing and this in turn boosts Nusselt numbers and friction irreversibility,
i.e. reducing Bejan number less than 0.5.

Figure 14 elucidates negligible impact of the modified thermal conductivity ratio γ on
the θnf (Figure 14(a)), while θs is notably elevatedwith γ . This can be explained by interpret-
ing the higher γ can result from lower thermal conductivity of the solid matrix. Thus, the
temperature gradients of the solid phase get steeper and this elevates the Nusselt num-
ber of the solid phase θs. Bejan number increases slightly with γ however; it doesn’t show
dominant thermal irreversibility as can be seen in Figure 14(c).

The geometry of the lower hot wall plays a notable role on the Nusselt and Bejan
numbers. This can be observed in Figure 15, where the higher the waviness the hot wall
is the higher the Nusselt numbers. It is quoted that at Da = 10−3, the augments in θnf and
θs are 42.25% and 69%, respectively, when N increased from 0 to 4. A plausible explana-
tion of this result can be referred to that the substantial hot surface is obtainable withmore
undulations. However, with flat wall (N = 0), there is no roughening action on the fluid cir-
culation and this causes dominant thermal irreversibility especiallywhen the flow is already
restricted, i.e. low Darcy number (Figure 15(c)). In another display, the role ofN is portrayed
with φ and plotted in Figure 16. Eventually, we can quote from Figure 17 that when the
porosity of the porous layer gets higher, the sensitivity of θnf and θs to the Darcy number
starts earlier than with low porosity layer. Also, Bejan number is greater for higher porosity
medium. This is as a consequence of the activemovement of nanofluidwith higher porosity
media.

5. Conclusions

Natural convection and thermodynamic irreversibility in a layered cavity withwavy bottom
wall have been studied numerically in this paper. Alumina-water nanofluid fills the layers
of the cavity and the local thermal non-equilibrium between the fluid phase and the solid
matrix of the porous layer has been taken into consideration. Results are compiled by FEM
and the following conclusions are quoted.

(1) The local thermal non-equilibrium augments as the permeability (Darcy number)
grows.

(2) As the thermal conductivity of the solid phase reduces (higher modified thermal
conductivity ratio), a quasi-local thermal equilibrium is attained.

(3) The production of maximal entropy is recorded at; (i) highly undulation wavy wall
and (ii) lower porosity medium. Specially, when the number of undulations is
increased from 0 to 4, the percentage increase in the maximum entropy is about
55.5%,whilewhen the porosity is increased from0.2 to 0.8, the percentage decrease
in the maximum entropy is 70.5%.

(4) The Nusselt numbers of the fluid and solid phases are proportional to the Darcy
number as long as the latter is greater or equal to 10−4.

(5) The modified thermal conductivity ratio shows a negligible role on the Nusselt
number of the fluid phase while it exhibits a noticeable influence on that of the
solid phase. For instance, at specific parameters (Da = 10−3, ε = 0.5, N = 3, and
φ = 0.02), the increase in the solid-phase Nusselt number is 32% when is increased
from 1 to 100, while the fluid-phase Nusselt number shows only 0.5%.
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(6) For a higher Darcy number, the fluid-phase Nusselt number is greater than that of
the solid phase except when the modified conductivity ratio grows more than 100,
where the solid-phase Nusselt number becomes the greatest.

(7) The waviness of the bottom surface takes part in augmenting both Nusselt num-
bers in similar trends. Quantitatively, it is quoted that the augmentations in the
fluid- and solid-phase Nusselt numbers are 42.25% and 69%, respectively, when the
undulations of the wavy wall increase from 0 to 4.

(8) The volume fraction of the alumina nanoparticles augments asymptotically the
Nusselt numbers of both phases as well as Bejan number, where increasing the vol-
ume fraction from 0 to 0.03, augments the fluid-phase Nusselt number, solid-phase
Nusselt number and Bejan number by 25%, 27.5%, and 26%, respectively.
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