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Abstract A numerical interpretation is dedicated to analyse the flow and thermal characteristics of

multiwall carbon nanotube (MWCNT) - sodium alginate (SA) Casson nanofluid in a complex wavy

enclosure. The enclosure is designed with an insulated circular barrier under buoyancy effects. Two

parallel fins are installed inside the complex enclosure in which one of the fins is assumed as hot and

another one as cold. The enclosure is heated/insulated by the bottom/top wall. Forth-mentioned,

geometry with nanofluid is mathematically modelled using partial differential equations with appro-

priate thermal and velocity boundary conditions. A parametric numerical examination is carried

out via Galerkin finite element method for the key parameters such as Rayleigh number

(105<RaE<107), Casson parameter (0.01<c<1), solid volume fraction of MWCNT

(0.02<u<0.06), distance between the hot and cold fins (0.5<d<0.9) and the amplitude of the

waviness (0.05<A<0.15). The flow and thermal efficiency are studied through stream function, iso-

therms, and dimensionless velocities, local and averaged Nusselt numbers graphs. It is found that

the amplitude of the waviness, the distance between the fins, Casson parameter and Rayleigh num-

ber are the influential parameters on the flow and thermal patterns. The increased value of Rayleigh

number, Casson parameter, solid volume fraction of MWCNT and amplitude of waviness enhanced

the heat transfer rate by 257%, 189%, 30% and 116% respectively. Higher heat transfer rate is

achieved when d =0.5. Furthermore, a new Nusselt number correlation is derived and presented.
� 2021 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
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Nomenclature

d dimensionless distance between the hot and cold

fins
x, y distance along x and y coordinate (m)
X, Y dimensionless distance along x and y coordinate
u, v x and y components of velocity (m/s)

U, V x and y components of dimensionless velocity
p pressure (Pa)
P dimensionless pressure

L length of the enclosure (m)
H height of the enclosure (m)
T temperature (K)

Tc temperature of the cold surface (K)
Th temperature of the hot surface (K)
py yield stress
qCp

� �
NF

specific heat capacitance of nanofluid (kJ/K m3)

qCp

� �
SA

specific heat capacitance of Sodium alginate
(kJ/K m3)

qCp

� �
MWCNT

specific heat capacitance of multiwall carbon

nanotube (kJ/K m3)
kNF thermal conductivity of nanofluid (W m�1 K�1)
kSA thermal conductivity of sodium alginate (W m�1-

K�1)
kMWCNT thermal conductivity of multiwall carbon nan-

otube (W m�1 K�1)

PrSA Prandtl number of Sodium alginate

Gr Grashof number

RaE Rayleigh number
J anð Þ Jacobian matrix
RðanÞ Residual vector
Nuloc Local Nusselt Number

Nuavg averaged Nusselt Number

Greek symbols
c Casson parameter

h dimensionless temperature
qNF density of nanofluid (kg m-3)
qSA density of Sodium alginate (kg m-3)
qMWCNT density of multiwall carbon nanotube (kg m-3)

gNF dynamic viscosity of nanofluid (kg m-1 s-1)
gSA dynamic viscosity of Sodium alginate (kg m-1 s-1)
bNF thermal expansion coefficient of nanofluid (K�1)

bSA thermal expansion coefficient of Sodium alginate
(K�1)

bMWCNT thermal expansion coefficient of multiwall carbon

nanotube (K�1)
w stream function
u volume fraction of MWCNT
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1. Introduction

Buoyancy-driven convective cooling/heating is an attractive
mode of heat transfer in thermal engineering due to its advan-
tages in economy and simplicity. The convective heat transfer

inside various types of enclosure and annular space have a
wide range of applications in many engineering fields such as
aerospace engineering, textile engineering, automotive indus-

try, thermal storage systems and the design of micro-
electronic devices etc. The flow and thermal characteristics in
an enclosure can be modified by changing its geometry and
the working convectional fluids. Research communities are

giving much attention to attain an efficient and cost effective
heat transfer performance by inventing new designs and inno-
vative heat transfer fluids. Wavy and complex geometries are

widely used in many thermal processes. The flow and thermal
performance can be altered by changing the amplitude of wavi-
ness, inter wall spacing, phase angle, and wavelength etc.

Wavy configurations appear in cavity wall insulation, solar
collectors, industrial heat radiators, containers for grain stor-
age, heat exchangers and refrigerators, etc. Apart from the
configuration of the enclosure, the working fluids inside the

enclosure play a vital role in controlling the thermal efficiency.
Poor convective fluids like water, ethylene glycol, some lubri-
cants, polymer solutions and oil are considered as working flu-

ids which may affect the performance of thermal systems. It is
now possible to improve the thermal performance of poor car-
rier fluids with the use of a new interdisciplinary field nanofluid

technology which involves thermal engineering, nanoscience
and nanotechnology. It has applications in electronics, nuclear
reactors and chemical industries, modern and medical science,
food and space technologies etc. In this technology, the poor

working fluids can be converted into high performance
nanofluids [1–10] by suspending nanoscale metal, metallic oxi-
des, metal carbides, carbon nanotubes and nitrides etc in it.

Researchers and engineers are continuously working to
improve the thermal performance in complex shaped enclo-
sures with ordinary/nano fluids [11–22].

The applications of non-Newtonian fluids in various engi-
neering, industrial, biological and other branches of science
are increasing day by day due to their appropriate rheological

properties. The investigation on various non-Newtonian fluids
is a challenging one to the researchers, engineers and mathe-
maticians because of the complexity and non-linearity in the
governing equations. There are a number of models that are

derived to predict the non-Newtonian behavior of rheological
fluids [23–26]. Casson fluid is one such type of the interesting
non-Newtonian type fluid that is ideally defined as ‘‘ the liquid

which is assumed to have an infinite viscosity at zero rate of
shear and zero viscosity at an infinite rate of shear” [27]. Jelly,
soup, blood, tomato sauce, sodium alginate and honey are

some examples of Casson fluid. Natural convection in a square
enclosure filled with Casson fluid in the presence of viscous dis-
sipation and thermal radiation was investigated by Pop and
Sheremet [28]. Their investigation has shown that the Casson

parameter has a significant impact on the heat transfer perfor-
mance and the heat transfer is reduced by the growth of Eckert
number. Mehmood et al. [29] successfully applied the finite

volume method to solve the governing equations of convection
in cavity with Casson behaviour. Hamid et al. [30] studied the
convection of Casson fluid inside a trapezoidal cavity with par-

tially heated bottom wall. They reported that the heat transfer



Fig. 1 (a) The physical model and coordinate system (b) Mesh

generation of the system.
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rate at the middle of the cavity was greatly affected by Casson
fluid. The free convection mechanism of Casson fluid inside a
porous enclosure with bottom heated wall was investigated by

Aneja et al. [31]. They noticed an enhanced heat transfer inside
the enclosure with Casson and Darcy parameters. Alzahrani
et al. [32] explored the impacts of aspect ratio, Casson param-

eter, and thermal radiation in a rectangular box with entropy
generation and noticed higher kinetic energy inside the box
with Casson and thermal radiation parameters. The natural

convection of Casson fluid model inside an enclosure with dif-
ferently heated side walls was studied by Aghighi et al. [33].
Aneja and Sharma [34] analysed the double diffusive convec-
tion of Casson fluid inside a porous enclosure and disclosed

that the heat, mass transfer rates and fluid flow intensification
can be increased by Casson parameter. Yasmin et al. [35]
examined the flow and thermal behaviours of Casson fluid

with magnetic field effects in a non-uniformly bottom heated
cavity using the Brinkmann model. All above mentioned stud-
ies reveal the significance of Casson fluid in thermal transport

and much effort has not been taken to study Casson fluid
inside the different enclosures. Hence, the present investigation
is mainly concentrated on a Casson based MWCNT nanofluid

in a complex enclosure. The research on improving the heat
transfer efficiency with small devices is of great interest because
of its applications in chemical sciences, studies on surfaces,
heat recoveries etc. Researchers have shown that this can be

achieved by embedding conductive fins and obstacles in the
enclosure at different locations or extending the surfaces [36–
45]. Hatami and Safarti [46] studied the heat transfer of two

phase nanofluid due to a heated cylindrical obstacle inside a
complex shaped enclosure. They reported the best location
of the cylindrical obstacle for better heat transfer. The same

geometry was considered by Hatami [47] and reported the
influence of nanoparticles and wavy wall profiles on the heat
transfer using Response Surface Methodology. The impacts

of circular obstacle on the heat transfer and entropy genera-
tion of Al2O3 water inside an inclined enclosure were investi-
gated by Li et al. [48]. Hamzah et al. [49] analysed the effects
of the magnetic field and rotating cylinder inside a square

enclosure filled with Fe3O4 –water nanofluid. Hamid et al.
[50] analysed the convective flow of water based single wall
carbon nanotubes inside a horizontal ‘T’ shaped cavity with

adiabatic/hot/cold rectangular fin. They concluded that the
temperature decreased in the case of adiabatic/cold fin inside
the enclosure. Selimefendigil and Öztop [51] examined the

magnetic field impacts on the free convection of both single
and multi-wall carbon nanotubes inside the square enclosure
with corrugated fin. They noticed that the convection in the
cavity can be controlled by changing the triangular wave shape

of the corrugated partition. The flow and thermal behaviours
of water based single wall carbon nanotubes filled square
enclosure with multiple hot and cold fins at various locations

were investigated by Haq et al. [52]. They disclosed that higher
heat transfer and stronger flow occurred in the case of middle
heated vertical thin fin.

The main purpose of the present numerical interpretation is
to explore the convection flow of Casson based (Sodium algi-
nate) multiwall carbon nanotubes nanofluid in a wavy enclo-

sure with parallel hot/cold fins. The wavy enclosure is
considered with a circular adiabatic barrier at the middle of
the cavity. The enclosure is heated/insulated by the bottom/top
wall. A linearly fluctuating thermal boundary condition is
imposed at the side walls. The governing equations are solved
using Galerkin finite element method. The impacts of Rayleigh
number, Casson parameter, solid volume fraction of

MWCNT, distance between the parallel fins and the amplitude
of waviness of the wall are studied via stream function, iso-
therms, dimensional velocities, local Nusslet number and aver-

aged Nusselt number plots. Furthermore, a new correlation
model is presented in terms of all pertinent parameters. As
per the author’s knowledge, the present problem has not been

considered yet which may have important applications in solar
cells building insulation, electronic equipment, nuclear reactor,
and food storage industry. The model and the formulation of
the problem is given in the next section.

2. Problem statement and governing equations

The physical model under investigation is given in Fig.1 (a).
The design of the model is explained as follows:



3252 N. Vishnu Ganesh et al.
(i) A square enclosure with the dimension of length ‘L’ and

height ‘H’ is considered with L=H=1.
(ii) An insulated circular barrier is installed with the centre

(0.5L, 0.5H) and radius 0.1L.

(iii) The top and bottom of the enclosure are designed as
wavy walls with the use of the func-
tionsy ¼ 1� Að1� cosð8px=LÞÞand-
y ¼ Að1� cosð8px=LÞÞrespectively. Where A is the

amplitude of waviness. The top wall is insulated and
the enclosure heated from bottom with temperature
‘Th’. A linearly fluctuating thermal boundary condition

is imposed at the side walls.
(iv) A pair of fins embedded inside the enclosure in which a

fin nearer to right wall is located with the vertices

(0.24L,0.25H), (0.25L, 0.25H), (0.25L,0.75H) and
(0.24L, 0.75H) and assumed with temperature ‘Th’ .
Another fin is located with (0.75L, 0.25H), (0.76L,
0.25H), (0.76L, 0.75H) and (0.75L, 0.75H) assumed with

temperature ‘Tc’. The distance between the fins is fixed
as d* =0.5L (d L= d*).

Moreover, the forth mentioned geometry is filled with
MWCNT dispersed sodium alginate nanofluid. It is assumed
that the flow is two dimensional, laminar and incompressible.

It is also assumed a thermal equilibrium state between the
MWCNT and sodium alginate. The thermo-physical proper-
ties of suspension and base fluid are given in Table.1. The fun-

damental focus of the present study lies on the flow and
thermal behaviours that are affected by Rayleigh number, Cas-
son Parameter, solid volume fraction of MWCNT, distance
between the fins and the amplitude of waviness. The theoreti-

cal formulation of the present problem is given in the next
section.

3. Theoretical formulation

In this section, we will go through the theoretical derivation of
the governing equations. Hence, we employed the approxima-

tion of Boussinesq to obtain the following dimensionless vari-
ables and parameters:

XL ¼ x; YL ¼ y; qSAa
2
SAP ¼ pL2; V aSA ¼ vL;

U aSA ¼ uL; and Th � Tcð Þh ¼ T� Tc;

PrSA ¼ vSA
aSA

(Prandtl number), Gr ¼ bSA Th�Tcð Þ L3

g�1vSA
(Grashof

number), RaE ¼ PrSAGr (Rayleigh number). In addition, the
flow is governed by the mass, momentum and energy balanced

equations; mathematically, they can be expressed as
[8,9,11,21]:

VY þUX ¼ 0; ð1Þ
Table 1 Thermo physical properties of MWCNT and sodium algin

q (kg/m3)

Sodium alginate (C6H9NaO7) 989

Multiwall carbon nanotubes (MWCNTs) 1600
VUY þUUX þ PX

ðqNF

qSA
Þ ¼

ðgNF

gSA
ÞPrSA
ðqNF

qSA
Þ ðUYY þUXXÞð1þ 1

c
Þ; ð2Þ

VVY þUVX þ PY

qNF

qSA

� � ¼
gNF

gSA

� �
PrSA

qNF

qSA

� � VYY þ VXXð Þ 1þ 1

c

� �

þ bNF

bSA

� �
RaEPrSAh; ð3Þ

UhX þ VhY ¼
kNF

kSA

� �
qCpð Þ

NF

qCpð Þ
SA

� � hYY þ hXXð Þ: ð4Þ

On the other hand, the boundary conditions associated
with the above equations (1)-(4) are given by:

On the left and rightwalls :V=U=0, h=1-Y(0<Y<1),

On the bottomwavywall :V=U=0, h=1 (0<X=A
(1- cos(8pX))<1) ,

On the topwavywall :V=U=0, hn=0 (0<X=1-A

(1- cos(8pX))<1),
On the left hot fin : V= U = 0, h = 1,
On the right cold fin : V= U = 0, h = 0,

on the barrier : V ¼ U ¼ 0; hn ¼ 0: ð5Þ

It should be noted herein thatqNF

qSA
, gNF

gSA
, bNF

bSA
, kNF

kSA
and

qCpð Þ
NF

qCpð Þ
SA

are,

respectively, representing the effective density, effective viscos-
ity, effective thermal expansion coefficient, effective thermal

conductivity and effective thermal capacitance of the
MWCNT – sodium alginate nanofluid; where

qNF

qSA

¼ 1� uð Þ þ u
qMWCNT

qSA

;

gNF

gSA
¼ 1= 1� uð Þ5=2;

bNF

bSA

¼ 1� uð Þ þ u
bMWCNT

bSA

;

kNF

kSA
¼ ð1�uÞþ2uðkMWCNT=ðkMWCNT�kSAÞÞ½lnðkMWCNTþkSAÞ�lnð2kSAÞ�

ð1�uÞþ2uðkSA=ðkMWCNT�kSAÞÞ½lnðkMWCNTþkSAÞ�lnð2kSAÞ� ; and

ðqCpÞNF

ðqCpÞSA
¼ ð1� uÞ þ u

ðqCpÞMWCNT

ðqCpÞSA
:

The heat transport coefficient along the heated wavy bot-

tom part can be analysed using both the local Nusselt number
and the mean Nusselt number; given by

Nuloc ¼ �
� ð1� uÞ þ 2uðkMWCNT=ðkMWCNT � kSAÞÞ½lnðkMWCNT þ kSAÞ � lnð2kSAÞ�

ð1� uÞ þ 2uðkSA=ðkMWCNT � kSAÞÞ½lnðkMWCNT þ kSAÞ � lnð2kSAÞ�
�

ðhnÞn¼0
ate-based Casson fluid.

Cp (J/kg K) k (W/m K) Pr

4175 0.6376 6.45

796 3000 –
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(‘‘Local Nusselt Number”)

And Nuavg ¼
R
Bottomwall

Nulocdn (‘‘Mean Nusselt number”)

Where n is the coordinate normal to the surface.
Table 2 Test on grid sensitivity with u = 0.02, c =0.1,

Ra =106 and PrSA=6.45.

Grid Type No of Nodes No of Cells Nuavg

G1 19532 37967 3.865360

G2 21698 41846 3.553109

G3 23360 44703 3.551051

Fig. 2 Code validation results. (a) Comparison of isotherms with Ca

isotherms for various values of RaE with Kim et al. [60].
4. Numerical Methodology

The numerical experiment is carried out using Galerkin finite
element method [53–58]. The penalty finite element method is

utilized to remove the pressure in the momentum equations.
Using P ¼ �C VY þUXð Þ in equations (2) and (3), we obtain

UUX � C VY þUXð Þ
1� uð Þ þ uqMWCNTq

�1
SAð Þ þ VUY

¼ 1� uð Þ�5=2
PrSA

1� uð Þ þ uqMWCNTq
�1
SAð Þ UYY þUXXð Þ 1þ c�1

� �
; ð6Þ

UVX � C VYþUXð Þ
1�uð ÞþuqMWCNTq

�1
SAð Þ þ VVY ¼ 1�uð Þ�5=2 PrSA

1�uð ÞþuqMWCNTq
�1
SAð Þ VYY þ VXXð Þ 1þ c�1ð Þ

þ 1� uð Þ þ ubMWCNTb
�1
SA

� �
RaEPrSAh ;

ð7Þ
lcagani et al. [59]. (e = 4/5). (b) Comparison of stream lines and
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The residual equations of (6), (7) and (4) are obtained as
follow by using weak formulation and integration by parts.
By applying the following approxima-

tionsV � PN
k¼1Vk Hk X;Yð Þ; U � PN

k¼1Uk Hk X;Yð Þ;
h � PN

k¼1hk Hk X;Yð Þ, we obtain

R
ðUÞ
i ¼PN

k¼1

Uk

R
X

PN
k¼1

UkHk

� �
@Hk

@X
þ PN

k¼1

VkHk

� �
@Hk

@Y

� 	
Hi dXdYþ C

1�uð ÞþuqMWCNTq
�1
SAð Þ�

PN
k¼1

Uk

R
X

@Hi

@X
@Hk

@X
dXdYþPN

k¼1

Vk

R
X

@Hi

@X
@Hk

@Y
dXdY

� 	

þ 1�uð Þ5=2 PrSA
1�uð ÞþuqMWCNTq

�1
SAð Þ

PN
k¼1

Uk

R
X

@Hi

@X
@Hk

@X
þ @Hi

@Y
@Hk

@Y


 �
dXdY

� 	
1þ c�1ð Þ;

R
ðVÞ
i ¼ PN

k¼1

Vk

R
X

PN
k¼1

UkHk

� �
@Hk

@X
þ PN

k¼1

VkHk

� �
@Hk

@Y

� 	
Hi dX dYþ C

1�uð ÞþuqMWCNTq
�1
SAð Þ �

PN
k¼1

Uk

R
X

@Hi

@Y
@Hk

@X
dX dYþ PN

k¼1

Vk

R
X

@Hi

@Y
@Hk

@Y
dX dY

� 	

þ 1�uð Þ�5=2 PrSA

1�uð ÞþuqMWCNTq
�1
SAð Þ

PN
k¼1

Vk

R
X

@Hi

@X
@Hk

@X
þ @Hi

@Y
@Hk

@Y


 �
dX dY

� 	
1þ c�1ð Þ

� 1� uð Þ þ ubMWCNTb
�1
SA

� �
RaE PrSA

R
X

PN
k¼1

hkHk

� �
Hi dX dY;

R
ðhÞ
i ¼ PN

k¼1hk
R
X½ð

PN
k¼1UkHkÞ @Hk

@X
þ ðPN

k¼1VkHkÞ @Hk

@Y
�Hi dX dY

þ½
ðð1�uÞþ2uðkMWCNT=ðkMWCNT�kSAÞÞ½lnðkMWCNTþkSAÞ�lnð2kSAÞ�

ð1�uÞþ2uðkSA=ðkMWCNT�kSAÞÞ½lnðkMWCNTþkSAÞ�lnð2kSAÞ� Þ
ðð1� uÞ þ uðqCpÞMWCNTðqCpÞ�1

SAÞ
�

� ½PN
k¼1hk

R
X½@Hi

@X
@Hk

@X
þ @Hi

@Y
@Hk

@Y
� dXdY�:

With the help of reduced integration and Newton Raphson
approaches, above the system of non-linear algebraic equa-

tions is solved. In each iteration, we obtain a system of 3N
X 3N equations

J anð Þ an � anþ1

 � ¼ RðanÞ:
Fig. 3 Streamlines and isotherms for various RaE wi
Here J anð Þ and RðanÞare the Jacobian matrix and residual
vector respectively. Relations between the velocities and the
stream function for the present flow problem is given as:

wY ¼ U; �wX ¼ V;

which takes the following form

wYY þ wXX ¼ �VX þUY:

To investigate the stream function w, expand it into the

basis set Hkf gNk¼1as the following form:

R
ðUÞ
i ¼ PN

k¼1

Uk

R
X Hi

@Hk

@Y
dXdY� PN

k¼1

Vk

R
X Hi

@Hk

@Y
dXdY

þPN
k¼1

wk

R
X

@Hi

@X
@Hk

@X
þ @Hi

@Y
@Hk

@Y


 �
dXdY:
4.1. Grid Independent Test (GIT) and validation

A GIT is a crucial test for a novel study. Three types of grids
(G1, G2 and G3) are tested for the present study to check

whether the obtained results are independent of grid elements.
The outcomes of GIT are presented in Table 2 with the fixed
values of u = 0.02,c =0.1, RaE=106 and PrSA=6.45. Finally,

the G2 grid type has been chosen to achieve an ideal computa-
tional performance for the entire numerical study. Also the
generation of mesh is illustrated in Fig 1. (b).

4.1.1. Code validation without circular barrier

In the absence of circular barrier, the obtained results are com-
pared with the special case of Calcagni et al. [59]. The iso-

therms are plotted for various values of Rayleigh number
th c = 0.1, u =0.02, PrSA = 6.45 and A = 0.05.
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(105 and 106) and obtained a good agreement with Calcagni
et al. [59] (Fig 2(a)).

4.1.2. Code validation with circular barrier

The present results are also compared with the case of square
enclosure with hot circular barrier which was considered by
Kim et al. [60]. A very good agreement is observed in both

streamlines and isotherms for distinct values of Rayleigh num-
ber (105 and 106) with Kim et al. [60] (Fig. 2(b)).

4.2. Results and Discussion

The finite element simulations have been carried out to analyse
the impacts of Rayleigh number (105<RaE<107), Casson

parameter of sodium alginate (0.01<c<1), solid volume frac-
tion of MWCNT (0.02<u<0.06), distance between the hot
and cold fins (0.5<d<0.9) and the amplitude of the top and

bottom wavy walls (0.5<A<0.15) inside enclosure with circu-
lar barrier. The enclosure is filled with MWCNT- sodium algi-
nate nanofluid. Hot and cold fins are installed parallel to
vertical walls. The effects of physical parameters on the flow

and thermal behaviours are elucidated in Figs. 3-13. The
streamlines and the isotherms are presented in the first and sec-
ond rows of Figs. 3, 5, 7, 9 and 11 respectively. In Figs. 4,
Fig. 4 Impact of RaE with c = 0.1, u =0.02, PrSA = 6.45 and
6,8,10, and 12, the dimensionless velocities U and V are plotted
along the central horizontal and vertical axes, respectively, as
well as the local Nusselt number along the wavy heated bottom

wall.
The Rayleigh number impacts are demonstrated on the

streamlines and isotherms in Fig.3. On observing the stream

function (wmax), it can be seen that the streamlines are
strengthened with higher Rayleigh number. Positive stream
function values correspond to anticlockwise rotations, while

negative stream function values correspond to clockwise rota-
tions. The wavy enclosure is filled with two stronger anticlock-
wise vertical and two weaker horizontal clockwise elliptical
circulations (represented by the stream function, w). The verti-
cal circulations are formed between the vertical walls and the
cold/hot fins. The horizontal circulations are formed below
and above the adiabatic circular barrier. The centre of the

one vertical circulation is located at the top left corner in
between the left wall and the hot fin. This is due to the heat
provided by the bottom wall and the hot fin, nanofluid raised

up and only cooled at the top portion of the left wall because
of linearly varying temperature boundary condition and mov-
ing downwards in an elliptical path. But another vertical circu-

lation is formed between the cold fin and the right wall, the
centre is located at the bottom right corner. The heated nano-
fluid is raised up from the bottom and fully cooled by the cold
A = 0.05. (a) U variation (b) V variation (c) Nuloc variation.



Fig. 5 Streamlines and isotherms for various c with RaE= 106, u =0.02, PrSA = 6.45 and A = 0.05 .
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fin and moves in a vertical elliptical path. The nanofluid flow
forms clockwise elliptical rotations above and below the bar-

rier and the centre of upper circulation is located at the middle
of the horizontal axis and the centre of lower elliptical circula-
tion is located near the cold fin. When Rayleigh number

increases from 105 to 106, the centre of top horizontal elliptical
circulation moves towards the hot fin while the centre of bot-
tom horizontal elliptical circulation moves towards the cold
fin. Due to the higher buoyancy at RaE= 107, the vertical ellip-

tical circulation between the hot fin and vertical wall is spread-
ing horizontally downwards while the circulation between cold
fin and vertical right wall is spreading horizontally upwards. It

is very interesting to note that a good variation can be seen in
the stream function strength with higher Rayleigh number
because of the presence of higher buoyancy inside the enclo-

sure. The pattern of top horizontal elliptical circulation is dis-
torted and spread towards the right vertical wall; also a small
weaker vortex is observed at the top right corner. The flow of

nanofluid follows the pattern of wavy wall near the top and
bottom wavy walls.

It is noted that the pattern of isotherms is uniform when
RaE = 105 due to the domination of the conduction mode

of heat transfer. The isotherms are upward parallel to each
other between the right vertical wall and the hot fin and down-
ward parallel from the 3L/4th of the right vertical wall and the

cold fin. The pattern of isotherms slightly changes above the
hot and cold fins when RaE = 106. On observing the colour
bars, it is clear that the temperature gradient is increased with

Rayleigh number at the top portion of the enclosure. No
change has been observed below the hot fin. An irregular pat-
tern in isotherms is observed when RaE=107 due to the higher
buoyancy and pure convective mode of heat transfer. The iso-

therms are clustered at the top left corner, cold fin and the
wavy wall below the cold fin. The temperature gradient
increases with higher Rayleigh number above the hot fin and

barrier; also near the cold fin due to the convection.
The non-dimensional horizontal velocity U, the vertical

velocity V, and local Nusselt number for various values of

Rayleigh number are presented in Fig.4. Between the left ver-
tical wall and the hot fin, U increases with Rayleigh number,
while between the hot fin and the barrier, it decreases. An
opposite behaviour is observed between the right vertical wall

and the cold fin as well as cold fin and barrier (Fig. 4(a)). The
increasing values of Rayleigh number (105 - 106) increase the
vertical velocity V below the barrier and decrease above the

barrier. When RaE=107, the vertical velocity V decreases in
the interval 0<Y/H<0.2 and increases in 0.2<Y/H<0.4
below the barrier (Fig.4 (b)).The local Nusselt number curve

follows the wavy pattern along the wavy wall and it increases
with Rayleigh number (Fig 4(c)). The magnitude of the local
Nusselt number is higher near the cold fin than the hot fin.

The significance of Casson parameter on the streamlines,
isotherms, the velocities U &V and local Nusselt number is
depicted in Figs. 5 and 6. It should be mentioned that when
c ! 1, the present Casson fluid model reduces to Newtonian

fluid model. Fig. 5 is plotted for the Casson parameter c =
0.01, 0.1 and 1. It is noted that the increasing values of c inten-
sify the strength of the stream function. A similar pattern on

stream function as in Fig. 3 is obtained for c = 0.01, 0.1
and 1. The higher values of c show that the viscosity of the
Casson nanofluid decreases and therefore the velocity inside

the enclosure increases, consequently the magnitude of stream
function increases. It can be seen that a complex behaviour
occurs in the isotherms when c= 1 due to the convective mode
of heat transfer. The impacts of c are same as the impacts of

Rayleigh number on the horizontal and vertical velocities as



Fig. 6 Impact of c with RaE = 106, u =0.02, PrSA = 6.45 and A = 0.05 . (a) U variation (b) V variation (c) Nuloc variation.
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explained in Fig 4 (see Fig.6). The local Nusselt augments with
the increase of Casson parameter.

Fig. 7 demonstrates the impacts of solid volume fraction of

MWCNTs on streamlines and isotherms. The increasing values
of u slightly diminish the stream function strength and also a
slight change has been observed in the isotherms. On observing

the colour bars, it is clear that the temperature gradient
decreases at the top of the enclosure especially above the
heated fin, due to the addition of MWCNT suspensions. The

addition of MWCNTs in the sodium alginate nanofluid shows
considerable changes in both streamlines and isotherms. The
influences of nano solid volume fraction of MWCNT on U,
V and Nuloc are shown in Fig. 8. The increase of nano solid

volume fraction slightly decreases the horizontal velocity
between the vertical left wall and hot fin while it increases
between the hot fin and barrier. A reverse trend is observed

between barrier and cold fin as well as cold fin and right verti-
cal wall (Fig. 8(a)). The vertical velocity decreases with nano
solid volume fraction below the barrier and increases above

the barrier (Fig. 8(b)). The local Nusselt number rises with
the increase of nano solid volume fraction along the wavy
heated bottom (Fig. 8(c).
The impact of distance between the parallel fins inside the
wavy enclosure is reported in Figs. 9 and 10. A significant vari-
ation has been observed in both streamlines and isotherms by

increasing the distance between hot and cold fins (For the dis-
tance, d=0.5, the results are already discussed in previous fig-
ures). When the distance is fixed as d = 0.7, the surface area

between the fins and the vertical walls are decreased. Hence
the fluid occupies more volume of enclosure around the circu-
lar barrier. Two small anticlockwise rotations are observed

between the fins and the vertical wall. A primary clockwise cir-
culation with two secondary clockwise circulations is formed
above the barrier; also another clockwise circulation is formed
below the barrier which is nearer to the cold fin. The above

mentioned stream function pattern fully disappeared when
d= 0.9. It can be seen that the enclosure is filled with two
clockwise circulations around the circular barrier. The stron-

ger centre is located near the hot fin and the weaker centre is
formed near the cold fin.

The pattern of isotherms becomes more complex when the

distance between the fins is increased. The isotherms are clus-
tered below the cold fin in all cases. The parameter ‘d’ shows
an interesting result on both horizontal and vertical velocities



Fig. 7 Streamlines and isotherms for various u with RaE= 106, c =0.1, PrSA = 6.45 and A = 0.05.

Fig. 8 Impact of u with RaE = 106, c =0.1, PrSA = 6.45 and A = 0.05 . (a) U variation (b) V variation (c) Nuloc variation.
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Fig. 9 Streamlines and isotherms for various d (distance between the fins) with RaE= 106, c =0.1, Pr = 6.45, u = 0.02 and A = 0.05.

Fig. 10 Impacts of d (distance between fins) with RaE = 106, c =0.1, u = 0.02, PrSA = 6.45 and A = 0.05 . (a) U variation (b) V

variation (c) Nuloc variation.
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Fig. 11 Streamlines and isotherms for various A with RaE= 106, c =0.1, u = 0.02 and PrSA = 6.45.
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(Fig. 10). The horizontal velocity U is higher between the left
wall and the hot fin; also lower between the cold fin and the

right wall when d = 0.5 and 0.7. But a reverse trend is
observed when d= 0.9 (Fig. 10 (a)). The vertical velocity V
increases as d increases below the barrier. Above the barrier,

it increases when d = 0.9 and decreases when d = 0.7
(Fig. 10 (b)). The local heat transfer rate is higher in the enclo-
sure with the plate distance d = 0.5 (Fig. 10(c)).

The effects of amplitude of the waviness (A) on the stream-

lines and isotherms are elucidated in Fig.11 and the corre-
sponding velocity profiles and local Nusselt number are
plotted in Fig.12. The increase of amplitude of waviness

decreases the vertical surface area inside the enclosure, conse-
quently reduces the magnitude of stream function. The top and
bottom wavy walls compress both vertical and horizontal cir-

culations when A= 0.1. The nanofluid flow becomes weaker
when A = 0.15. The two horizontal circulations split into four
weaker circulations around the obstacles. The centres of verti-

cal circulations moved towards the centre of the vertical walls.
The temperature gradient increases/ decreases above the hot/-
cold fin as the amplitude of waviness increases. The horizontal
velocity ‘U’ decreases as ‘A’ increases between left vertical wall

and the hot fin while it increases as ‘A’ increases between the
cold fin and the right wall. The increase of ‘A’ reduces the ver-
tical velocity ‘V’ below the barrier and enhances above the bar-

rier. The local heat transfer rate along the wavy bottom
increases with the amplitude (Fig. 12(c)).

The three dimensional figures (Fig. 13) are plotted to exam-

ine the impacts of various important governing parameters.
The parameter RaE / Nuavg is fixed as x axis/y axis in all sub-
plots of Fig. 13 and c, u , d and A are taken as z axis respec-
tively in Figs. 13 (a) ,(b), (c) and (d) . The magnitude of Nuavg
enhances with RaE, c and u.

Higher heat transfer rate can be achieved with d = 0.5. A
new correlation of Nuavg is derived with the pertinent parame-

ters as follows:

Nuavg ¼ 1:8466þ 0:18466 c þ 0:036932u� 1:2872� 10�6RaE þ 0:9233 dþ 0:09233 A
þ0:015384c2 þ 0:00074386u2 � 2:985� 10�14Ra2E þ 0:46273 d2 þ 0:0046494 A2

þ0:0036932cuþ 4:2577� 10�6cRaE þ 0:09233cdþ 0:009233cAþ 3:1536� 10�5uRaE
þ 0:018466udþ 0:0018466uA� 1:5518� 10�6RaEdþ 3:9398� 10�5RaEAþ 0:046165 dA:

5. Conclusion

The incompressible, two dimensional, buoyancy driven con-
vection flow of MWCNT – sodium alginate Casson nanofluid

in a square enclosure with a circular barrier is examined. Par-
allel hot and cold fins are placed and analysed inside the enclo-
sure at different distances. The hot bottom and adiabatic top

walls are designed in a wavy pattern and a linearly varying
temperature boundary condition is assumed in the vertical
walls. The numerical examinations are executed with the help

of finite element method. Based on the findings, the subsequent
conclusions are derived.

� Appropriate grid type is chosen via GIT. The numerical val-
idations are found to be in good agreement with available
special case enclosure.

� Two vertical anti clockwise elliptical rotations between the

fins and vertical walls are observed. Two horizontal clock-
wise elliptical rotations are formed above and below the



Fig. 12 Impacts of A with RaE = 106, c =0.1, u = 0.02, PrSA= 6.45. (a) U variation (b) V variation (c) Nuloc variation.
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barrier when d = 0.5. When d = 0.7, two small anticlock-
wise rotations are observed between the fins and the vertical
wall. A primary clockwise circulation with two secondary
clockwise circulations is formed above the barrier; also

another clockwise circulation is formed below the barrier
which is nearer to the cold fin. The enclosure is filled with
two clockwise circulations around the circular barrier when

d = 0.9.
� The stream function is strengthened with the increase of
Rayleigh number, Casson parameter and weakened with

the rise of MWCNT volume fraction, distance between
the fins and the amplitude of waviness.
� Highest heat transfer rate can be gained by increasing Ray-
leigh number, Casson parameter and MWCNT volume
fraction along the wavy bottom wall.

� The increased values of Rayleigh number, Casson parame-

ter, and solid volume fraction of MWCNT and amplitude
of waviness enhanced the heat transfer rate 257%, 189%,
30% and 116% respectively.

� A higher heat transfer rate is observed inside the enclosure
when the distance between the fins is d*=0.5L and the
amplitude of waviness is A=0.05.

� A new correlation was derived and presented for the aver-
aged Nusselt number in terms of all key parameters.



Fig. 13 Variations of Nuavg.
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