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A B S T R A C T   

This research study aims to illustrate the dynamics of water conveying hybrid nanofluid flow over 
an exponentially stretchable sheet in the presence of Navier’s partial slip and thermal jump 
conditions. The nanoparticles of Cu, TiO2 and Al2O3 are suspended into water (H2O) to prepare 
three forms of hybrid nanofluids. Also, the influences of Joule dissipation and thermal radiation 
are considered in the study. The mathematical model embodies the system of highly coupled 
nonlinear partial differential equations. The set of similarity equations are derived from these 
partial differential equations by utilizing appropriate similarity variables. Further, these simi-
larity equations together with allied conditions are numerically solved by making use of a finite 
difference scheme based Lobatto IIIa-bvp4c solver in MATLAB. The significance of emerging 
dimensionless flow parameters on the water conveying Cu-Al2O3 hybrid nanofluid temperature 
and velocity are quantified by depicting various graphs. Besides, temperature and velocity pro-
files are compared for three different water-driven hybrid nanofluids comprising a colloidal 
mixture of Cu-Al2O3, TiO2-Al2O3 and Cu-TiO2 nanoparticles respectively. The local Nusselt 
numbers and wall velocity gradients are obtained in numerical form for various emerging 
physical parameters. Also, to comprehend the linking between heat transfer rate and emergent 
flow parameters, a statistical method is executed for the investigation of regression (quadratic) 
approximation on the skin friction coefficients and Nusselt numbers. Finally, the computed nu-
merical results are compared with earlier reported paper and excellent conformity is noticed. The 
findings infer that the heat transport rate can be improved by the inspirations of suction and 
thermal radiation while viscous dissipation, magnetic field, injection and thermal slip factor are 
significant to reduce the heat transport rate of hybrid nanofluid   

Introduction 

In recent years, numerous explorations disclosed that nanofluids possess better heat transport capabilities than traditional fluids. 
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Therefore, traditional heat transfer fluids are likely to be swapped with nanofluids in various enterprises of heat transport such as in 
energy conversion, heat exchangers, sensing outlets and cooling systems. Initially, Choi [1] noticed that, by submerging very fine metal 
nanoparticles into traditional heat transfer fluids, the resulting nanofluids own the augmented thermal conductivity as compared to 
utilized traditional fluids. Further, the thermal conductivity of base fluid ethylene glycol can be enhanced by 40% by submerging the 
nanoparticles (less than 10 nm diameter) of copper (Cu) into the fluid was reported by Eastman et al. [2]. The improvement of heat 
transfer properties of nanofluid owing to dispersion of γ-Al2O3 nanoparticles into deionized water and ensuing disturbance of 

Nomenclature 

a temperature distribution parameter 
C Navier’s velocity slip factor 
C1 primary slip velocity factor 
D thermal slip parameter 
Ec Eckert number 
k∗ heat absorption constant 
k̂a2 thermal conductivity of Al2O3 

k̂c1 thermal conductivity of Cu 
k̂f thermal conductivity of water 
K̂hnf thermal conductivity of hybrid nanofluid 
L velocity slip parameter 
M magnetic parameter 
M0 magnetic field 
Nnx local Nusselt number 
Pr Prandtl number 
qr radiation heat flux 
Re Reynolds number 
S injection/suction parameter 
Sfx skin friction coefficients 
T0 temperature reference 
Tr radiation parameter 
T∞ free stream temperature 
v1 hybrid nanofluid velocities along x axis 
v2 hybrid nanofluid velocities along y axis 
X dimensionless coordinate 
δ thermal slip factor 
δ1 preliminary thermal slip value 
θ dimensionless hybrid nanofluid temperature 
λ0 velocity reference 
λ1(x) ambient velocity 
λ2(x) blowing/suction velocity 
μ̂f dynamic viscosity of water 
μ̂hnf dynamic viscosity of hybrid nanofluid 
ρ̂a2 density of Al2O3 nanoparticles 
ρ̂c1 density of Cu nanoparticles 
ρ̂hnf density of hybrid nanofluid 
(ρ̂Cp)a2 heat capacitance of Al2O3 

(ρ̂Cp)c1 heat capacitance of Cu 
(ρ̂Cp)f heat capacitance of water 
(ρ̂Cp)hnf heat capacity of hybrid nanofluid 
σ∗ Stefan-Boltzmann constant 
σ̂a2 electrical conductivity of Al2O3 
σ̂c1 electrical conductivity of Cu 
σ̂ f electrical conductivity of water 
σ̂hnf electrical conductivity of hybrid nanofluid 
υf kinematic viscosity of water 
φ 1 volume fraction of Cu nanoparticles 
φ 2 volume fraction of Al2O3 nanoparticles  
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Fig. 1. Physical illustration of the problem.  

Table 1 
Thermophysical properties and relations of hybrid nanofluids.  

Properties Hybrid nanofluid 
Dynamic viscosity μ̂hnf = μ̂f{(1 − φ1)(1 − φ2)}

− 2.5  

Density ρ̂hnf = {1 + φ 1(ρ̂c1 − ρ̂f )}(1 − φ 2)+ φ 2 ρ̂a2  

Electrical conductivity 
σ̂hnf =

{
2φ 2(σ̂a2 − σ̂nf ) + 2σ̂nf + σ̂a2

φ 2(σ̂nf − σ̂a2) + 2σ̂nf + σ̂a2

}

σ̂nf ,where σ̂nf = σ̂ f

{
3φ 1(σ̂ − 1)

(1 − φ 1)σ̂ + (2 + φ 1)
+ 1

}

and σ̂ =
σ̂c1

σ̂ f   

Heat capacity (ρ̂Cp)hnf = {(1 − φ 1)(ρ̂Cp)f + φ 1(ρ̂Cp)c1}(1 − φ 1)+ φ 2(ρ̂Cp)a2   

Thermal conductivity 
K̂hnf =

{
2k̂nf + k̂a2 + 2φ2(k̂a2 − k̂nf )

2k̂nf + k̂a2 − φ2(k̂a2 − k̂nf )

}

k̂nf , where k̂nf =

{
2k̂f + k̂c1 + 2φ 1(k̂c1 − k̂f )

2k̂f + k̂c1 − φ1(k̂c1 − k̂f )

}

k̂f    

Table 2 
The physical properties of water, Cu, TiO2 and Al2O3 [57].   

Water Cu TiO2 Al2O3 

ρ̂(kg /m3) 997.1 8933 4250 3970 

k̂(W /m ) 0.613 401 8.9538 40 

σ̂(S /m) 5.5× 10− 6  59.6× 106  1× 10− 12  36.9× 106  

Cp(J /kg K) 4179 385 686.2 765 
φ  0.00 0.05 0.20 0.15  

Table 3 
Comparison of numerical findings of − Nnx with existing results.  

D  Wahid et al. [54] Present result 
0.1 2.327976 2.327999 
0.2 1.893523 1.893518 
0.3 1.595791 1.595707 
0.4 1.378836 1.378843  
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boundary layer was explored by Wen and Ding [3]. Lattice Boltzmann scheme was used to scrutinize the magnetic influence on the free 
convective heat transport flow of a nanofluid in a flat cylindrical annulus by Ashorynejad et al. [4]. Further, the consequences of 
Brownian motion, buoyancy force and magnetic parameter on the nanofluid stagnation point flow driven by a stretchable sheet were 
explored by Makinde et al. [5]. Later on, Ellahi et al. [6] explored the significance of nanoparticle shape on Marangoni convective flow 
of ethylene glycol-copper driven nanofluid. Siddiqui and Turkyilmazoglu [7] discussed the thermal transport features of an electrically 
conducted water-based ferrofluid flow in a porous cavity considering suction/injection upshot into account. Stirred by the significance 
of nanofluids, many researchers inspected the heat transport characteristics of nanofluids over diverse surfaces and perspectives 
[8–16]. 

Recently, an innovative class of nanotechnology is developed with better chemical and thermal characteristics by hybrid nano-
fluids. Hybrid nanofluid is prepared by mixing two dissimilar nanoparticles inside a base fluid. Various kinds of nanoparticles along 
with thermal properties of metal oxides (Al2O3, ZnO, TiO2, SiO2, etc.), metals (Cu, Au, Ag, etc.), metal nitrides (Boron nitride BN, AIN), 
metal carbides (SiC), carbon materials (CNTs and Diamonds) and hybrid nanomaterials are presented in the literature [17]. Each 
nanoparticle possesses inimitable thermal features and is employed as per the requirement of the thermal systems. In the present paper, 
we have considered the nanoparticles of Cu, TiO2 and Al2O3 which have incredible thermal performance, and are pertinent in various 
thermal systems [18–19]. Experimental findings revealed that hybrid nanofluids have better efficiency as compared to nanomaterials. 
Novel characteristics of hybrid nanofluids are significant in thermal storage, solar heating, transformer cooling, biomedical industry, 
heat pumps, refrigeration, welding, aircraft, spacecraft, lubrication, generator and electronic cooling, etc. Suresh et al. [20] quantified 
the mechanism of thermal transport on the dynamics of water conveying Cu-Al2O3 hybrid nanofluid. They analysed the significant 
improvement in convective heat transfer owing to synthesized hybrid particles’ addition as compared to water. Devi and Devi [21] 
implemented the Runge-Kutta-Fehlberg algorithm to analyse the heat transport rate of three-dimensional water-driven Cu-Al2O3 
nanoparticles hybrid nanofluid flow through a stretchable surface under the inspiration of suction and Lorentz force. The numerical 
findings disclosed that the heat transport rate of water conveying Cu-Al2O3 nanoparticles hybrid nanofluid is better than Cu-water 
nanofluid. Further, in the extended work, Devi and Devi [22] showed that the heat transport rate of water-driven Al2O3-Cu hybrid 
nanofluid can be improved to 17.3% as compared to base liquid water whereas 11.2% than the Cu-water nanofluid. 

The novel features of thermal radiation in various flow processes are imperative exclusively in the designing of steadfast equip-
ment, furnaces, electrical power generation, nuclear plants, glass production, gas turbines, satellites, missiles, and also in designing of 
various cutting-edge energy conversion systems. Nowadays, owing to the diminution of traditional energy sources, researchers are 

Fig. 2a. Comparison of velocity profiles for different hybrid nanofluids.  
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giving much attention to renewable energy resources. Solar energy is the fundamental basis of renewable energy and the thermal effect 
performs as an important fragment to change solar energy to the apt form for different industrial applications. Owing to this reason, 
Turkyilmazoglu [23] scrutinised the radiation and heat source effects on the free convective and incompressible nanofluid flow 
through an impulsive vertical plate. The effect of nonlinear radiation on the Cu and Al2O3 nanoparticles driven flow of micropolar 
dusty hybrid nanofluid via a stretchable surface was inspected by Ghadikolaei et al. [24]. The nonlinear radiation impact on the 
thermal conductive flow of hybrid nanofluid (water/Cu-Al2O3) through a three-dimensional stretchable surface in a rotating medium 
using the least square approach was surveyed by Usman et al. [25]. Further, Sheikoleslami et al. [26] inspected the non-Darcy model of 
hybrid nanofluid considering Hartmann effects and a radiation term. They analysed that the temperature gradient gets highly affected 
owing to augmenting values of buoyancy parameter. The dual solutions of water conveying Cu-Al2O3 hybrid nanofluid flow were 
studied by Waini et al. [27] to identify the radiation influence on the flow field. They noticed that for both lower and upper branches 
radiation parameter broadened the thermal boundary layer. Recently, Zainal et al. [28] explored the possible bearing of radiation 
parameter on the opposing and assisting flow of hydromagnetic hybrid nanofluid and observed that heat transfer rate gets escalated 
because of the thermal effect. Some illustrious research articles highlighting the novel features of thermal radiation can be seen in 
references [29–34]. 

A meticulous assessment of available research articles unveils that the majority of authors have overlooked viscous dissipation term 
because of the feeble result on the flow field but its bearing in polymer manufacturing, lubrication, instrumentations, food processing, 
etc., is substantial because it augments the temperature distribution features and subsequently upsurges the heat transport rate. Few 
novel research articles describing the implication of viscous dissipation on various flow problems persuaded by a stretchable surface 
are cited in references [35–38]. In addition, Joule dissipation demonstrates the features of volumetric heat source in magneto-fluid 
flows and combined Joule and viscous dissipations inspirations are noteworthy in various heat-treated materials. Owing to this 
reason, Seth et al. [39], Daniel et al. [40] and Seth and Singh [41] and taken both the terms of Joule and viscous dissipations together 
in their mathematical models. Flow features of propylene glycol conveying, entropy optimized, magneto and dissipative 
Darcy-Forchheime nanofluid via a stretchable surface was illustrated by Abbas et al. [42]. Further, Wang et al. [43] explored the 
irreversibility features of entropy optimized magneto-nanofluid flow via variable thick surface under inspirations of viscous dissipation 
and Joule heating. Numerical exploration was done by Ibrahim and Khan [44] to analyse the influence of viscous dissipation on 
SWCNT and MWCNT conveying mixed convection nanofluid flow. 

The no-slip condition is one of the important characteristics related to Navier–Stokes theory. But this condition does not appear in 

Fig. 2b. Comparison of temperature dispersal profiles for different hybrid nanofluids.  
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many physical situations. The non-adherence phenomenon of the nanofluid near a solid boundary is known as velocity slip which 
exists in certain circumstances. Slip conditions are being extensively inspected by numerous researchers owing to their importance in 
the heat transport process which occurs due to the dissimilar fluid velocity and the velocity of fluid near the boundary. The nanofluids 
that reveal the boundary slip are widely used in micro heat exchangers, microelectronics cooling devices, polishing, artificial heart 
valves, internal cavities and drug delivery system [45–47]. Turkyilmazoglu [48] presented an analytical solution of the Falkner–Skan 
boundary layer equation to quantify the importance of slip condition on the heat transport properties. Hussain et al. [49] inspected the 
flow of graphene and ethylene glycol-based Maxwell nanofluid via a stretchable surface under the inspirations of thermal radiation, 
slip conditions, viscous and Joule dissipations. This problem was further extended by Sharma et al. [50] considering heat absorption 
into account. The numerical findings divulged that viscous dissipation, radiation and slip parameters are important in controlling the 
temperature of the flow field. Also, heat transport rate is more sensitive to radiation parameter in contrast with viscous dissipation. 
Khan et al. [51] modelled the Cattaneo-Christov Williamson double diffusions fluid flow problem considering the velocity slip con-
dition and concluded that the velocity of fluid gets decayed owing to the inspiration of porosity and velocity slip parameters. Further, 
Khan et al. [52] executed the entropy generation exploration on the dynamics of fully developed Darcy-Forchheimer flow through a 
variable thicked disk taking the condition of second-order velocity slip. Recently, Khan and Alzahrani [53] considered the velocity slip 
condition in modelling the magnetized, steady, mixed convective, incompressible and dissipative two-dimensional flow of Jeffery 
nanofluid induced by a curved stretched surface under the stimulus of activation energy, thermophoresis diffusion, Joule heating and 
Brownian motion. Most recently, Wahid et al. [54] discussed the significance of thermal and velocity slip conditions on the dynamics of 
heat generating Al2O3-Cu-water hybrid nanofluid through an exponentially shrinking/stretching surface. 

Inspired by the above studies, we intended to scrutinise the significance of thermal radiation, magnetic field, Joule and viscous 
dissipations on the research work accomplished by Wahid et al. [54] under both the partial and no-slip conditions. Hybridization of 
base fluid water is done by submerging the nanoparticles of Cu, TiO2 and Al2O3. The numerical solution of similarity equations 
together with allied conditions are analysed by making use of the bvp4c solver present in MATLAB. Further, a statistical exploration 
has been done on the findings of skin friction coefficients and local Nusselt numbers to comprehend the connection between heat 
transport rate and emerging flow parameters. The computed results are validated with earlier reported papers under restricted as-
sumptions. A cautious review of literature discloses that this problem has not been undertaken by researchers earlier though the 
methodology, thoughts and results enlightened in this research article will be useful in the development of durable equipment for the 
energy sector, nuclear power station, medical sciences, satellites, sensing outlets, gas turbines and supercapacitors, etc. 

Fig. 3a. Consequence of M on velocity profiles.  

S.M. Hussain et al.                                                                                                                                                                                                    



Chinese Journal of Physics 75 (2022) 120–138

126

Mathematical foundation of the problem 

In this analysis, the dynamics of two-dimensional, electrically conducted, steady-state, and incompressible flow of water conveying 
hybrid nanofluids over an exponentially stretchable sheet in the presence of Navier’s partial slip and thermal jump conditions is 
scrutinized. Inspirations of optically thick radiation, Joule and viscous dissipations are incorporated to improve the heat transfer rate. 
The (x, y)coordinate system is chosen, where x-axis is associated with the surface of stretchable sheet, y-axis is considered in across 
direction and flow-field is limited toy > 0. Three kinds of hybrid nanofluids are prepared for this exploration. Hybridization of base 
fluid water is done by submerging the nanoparticles of Cu, TiO2 and Al2O3. The ambient velocity is assumed as λ1(x)to imbue the 
hybrid nanofluids over the stretchable sheet. An unvarying magnetic field M0is employed vertically to the stretchable sheet, which is 
adequately weak to ignore the induced magnetic field. The temperature of hybrid nanofluid at the stretchable sheet is assumed as 
Tεand those of hybrid nanofluid is taken as T∞. Further, water and equally-sized nanoparticles of Cu, TiO2 and Al2O3 are in thermal 
equilibrium also the mechanism of no-slip happens between them. Physical illustration of the problem is shown in Fig. 1. 

Applying the boundary layer approximations and aforesaid assumptions, the prevailing mathematical model for hybrid nanofluid 
problem take the form [28, 54]: 

∂v1

∂x
+

∂v2

∂y
= 0, (1)  

v1
∂v1

∂x
+ v2

∂v1

∂y
=

μ̂hnf

ρ̂hnf

∂2v1

∂y2 −
σ̂hnf

ρ̂hnf
M2

0v1, (2)  

v1
∂T
∂x

+ v2
∂T
∂y

=
K̂ hnf(

ρ̂Cp
)

hnf

∂2T
∂y2 −

μ̂hnf(
ρ̂Cp

)

hnf

(
∂v1

∂y

)2

−
1

(
ρ̂Cp

)

hnf

∂qr

∂y
+

σ̂hnf(
ρ̂Cp

)

hnf

M2
0v2

1. (3) 

As per the assumed model, the accompanying boundary conditions are represented as: 

Fig. 3b. Consequence of M on temperature dispersal profiles.  
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at y = 0 :

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

v1 = λ1(x) + C
μ̂hnf

ρ̂hnf

∂v1

∂y
,

v2 = λ2(x), T = Tε(x) + δ
∂T
∂y

,

(4a)  

as y → ∞ : v1 → 0 and T → T∞. (4b) 

In aforesaid equations, v1 and v2describe the hybrid nanofluid velocities along x and y axes respectively, λ1(x) = λ0ex/ldenotes 
stretchable sheet velocity, Tε(x) = T∞ + (T0 − T∞)eax/2l reflects the hybrid nanofluid exponential temperature distribution over the 
sheet. C = C1/ex/2lsignifies the Navier’s velocity slip factor in which C1shows the primary slip velocity and δ = δ1 /ex/2lindicates 
thermal slip factor wherein δ1 is preliminary thermal slip value. Both the thermal and velocity slip factors got changed owing to the 
coordinate variable x and no-slip takes place when δ = C = 0. The blowing/suction velocity is mentioned by λ2(x) = v0ex/2lwhere v0is 
the primary blowing/suction velocity strength. 

Further, the dynamic viscosity, electrical conductivity, heat capacity, thermal conductivity and density of hybrid nanofluid are 
respectively represented by μ̂hnf , σ̂hnf , (ρ̂Cp)hnf , K̂hnf and ρ̂hnf are defined by the relations as mentioned in Table 1. These relations are 
considered following the articles of Devi and Devi [55] and Rostami et al. [56]. In the Table 1, φ 1 and φ 2 represent the volume fraction 
of Cu and Al2O3 nanoparticles, μ̂f is the dynamic viscosity of water, ̂ρc1 and ρ̂a2 indicate the density of Cu and Al2O3 nanoparticles, σ̂ f is 
the electrical conductivity of water, σ̂c1reveals the electrical conductivity of Cu, σ̂a2 indicates the electrical conductivity of Al2O3. 
(ρ̂Cp)f , (ρ̂Cp)c1and (ρ̂Cp)a2signify the heat capacitance of water, Cu and Al2O3 respectively while k̂f shows the thermal conductivity of 

water, k̂c1is the thermal conductivity of Cu and k̂a2expresses the thermal conductivity of Al2O3. The physical properties of water, Cu, 
TiO2 and Al2O3 are reported in Table 2. 

Following the works of Hussanan et al. [58] and Brewster [59], an optically thick fluid has been considered here, the radiation heat 
flux qrwith the help of Rosseland approximation can be expressed as: 

qr = −
4σ∗

3k∗
∂T4

∂y
. (5) 

Fig. 4a. Consequence of X on velocity profiles.  
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Further, to linearize the term T4the Taylor’s series is implemented to expand it about T∞(free stream temperature) and is expressed 
after ignoring higher degree terms as under: 

T4 ≅ T3
∞(4T − 3T∞). (6) 

The energy equation (3) with the help of equations (5) and (6) is reduced to 

v1
∂T
∂x

+ v2
∂T
∂y

=
K̂ hnf(

ρ̂Cp
)

hnf

∂2T
∂y2 −

μ̂hnf(
ρ̂Cp

)

hnf

(
∂v1

∂y

)2

−
16T3

∞σ∗

3
(

ρ̂Cp
)

hnf k
∗

∂2T
∂y2 +

σ̂hnf(
ρ̂Cp

)

hnf

M2
0v2

1. (7)  

Numerical solution 

The mathematical model reported in section 2 includes highly nonlinear partial differential equations, therefore, to identify the 
numerical solution of these equations subject to the allied conditions, it is relevant to introduce a stream function ψand similarity 
variables η as under: 

v1 =
∂ψ
∂y

, v2 = −
∂ψ
∂x

, (8)  

η(x, y) =
̅̅̅̅̅̅
Re

√
ex/2l

(
y
̅̅̅
2

√
l

)

, ψ(x, y) = υf ex/2l
̅̅̅̅̅̅̅̅
2Re

√
f (η),

T(x, y) = T∞ − (T∞ − T0)eax/2lθ(η).

⎫
⎪⎬

⎪⎭
(9) 

The equations (8) and (9) result the following relations 

v1 =
υf Re

l
ex/lf ′

(η) and v2 =
− υf

̅̅̅̅̅̅̅̅
2Re

√

l
{ηf ′

(η)+ f (η)}ex/2l. (10) 

Here, prime shows the differentiation with regard to similarity variable η. Further, equations (9) and (10) transform the mathe-
matical model reported in section 2 in below mentioned dimensionless forms: 

Fig. 4b. Consequence of X on temperature dispersal profiles.  
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μ̂hnf
/

μ̂f

ρ̂hnf
/

ρ̂f
f ′′′ + f ′′ f − f ′2 −

σ̂hnf
/

σ̂ f

ρ̂hnf
/

ρ̂f
2M e− Xf ′

= 0, (11)  

1
Pr

{
K̂ hnf

k̂f
+ Tr

}

θ′′ +

{
μ̂hnf

μ̂f
eXf ′′2 +

σ̂hnf

σ̂ f
2 M f

′ 2
}

Ec e(2− a)X −

(
ρ̂Cp

)

hnf(
ρ̂Cp

)

f

{aθf
′

− f θ
′

} = 2e− Xθ, (12)  

with allied boundary conditions 

f ′

(η) = Lf ′′(η) + 1, f (η) = S and θ(η) = Dθ
′

+ 1 at η = 0,
f ′

(η) → 0 and θ(η) as η → ∞.

}

(13) 

The dimensionless parameters reported in the equations (11) to (13) are defined by below mentioned relations: 

X =
x
l
, M =

(M0l)2 σ̂ f

μ̂f Re
, Tr =

16
3

T3
∞σ∗

k̂ f k∗
, Pr =

(
ρ̂Cpυ

)

f

k̂ f
, Re =

lλ0

υf
,

Ec =
λ2

0(
Cp

)

f (T0 − T∞)
, L =

μ̂hnf

ρ̂hnf

C1

l

̅̅̅̅̅̅
Re
2

√

, S =
lv0

υf

̅̅̅̅̅̅
2

Re

√

and D =
δ1

l

̅̅̅̅̅̅
Re
2

√

.

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

(14)  

Wall temperature gradient and skin friction coefficients 

To scrutinize the wall heat transport rate and shear stress function from the engineering outlooks, the expressions of local Nusselt 
number Nnxand skin friction coefficients Sfxare derived in both dimension and dimensionless forms. The dimension forms 
ofNnxandSfxare defined as: 

Nnx =
xτw

k̂f (Tε − T∞)
and Sfx =

ξw

λ2
1ρf

, (15)  

Fig. 5a. Consequence of S(> 0) on velocity profiles.  
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where τw = − K̂hnf

(
∂T
∂y

)

y=0
+ (qr)y=0and ξw = μ̂hnf

(
∂v1
∂y

)

y=0
are respectively the wall heat flux and wall shear stress. The dimensionless 

forms of NnxandSfxare expressed as under: 

Nnx = −

(
K̂ hnf

k̂f
+ Tr

) ̅̅̅̅̅̅̅̅̅̅̅
XRex

2

√

θ
′

(0)

and Sfx =
μ̂hnf

μ̂f

1
̅̅̅̅̅̅̅̅̅̅
2Rex

√ f ′′(0),

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(16)  

where Rex = λ1(x)x/υf signifies the local Reynolds number. 

Numerical technique implementation 

To illustrate physically consistent and stable numerical solution corresponding to transformed similarity equations (11) and (12) 
satisfying the allied conditions (13) the finite difference technique based bvp4c solver present in MATLAB is implemented. This solver 
was originally developed by Kierzenka and Shamoine [60] which works on three stages Lobatto IIIa algorithm. The algorithm results in 
4th order accurate and uniform solution within the given range. The involved steps of the aforesaid method are furnished below: 

Step 1: Foremost, the new variables are introduced for the transformed similarity equations (11) and (12) as under: 

y(1) = f (η), y(2) = f
′

(η), y(3) = f ′′(η),
y(4) = θ(η) and y(5) = θ

′

(η).

}

(17) 

Step 2: Then, by making use of relations (17), equations (11) and (12) are changed into system of first order equations: 

Fig. 5b. Consequence of S(> 0)on temperature dispersal profiles.  
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f ′

(η) = y(2),

f ′′(η) = y(3),

f ′′′ (η) = φa

φc

[

{y(2)}2
− y(1)y(3) +

2φb

φa
M e− Xy(2)

]

,

θ
′

(η) = y(5),

θ′′(η) = Pr
(φe + Tr)

[φd{ay(4)y(2) − y(1)y(5)}−

{
φce

X(y(3))2
+ 2φbM(y(2))2}Ec e(2− a)X + 2e− Xy(4)

]
,

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(18)  

where, φa =
ρ̂hnf

ρ̂ f
, φb =

σ̂hnf

σ̂ f
, φc =

μ̂hnf

μ̂ f
, φd =

(̂ρCp)hnf

(̂ρCp)f
and φe =

K̂hnf

k̂f

. 

Step 3: According to the assumed variables (18), the boundary conditions (13) are expressed as: 

ya(2) = 1 − L ya(3), ya(1) = S, ya(4) = 1 + D ya(5),
yb(2) = 0 and yb(4) = 0.

}

(19) 

Here, subscript a indicates the initial sheet position i.e., η = 0while subscript b represents the boundary condition at infinity. The 
value of ηis considered as η = 5for the infinite boundary condition. 

Step 4: Finally, the initial guess was provided at the initial mesh points to obtain the solution. These steps are repeated till the 
obtained numerical solutions satisfy the boundary conditions (19) asymptotically. 

Validation of numerical findings and scheme 

The validation of our results and the executed numerical scheme has been done by comparing the numerical findings of Nnx(local 
Nusselt number) for augmenting values of thermal slip parameter D under the constrained conditions (i.e., M = 0, Ec = 0 and Tr = 0) 
with those of Wahid et al. [54] by neglecting the heat absorption parameter. This comparison of results is presented in Table 3 which 

Fig. 6a. Consequence of S(< 0) on velocity profiles.  
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discloses admirable conformity between the numerical findings and executed numerical scheme. Therefore, we are assured that the 
applied numerical scheme and the findings of this paper are acceptable and valid. 

Results and discussion 

Owing to the immensely nonlinear nature and complexity, the leading equations reported in section 3 are numerically solved using 
the Lobatto IIIa algorithm based bvp4c solver in MATLAB software. The involved steps of the method are elaborately reported in 
subsection 3.2. In this section, the behaviour of prompting physical parameters on the dynamics of water conveying hybrid nanofluid 
flow over an exponentially stretchable sheet under both no-slip and slip conditions through graphical results and tables are illustrated. 
Also, a physical description is provided for the obtained numerical results. In portrayed graphical results, solid lines signify the effect of 
inducing flow parameters in the case of no-slip condition whereas dashed lines describe the effect under velocity slip condition. For the 
numerical simulation, three kinds of hybrid nanofluids are prepared by immersing the nanoparticles of copper, titanium oxide and 
alumina into the water. During the investigation, the default values of Prandtl number, magnetic parameter, non-dimensional coor-
dinate, Eckert number, injection/suction, temperature distribution, radiation and thermal slip parameters are respectively fixed as Pr 
= 6.2 (for base fluid water), M = 1.5, X = 1.5, Ec = 0.1, a = 2, Tr = 0.3andD = 0.1. The values of these parameters are considered 
within the ranges 0.5 ≤ M ≤ 3.5,0.5 ≤ X ≤ 2.0, − 0.7 ≤ S ≤ 0.7, 0.1 ≤ Tr ≤ 0.7, 0.05 ≤ Ec ≤ 0.20 and 0.1 ≤ D ≤ 0.4 to capture their 
implications on the flow-field. The comparison of velocity and temperature dispersal profiles for three kinds of hybrid nanofluids under 
both no-slip and slip conditions are portrayed in Figs. 2(a) and 2(b). These two figures infer that water conveying Al2O3-TiO2 hybrid 
nanofluid has higher velocity and temperature dispersal profiles followed by Cu-Al2O3 and Cu-TiO2 hybrid nanofluids in the boundary 
layer proximity. Further, these dispersal profiles are approximately overlapped away from the stretchable surface for the specific 
values of dominating flow parameters. The bearings of the magnetic field, non-dimensional coordinate, injection/suction, temperature 
distribution parameter, thermal radiation, Joule dissipation and thermal slip parameter on the velocity and temperature dispersal 
profiles of water-Cu-Al2O3 conveying hybrid nanofluid have been shown in Figs. 3a to 9 under both no-slip and slip conditions. It is 
perceived from Figs. 3a and 3b that the hybrid (Cu-Al2O3) nanofluid velocity f ′

(η)under both Navier’s slip (L = 0.6)and no-slip(L =

0)situations get reduced while the temperature of hybrid nanofluid θ(η)is raised for augmenting values of M (magnetic parameter). 
Physically, it can be construed as the magnetic field persuades a resisting force which acts in the reverse direction of flow-field as well 
as hybrid nanoparticles and consequently velocity of hybrid nanofluid is reduced while its temperature is improved due to 

Fig. 6b. Consequence of S(< 0) on temperature dispersal profiles.  
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enhancement in frictional drag force. Figs. 4a and 4b illustrate the influence of X on f ′

(η) and θ(η). It is observed that both the hybrid 
nanofluid velocity and temperature get raised owing to an upsurge in the values of X from the leading edge (i.e., X = 0) of the 
stretchable sheet. Physically, an upsurge in X reasons the increment in stretching rate near the leading edge of the sheet and thus 
velocityf ′

(η)and temperature θ(η)of hybrid nanofluid are improved. Figs. 5a-6b portray the declining impact of suction parameter (S 
> 0) on the dispersal profiles of f ′

(η) and θ(η) whereas these profiles are reversed for the injection parameter (S < 0). This phe-
nomenon happens because the momentum boundary layer sticks to the surface of the stretchable sheet in the instance of suction, which 
breaks the flow momentum and as a result, both velocity and temperature of hybrid nanofluid are reduced. Conversely, injection 
augments fluid via lateral mass flux over the stretchable sheet and in turn, appends the momentum of fluid flow. In pursuance, both 
velocity and temperature of hybrid nanofluid get enhanced. Figs. 7 and 8 are depicted to capture the inspirations of radiation 
parameter and viscous dissipation on the temperature of water-based hybrid (Cu-Al2O3) nanofluid. It is observed that the temperature 
dispersal profiles of hybrid nanofluid are improved owing to the enhancement in either radiation parameter Tror Eckert number Ec.
Generally, thermal radiation depends on the temperature of the surrounding, and it is emitted in an electromagnetic waveform. 
Therefore, thermal radiation can be assumed as a function of temperature. The thermal effect improves the conduction properties of 
nanofluid and hence, thicken the boundary layer and as a result, the temperature of fluid gets enhanced. On the other side, Eckert 
number (Ec) represents the relation between enthalpy and kinetic energy. It is involved in converting kinetic energy to the form of 
internal energy in opposing the viscous fluid stresses. As, Ecincreases the internal energy also gets increased and consequently fluid 
temperature gets improved. This infers that the inspiration of viscous dissipation is responsible to raise the temperature of hybrid 
nanofluid. Fig. 9 is depicted to capture the impact of thermal slip factor on the flow field. This depiction portrays that the thermal slip 
parameter is accountable to lessen the hybrid nanofluid temperature under both the velocity slip and no-slip situations. Physically, it is 
justified because from the surface of the stretchable sheet a reduced quantity of heat flows to the hybridized fluid in increasing the 
thermal slip parameter. Additionally, the graphical illustrations suggest that the thermal boundary layer thickness is improved by the 
magnetic field, injection and thermal radiation while it is declined due to augmentation in suction, viscous dissipation and the thermal 
slip factor (Fig 2a, Fig 2b, Fig 5b, Fig 6a). 

To inspect the wall heat transport rate and shear stress function from the engineering outlooks, the numerical form of local Nusselt 
number Nnxand skin friction coefficients Sfxare obtained under both the velocity slip (L= 0.6) and no-slip(L= 0) situations against 
emerging flow parameters. These values are provided in Tables 4 and 5. From Table 4, it is apparent that the numerical values ofSfxare 
increasing owing to rise in magnetic field and suction parameter(S> 0) whereas these values are decreased due to dimensionless 

Fig. 7. Consequence of Tr on temperature dispersal profiles.  
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variable (X) and injection parameter (S< 0). This unveils that at the surface of the stretchable sheet under both velocity slip and no-slip 
situations the shear stress function is improved owing to upsurge in the suction and magnetic field while it gets reduced due to in-
jection. Table 5 exemplifies that the numerical findings of Nnxunder both the situations of velocity slip and no-slip are reduced by 
increasing Eckert number, magnetic, injection and thermal slip parameters whereas these numeric are enhanced due to upsurge in 
dimensionless coordinate (X), suction and radiation parameters. This quantifies that the heat transport rate can be improved by the 
inspirations of suction and thermal radiation while viscous dissipation, magnetic field, injection and thermal slip factor are significant 
to reduce the heat transport rate of hybrid nanofluid. Further, it is noticed that the shear stress function at the surface of the stretchable 
sheet is lower in the case of Navier’s velocity slip condition as compared to the no-slip condition. The comparisons of wall heat 
transport rate and shear stress function for three kinds of hybrid nanofluids under both no-slip and slip situations are reported in 
Table 6. It is perceived that water conveying Al2O3-TiO2 hybrid nanofluid has minimum shear stress value at the surface of stretchable 
sheet and maximum heat transport rate followed by Cu-Al2O3 and Cu-TiO2 hybrid nanofluids. 

Quadratic regression analysis: Approximations of skin friction coefficients and wall temperature gradients 

The section aims to execute a statistical method for the quadratic regression approximation to capture the relation between two or 
more emerging flow parameters. Precisely, regression approximation is used to distinguish how the nature of an emerging flow 
parameter changes due to the alteration of another flow parameter while the remaining flow parameters are assumed to be fixed. In 
this segment, an analysis of quadratic regression approximations for the wall temperature gradients and skin friction coefficients have 
been reported. For the skin friction coefficients Sfx, a quadratic regression approximation model has been described for 100 diverse 
values of velocity slip parameter L and suction parameter S, chosen randomly within the intervals [0, 0.6]and [0.1, 0.7]respectively for 
augmenting values of the magnetic parameter. Correspondingly, a quadratic regression approximation model for the Nusselt number 
Nnxhas also been presented for 125 varying values of Eckert number Ecand radiation parameter Tr, obtained indiscriminately from the 
intervals [0.05, 0.20]and [0.1, 0.7]separately for the rising values of thermal slip parameter D. During the approximation process, the 
other enduring parameters are kept constant as mentioned in the previous section. 

The quadratic regression approximation model for Sfxowing to change in velocity slip parameter L and suction parameter S is given 
by 

Sfx (est) = Sfx + b1L + b2S + b3L2 + b4S2 + b5LS, (20) 

Fig. 8. Consequence of Ec on temperature dispersal profiles.  
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whereas, quadratic regression approximation formula for Nnxdue to variation in Eckert number Ec and radiation parameter Tris 
represented as 

Nnx (est) = Nnx + c1Ec + c2Tr + c3(Ec)2
+ c4(Tr)2

+ c5EcTr. (21) 

Tables 7 and 8 demonstrate the coefficients of quadratic regression approximated values Sfxand Nnxrespectively for different 
enduring parameters. The optimum relative error bounds ε and ε1for Sfxand Nnxhave also been analysed by using the relations ε =

|Sfx (est) − Sfx|/Sfxandε1 = |Nnx (est) − Nnx|/Nnxrespectively. These error bounds are mentioned in Tables 7 and 8. It is perceived from 

Fig. 9. Consequence of D on temperature dispersal profiles.  

Table 4 
Numerical findings of Sfx(Skin friction coefficient) with (L = 0.6)and without slip (L= 0) conditions.  

M  X  S(> 0)
Suction  

S(< 0)
Injection  

− Sfx(Skin friction coefficient)  
L = 0  L = 0.6  

0.5    1.059443 0.550393 
1.5    1.217139 0.610273 
2.5    1.356481 0.656881 
3.5    1.482478 0.694666  

0.5   1.550444 0.713541  
1.0   1.352923 0.655757  
1.5   1.217139 0.610273  
2.0   1.126717 0.576934   

0.1  1.160506 0.589697   
0.3  1.265887 0.622462   
0.5  1.379511 0.655747   
0.7  1.501034 0.689105    

-0.1 1.063540 0.557863    
-0.3 0.974979 0.527307    
-0.5 0.894628 0.498290    
-0.7 0.822136 0.470980  
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the tabulated values that the coefficients of the suction parameter are larger than those of the velocity slip parameter, which reveals the 
findings that shear stress function is more sensitive to suction as equated to velocity slip parameter. Likewise, we noticed that wall 
temperature gradient is highly prone to radiation effect in comparison to the viscous dissipation. 

Table 5 
Numerical findings of Nnx (Nusselt Number) under both no-slip (L = 0)and slip (L= 0.6) conditions.  

M  X  S(> 0)
Suction  

S(< 0)
Injection  

Tr   Ec  D  − Nnx(Nusselt Number)  
L = 0  L = 0.6  

0.5       2.254537 2.263272 
1.5       1.881218 2.053909 
2.5       1.534897 1.886052 
3.5       1.210916 1.747987  

0.5      1.596978 1.415498  
1.0      2.139298 1.973589  
1.5      2.372610 2.336615  
2.0      2.264020 2.527843   

0.1     1.881218 2.053909   
0.3     2.118988 2.424916   
0.5     2.373374 2.828595   
0.7     2.635636 3.246133    

-0.1    1.873559 1.860691    
-0.3    1.685082 1.605327    
-0.5    1.522884 1.402875    
-0.7    1.385200 1.244575     

0.1   1.709182 1.897112     
0.3   1.881218 2.053909     
0.5   2.042175 2.198742     
0.7   2.193914 2.333844      

0.05  2.664801 2.417696      
0.10  2.254537 2.263272      
0.15  1.844274 2.108810      
0.20  1.434373 1.954348        

1.881218 2.053909       
0.2 1.518630 1.720543       
0.3 1.273227 1.480284       
0.4 1.096103 1.298905  

Table 6 
Skin friction coefficient and Nusselt Number under both no-slip (L = 0)and slip (L= 0.6) conditions.  

Water based hybrid nanofluids − Sfx(Skin friction coefficient)  − Nnx(Nusselt Number)  
L = 0  L = 0.6  L = 0  L = 0.6  

Al2O3 − TiO2  0.370506 0.210658 2.527333 2.825163 
Cu − Al2O3  0.694707 0.365838 2.308638 2.517463 
Cu − TiO2  1.052316 0.536999 2.254227 2.295674  

Table 7 
Quadratic regression approximated coefficients of Sfxowing to variations in L and S and optimum relative error boundεare reported.  

M Sfx  b1  b2  b3  b4  b5  ε  
0.5 -0.9763 -0.4911 1.4216 0.0136 -1.1786 0.5344 0.0125 
1.5 -1.1097 -0.4060 1.6048 -0.0308 -1.2562 0.4880 0.0144 
2.5 -1.2006 -0.4460 1.8042 0.0208 -1.4661 0.5127 0.0077 
3.5 -1.2938 -0.3564 1.8335 -0.0368 -1.3291 0.4544 0.0060  

Table 8 
Quadratic regression approximated coefficients of Nnxowing to variations in Ec and Tr and also optimum relative error boundε1are obtained as.  

D Nnx  c1  c2  c3  c4  c5  ε1 

0.1 -2.2190 3.8792 -0.8972 -0.0163 0.1191 0.8173 -0.0027 
0.2 -1.8212 3.1941 -0.8759 -0.0616 0.1092 0.8875 -0.0084 
0.3 -1.5451 2.7055 -0.8225 -0.0375 0.0900 0.8882 -0.0030 
0.4 -1.3402 2.3509 -0.7715 -0.0672 0.0788 0.8689 -0.0095  
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Conclusion 

Owing to the notable applications in the development of durable equipment for the energy sector, nuclear power station, medical 
sciences, satellites, sensing outlets, gas turbines and supercapacitors, etc., in this research study, numerical and statistical explorations 
have been done to capture the flow characteristics of the dynamics of water conveying hybrid nanofluid flow over an exponentially 
stretchable sheet with Navier’s partial slip and thermal jump conditions. Some noteworthy conclusions of the present investigation are 
highlighted below: 

The fluid motion of hybrid nanofluid is strongly retarded by increasing the magnetic effect and suction however leave a reversal 
impact on the temperature 

Velocity profiles are enhanced for improving the injection parameter while it has reversed impact on the fluid temperature 
The temperature of hybrid nanofluid can be augmented by improving viscous dissipation and radiation effects 
The shear stress function can be improved owing to an upsurge in the suction and magnetic field while it gets reduced due to 

injection at the surface of the stretchable sheet under both velocity slip and no-slip situations 
The heat transport rate can be improved by the inspirations of suction and thermal radiation while viscous dissipation, magnetic 

field, injection and thermal slip factor are significant to reduce the heat transport rate of hybrid nanofluid. 
The shear stress function is more sensitive to suction as equated to velocity slip parameter and wall temperature gradient is highly 

prone to radiation effect in comparison to the viscous dissipation. 
The water conveying Al2O3-TiO2 hybrid nanofluid has minimum shear stress value at the surface of stretchable sheet and maximum 

heat transport rate followed by Cu-Al2O3 and Cu-TiO2 hybrid nanofluids. 
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