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ABSTRACT
The present study investigates the heat transfer and body acceler-
ation effects on unsteady MHD blood flow through a curved artery
in the presence of stenosis and aneurysm using hybrid nanoparti-
cles (Au − Al2O3/blood). For realistic behavior of blood flow, blood is
assumed to be a pulsatile, laminar, incompressible, viscous fluid with
hematocrit-dependent viscosity. A uniform magnetic field is applied
in the radial direction to the blood flow with radiation effect. The
governing momentum and energy equations are solved using Crank-
Nicolson Finite difference method through an accurate mesh using
rectangular mesh units. The obtained data for both stenotic and
aneurysm segments are graphically depicted and analyzed for vari-
ous physical parameters. To examine the overall behavior of blood
flow patterns, velocity contours for several emergent parameters
have been displayed. Using clinically realistic hemodynamic data,
comprehensive solutions for gold and gold- aluminium oxide hybrid
mediated blood flow are presented. It is observed that the veloc-
ity profile rises as the volume fraction of gold (Au) nanoparticles
increases, while, the velocity profile decreases as the volume frac-
tion of aluminium oxide (Al2O3) nanoparticles increases. It is noted
that impedance of the flow decreases with increment in body accel-
eration parameter B2, while, WSS increases with increment in B2. The
resistive impedance is higher for curved arteries than straight artery.
The findings show that hybrid nanoparticles (Au − Al2O3/blood)
reduce the values of hemodynamic parameters such as wall shear
stress and resistive impedance, and blood flow rate decreases with
an increment in hm and magnetic field strength. The current find-
ings are consistent with recent findings in other studies. The out-
comes of the study may be helpful in the diagnosis and treatment of
plaque rupture, cancer, infections, brain aneurysms, and blood clot
removal. Results may also be used to design and analyze biomedical
devices for great potential treatment modalities, the anticancer drug
industry, and nano-drug delivery systems.
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Nomenclature

x Axial direction
r Radial direction
t Time
R∗ Radius of the curved channel
u Radial Velocity component
T Temperature of the base fluid
u0 Reference velocity
e Systolic to diastolic pressure ratio
fp Heart pulse frequency
T0 Reference temperature
g Acceleration by virtue of gravity
A1 Amplitude of pulsatile component
A0 Amplitude of pressure gradient
Tw Temperature at the wall
M2 Magnetic Number
Cp Specific heat at constant pressure
P Pressure
fb Frequency of body acceleration
B1 Pressure gradient parameter
Kf Thermal conductivity
B Uniform Magnetic Field
B2 Body acceleration parameter
Gr Thermal Grashof Number
Re Reynold’s Number
Pr Prandtl Number
Rc dimensionless radius of curvature of the artery
v Axial velocity component
Q volumetric flow Rate
Nr Radiation parameter
R0 Radius of normal artery

Abbreviation
WSS Wall Shear Stress

Greek Letters
θ Non-dimensional temperature
ρhnf Density of hybrid nano-fluid
φ1, φ2 Nanoparticles Concentration
β Thermal expansion coefficient
μf Blood’s viscosity
μ0 Reference viscosity
(ρCp)hnf Heat capacitance of hybrid nano-fluid
σ Electrical conductivity
τw Shear stress at the wall
δ Stenosis depth
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λ Impedance,
ωp Circular frequency

1. Introduction

The addition of nanoparticles (at high amounts) to the blood flow in a curved stenotic
artery considerably impacts hemodynamical variables (such as resistance and impedance).
When nanoparticles are added to the base fluid, resistance and impedance are reduced. The
first nanofluid model was developed by Choi [1]. After that, Eastman et al. [2] conducted
some preliminary experiments on CuO/water nanofluid. Nadeem [3] performed a theoret-
ical analysis to illustrate the impact of metallic nanoparticles on blood circulation through
a stenosed curved artery. Recently, Eldabe et al. [4] modeled the gyrotactic microorgan-
ism of a micropolar fluid containing various nanoparticles and found that the spreading
of momentum for Al2O3 is faster than the spreading of momentum for Cu- nanoparticles.
Nanoparticles are widely used as a drug delivery vehicle to treat many cardiovascular dis-
orders. In this paper, we have chosen the hybrid nanoparticle gold-alumina to study their
impact on hemodynamical characteristics of blood flow. At the nanoscale, gold nanoparti-
cles can be used to exploit a special interaction between light and matter due to their free
electrons in an outer shell. When the right wavelength of light is used, these electrons can
be made to oscillate at the same frequency, and this turns gold nanoparticles into precise
cancer killers. Gold nanoparticles have antibodies attached to their surface that allow them
to bind only to tumor cells and not to healthy cells. Once enough of them are accumulated
near the unhealthy tissues, radiations are used to make their electron oscillate. The energy
from these oscillations spreads to the surrounding area as heat, killing the unhealthy tissues.
The role of alumina in this hybrid combination is to maintain a controlled temperature, flow
velocity, and resistance which is essential during surgical processes. Gold nanoparticles are
commonly used because of their low cytotoxicity, inert nature, confined SPR property, and
unique optical features, which transform them into very precise cancer killers [5]. Also, the
surface characteristics of gold can be easily manipulated and harnessed at the nanoscale,
making it a proper drug delivery vehicle in pathological circumstances. The combination
of Au − Al2O3 with blood enhances the flow temperature while it retard the flow speed.
We have considered the gold and alumina nanoparticles in the current model by analyz-
ing the importance of these nanoparticles over the other nanoparticles in cardiovascular
disorders. Gold is inert in nature; it does not affect the chemical composition of the other
biological fluids and is less toxic to human cells. Gold nanoparticles have good compat-
ibility with alumina nanoparticles, and the impact of these nanoparticles is opposite to
each other on blood hemodynamics. Therefore, to maintain a controlled flow rate and wall
shear stress, this combination is considered. Recently, Gandhi et al. [6] have investigated the
effects of nanoparticles in drug delivery using hybrid nanoparticles gold-alumina through
a bell-shaped constricted artery. This may be very useful at the time of surgery because
adding Al2O3 nanoparticle into Au − blood mixture reduces bleeding during surgery.

Due to advancements in the treatment of many cardiovascular diseases, hybrid nanopar-
ticles are becoming increasingly popular. Hybrid nanofluid is made by mixing two or more
types of nanoparticles into a base fluid. As seen in the [7, 8], hybrid nanoparticles have
a variety of applications in biosciences, including angioplasty, angiography, cancer ther-
apy, and bio-nanopolymer coatings of surgical instruments. Zaman et al. [9] studied the
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influence of hybrid nanoparticles silver-alumina on blood flow via an artery with steno-
sis and aneurysm and found that hybrid nanoparticles are more efficient in adjusting flow
parameters than single silver nanoparticles. Mekheimer et al. [10, 11] studied the effects
of curvature and hybrid nanoparticles on peristaltic channels and concluded that hybrid
nanoparticles enhance biological motion. The hemodynamical and rheological alterations
caused by blood-mediated hybrid nanoparticles copper-alumina were examined by Das
et al. [12]. Jayanti Tripathi et al. [13] performed numerical simulations with hybrid nanofluid
(Au–Ag/blood) via irregular stenosis.

Cardiovascular diseases are the leading cause of increased mortality globally, accounting
for around 30% of all deaths [14]. Cardiovascular disease is frequently caused by atheroscle-
rosis, a chronic inflammatory disorder. Atherosclerosis causes stenosis (segment narrowing)
in numerous parts of the vascular system. Various theoretical and experimental researches
have been listed in the literature to analyze the effects of stenosis on the hemodynam-
ics of blood moving beyond and through the tapered arterial segment [15, 16]. Haghighi
et al. [17] modeled the unsteady blood flow through an elastic tapering artery with over-
lapping stenosis. These studies can help with the identification and treatment of a variety
of cardiovascular diseases. Because of the high wall shear stress caused by the stenosis,
the post-stenotic blood flow is also triggered as the stenosis progresses. This post-stenotic
flow is one of the primary contributors to the arterial wall weakening at high volumetric
flow rates and shear stress on the wall [18]. The aberrant arterial dilation and development
of post-stenotic dilation (aneurysm) in the artery could be caused by arterial wall failure
[19]. Compared to a single segment (with stenosis only), these abnormalities’ combined
impact invariably increases the odds favorable for rupturing these stenotic sections. Moore
[20] discussed the prevalence of such a diseased state in coronary arteries. As a result, clin-
ical studies in detecting and treating vascular disorders must consider the simultaneous
impact of stenosis and aneurysm on arterial flow behavior. Based on earlier research, Pin-
combe and Mazumbar [21] investigated the hemodynamic changes in the coronary arteries
after stenotic dilations. Pincombe et al. [22] looked into the impact of multiple stenoses and
aneurysms on blood flow characteristics by treating blood as Casson fluid. Theoretical mod-
eling of blood flow via coronary arteries with multiple stenosis and aneurysm was carried
out by Wong et al. [23]. These investigations ignored the impact of arterial curvature on
blood circulation hemodynamics.

The growth of the diseased section of the atherosclerotic artery is also affected by arterial
curvature. As a result, it becomes a crucial geometrical parameter to investigate. The major-
ity of arterial channels are curved. Zaman et al. [24, 25] constructed several mathematical
models to analyze the unsteady flow of blood through a curved artery with coupled steno-
sis and aneurysm with this objective in mind. Some of these models have also considered
the effects of nanoparticles. Sultan et al. recently introduced several non-Newtonian mod-
els of blood flow via a curved artery, including time-variant aneurysm and occlusion [26,
27]. The studies listed above did not consider the effects of hematocrit-dependent viscos-
ity and hybrid nanoparticles, and magnetic field on blood flow hemodynamics via a disease
arterial duct (curved).

In biological fluids, the study of the magnetic field (MHD) is vital. Due to the presence of
iron ions in hemoglobin, the magnetic field strongly influences it, reflecting blood’s elec-
trical conductivity. Rao et al. [28] discovered that the magnetic field significantly impacts
the biological system. In the biological field, the uniform/non-uniform magnetic field has a
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variety of applications, including magnetic targeting drug delivery [29], adjusting the flow
of blood during surgery and in cancer treatment. By imposing a magnetic field of strength
10T, Haik et al. [30] found that the volumetric flow rate of blood could be slowed by 30%.
Haghighi et al. [31] studied pulsatile blood flow via a stenosed artery under the influence of
a magnetic field. Akar et al. [32] numerically investigated the magnetic field impact on the
90◦ horizontally bent vessel. Raslan et al. [33] studied the MHD flow of an incompressible
fluid using the 2-D finite difference method. Recently, Sharma et al. [34] did a numerical
study of magnetohydrodynamic two-phase blood flow through a constricted permeable
curved artery.

The majority of the previous research assumed constant viscosity, but in reality, it is
affected by a variety of parameters such as hematocrit, temperature, and shear rate. The
hematocrit has a significant impact on the viscosity of whole blood. Firstly, Lih [35] discov-
ered that blood viscosity is affected by hematocrit and artery diameter in blood flow. By
increasing the hematocrit by one unit, blood viscosity increases by 4% [36]. This connection
becomes particularly sensitive as the hematocrit level rises. In disorders like polycythemia,
as the hematocrit increases to 60 or 70%, the blood viscosity can reach ten times that of
water, and blood flow via the artery is substantially slowed due to increased flow resistance
[37]. The impact of changing viscosity on blood flow hemodynamics has been studied using
various mathematical models [38–40]. The curved arterial flow with hematocrit-dependent
viscosity was not included in the study mentioned above.

Nanofluid convective transfer has recently attracted the attention of many researchers
due to its wide range of applications in chemical and thermal engineering, as well as mate-
rial and natural science. The presence of nanoparticles in the blood can improve heat
transmission and blood flow. Ali et al. [41] investigated that increase in thermal radiation
enhances the fluid’s velocity and temperature. Although blood-mediated nanoparticles
offer a variety of essential medicinal and diagnostic applications, they can also have harmful
interactions with blood components. It can also alter nanoparticle physicochemical prop-
erties and activate pathophysiological activities. As a result, blood compatibility is required
for safe drug-loaded nanoparticle transportation to blood [42].

Based on the literature review and to the best of our knowledge, no attempt is made
to examine the heat transfer and body acceleration effects on the hybrid nanofluid
(Au − Al2O3/blood) flow through a curved duct with stenosis and aneurysm by tak-
ing hematocrit-dependent viscosity. With this motivation, we introduced a mathemati-
cal model to investigate the effects of curvature, Au − Al2O3 hybrid nanoparticles, body
acceleration, variable viscosity (hematocrit-dependant), external magnetic field, and radi-
ation effect on pulsatile blood flow via a curved artery with stenosis and aneurysm.
This study aims to learn more about treating atherosclerosis without surgery, reducing
medical expenses, and avoiding complications after surgery. It could also help diag-
nose and treat plaque rupture, cancer, infections, brain aneurysms, and blood clot
removal.

The following are the objectives and novelty of the current study:

• This study analyzes how the hemodynamical factors vary when hybrid nano blood
(Au − Al2O3/blood) passes through both stenosis and aneurysm of a curved artery.

• Hematocrit-dependent viscosity of blood flow has been taken into account.
• The effect of external body acceleration on the flow velocity has been considered.
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• The influence of the artery’s radius of curvature on blood flow, wall shear stress,
impedance profiles, flow rate profiles, and velocity contours have been studied.

• In the presence of radiation effect, the impact of hybrid blood (Au − Al2O3/blood) on
heat transfer in a curved artery has been studied.

• Variation of dimensionless heat transfer coefficient with different volume fractions of
nanoparticles has been studied.

2. Model formulation

2.1. Geometry of the model

Considered blood as an unsteady, Newtonian, laminar, viscous, incompressible fluid mov-
ing through a stenosed curved artery with an aneurysm. Orthogonal curvilinear coordinates
(r, x) in radial and axial directions are used to formulate the problem. In the direction perpen-
dicular to the axial direction, a uniform magnetic field B is applied. The diseased segment’s
geometry (Figure 1) can be mathematically characterized as follows: [27, 43]:

R(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(α∗
i x + R0)

(
1 −

(
δ∗

i

2R0

(
1 + cos

2π

λi

(
x − σ ∗

i − λi

2

))))
,

σ ∗
i ≤ x ≤ σ ∗

i + λi, i = 1, 2

(α∗
i x + R0) Otherwise ,

(1)

−R(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(α∗
i x − R0)

(
1 −

(
δ∗

i

2R0

(
1 + cos

2π

λi

(
x − σ ∗

i − λi

2

))))
,

σ ∗
i ≤ x ≤ σ ∗

i + λi, i = 1, 2

(α∗
i x − R0) Otherwise,

(2)

where R(x) denotes the upper wall geometry of a curved artery and −R(x) denotes the
lower wall geometry. L is the length of the arterial channel, α = tan ψ represents the con-
striction of the diseased artery, ψ represents the tapering angle, λi denotes the length of
the diseased segment, and σ ∗

i is the length of the ith abnormal section from the origin, and
δ∗

i stands for the critical height of the ith diseased section occurring at two explicit locations
given by:

x = σ ∗
1 + λ1/2, and x = σ ∗

2 + λ2/2, where the value of δ∗
i takes a positive value for stenosis

and a negative value for an aneurysm.

2.2. Governing equations

The current flow model is illustrated by two-dimensional orthogonal curvilinear co-
ordinates (r, x). The flow velocity vector is defined as V = (u(r, x, t), v(r, x, t)), with u and
v representing the radial and axial velocity components, respectively. Figure 1 shows the
geometry of a curved artery with stenosis and aneurysm. The flow chart of mathematical
model is shown in Figure 2. Figure 3 represents the formation of hybrid nanofluid.

The equations for continuity, momentum, and energy are written as:
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Figure 1. Geometrical representation of diseased artery.

Figure 2. Flow chart of Mathematical model.

Continuity equation

∂u

∂r
+ u

R∗ + r
+ R∗

R∗ + r

∂v

∂x
= 0. (3)

Momentum equations
r-direction

ρhnf

[
∂u

∂t
+ u

∂u

∂r
+ R∗v

R∗ + r

∂v

∂x
− v2

R∗ + r

]
= −∂P

∂r
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Figure 3. Hybrid blood after mixing Au and Al2O3 nanoparticles.

+ μhnf

[
∂2u

∂r2 + 1
R∗ + r

∂u

∂r
+

(
R∗

R∗ + r

)2
∂2u

∂x2 − u

(R∗ + r)2 − 2R∗

(R∗ + r)2

∂v

∂x

]

+
(

4
3

∂u

∂r
− 2

3

(
R∗

R∗ + r

∂v

∂x
+ u

R∗ + r

))
∂μhnf

∂r
,

x-direction

ρhnf

[
∂v

∂t
+ u

∂v

∂r
+ R∗v

R∗ + r

∂v

∂x
+ uv

R∗ + r

]
= − R∗

R∗ + r

∂P

∂x
+ G(t) + μhnf

[
∂2v

∂r2 + 1
R∗ + r

∂v

∂r

+
(

R∗

R∗ + r

)2
∂2v

∂x2 − v

(R∗ + r)2 + 2R∗

(R∗ + r)2

∂u

∂x

]
+

(
R∗

R∗ + r

∂u

∂x
+ ∂v

∂r
− v

R∗ + r

)
∂μhnf

∂r

− σhnf B
2v + g(ρβ)hnf (T − Tw). (4)

Energy equation

(ρCp)hnf

[
∂T

∂t
+ u

∂T

∂r
+ R∗v

R∗ + r

∂T

∂x

]
= Khnf

[
∂2T

∂r2 + 1
R∗ + r

∂T

∂r
+

(
R∗

R∗ + r

)2
∂2T

∂x2

]
− ∂q

∂r
.

(5)
The following is the equation for the axial pressure gradient [44]:

−∂ P̄

∂ x̄
= A0 + A1 cos(2πωpt), t > 0,

where, A1 = Amplitude of the pulsatile component, A0 = Mean pressure gradient, ωp =
2π fp.

The extrinsic periodic body acceleration imposed in the axial direction of a hybrid
nanofluid flow is described by the equation [45]:

G(t) = Ā0 cos(ω̄2t + χ), t > 0

where, χ = Phase angle, Ā0 = Amplitude of the body acceleration, ω̄2 = 2π fb.
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Table 1. Nanofluid’s and hybrid nanofluid’s thermophysical parametric equations.

The initial and boundary conditions that the flow is subjected to are as follows:{
v = T = 0 at t = 0,

v = 0, T = Tw at r = R and r = −R.
(6)

Here, hematocrit-dependent viscosity is considered which is illustrated as:

μf = μ0[1 + β1h(r)], (7)

where, h(r) = hm[1 − ( r
R0

)m], hm = maximum hematocrit at the center of the artery.
β1 = 2.5, m = exact shape of velocity profile, m ≥ 2. The thermophysical properties of

Nanofluid’s and hybrid nanofluid’s are given in Table 1

2.3. Non-dimensionalization of governing equations

The previous flow equations (3)–(5) are non-dimensionalized using the non-dimensional
parameters listed below to evaluate numerical solutions:

r̄ = r

R0
, x̄ = x

λi
, ū = λiu

δ∗u0
, v̄ = v

u0
, t̄ = u0t

R0
, Rc = R∗

R0
, P̄ = R2

0P

μ0u0λi
,

ε = R0

λi
, Re = ρf u0R0

μ0
, δ = δ∗

R0
, θ = T − T0

Tw − T0
, Gr = g(ρβ)f R2

0Tw

μ0u0
,

Nr = 16σeT3
c

βRKf
, M2 = σf B2R2

0

μ0
, Pr = μ0(CP)f

Kf
.
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After using non-dimensional parameter and mild stenotic condition, i.e. δ(= δ∗
R0

) << 1, ε(=
R0
λi

) = O(1), Equations (3)–(5) will be reduced as:
Non–dimensional equations

∂ P̄

∂ r̄
= 0, (8)

ρhnf

ρf
Re

∂ v̄

∂ t̄
= − Rc

Rc + r̄

∂ P̄

∂ x̄
+ G(t̄) + μhnf

μ0

[
∂2v̄

∂ r̄2 + 1
Rc + r̄

∂ v̄

∂ r̄
− v̄

(Rc + r̄)2

]

−
(

∂ v̄

∂ r̄
+ v̄

Rc + r̄

)
mβ1hmr̄m−1

(1 − φ1)2.5(1 − φ2)2.5 − σhnf

σf
M2v̄

+ (ρβ)hnf

(ρβ)f
(Gr θ), (9)

(ρCp)hnf

(ρCp)f

Kf

Khnf
Pr Re

∂θ

∂ t̄
= ∂2θ

∂ r̄2 + 1
Rc + r̄

∂θ

∂ r̄
+ Kf

Khnf
Nr

∂2θ

∂ r̄2 . (10)

Pressure gradient and body acceleration are obtained as follows after non-
dimensionalization:

∂ P̄

∂ x̄
= B1(1 + e cos(c1 t̄), G(t̄) = B2 cos(c2 t̄ + χ),

where B1 = A0R2
0

μ0u0
, e = A1

A0
, B2 = Ā0R2

0
μ0u0

, c1 = 2πR0wp
u0

, c2 = ω̄2R0
u0

.
Non-dimensionalized form of associated initial and boundary conditions subjected to

the flow are rewritten as: {
v̄ = θ = 0 at t = 0,

v̄ = 0, θ = 1 at r = R and r = −R.
(11)

Now, the non-dimensionalized form of geometry of curved arterial channel with stenosis
and aneurysm is obtained as:

R(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(1 + αx)

(
1 −

(
δ

2

(
1 + cos 2π

(
x − σi − 1

2

))))
,

σi ≤ x ≤ σi + 1, i = 1, 2

(1 + αx) Otherwise,

(12)

with σi = σ ∗
i

λi
; α = α∗λi

R0
.

In Equation (12), the tapering parameter is α = tan(ψ), and the associated taper angle
is ψ . The following are the mathematical formulae for hemodynamical factors such as wall
shear stress, volumetric flow rate, and resistive impedance:

τw =
(

∂ v̄

∂ r̄

)
r̄=R

, (13)

Q =
∫ R

−R
v̄r̄dr̄, (14)
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λ =
L

(
∂ P̄
∂ x̄

)
Q

, (15)

Nu =
(

∂θ

∂r

)
r=R

. (16)

3. Solution process

Since the governing equations (9)–(10) are non-linear partial differential equations, so a
robust numerical method (implicit Crank-Nicolson (an unconditionally stable) scheme) is
used to solve the resulting dimensionless boundary value problem. The Crank-Nicolson
method is superior to FTCS, CTCS, and BTCS methods in terms of stability, accuracy, and
convergence. The Crank-Nicolson approach can be applied either explicitly or implicitly.
The explicit finite difference Crank-Nicolson method is simple to use, second-order precise
in the spatial direction, but only first-order precise in the temporal direction. The numeri-
cal solution is unfortunately unstable unless the ratio �t̄

(�x̄)2 is sufficiently low. By unstable,
it is implied that minor errors that arise from either arithmetic errors or the approximation
of the derivative expressions tend to grow rather than diminish as one proceeds further.
An implicit finite-difference approach can be used to solve this instability problem. The
implicit Crank-Nicholson algorithm is the suggested approach for the majority of cases
because it is second-order accurate in both the spatial and temporal directions and uncon-
ditionally stable (i.e. for all �t̄

(�x̄)2 values) (i.e. less computation is required to achieve a given
degree of accuracy with a finer grid in the temporal direction.) An implicit Crank-Nicolson
(an unconditionally stable) scheme based on a finite difference approach is used for the
current blood flow problem. Furthermore, in both space and time, this technique is second-
order convergent. Several researchers have used this strategy, as evidenced by the Refs. [46,
47]. Recently, Haghighi et al. [48, 49] simulated the impact of body acceleration on the
micropolar fluid flow using Crank- Nicolson implicit scheme. As Equations (9)–(10) are cou-
pled partial differential equations. Therefore, initially, the temperature equation is solved
using the Crank-Nicolson method then the velocity equation is solved with the help of the
temperature equation. Flow chart of the solution process is shown in Figure 4.

The partial spatial and temporal derivatives used in this method are stated as:

v̄ = v̄k
i + v̄k+1

i

2
,

∂ v̄

∂ r̄
= v̄k

i+1 − v̄k
i−1 + v̄k+1

i+1 − v̄k+1
i−1

4�r̄
,

∂2v̄

∂2 r̄
= v̄k

i+1 − 2v̄k
i + v̄k

i−1 + v̄k+1
i+1 − 2v̄k+1

i + v̄k+1
i−1

2(�r̄)2 ,
∂ v̄

∂ t̄
= v̄k+1

i − v̄k
i

�t̄
.

(17)

3.1. Discretization of governing equations

By using the partial derivatives as given in Equation (17), we discretize the governing
equations (9)–(10) as follows:

[
(1 − φ2)

[
(1 − φ1) + φ1

ρs1

ρf

]
+ φ2

ρs2

ρf

]
Re

[
v̄k+1

i − v̄k
i

dt

]



12 B. K. SHARMA ET AL.

Figure 4. Flow chart representation of solution process.

= Rc

Rc + r(i)
B1[1 + e cos(c1tk)] + B2 cos(c2tk + χ)

+
[
1 + β1hm

(
1 −

(
r

R0

)m)]
(1 − φ1)2.5(1 − φ2)2.5

[
1
2

(
v̄k+1

i+1 − 2v̄k+1
i + v̄k+1

i−1

dx2 + v̄k
i+1 − 2v̄k

i + v̄k
i−1

dx2

)

+ 1
4(Rc + r(i))

(
v̄k+1

i+1 − v̄k+1
i−1

dx
+ v̄k

i+1 − v̄k
i−1

dx

)
− (v̄k

i + v̄k+1
i )

2(Rc + r(i))2

]

− mβ1hm(r(i))m−1

(1 − φ1)2.5(1 − φ2)2.5

[
(v̄k+1

i+1 − v̄k+1
i−1 + v̄k

i+1 − v̄k
i−1)

4 dx
+ (v̄k

i + v̄k+1
i )

2(Rc + r(i))

]

+
[
(1 − φ2)

[
(1 − φ1) + φ1

(ρβ)s1

(ρβ)f

]
+ φ2

(ρβ)s2

(ρβ)f

]
(Gr θk

i ) − 1
2

σhnf

σf
M2(v̄k

i + v̄k+1
i ),

(18)
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[
(1 − φ2)

[
(1 − φ1) + φ1

(ρCp)s1

(ρCp)f

]
+ φ2

(ρCp)s2

(ρCp)f

] [
θk+1

i − θk
i

dt

]

= 1
Re Pr

Khnf

Kf

[(
θk+1

i+1 − 2θk+1
i + θk+1

i−1

2 dx2 + θk
i+1 − 2θk

i + θk
i−1

2 dx2

)

+ 1
4(Rc + r(i))

(
θk+1

i+1 − θk+1
i−1

dx
+ θk

i+1 − θk
i−1

dx

)]

+ Nr
Re Pr

[
1
2

(
θk+1

i+1 − 2θk+1
i + θk+1

i−1

dx2 + θk
i+1 − 2θk

i + θk
i−1

dx2

)]
. (19)

The following are the discretized boundary and initial conditions related with the governing
equations:

v̄k+1
1 = 0, θk+1

1 = 1, v̄k+1
N+1 = 0, θk+1

N+1 = 1, v̄1
i = 0, θ1

i = 0. (20)

The spatial variable is now uniformly discretized into N + 1 discrete grid points xi, (i =
1, 2, . . . , N + 1), with �x = 1/(N + 1) as the step size. tk = (k − 1)�t indicates the time lev-
els, with �t representing a small increment in time. Despite the fact that this approach is
unconditionally stable for all values of �t and �x, we have chosen �t = 10−4 and �x =
10−4 as the choices for step sizes. As previously stated, the Crank-Nicolson approach is an
implicit one, hence the governing equations (18)–(19) are reduced to a system of Equa-
tions (21)–(22). They form a tri-diagonal system of equations that can be simplified using
the Tri-diagonal Matrix Algorithm [50].

Equation (18) corresponds to a tri-diagonal system, which can be calculated as follows:

Sk
i v̄k+1

i−1 + Tk
i v̄k+1

i + Uk
i v̄k+1

i+1 = S
′k
i v̄k

i−1 + T
′k
i v̄k

i + U
′k
i v̄k

i+1 + Fk
i , (21)

where

Sk
i = −

[
1 + β1hm

(
1 −

(
r

R0

)m)]
(1 − φ1)2.5(1 − φ2)2.5

(
dt

2 dx2 + 1
4(Rc + r(i))

dt

dx

)

+ mβ1hm(r(i))m−1

(1 − φ1)2.5(1 − φ2)2.5

(
dt

4 dx

)
,

Tk
i = Re

[
(1 − φ2)

[
(1 − φ1) + φ1

ρs1

ρf

]
+ φ2

ρs2

ρf

]
−

[
1 + β1hm

(
1 −

(
r

R0

)m)]
(1 − φ1)2.5(1 − φ2)2.5

×
(

− dt

dx2 − 1
2(Rc + r(i))2

dt

dx

)

+ mβ1hm(r(i))m−1

(1 − φ1)2.5(1 − φ2)2.5

(
dt

2(Rc + r(i))

)
+ dt

2
σhnf

σf
M2,

Uk
i = −

[
1 + β1hm

(
1 −

(
r

R0

)m)]
(1 − φ1)2.5(1 − φ2)2.5

(
dt

2 dx2 − 1
4(Rc + r(i))

dt

dx

)

+ mβ1hm(r(i))m−1

(1 − φ1)2.5(1 − φ2)2.5

(
− dt

4 dx

)
,
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S
′k
i =

[
1 + β1hm

(
1 −

(
r

R0

)m)]
(1 − φ1)2.5(1 − φ2)2.5

(
dt

2 dx2 + 1
4(Rc + r(i))

dt

dx

)

− mβ1hm(r(i))m−1

(1 − φ1)2.5(1 − φ2)2.5

(
dt

4 dx

)
,

T
′k
i = Re

[
(1 − φ2)

[
(1 − φ1) + φ1

ρs1

ρf

]
+ φ2

ρs2

ρf

]
+

[
1 + β1hm

(
1 −

(
r

R0

)m)]
(1 − φ1)2.5(1 − φ2)2.5

×
(

− dt

dx2 − 1
2(Rc + r(i))2

dt

dx

)

− mβ1hm(r(i))m−1

(1 − φ1)2.5(1 − φ2)2.5

(
dt

2(Rc + r(i))

)
− dt

2
σhnf

σf
M2,

U
′k
i =

[
1 + β1hm

(
1 −

(
r

R0

)m)]
(1 − φ1)2.5(1 − φ2)2.5

(
dt

2 dx2 − 1
4(Rc + r(i))

dt

dx

)

+ mβ1hm(r(i))m−1

(1 − φ1)2.5(1 − φ2)2.5

(
dt

4 dx

)
,

Fk
i = dt

B1Rc

(Rc + r(i))
[1 + e cos(c1tk)] + B2 dt cos(c2tk + χ)

+ dt

[
(1 − φ2)

[
(1 − φ1) + φ1

(ρβ)s1

(ρβ)f

]
+ φ2

(ρβ)s2

(ρβ)f

]
(Gr θk

i ).

The tri-diagonal system corresponding to Equation (19) is given by:

Pk
i θk+1

i−1 + Rk
i θk+1

i + Qk
i θk+1

i+1 = P
′k
i θk

i−1 + R
′k
i θk

i + Q
′k
i θk

i+1 + Dk
i , (22)

where

Pk
i = − 1

Re Pr
Khnf

Kf

(
dt

2 dx2 + 1
4(Rc + r(i))

dt

dx

)
− Nr

2 Re Pr

(
dt

dx2

)
,

Rk
i =

[
(1 − φ2)

[
(1 − φ1) + φ1

(ρCp)s1

(ρCp)f

]
+ φ2

(ρCp)s2

(ρCp)f

]
+ 1

Re Pr
Khnf

Kf

dt

dx2 + Nr
Re Pr

(
dt

dx2

)
,

Qk
i = − 1

Re Pr
Khnf

Kf

(
dt

2 dx2 − 1
4(Rc + r(i))

dt

dx

)
− Nr

2 Re Pr

(
dt

dx2

)
,

P
′k
i = 1

Re Pr
Khnf

Kf

(
dt

2 dx2 + 1
4(Rc + r(i))

dt

dx

)
+ Nr

2 Re Pr

(
dt

dx2

)
,

R
′k
i =

[
(1 − φ2)

[
(1 − φ1) + φ1

(ρCp)s1

(ρCp)f

]
+ φ2

(ρCp)s2

(ρCp)f

]
− 1

Re Pr
Khnf

Kf

dt

dx2 − Nr
Re Pr

(
dt

dx2

)
,

Q
′k
i = 1

Re Pr
Khnf

Kf

(
dt

2 dx2 − 1
4(Rc + r(i))

dt

dx

)
+ Nr

2 Re Pr

(
dt

dx2

)
, Dk

i = 0.

Equations (21)–(22) are solved using Gauss-Seidel method. Iterations are performed until
the difference between two successive iterations converges to the required tolerance
(10−6), i.e. |v̄new − v̄old| < 10−6. Thus, due to computational cost and accuracy the above
mesh size was considered optimal.
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Table 2. Thermophysical properties and values of physical parameters with their sources.

(a) Thermophysical properties of blood, Au and Al2O3 nanoparticles

Thermophysical properties Gold Alumina Blood

Thermal conductivity [K(W/mK)] 314 40 0.492
Electrical conductivity [σ(S/m)] 4.10 × 107 3.5 × 107 0.667
Density [ρ(kg/m3)] 19320 3970 1063
Thermal expansion coefficient [β × 10−5(K−1)] 1.4 0.85 0.18
Heat capacitance [Cp(J/kgK)] 129 765 3594

(b) Physical parameters’s values with their sources

Parameters Ranges Sources

Magnetic number 0–4 [51]
Maximum hematocrit 0–2 [52]
Radiation parameter 0–7 [8, 27]
Thermal Grashof number 0–6 [53]
Prandtl number 14–25 [54, 55]
Reynold number 1–10 [6]

4. Results and graphical analysis

This mathematical investigation aims to see how hematocrit-dependent viscosity and
nanofluid hemodynamics affect blood flow via a curved artery with two aberrant seg-
ments (stenosis and aneurysm). As hybrid nanoparticles, Au and Al2O3 nanoparticles are
combined. The effect of emergent characteristics such as hematocrit-dependent viscosity
(hm), magnetic field (M2), and radiation (Nr) on temperature profiles of hybrid blood (φ1 =
0.02, φ2 = 0.02) is investigated. There is also a comparison of these profiles for stenotic and
aneurysm segments. The Crank-Nicolson method has been used to simplify dimensionless
governing equations. The velocity, temperature, wall shear stress, and impedance profiles
are computed using MATLAB algorithms for the C-N approach. The flow patterns for various
physical factors are studied using streamlined contours.

The computational work has been done by utilizing the default values of parameters as
illustrated in Table 2(b).

4.1. Validation of the numerical results

The validation of our study is consummated with published work Zaman [25] for the curved
artery with stenosis and aneurysm, which is common in both the study. The graphs 5(a,b) for
dimensionless velocity profiles have been plotted for authentication using the following set
of emergent parameters: Pr = 14, Gr = 0.8, Re = 0.5, Nr = 0, hm = 0, M2 = 0, s = 0, Rc =
3, slip parameter (α = 0), thermal slip parameter (γ = 0), heat source or sink parameter
(β = 0), B2 = 0, B1 = 1.41, ψ = 0, φ1 = 0.05, φ2 = 0. The published work Zaman [25] for the
curved artery with stenosis and aneurysm (which is prevalent in both studies), completes
the confirmation of our research. The Cu-blood velocity profiles in both studies are shown
in Figure 5(a). The current paper’s velocity profile matches the published paper [25] quite
well.

The velocity profiles of Au-blood (present work) and Cu-blood [25] are compared in
Figure 5(b). There is a great match between the velocity trend in our study and the veloc-
ity profile trend in Ref. [25]. There is a little difference in velocity profiles due to the use of
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Figure 5. Variation of velocity profile patterns for (a) Cu-blood, (b) Cu and Au-blood at t = 0.86 and
x = 0.7.

Figure 6. Variation in blood flow patterns for different values of M2, (a) M2 = 0, (b) M2 = 2.5, (c) M2 =
3.5.

gold nanoparticles instead of copper nanoparticles since Au-blood velocity is greater than
Cu-blood velocity [56].

4.2. Velocity contours

The varied blood flow patterns in terms of velocity contours are more correctly incorpo-
rated into the research efforts. Figure 6(a–c) show blood trapping for various magnetic
field parameter (M2) values. These contours show magnetic field strength’s radial and axial
effects on blood flow. We used trapping configurations to compare blood trapping for
various magnetic field parameter (M2) values. The greatest blood velocity achieved in the
absence of an external magnetic field, i.e. when M2 = 0, is 0.0016, which is in the aneurysm
region. As the magnetic field parameter alters to M2 = 3.5, the amplitude of maximum
blood velocity reduces from 0.0016 to 0.0012, implying that an increase in applied mag-
netic field strength provokes a declination in the blood velocity due to the production
of Lorentz force, which leads to slow the flow, which is compatible with the results in
Figure 10(b). The circulating bolus can be detected in the pre-stenotic and post-stenotic
regions (in aneurysms) because of blood flow circulation in these sections. Figure 7(a–c)
shows the importance of hematocrit-dependent viscosity (in terms of hm) in flow trapping.
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Figure 7. Variation inbloodflowpatterns for different values of hm, (a)hm = 0, (b)hm = 0.5, (c)hm = 1.

Figure 8. Variation inbloodflowpatterns for different valuesof radiationparameter, (a)Nr = 0, (b)Nr =
3, (c) Nr = 5.

Figure 9. Variation in blood flow patterns for different values of dimensionless radius of curved channel,
(a) Rc = 2.5, (b) Rc = 4.5, (c) Rc → ∞.

As the hematocrit parameter varies from hm = 0 to hm = 1, the amplitude of maximum
blood velocity drops from 0.0015 to 0.0012. According to these streamline patterns, higher
velocity zones are reduced as the value of hm increases. Consequently, as hm increases, the
maximum velocity area diminishes, notably towards the lower wall and the aneurysm zone.
The streamline contours for various values of Nr are shown in Figure 8(a–c). The radiation
parameter implicitly influences the flow velocity. Temperature is increased when the value
of Nr rises. The temperature will indirectly impact velocity patterns because the momen-
tum equation is dependent on temperature. The maximum velocity zones increase as the
value of Nr rises, as shown in the figures. As Nr rises from 0 to 5, the magnitude of the maxi-
mum gained flow velocity rises from 0.4 × 10−3 to 2.2 × 10−3. The influence of the curved
artery’s non – dimensional radius (Rc) on the flow patterns are shown in Figure 9(a–c), which
shows that the pattern of streamlines and circulating bolus shrinks to symmetric form as the
value of Rc increases.
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Figure 10. Variation of hybrid blood velocity in radial direction with, (a) Rc , (b) M2, (c) Gr, (d) hm, (e)
stenotic depth, (f ) aneurysm’s height, (g) volume fractions of nanoparticles at t = 0.86.
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4.3. Axial velocity profiles

The influence of Rc (non – dimensional radius of curvature of the channel) on the velocity of
hybrid blood is shown in Figure 10(a), which shows that raising the value of Rc reduces the
velocity profiles to a symmetric pattern for both the flow-through stenosis and aneurysm
sections. Large values of Rc signify a uniform velocity distribution around the central line,
implying that a curved channel shrinks to a straight channel. The velocity of hybrid blood
supply in the aneurysm segment is also higher than the velocity in the stenotic zone for a
fixed value of Rc. The effect of the magnetic parameter (M2) on the velocity profile of hybrid
nanofluid is shown in Figure 10(b). Blood is subjected to a substantial electromotive force
in an externally supplied magnetic field. Owing to magnetic iron ions in hemoglobin, the
magnetic field has a significant impact on blood flow. The Lorentz force generated by the
magnetic field causes an increase in blood viscosity, which leads to a decrease in flow veloc-
ity, which might be helpful for blood flow management in arterial diseases. Increasing the
strength of the magnetic field leads to a drop in blood velocity. The velocity of hybrid blood
through the aneurysm region is greater than the velocity of stenotic blood at a particular
value of the magnetic field parameter, according to a comparative study of a fluid velocity
for stenosis and aneurysm. The effect of the Grashof number (Gr) on the velocity of hybrid
blood is displayed in Figure 10(c). It has been noticed that as the value of Gr rises, so does
the flow velocity. In the case of natural convection, the thermal Grashof number is the ratio
of buoyant force to the viscous force of the fluid. Fluid velocity increases as the viscous force
become more powerful than the buoyant force. Figure 10(d) shows the variation of hybrid
blood velocity in the radial direction for various values of hm. The hematocrit parameter (hm)
significantly impacts blood viscosity. We examined at both constant viscosity (hm = 0) and
hematocrit-dependent viscosity (hm 	= 0) in this study. The figure demonstrates that the
hybrid blood velocity is larger when hm = 0 and decreases as hm increases. As the value of
hm rises, blood viscosity rises, causing the flow to be slowed. In aneurysm regions, veloc-
ity has the opposite effect near the artery wall, increasing slightly as the value of hm rises.
The influence of stenotic depth (δ) on hybrid blood velocity is depicted in Figure 10(e).
(δ = 0) indicates that the curved artery has no stenosis. The value of r decreases as the
stenotic depth increases. It can be seen in the figure that a modest increase in stenotic
depth causes a decrease in flow velocity. It is also worth noting that the variation in the
velocity profile for various values of maximal stenotic depth is greater towards the arte-
rial wall than in the artery’s center. This occurs because stenosis deposition does not affect
much blood flow velocity in the artery’s center. The impact of aneurysm height (δ) on hybrid
blood velocity is depicted in Figure 10(f). (δ = 0) indicates that the curved artery is free of
aneurysms. The value of r increases as the aneurysm’s height rises. It can be seen in the
graphic that a modest increase in aneurysm height leads to an increase in flow velocity.
It is also worth noting that the change in the velocity profile for different values of max-
imal aneurysm height is greater towards the arterial wall than in the artery’s center. In
the stenotic segment, the influence of nanoparticle concentration on velocity profile for
Au − Al2O3/blood is depicted in Figure 10(g), which shows that increasing the concentra-
tion of gold nanoparticles enhances flow velocity, whereas increasing the concentration of
Al2O3 nanoparticles decreases the flow velocity, i.e. both nanoparticles have the opposite
impact on fluid velocity, which is highly useful in managing blood flow throughout surgical
processes.
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4.4. Temperature profiles

The temperature profile for hybrid blood is shown in Figure 11(a) for various values of
the Radiation parameter (Nr). The figure depicts that the temperature profile rises as the
value of Nr increases from 0 to 5. This happens because the Nr has the opposite effect on
thermal conductivity, implying that the system radiates the most heat. Radiation acts as
a heat source within the blood, and a temperature rise is caused by increasing radiation
dose. The free electrons in gold and Al2O3 nanoparticles start to oscillate when radiations
of the proper wavelength interact with them. The heat generated by these oscillations
spreads across the surroundings, killing cancerous tissue. This finding has much applica-
tion in thermal therapy. By raising the value of Rc (non – dimensional radius of curvature
of the conduit) for both the flow-through occlusion and aneurysm sections, the tempera-
ture profiles shrink to a symmetric pattern Figure 11(b). It indicates that a curved channel
can be geometrically reduced to a straight channel. The temperature of hybrid blood in
the aneurysm region is likewise lower than that in the stenotic zone for a fixed value of
Rc. Figure 11(c) depicts the influence of nanoparticle volume fraction on the temperature
profile of Au − Al2O3/blood in the stenotic segment. The temperature in pure blood is the
lowest. The fluid (blood) temperature is enhanced by increasing the volume fraction of both
gold and Al2O3 nanoparticles, which has a benefit in managing the temperature and mak-
ing modifications as needed during surgical processes. Temperature profiles show a similar
trend in the aneurysm segment, as seen in Figure 11(d). The temperature of hybrid blood
in the aneurysm region is lower than that in the stenotic region for the same proportion of
nanoparticles in blood.

4.5. Resistance impedance

Resistive impedance is defined as the ratio of drop in pressure to flow rate. Variation in
resistance is incredibly beneficial for managing blood flow during surgery. The variation
in resistive impedance to the axial direction for various values of the hematocrit parame-
ter (hm) is shown in Figure 12(a). It is observed that the flow impedance increasing as the
values of the hematocrit parameter increase. Also, as the value of hm rises, blood viscos-
ity rises, obstructing blood flow. For varying values of hm, the resistance variation at the
stenotic neck is higher than at the aneurysm neck. This occurs because the stenotic neck’s
radial distance (r) is less than the aneurysm neck’s, resulting in a higher value of h(r) and, as a
result, a higher value of fluid viscosity, which slows the flow. The Change of flow impedance
to the stenotic depth for various values of the hematocrit parameter (hm) is depicted in
Figure 12(b). The figure indicates that the frictional resistance increases when the stenotic
depth increases (almost linearly) due to increased flow blockage, which raises flow resis-
tance. It should also be observed that in the absence of stenosis, i.e. for (δ = 0), frictional
resistance is negligible, and flow impedance rises when the hematocrit parameter (hm)
is increased. Figure 12(c) demonstrates the connection between frictional resistance and
maximal stenosis height for different lengths of the curved artery. The length of the curved
artery significantly influences flow resistance. Resistive impedance increases as the length
of the artery grow. This study indicates that the resistive impedance in the large arteries is
greater than in the smaller ones. For various values of magnetic number (M2), Figure 12(d,e)
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Figure 11. Variation in blood flow temperature for different values of, (a) Nr, (b) Rc , (c) φ1, φ2 in stenotic
region, (d) φ1, φ2 in aneurysm region.

show the impedance variation (λ) with axial direction and maximal stenotic depth, respec-
tively. The figures demonstrate that flow resistance rises as the magnetic number increases.
The Lorentz force is generated when the magnetic field strength rises, slowing the flow and
enhancing the flow impedance. The variation of flow resistance in the axial direction for
different values of Nr is shown in Figure 12(f). The impedance value in the stenotic region
increases quickly in the axial direction, from x = 0.2 to x = 0.7 (stenotic depth increases),
and then rapidly lowers in the rest of the stenotic zone. At x = 0.7, the frictional resistance
is at its highest (at the neck of stenosis). The impedance value falls fast in the axial direc-
tion from x = 1.5 to x = 2.0 (aneurysm height increases) in the aneurysm region; after
that, it increases in the remaining the aneurysm segment. The resistive impedance is low-
est near the aneurysm’s neck (at x = 2.0). Flow impedance diminishes as the value of Nr
increases, and resistive impedance variation at the stenotic and aneurysm throat is higher
for distinct Nr values than for the remaining arterial region. Figure 12(g) depicts the effect
of nanoparticle concentration on the flow resistance profile for Au − Al2O3/blood in the
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axial direction. The resistive impedance falls as the volume fraction of gold nanoparticles
increases. However, the resistive impedance rises as the concentration of Al2O3 nanoparti-
cles increases, indicating that both nanoparticles have opposite effects on flow resistance.
The variation of resistive impedance with axial direction for different values of Rc is shown
in Figure 12(h). The figure demonstrates that when the value of Rc increases, the resistive
impedance decreases, indicating that the resistance in the curved artery is greater than that
of a straight artery. Furthermore, when the value of Rc rises, the impedance profiles become
closer.

4.6. Volumetric flow rate

The volumetric flow rate fluid is the amount of fluid that passes in a given period. The
relationship between impedance and flow rate is inverse. The variation in volumetric flow
rate to the axial direction for various values of the hematocrit parameter (hm) is shown in
Figure 13(a); flow rate decreases as the value of the hematocrit parameter increases due
to an increase in resistance to the flow. The Change of volumetric flow rate to the stenotic
depth for various values of hm is depicted in Figure 13(b). The figure indicates that the fric-
tional resistance increases when the stenotic depth increases (almost linearly), which retard
the flow, further decreasing the blood flow rate. It is also observed that, in the absence of
stenosis, i.e. for (δ = 0), the blood flow rate is highest, and the flow rate decreases when
hm is increased. For various values of magnetic number (M2), Figure 13(c) shows the flow
rate variation with axial direction. The figures demonstrate that the flow rate is maximum
in the absence of a magnetic field (i.e. M2 = 0) and decreases as the magnetic number
increases. The flow rate variation in the axial direction for different values of Nr is shown in
Figure 13(d). The flow rate value in the stenotic region decreases quickly in the axial direc-
tion, from x = 0.2 to x = 0.7 (stenotic depth increases), and then rapidly increases in the
rest of the stenotic zone. At x = 0.7, the flow rate is at its lowest (at the neck of stenosis).
The flow rate value increases fastly in the axial direction from x = 1.5 to x = 2.0 (aneurysm
height increases) in the aneurysm region; after that, it decreases in the remaining of the
aneurysm segment. The flow rate is highest near the aneurysm’s neck (at x = 2.0). The flow
rate is lowest in the absence of radiation effect and increases as the value of Nr increases.
Figure 13(e) depicts the effect of nanoparticle concentration on the flow rate profile for
Au − Al2O3/blood in the axial direction. The flow rate increases as the volume fraction of
gold nanoparticles increases. However, it decreases as the concentration of Al2O3 nanopar-
ticles increases, indicating that both nanoparticles have opposite effects on blood flow rate.
The variation of volumetric flow rate with axial direction for different values of Rc is shown
in Figure 13(f). The figure demonstrates that when the value of Rc increases, the blood flow
rate increases, indicating that the flow rate in a straight artery is greater than that of a curved
artery.

4.7. Wall shear stress

In arterial blood flow, wall shear stress is defined as the force per unit area exerted by the
artery’s walls (and vice-versa) on the blood in a parallel direction to the local tangent plane.
It is now widely acknowledged that arterial segments with low wall shear stress or highly
oscillating wall shear stress are the most prone to atherogenesis diseases [57]. Pulsatile



WAVES IN RANDOM AND COMPLEX MEDIA 23

Figure 12. Variation in impedance profile for, (a) hm, (b) hm with δ, (c) L with δ, (d) M2, (e) M2 with δ, (f )
Nr, (g) φ1, φ2, (h) Rc .
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Figure 13. Variation in flow rate for different values of, (a) hm, (b) hm with δ, (c) M2, (d) Nr, (e) φ1, φ2, (f )
Rc .
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blood flow in the arterial system significantly impacts the atherogenic process. Abdelwa-
hab et al. [58] investigated that transient velocity and WSS are directly proportional. When
velocity is maximum, i.e. at the stenotic throat, WSS is also highest at the stenotic throat.
WSS values can be calculated using velocity patterns along arterial walls, which can assist
in forecasting the risk of developing and worsening atherosclerosis, plaque rupture, an
arterio-venous malformation. The change in wall shear stress for stenotic depth for vari-
ous values of magnetic number is shown in Figure 14(a). As M2 rises, the flow is subjected
to an opposing Lorentz force, decreasing velocity and wall shear stress. WSS is also seen
to diminish when maximum stenotic depth rises. When blood lipids rise, WSS decreases,
which is identical to Zhang’s experimental study [59]. WSS time series plots in stenotic and
aneurysm regions for various values of Rc are shown in Figure 14(b). The WSS profile near
the artery’s outer wall is strongly influenced by the radius of curvature. It is discovered that
a drop in the WSS occurs when the channel has a high curvature or a small radius of cur-
vature, which correlates to the findings of [60]. As the value Rc rises, the curved artery’s
form is reduced to a straight artery (Rc = ∞ or curvature of channel = 0), implying that the
straight artery’s wall shear stress remains higher than the curved artery (Rc < ∞). The figure
also shows that wall shear stress in the aneurysm segment is more significant than in the
stenotic zone for a fixed value of Rc. Variation of resistive impedance in the stenotic region
with different amplitudes of body acceleration parameter (B2) is shown in Figure 14(c). It is
observed from the figure that impedance varies periodically with time. Resistive impedance
decreases as the value of B2 increases, and it is maximum in the absence of body accel-
eration (i.e. in case B2 = 0). This happens because of an increase in axial velocity due to
an increment in the body acceleration parameter. The change of wall shear stress in the
stenotic zone with various amplitudes of the body acceleration parameter (B2) is depicted
in Figure 14(d). The shear stress on the wall changes periodically. Due to an increase in the
axial velocity of the fluid, the amplitude of wall shear stress oscillation has a rising effect
with an increasing value of B2. The change in WSS in the axial direction for various values
of magnetic number is shown in Figure 14(e). WSS is greatest when there is no applied
magnetic field, i.e. when M2 = 0, and when M2 rises, an opposing Lorentz force acts on the
flow, causing a decrease in velocity and a decrease in wall shear stress. WSS in the aneurysm
region is likewise higher than WSS in the stenotic area for a fixed value of M2; this is owing
to the change of WSS with stenotic depth. The WSS variation in the axial direction for vari-
ous values of Rc is depicted in Figure 14(f). It has been discovered that increasing value Rc

results in an increase in WSS. The WSS variation in the axial direction for various values of
Nr is shown in Figure 14(g). It has been found that increasing the value of Nr leads to an
increase in WSS. WSS in the aneurysm region is also greater than in the stenotic segment
for a fixed value of Nr. The influence of nanoparticle concentration on the WSS profile for
Au − Al2O3/blood in the axial direction is shown in Figure 14(h). The WSS rises as the con-
centration of gold nanoparticles rises, but falls as the concentration of Al2O3 nanoparticles
rises, i.e. The effects of both nanoparticles on wall shear stress are opposite.

5. Heat transfer coefficient

The Nusselt number (Nu), also known as the dimensionless form of the heat transfer coef-
ficient, is the ratio of convection to conductive heat transfer over a boundary within a
fluid.



26 B. K. SHARMA ET AL.

Figure 14. Variation in wall shear stress for, (a) M2 with δ, (b) Rc with time, (c) variation of impedance
with time and B2, (d) WSS with time and B2; variation of WSS in axial for, (e) M2, (f ) Rc , (g) Nr, (h) φ1, φ2.



WAVES IN RANDOM AND COMPLEX MEDIA 27

Figure 15. Variation of Nusselt number (dimensionless heat transfer coefficient) for different values of,
(a) Nr, (b) volume fraction of constituent nanoparticles, for δ = 0.2.

Nu = 1, for a fluid layer, denotes pure conduction heat transmission across the layer. The
greater the Nusselt number, the more intense the convection; hence, the Nusselt number
is used to detect the heat transfer’s mode.

Figure 15(a) shows the variation of Nusselt number in the axial direction with differ-
ent values of radiation parameter. It can be observed from the figure that as the radiation
parameter (Nr) increases, the Nusselt number decreases. This happens because an increase
in the value of Nr leads to an increment in the temperature of the fluid, which further
reduces the temperature gradient and Nusselt number. Figure 15(b) depicts the impact of
volume fractions of gold and Al2O3 nanoparticles on the axial variation of Nusselt num-
ber. The figure illustrates that Nu has the highest value of the Nusselt number for pure
blood, and the Au − Al2O3/blood has the lowest value of Nu. Adding gold and alumina
nanoparticles reduces the heat transfer coefficient (Nu) by increasing the temperature of
the fluid.

6. Concluding remarks

The current study examined the effects of heat transfer and the addition of nanoparticles on
blood flow through a curved conduit with minor stenosis and aneurysm circumstances hav-
ing variable viscosity. This model aims to increase medicine delivery in a confined curved
artery using nanoparticles. Flow chart diagrams depict the mathematical model and solu-
tion procedure. Graphs show the axial change of hybrid blood velocity, temperature, flow
rate, impedance, Nusselt number, wall shear stress, and time-series WSS variation for vari-
ous values of emergent parameters. Biologists can adopt the mathematical analysis related
to the current model to minimize the chances of lipid, fat, and cholesterol deposition in
the arteries. They can also use it to predict the risk of cardiovascular disorder and the cur-
rent state of abnormalities by identifying the symptomatic spectrum. Based on this, they
may recommend diagnostic tests and treatment on the basis of risk related to aneurysm
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rupturing and artery spasms. Results may also be used to design and analyze biomed-
ical devices for great potential treatment modalities, the anticancer drug industry, and
nano-drug delivery systems. The following are the key conclusions of our research:

• The velocity and temperature profiles are reduced to a symmetrical shape as the value
of Rc increases.

• For all parameters, the velocity in the aneurysm region is higher than in the stenotic
region.

• Impedance to the flow decreases with increment in Rc, which signifies that resistive
impedance is greater for curved artery than the straight channel.

• Nusselt number decreases with increment in Nr and the volume fraction of gold and
Al2O3 nanoparticles.

• WSS increases when the concentration of gold nanoparticles increases. The rise in the
volume fraction of Al2O3 nanoparticles, on the other hand, has the opposite effect.

• External radiation used in thermal therapy can slow the progression of atherosclerosis
while enhancing the flow temperature in laser treatments.

• Velocity contours are plotted to visualize the variation in actual blood flow patterns
with varying values of different parameters like hematocrit, radiation parameters, and
magnetic field parameters.

• Results show that as the value of hm increases, the maximum velocity area reduces
towards the lower wall and in the aneurysm part.

• Impedance to the flow decreases with increment in body acceleration parameter (B2),
while WSS increases with increment in B2.

• WSS decreases with an increase in maximum stenotic depth. It is also found that the
high curvature or small radius of curvature of the channel leads to a decrease in the
WSS.

• Volumetric flow rate decreases with an increment in hm and magnetic field strength.
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