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This work is an analysis of the flow model often occurs in crude oil extraction, blood flow in the arteries,
filtration of underground different fluids flowing together. In this analysis, a model of three-layered porous
horizontal channel is considered. This problem is significant because of the different permeability functions used
for each porous layer of the channel and flow of different Newtonian fluids takes place in these porous regions.
The problem is solved for the general case which can be reduced into several particular cases. The flows inside
the channel and in every porous layer is governed by the Brinkman’s momentum equation for the porous me-

dium. The momentum equations in each region of the present model are the Airy’s inhomogeneous differential
equations respectively. An analytical closed form solution of the flow in each region have been obtained. Authors
have discussed various results of velocity profile, flow rate and wall shear stresses graphically. Our results agree
with the previous published results.

1. Introduction

The flow through a composite porous layered channel meant a fluid
flowing through the porous layers of different porosity and permeability
placed together in a channel or duct. Such type of models has significant
applications in the field of agricultural engineering, petroleum engi-
neering, biomedical sciences, chemical engineering and frequently oc-
curs in the recovery process of oil from petroleum reservoirs where the
oil passes through different layers of sand, rock, shale, limestone that are
porous in nature (Nield and Adrian, 2006; Nield and Kuznetsov, 2009;
Happel and Brenner, 2012; Parvazinia et al., 2006; Rudraiah and
Cheremisinoff, 1986). Porous medium is composed of some void and
solid spaces, and the fluid flowing through it is governed by the Darcy’s
and non-Darcy’s law respectively (Nield and Adrian, 2006). The various
applications of porous medium led many authors to work on the
research problems related to the practical applications such as in
membrane filtration process of aquifers, flow through swarms of parti-
cles in the industries etc. (Yadav et al., 2010, 2013, 2017; Yadav, 2013,
2018)

The study of fluid flow through the channel filled with the porous
medium gaining considerable attention of various researchers and sci-
entist because of its occurrence in the field of recovery of fresh water

* Corresponding author.
E-mail address: pramodky@mnnit.ac.in (P.K. Yadav).

https://doi.org/10.1016/j.petrol.2022.111113

from the underground, demand to reduce power consumption in the
process of recovery of oil from the earth porous layer, blood flow
through the porous layered artery etc. Ansari and Deo (2017) investi-
gated an impact of magnetic field on the flow of two-immiscible New-
tonian fluids in the horizontal channel filled with the porous medium.
Deo et al., 2020, 2021 have analyzed the flow behavior of micropolar
fluid in the porous medium under the influence of magnetic field. Vafai
and Thiyagaraja (1987) analyzed the problem of fluid flow and heat
transfer through three types of interfacial problems i.e. porous-porous,
porous-fluid and porous-solid interface. Allan and Hamdan (2002)
considered two composite porous layers. They assumed that the flow in
one porous layer is governed by Forchheimer equation and in other
porous region is governed by the Brinkman equation respectively. Ford
and Hamdan (1998) discussed the fluid flow through two different
porous layers of a horizontal channel. An importance of fluid flow
through composite porous layers has been discussed by several re-
searchers (Wiegel, 1980; Hou et al., 1989) with various considerable
practical applications which led us to discuss about the flow through the
composite porous layers of variable permeability.

Nield and Kuznetzov (Nield and Kuznetsov, 2009) discussed the
shear flow in a channel of variable thickness filled with the porous
medium of variable permeability. Numerous problems of fluid flow
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through the porous layered channel are discussed in the work (Yadav
et al., 2018a, 2018b; Yadav and Jaiswal, 2018; Jaiswal and Yadav,
2019), which are of practical importance. Hamdan, (2009) had given
peremeability function for the Brinkman’s equation governing the
Poiseuille flow of viscous fluids in a horizontal channel. Hamdan and
Kamel (2011) ,discussed about the Poiseuille flow of a fluid through a
channel filled with a porous medium of variable permeability. Hill and
Straughan (2008) investigated the stability of Poiseuille flow of a
Newtonian fluid flowing over and through a Brinkman porous transition
layer which overlies the Darcy’s porous layer. Zaytoon et al. (2016a)
modeled flow in the Darcy’s porous layer of variable permeability.
Zaytoon et al., 2016b, 2016¢ considered the fluid flow through a
Brinkman transition porous layer of variable permeability which is
sandwiched between Brinkman porous layers of constant permeability.
They have evaluated velocity of fluid passing through the porous me-
dium of variable permeability which is expressed in terms of the
Nield-Kuznetsov function. Zaytoon et al. (2016d) solved the problem of
flow through composite porous layers in which middle Brinkman porous
layer of variable permeability is bounded by the Darcy’s porous layer of
constant permeability. In this work, they obtained the solution of the
problem in terms of Airy’s functions and the Nield-Kuznetsov function.
Zaytoon et al. (2018) discussed the flow of a Newtonian fluid through a
Brinkman transition layer of variable permeability which is bounded by
Brinkman layer of constant permeability and clear fluid region.

Ram and Mishra (Gulab and Mishra, 1977) solved the unsteady flow
of an incompressible fluid through a channel filled with porous medium
under the impact of transverse magnetic field. Srivastava and Deo
(2013) presented a work of fully developed flow of an incompressible
and electrically conducting fluid in a channel filled with a porous me-
dium of variable permeability under the impact of transverse applied
uniform magnetic field. They have obtained a numerical solution of the
problem using Galerkin’s method.

In present work, authors have reviewed all the previously published
model on the fluid flow through the composite porous layered channel.
We found that the magnetohydrodynamics of immiscible Newtonian
fluids passing through three porous layers of the channel, each porous
region is of different variable permeability function, has not been dis-
cussed yet. In this paper, we have presented a model for magnetohy-
drodynamics fluid flow through composite porous layered channel and
obtained an analytical solution of the problem in terms of an Airy’s
function and Nield-Kuznetsov function.

2. Description of the model and statement of the problem
formulation

A model for the present problem is represented by Fig. 1. Here, a
horizontal channel is formed by two parallel solid plates which are taken
along X-axis. The lower plate is on the X-axis i.e. at y* = 0 and upper
plate is maintained at yx+ = H, i.e. the width of horizontal channel is
considered as H.
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Fig. 1. Horizontal channel with composite porous layers of different widths.
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To avoid confusion to the readers, let us define the three regions of
channel as P1, P2 and P3 respectively. These regions are filled with the
porous medium of different permeability and the permeability is func-
tion of y*. It is assumed that the permeability of the porous layers varies
linearly across the channel and continuous at the interfaces. There are
several such literatures (Nield and Kuznetsov, 2009; Hamdan and
Kamel, 2011; Zaytoon et al., 2016a, 2016b, 2016¢, 2016d, 2018) that
considered the linear variation of the permeability function across the
channel and is known as permeability stratification. The permeability
function in the porous channel varying across the channel helps to study
the flow through an artificial porous media, including the design of
artificial bone structures and an analysis on deformable media (such as
compressed consolidated media) (Hamdan and Kamel, 2011). The
permeability function chosen for the current work is given in Table 1. It
is to be noted that 5 and ¢ are any real values which help us to vary the
widths of porous regions.

From the description given above, it can be observed that Kj (n H) =
K5 (n H) and K5 (£ H) = K5(& H). Once the model has a set up as described
above, an incompressible, steady and laminar flow of immiscible New-
tonian fluids (F; ‘s) with different viscosities (4;’s) and different elec-
trical conductivities (¢} ’s) are allowed to flow along the X — axis through
each porous regions separately of the channel. The subscript i =1, 2, 3’
is used to denote the fluids flow in the porous regions P1, P2 and P3
respectively. The flow inside the channel takes place due to the constant
pressure gradient which is same for each porous region of the horizontal
channel. An external magnetic field of uniform strength |B| =B, is
applied in transverse direction to the flow of fluid i.e. in vertical direc-
tion (as shown in Fig. 1).

In this section, authors have discussed about the governing equations
of the flow of immiscible Newtonian fluids (F; ‘s) through each porous

region and their solution. Let u} (y)ls be the velocity component of the
corresponding F; ‘s along the direction of the flow i.e. along X-axis. An
induced external magnetic force due to transversally applied magnetic
field with negligible induced electric current is given by —¢7B3 u; (Gulab
and Mishra, 1977). The negative sign in the induced magnetic force
represents the direction of magnetic Lorentz force which is opposite to
the direction of the flow. A momentum equation along the direction of
the flow of the fluid (F; ‘s) in each region of the channel is expressed by
Brinkman equation with an external magnetic force. So, the Brinkman’
equation for the flow in porous regions is given as (Zaytoon et al.,
2016d):

Lo e
Hi Eﬁ'dy*z Ki(y*)

_ar
Tdx

¥ D2 %
u; —0; By u;

@

Here y; ; denotes the effective viscosities of F; ‘s in their respective

flow porous region and :’;ﬁ is pressure gradient which is taken same for
each region. With the substitution of the values of i =1, 2 & 3 in Eq. (1),
we get momentum equation of the fluids flowing in the regions P1, P2 &

P3 respectively.
3. Methodology
Under this section, a methodology to obtain solution of the present

problem is explained.
Following are the steps followed to achieve analytical solution of the

Table-1
Description of the porous regions of the horizontal channel presented in Fig. 1.

Porous region Range Width Permeability function
P1(Fy, py,01)  O<y <nH nH o _ K -§HH
MO =T e
P2 (Fy p3, 03) nH<y <¢H  (E-mH K = abKo(n -8 H
2 (b - a)y* + (an - b&)H
P3Gy py o) EH<y <H  (1-OH . . bK(_nH
° 0 —nH
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problem:

i. Non-dimensional forms of the governing equations.

ii. Reducing governing equations of each porous region into stan-
dard form of differential equation.

ii. Description on solution of standard form of differential equation.

iv. General solution of governing equations in each porous region
using previous point.

v. Introducing mathematically and physically consistent boundary
conditions.

vi. Evaluation of arbitrary constants involved in the solution and
obtaining closed form solution.

3.1. Non-dimensional governing equations of each porous region

To simplify the governing equations or to obtain dimension free
solution, the following dimensionless variables are introduced:

®))

Using Eq. (2) for the variables in Table 1, we will get the description
of permeability function for each porous region P1, P2 & P3 in non-
dimensional form. Also, the use of non-dimensional variable defined
in Eq. (2) reduces the fluid flow governing Eq. (1) in non-dimensional
form for each porous region P1, P2 & P3, which is given below:

w1 ) ldp

a;u; = — ——;

M, HePu, = Ci=1,2,3. 3
Tdy: " K,(y) = de T 3

The subscript i =1,2,3 denotes the porous region P1, P2 & P3
respectively.

U . N . . . .
Here, M; o = "Teff is an effective viscosity ratio; K;(y) = ﬁ is non-
{Y+B;

dimensional permeability function where A, A/ and B; are defined as
follows:

bi=1 —b&i=1
A =abDa(n—¢&),Af =¢ (b—a),i=2 and Bf = { an—b¢,i=2;
Cl,l.:3 *(17’],1:23

Da = f—[‘; is known as Darcy number; Ha; = Ha g with Ha = B,H \/Z:‘ is
t 1

Hartmann number; o; = % is viscosity ratio; y; = :7' is an electrical con-
1 1

ductivity ratio.

3.2. Reduction of governing equations into standard form of differential
equation

In this section, authors have reduced the governing Eq. (3) for the
flow of fluid in each porous region into the possible standard forms of a
differential equation by using suitable transformation of variables.

Region-P1 (0 <y < n): To reduce Eq. (3) in standard form, when the
fluid flow through the porous region-P1, we have used the trans-
formation Y3 = 4 [(y — & + aDa(n— ¢&) Ha?, where A =

1
(M o a Da (p-&)"
ing equation (3) for the flow of fluid through region-P1 will become as:

Under an aforementioned transformation, the govern-

d*U,

v @

Region-P2 (n <y < &): For the flow of fluid through the porous
region P2, the transformation Y, = A [(b— a)y + (ay — b¢) +

ab Da (n — ¢) Ha3], where 2, = m is used to transform

Eq. (3) in to standard form. In this case, the governing equation (3) will
become as:
d*U, P

—_YZ U2:

- . 5)
d y22 ﬂ% (b — d)z (lle off

Journal of Petroleum Science and Engineering 220 (2023) 111113

Region-P3 (£ <y < 1): The governing Eq. (3) for the flow of fluid
through region-P3 under the transformation Y; = A3 [y — #n) —
- 2 - .
bDa (¢ — n)Haj], 15 s 50 Gl comes out as:
d* U, P

el B A 7/ S— 6
v BUs bl (6)

It is noticed that Egs. (4)-(6) respectively, are non-homogeneous
Airy’s Differential equations (Abramowitz and Stegun, 1984) with var-
iables Y3, Y, and Ys.

3.3. Analytical solution of the governing equations of the problem

3.3.1. Velocities

Using the solution for the non-homogeneous Airy’s differential
equation given in Appendix-A, we can write the general solution for Egs.
(4)-(6). Therefore, the general solution of Egs. (4)-(6) for the fluid
flowing in their respective porous regions are as follows:

n P

Ui(Y1)=CA; (Y1) +CB; (Y)) ——5——
B M 5

Ni (Yl): (7)

n P

U(Y2) =C3A; (Y2) + CuB; (Y2) — —
/1% (b — a)zal M2 eff

Ni (Y2), @)

n P

U;(Y3)=CsA; (Y3)+CeB; (Y3) — 5———
3(Y3) = CsA; (Y3) + CsB; (Y3) s

N; (¥3). )]

Here, C;,Cy,Cs3,Cy4,Cs & Cg are the arbitrary constants which are to
be evaluated using mathematically and physically consistent boundary
conditions. On substituting the values of Y7 , Y3, Y3, 41, 4, and 43 in above
equations, we get the general solution of the governing equations (4)—
(6) which are given below:

ui(y)=CiA;i (Liy+ @)+ CoBi (iy + ;)
—% Ni (hy+@), (0<y<n), 10)
u(y) =C3A; (W1y +,) + CaB; (y1y+¢,)
—y,%{zi:,w Ni (w1y + @), 1<y <$), a1

u3(y) = CsA; (Asy +@3) + CoB; (43 + ¢3)

P
T N (y+e,), (E<y<]), 12
Z ahhs (y+¢;), (§<y<1) 12

where ¢; = A1 (Da (7 — &)aHa® — &), ¢ = 42 ((an — b¢) + abDa (n —
&) Ha?), yy = o (b—a) and @3 = A3 (Da (¢ — n)b Haj — n).

3.3.1.1. Asymptotic expressions of Airy’s function and Nield-Kuznetsov
function. It is observed in the above sections that ¢,, ¢,, ¢5 depends
on the porous layer thickness and on the Darcy numbers of the respec-
tive porous layers. For the smaller values of Darcy number, the argu-
ments of Airy’s function and Nield-Kuznetsov function becomes larger.
For large arguments, the asymptotic behavior of Airy’s and Nield-
Kuznetsov function are discussed in detail by Hamdan and Kamel
(2011). In this work, it is required to mention the asymptotic behavior of
Airy’s and Nield-Kuznetsov function so as to obtain the analytical so-
lution for the volumetric flow rate of the immiscible Newtonian fluids
flowing in the porous layered channel. The asymptotic expressions for
the Airy’s function and Nield-Kuznetsov function with large argument Z
are given below in Table-2.

Using the asymptotic value of Nield-Kuznetsov function from Table-
2, Egs. 10-12 can be written as:

() =CiA (hy+1) + (C2+22)B: (hy+9). (0<y <), (13)
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Table 2
Asymptotic expressions of Airy’s and Neild-Kuznetsov function for large
arguments.

o2207/3 Z1/4¢-2277)3 z 1
A2~y MA@~ - /Al(t) dex g
0
227/3 ! Z1/46222/3 z 2223
Bi (Z) = N B; (2) = i /B;(t) dt ~ ﬁ
0
(7~ - BD . _B©@ z z
M@~ - =5 N @)~ -—3 Ni(t) de ~ 7%/340 dt
0 0
12(y) = G (v +2) + (Co+2)B, Wy +2). (1<y < &), a4
us(5) = Cshs (o +03) + (Co+ ) By (lay + ), (€ <y <), s)

where g, = &y (Da (1 — £aHa® — &), gy = 42 (@ — bE) + ab Da (1 -
39 Ha%)! @3 =43 (Da (& —mb Ha% -y =k (b-a),y, = e ,Ii/f}feff’

— zP — zP
Vs = y? M, o and v, 7% aaMy o
3.3.2. Volumetric flow rate
The total flow rate of the fluids flowing inside the porous channel in

non-dimensional form is given by

n 1

Q:/"‘I(Y) dy+juz(y) dy+/u3(y) dy. 16)

0 4

Using Egs. 13-15 in Eq. (16) and evaluating each integral with the
help of asymptotic values of Airy’s and Neild-Kuznetsov function, we get
an expression for the flow rate which is given below. The details eval-
uation process of each term of right-hand side of Eq. (16) is discussed in
Appendix-B.
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du
(7o) =g 20)

Using Eq. (14) in Eq. (20), we get shear stress of fluid flowing in the
region P2 as

()=t (%QA} Wy +9,) +y,CB; (,y+ )

nP
Wy aiMy o

(21)
N, (wyy+ (Pz)>7 (n<y<é).

The dimensionless shear stress of fluid F3 flowing in a porous region
P3 is given by

(Tay) py = L (22)

Using Eq. (15) in Eq. (22), we get shear stress of fluid flowing in the
region P3 as
(7o) ps =02 <,13 CsA; (J3y +@3) + 13CeB; (A3y + 3)

nP
A3 oM o

(23)
N, (/13Y+<ﬂ3)>7(§<y< 1).

3.4. Boundary conditions

The general solution of the present problem given by Egs. 10-12
involves six arbitrary constants which can be determined with the help
of mathematically consistent and physically realistic boundary condi-
tions. These boundary conditions in their non-dimensional form (Zay-
toon et al., 2016b) are given below:

i. No-slip condition: This condition represents the zero velocity of fluid
at solid surface. For the present problem there are two solid parallel
plates placed at y = 0 and y = 1, therefore the fluid flowing in the
porous region P1 and P3 will have a zero velocity at the position of
solid plates i.e.

S &)

Stien?? (o =y n+ey)?
Q—(g+ﬂ)< N >+i(c4+ﬁ> ( e3 8 >
A 3k \/77(/11’7+€”1)7/4 ﬁ(¢1)7/4 Vi 3 ﬁ(W1§+¢2)7/4 \/77(‘I/1’7+€”2)7/4

2 3/2 2 3/2
_}» 3/2 _/1 3/
+1 <C +l//4) 63( 3+g3) 63( 3E+93)
e+ _
4 3/\VEs +9) Va(ag + ;)"

3.3.3. Shearing stresses
The dimensionless shear stress of fluid F; flowing in a porous region
P1 is given by

7dM]

(TX}') 2 Ty : (18)

Using Eq. (13) in Eq. (18), we get shear stress of fluid flowing in the
region P1 as

,

() py =hCiA; 1y + @)+ CB; (y + ;)

TP
- N, (Liy+¢,),(0<y<n), (19)
7 My i Ay +e), (0<y<n)

where prime (') over the Airy functions denotes the derivatives of
respective functions.

The dimensionless shear stress of fluid F2 flowing in a porous region
P2 is given by

17)
u (0)=0, (24)
us(1)=0. (25)

ii. Continuity condition: This condition is used for the continuity of
fluid property at the interfaces. According to this condition, the fluid
velocity and the tangential stress of two fluids respectively becomes
equal to each other at their common interfaces. For the present
problem, the interfaces occur at y = # and y = &. Thus, we have

uy(n) = uz(n), (26)
(@) pi) oy = () ) oy @7
(&) = us(8), (28)
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[(TX)'>P2]V:§ = [(Tv‘)')PB} . (29)

y=¢

Using Eqgs. 10-12 in Egs. 24-29, we get the values of arbitrary con-
stants. The procedure of determining the values of arbitrary constants is
presented in Appendix-B. These values are so large to present in the
manuscript.

4. Results and discussion

The analysis of immiscible fluid flow through the channel of varying
width is attracting the number of researchers due to its existence in
various oil transportation process. In this work, we analyzed the flow
behavior of immiscible Newtonian fluids which passes through the
porous layered channel of varying width. Porous regions are defined by
variable permeability function and flow takes place in presence of
magnetic field. To avoid ambiguity in the observations of the result
section of the present model, we have divided our discussion into the
following parts:

e Velocity profile of immiscible Newtonian fluids at different Darcy
numbers and comparison with the miscible fluids of same viscosities.
Velocity profile of immiscible Newtonian fluids with Hartmann
number and comparison with the miscible fluids of same viscosities.
Velocity profile of immiscible Newtonian fluids at different widths of
the horizontal channel and comparison with the miscible fluids of
same viscosities.

e Velocity profile of immiscible Newtonian fluids with viscosity and
electric conductivity ratio.

Flow rate of the immiscible Newtonian fluids through the porous
horizontal channel at very small Darcy numbers.

Variation in wall shear stresses of immiscible Newtonian fluids at
different widths, different Hartmann number and different Darcy
number.

Before discussing aforementioned points, the values of several pa-
rameters involved in this work which will be helpful for the readers to
understand the consistency of the problem, is presented below.

Viscosity ratios i.e. a; and a; for two different immiscible fluids can
range to any real numbers except unity because at unity the condition of
immiscibility of two fluids will fail. For fluid to be immiscible, their
viscosity ratio should be different such as viscosity of vegetable oils and
water, kerosene and water etc. Considering this fact, we have taken a; =
0.5 and ay = 0.25 for the immiscible fluid and ¢; =1 and ay = 1 for
miscible fluids throughout the analysis of the result.

Effective viscosity ratios i.e. M) g, Ma s and Ms .y for fluids
through the porous region will depends on the porous nature of the
medium. The viscosity and effective viscosity of the fluid can be equal to
each other or can less or greater than the latter.

Electrical conductivity ratios i.e. y; and y2 are the two electrical
conductivity ratios considered in the present work. When a fluid flows in
the presence of magnetic field then an electric current gets induced and
hence electric current flows in the fluid. Electrical conductivity of a fluid
is a physical property which defines an easiness to the flow of electric
currents in the fluid. The range of values for electrical conductivity ratio
of the fluids can be any real numbers.

4.1. Velocity profile of immiscible Newtonian fluids at different Darcy
numbers and hartmann number and comparison with the miscible fluids of
same viscosities

The comparative study of non-miscible and miscible Newtonian fluid
velocity in a porous layered horizontal channel at different values of
Darcy number is presented in Fig. 2 (a).

From this figure, it is concluded that the continuous growth in Darcy
number enhances the flow velocity of both non-miscible and miscible
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0.5
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>
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Fig. 2. (a). Variation of fluid velocity at different values of Darcy number Da
when other parameters are as: P=—-2,a=2b=1My=1M, 4 =1,
Ms =17, =1,7, =12, n=1/3, £=2/3, Ha=1 Fig. 2 (b). Variation of
fluid velocity at different values of Hartmann number Ha when other param-
eters are as: P=-2,a=2,b=1,Migy =1,M3 of = 1.2, M3 o = 1.4,y =1,
vo=12 n=1/3, 6=2/3, Da=1

Newtonian fluids in porous layered channel. Fig. 2 (a) demonstrates that
the Darcy number shows much impact on the velocity of non-miscible
Newtonian fluid flow in upper porous layered of the channel as com-
parison to the bottom porous layer, however, the velocity of miscible
Newtonian fluid in all the porous layered of the channel is uniformly
impacted by Darcy number. During analysis of the result, a remarkable
conclusion is made which is non-miscible Newtonian fluid velocity al-
ways received higher values in all the porous layered horizontal channel
as compared to the velocity of miscible Newtonian fluid. The similar
kind of variation was observed in the previous work of Zaytoon et al.,
2016b, 2016¢, 2016d, 2018. Fig. 2 (b) is prepared to visualize the impact
of Hartmann number on the flow velocity of immiscible and miscible
Newtonian fluids in a porous layered channel. From this figure, it is
concluded that the flow velocity of immiscible and miscible both New-
tonian fluids in a porous layered channel decreases on increasing the
Hartmann number i.e. on increasing the strength of applied uniform
magnetic field. It is also noticed from this figure that the applied uniform
magnetic field shows much impact on the flow velocity of immiscible
Newtonian fluids as compared to miscible Newtonian fluids.
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-------- n=0.3,§=0.7,(@1=0.5, a;=0.25)
........ 1=0.4,6=0.6

........ n=0.2,§=0.8

Velocity
=
s

0.1

— n=0.3,§=0.7,(ay=1, az=1)

— 1=0.4,§=0.6

— 1=0.2,6=0.8

0.0

0.0 0.2 04 0.6 0.8 1.0

Fig. 3. Variation of fluid velocity with widths of the horizontal channel when
other parameters are as: P = —2,a =2,b=1,Miey = 1,My o = 1, M3 o5 =1,
71=17,=12,Da=02, Ha =1

4.2. Velocity profile of immiscible Newtonian fluids at different widths of
the horizontal channel and comparison with the miscible fluids of same
viscosities

This subsection displays the impact of porous layered widths of
horizontal channel on the velocity profile of non-miscible Newtonian
fluids passing through channel and its comparison with the miscible
Newtonian fluids velocity in channel having same viscosities as of non-
miscible Newtonian fluids. Fig. 3 depicts that the width of porous layer
can be used to manage the velocity of miscible and non-miscible New-
tonian fluids in a porous channel. From this figure, it is concluded that
the miscible and non-miscible Newtonian fluids velocity in each porous
region of the horizontal channel get reduced on decreasing the width of
middle porous layer (Fig. 3).

4.3. Velocity profile of immiscible Newtonian fluids with viscosity and
electric conductivity ratio

This subsection aims to explore the influence of viscosity, effective
viscosity and electric conductivity ratio parameter on the velocity pro-
file of immiscible Newtonian fluids which takes place through a hori-
zontal porous channel. The graphical representation of velocity profile
with viscosity ratios parameter a; and @, is shown in supplementary
material (Figs. S1 and S2 respectively). From the graphs, authors
concluded that the velocity of immiscible Newtonian fluids decreases on

s M3 =05
— My =05 po———— -
025 L ~

S y - Myer=1.0
My er=1. L N, SR

— My =15

0.20

Velocity
s
3

0.10

0.00

Fig. 4. Variation of fluid velocity with effective viscosity ratios M; ., M2 o and
M3 o when other parameters areas: P = —2,a=2,b=1,01 = 1,00 =1.2,7; =
1y,=12,7=1/3, £=2/3, Da=1, Ha = 1
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increasing the viscosity ratio parameter as throughout the horizontal
porous channel and this effect is maximum near the middle of the
channel, however, the viscosity ratio parameter @; shows the effect on
velocity only near the middle of the channel. During the analysis of the
results, it is also noticed that the velocity profile of immiscible Newto-
nian fluids get reduced on enhancing the electric conductivity ratio y;
(Fig. S3), but electric conductivity ratio y2 does not shows much effect on
the non-miscible Newtonian fluid velocity in the channel.

The changes in flow velocity of non-miscible fluid inside a porous
channel with respect to effective viscosity ratio My ¢f, M2 ¢fr and M3 ¢ is
illustrated in Fig. 4. In Fig. 4, solid lines show the effect of effective
viscosity ratio M; . when My o, = 1.2 and M3 . = 1.4; dashed lines
show the effect of effective viscosity ratio Mz ¢ when My =1 and
Ms s = 1.4; and dotted lines show the effect of effective viscosity ratio
M3 oy when My = 1 and My o = 1.2. This figure clearly indicates that
the flow velocity of non-miscible fluid gets reduced on enhancing the
effective viscosity ratios. From this figure, it is also concluded that small
values of effective viscosity ratio M ¢ shows much effect on flow ve-
locity of non-miscible fluid in all the porous region of the channel as
compared to other effective viscosity ratios My o and M3 .

4.4. Flow rate of the immiscible Newtonian fluids through the porous
horizontal channel at various emerging fluid parameters

This subsection represents the influence of various existing non-
dimensional fluid parameters on the flow rate of non-miscible Newto-
nian fluid in a horizontal porous channel. The flow rate of non-miscible
Newtonian fluid for various numerical values of small Darcy numbers is
illustrated in Fig. 5. From this figure, it is observed that the flow rate of
non-miscible fluid in porous channel get enhanced on increasing the
Darcy numbers. From Fig. 5, we also concluded that the very small
values of Darcy numbers show negligible impact on the flow rate of
immiscible fluids, however, the small values of viscosity ratio @; show
much impact on it.

Fig. 6 depicts the variation of flow rate with viscosity ratio ay at
different values of the Hartman number (Ha). From this figure, it is
noticed that the flow rate of non-miscible Newtonian fluid in porous
channel get enhanced on decreasing the Hartmann number (Ha). It is
important to mention that the small values of Hartmann number show
much impact on the flow rate, however, viscosity ratio a; show very less
impact on it. The variation of the flow rate with the effective viscosity
ratios (M1ef; Maesr) and electric conductive ratios (y;, 7,) are presented
in Figs. 7 and 8 respectively. From these figures, it is noticed that the
flow rate increases on increasing the effective viscosity ratios M.y and

0.20
— Da =0.01
0.15 = Da = 0.04
— Da =0.06
&
z
2 0.10
=}
=
0.05
0.00
0.2 04 0.6 0.8 1.0 1.2 14

ay

Fig. 5. Variation of flow rate with viscosity ratio a; at different values of the
Darcy number (Da) when other parameters are as: P=-2,a=2b=1,
M) of =0.4,My o =0.6,Ms oy =1, a2 =0.25, y; =0.8,7, = 1,n =1/3, £ =
2/3, Ha = 0.2.
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Fig. 6. Variation of flow rate with viscosity ratio a, at different values of the
Hartmann number (Ha) when other parameters are as: P= — 2,a=2,b=1,
My o =04,My oy =0.6,M; g =1, a1 =05, y; =08,7,=1,1=1/3, &=
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Fig. 7. Variation of flow rate with electric conductivity ratio y; at different
values of the effective viscosity ratio M; . when other parameters are as: P = —
2,a=2b=1, M, o =0.6,M3 5= 1,01 = 0.5,a2 =0.25,y, = 1, =1/3,
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4
3
2
=4
= 2
=
&=
— M = 05
1 — My =10
M er = 1.5
0
0.6 0.8 1.0 1.2 14 1.6 1.8 2.0

72

Fig. 8. Variation of flow rate with electric conductivity ratio y, at different
values of the effective viscosity ratio My . when other parameters are as: P = —
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Table 3
Numerical value of wall shear stress at y = 0 for different widths, Hartmann and
Darcy number.

Wall shear stress (zxy)p, aty =0

Da = .01 Da = 0.05 Da=0.5
P=—-2a=2b=1, = 0.19015761 0.481473487  0.929262518
=1y =12, 04,6 =
My o =1, Mo = 0.6
1.2,M5 o =14, = 0.250243255  0.560019096  0.927745589
o =0.5,a2 = 0.3,¢ =
0.25,Ha = 0.2 0.7
= 0.283204115  0.568340128  0.879138175
0.2,¢ =
0.8
P=-2a=2b=1 Ha= 0.235999192  0.562458292  1.007693345
n=Lr =1, 0.5
M of =1, My = Ha= 0.234487864  0.545442481 0.937552559
12,M; o =14, 1.0
o =050y = Ha = 0.232043906 0.520202536 0.844950985
1 2 1.5
0.25,n = 575 =3
Table 4

Numerical value of wall shear stress at y = 1 for different widths, Hartmann and
Darcy Number.

Wall shear stress (zy)p, aty =1

Da = .01 Da = 0.05 Da=0.5
P=-2a=2b=1 5= 0.107852272  0.242593135  0.4205327
y1 =1y, =12, 04,¢ =
My o =1, My e = 0.6
1.2,M3 o =14, = 0.13679298 0.278883806  0.446859315
o =0.5,a2 = 0.3,¢ =
0.25,Ha =1 0.7
= 0.144510216  0.290420795  0.483169261
0.2,¢ =
0.8
P=-2a=2b=1 Ha= 0.131691424  0.283896305  0.480454509
7n =Ly, =1, 0.5
M of =1, My = Ha= 0.130435847  0.273553852  0.443200712
1.2,M3 5 =14, 1.0
ap =050 = Ha = 0.128421927  0.258368481 0.394473453
1 2 15
0.25,n = 575 =3

M, . both and decrease on increasing the electric conductive ratio y;.
The electric conductivity ratio y, does not show much impact on flow
rate (Fig. 8).

4.5. Variation in wall shear stresses of immiscible Newtonian fluids at
different widths, different hartmann number and different Darcy number

In this subsection, authors have presented the numerical data of the
wall shear stresses at the different values of the non-dimensional pa-
rameters. Table 3 and Table 4 are prepared to visualize the impact of
Hartmann number, Darcy number and different widths of porous layers
of the channel on the shear stresses at the lower and upper wall of the
channel respectively. Tables 3 and 4 depict that the shear stresses at the
lower and upper walls of the channel get enhanced on increasing the
Darcy number. It is noticed from these tables that the use of high
strength magnetic field diminishes the shear stresses at both walls of the
channel. These tables also made an important observation that the
stresses at both the wall of the channel can be reduce by decreasing the
width of the middle porous layer of the channel.

Table 5 and Table 6 present the behavior of wall shear stresses at
lower and upper wall of the channel respectively with various values of
the electric conductivity ratios and viscosity ratios. These tables confirm
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Table 5

Numerical value of wall shear stress at y = 0 for different values of electric
conductivity and viscosity ratio.

Table 6
Numerical value of wall shear stress at y = 1 for different values of electric
conductivity and viscosity ratio.
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Wall shear stress (zxy)p, aty =0

Wall shear stress (7xy)p, aty =1

Da =0.01 Da = 0.05 Da =0.1 Da = 0.01 Da = 0.05 Da=0.1
P= —2a= 2, ag 0.5 0.234483419 0.545108965 0.701077634 P=-2a=2b= a 0.5 0.130128404 0.271669134 0.338808234
b=1yp =1, 1.0 0.226470276 0.507197161 0.663705838 1y, =1, 1.0 0.127255729 0.249507915 0.309269728
79 = 1.2,a0 = 1.5 0.221316048 0.476872765 0.627548434 vy =1.2,a0 = 1.5 0.125956686 0.237901295 0.292840182
0256 =2/3 0.25,¢ =2/3
My o = 1, M 5 =1,
My oy = 1.2.7 = My =12,n =
1/3,M; off = 1/3, M3 o =
14Ha =1 14Ha =1
= — 2,a= 2, az 0.5 0.234483419 0.545108965 0.701077634 P=-2a=2b= az 0.5 0.130128404 0.271669134 0.338808234
b=1y=1 1.0 0.233910419 0.52818782 0.666785162 1,7, =1, 1.0 0.134951634 0.315588619 0.408990533
72 = 12,01 = 1.5 0.23333674 0.511505488 0.633332977 7o =12, = 1.5 0.139392083 0.357381501 0.475486903
05,&=2/3 0.5,& =2/3
M 5 = 1, M 5 =1,
Myoy = 1.2 = My op =1.2,7 =
1/3,M; o = 1/3, M3 off =
14Ha = 1 14Ha =1
P= —2a=2, 71 0.5 0.234677809 0.549948654 0.711583172 P=-2a=2b= 1y 0.5 0.130488231 0.275236 0.34558727
b=1¢=2/3 1.0 0.234487864 0.545442481 0.701934295 1,6 =2/3 1.0 0.130435847 0.273553852 0.341843008
7o = 12,01 = 1.5 0.234300885 0.54113173 0.692836673 7o =120 = 1.5 0.130384315 0.271946307 0.338316142
0.5,ap = 0.25, 0.5,a0 = 0.25,
M o = 1, M o =1,
My oy = 12,0 = My =12, =
1/3,Ms o = 1/3, M3 o =
14Ha =1 14Ha =1
P= —2a= 2, 72 0.5 0.234499095 0.546297495 0.704143972 P=-2a=2b= vy, 0.5 0.131213349 0.278396712 0.349690713
b=1y =1, 1.0 0.234487864 0.545442481 0.701934295 1y, =1, 1.0 0.130435847 0.273553852 0.341843008
a = 05,02 = 1.5 0.234476802 0.544617452 0.699820485 o =050y = 1.5 0.129670986 0.268896121 0.33436271
0256 = 2/3 0.25,& =2/3
M o = 1, My o =1,
Myyy = 1.2 = Mooy =12, =
1/3,M; off = 1/3, M3 o =
14Ha = 1 14Ha =1

that the shear stresses at lower and upper wall of the porous channel can
be reduced on increasing the electric conductivity ratios y; and y, both.
From these tables, it is also concluded that the increase in viscosity ratio
diminishes the wall shear stress at the lower wall of the porous channel,
however, viscosity ratio @z may use to boost up the shear stress at the

upper wall of the porous channel.

5. Particular case

Let us assume that the viscosities y; and conductivities ¢} of the
considered immiscible fluids in the present model are same and the non-
dimensional form of the permeability function in three regions are

defined as follows:
a,i=1
Ki(y)=

b,i=3,

Therefore, the velocity of Newtonian fluid flowing through each of

ab(n = ¢§) ien
(b—a)y+ (an —bs)

(30)

the porous regions P1, P2 and P3 respectively, comes out as:

ui (y)=Ci exp(\//ﬁ—k—HaZ)y-&-Cz exp(— y//l%—}—Haz) y

P

- (0<y<n),

(}L? + HaZ)Ml eff

ur(y) = G3A; (/12 [(bfa)er(anfbf)#»ab Da (n—¢&) Haz]) + C4B,; (12 [(bfa)er(anfbf) +ab Da (n—¢) Haz})
N; (&2 [(b—a)y+ (an—b&) +ab Da (n— &) Ha*]), (n <y < &),

nP

20— a)zale o

(3D

0.14| Without magnetic field
---- Da=0.01

0.10

Velocity

With magnetic field
— Da=0.01

= Da=0.1
— Da=1.0

y

Fig. 9. Variation in Newtonian fluid velocity with different values of Darcy
number Da when other parameters are as: P=—1,a=2,b=1 M4 =1,
My of =1,M3 oy =1,7, = 05,7, =0.5, n=1/3,£ =2/3, Ha = 8.

(32)
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Fig. 10. Comparison of flow behavior in porous region of variable permeability
with the flow in porous region of constant permeability at different widths of
the porous regions of the horizontal channel when other parameters are as: P =
-1,a=2,b=1,Mygy =1,My oy =1,M3 oy =1, y; = 05,7, =0.5, Da= 0.1,
Ha = 0.2.

uz(y) = Cs exp<\//1§+Ha2>y+C2 exp(— \//1§+Ha2) y

P

T (e<y<]). (33)
(2 )M J(E<y<)
2 _ 1 _ 1 2 _ 1
Here, ] = 5, g Ao = s a5 Da (D@ 5 = 55a T and all

other parameters are same as defined in section 3.1.

At the limiting value Ha—0 i.e. in the absence of magnetic field, the
velocity of Newtonian fluid in each porous regions PI1, P2 and P3
respectively, will becomes as:

,(0<y<n), 34

!
(ba)y

uy(y) = Cy exp(h)y + Crexp(—41) y —
A?Ml eff

Uy <y> :C3Ai <ﬂ.2 |:<ba>y+ <al’]b§>
n P
" (an bf)D O N (iz

+(an = bg)]), (n<y<$),

(35

u3(y) = Cs exp(4s)y + Ca exp(—43) y — T (E<y<). (36)
3M3 o

For the particular value of pressure gradient P = — 1, these results

agree with the work of Zaytoon et al. (2016b).

The variation in velocity profile of Newtonian fluid flowing through
composite porous layered channel with different Darcy’s number and
width of the porous regions is presented in Figs. 9 and 10 respectively.
Solid lines in Fig. 9 shows the variation in velocity profile of Newtonian
fluid flowing through composite porous layered channel in presence of
magnetic field. However, dashed lines show the variation in velocity
profile of Newtonian fluid in absence of magnetic field which agrees
with the result of Zaytoon et al. (2016b).

Fig. 10 depicts the comparison in flow velocity of Newtonian fluids in
the porous regions of the variable permeability (present work) with the
flow velocity of Newtonian fluids in the porous regions of the constant
permeability (Zaytoon et al. (2016b)). The dotted lines in Fig. 10
represent the flow velocity in porous region of constant permeability
while the solid lines represent the flow velocity in porous region of
variable permeability at different widths. From this figure, it is observed
that velocity of the fluids flowing through the porous region of variable
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permeability have lower values as compared with the velocity of the
fluids in the porous region of constant permeability. Hence, it is
concluded that an effect of considering porous medium of variable
permeability is significant.

6. Conclusion

This work has explained the flow behavior, flow rate and shear
stresses at the walls of the channel when the three non-miscible New-
tonian fluids taking place in a three-layered porous horizontal channel
under the presence of uniform magnetic field. Each porous layer of the
channel having different permeability functions. Such problem of three
different variable permeability functions with three immiscible Newto-
nian fluid flow in the presence of magnetic field has not been discussed
yet. The results obtained for the considered problem can be used in the
filtration process of different underground fluid, extraction of crude oil,
etc. In this work, the effects of various existing non-dimensional pa-
rameters on the fluid velocity, flow rate and wall shear stresses are
investigated and presented in graphical and tabular form. The present
study is very helpful for those engineers, scientists, and industrial
community who are working on the non-miscible fluid. The points
concluded from the present analysis are as follows:

Darcy number (Da) raised the velocity, flow rate as well as shear
stresses at the wall when the three non-miscible Newtonian fluids
passing through different porous layered horizontal channel.
Immiscible nature of Newtonian fluids achieved higher values of
velocity in all the variable permeability porous layered horizontal
channel as comparison to the miscible nature of Newtonian fluids.
Width of middle porous layer of the horizontal channel can be used
to control the velocity and shear stresses acting at the wall of the
channel because of the non-miscible nature of Newtonian fluids flow.
Use of the uniform magnetic field in the considered problem reduces
the velocity of immiscible and miscible both nature of Newtonian
fluids in the porous channel.

Electric conductivity and viscosity ratio both reduces the velocity of
non-miscible Newtonian fluids in the channel. It is also concluded
that these parameters can be used in controlling of shear stresses at
the wall of the porous horizontal channel.

e The velocity of immiscible/miscible nature of Newtonian fluid
passing through porous region with permeability of variable nature
has lower values as compared to the velocity of immiscible/miscible
nature of Newtonian fluid passing through porous region of constant
permeability.
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Appendix-A

Solution of non-homogeneous Airy’s differential equation.

In this section, we have shown the general solution of the non-homogeneous Airy’s differential equation (Abramowitz and Stegun, 1984):
d*w
FERRA [7%))

where w(z) is depending on an independent variable z and Q is any constant.

The solution of homogeneous part of Eq. (A.1) is given by two linearly independent functions A; (z) and B; (z) which are known as Airy’s functions
(Abramowitz and Stegun, 1984). The particular integral of Eq. (A.1) is found using method of variation of parameters. Therefore, particular integral
(P.L) of Eq. (A.1) is given as (Nield and Kuznetsov, 2009; Hill and Straughan, 2008; Zaytoon et al., 2016c):

PL=—10QN(), (A2)

Z

hereN;(z) = A;(z) /Bi(t) dt — Bi(z) /Ai(t) dt, (A.3)

0

and is known as Nield- Kuznetsov function which is defined in the work of Nield and Kuznetsov (2009) and extensively studied by Hamdan and
Kamel (Hill and Straughan, 2008).
Therefore, the general solution of non-homogeneous Airy’s differential equation (A.1) is given as:

w(z)=ci A; (2) + 2 B; (2) =7 O N, (), (A.4)

where ¢; & ¢, are arbitrary constants.

Appendix-B

n n
/ul(y) dy= /(ClAi (hy+o)+ (CH%)BI- (ﬂly+w|)> dy. (B.1)
0 0

Let = A1y + ¢, , then dt = A;dy then Eq.(B.1) becomes

n At
1 |43
/ () dy=7- / (CIA[ (z)+(cz+?)3, (z)) d, (8.2)
0 ?1
where

Aintey 0 A+ 12 At

A (1) di = / A (1) di + / A () dt = — / A (1) di + / A (1) dr. (B.3)
P P 0 0 0

4
1
Using asymptotic value of Airy’s function from table-2 i.e. / Ai(t)dt = 3 in Eq. (B.3), we get
0
At

A, (1) di=0 (B.4)

Similarly, we have

At 0 Aty ?1 Ay
B; (1) dt= /B,» (r) dr+ / B; (1) dt = f/Bi (¢) dr + / B; (1) dt. (B.5)
4 [ 0 0 0
z 6223/2/3
Using asymptotic value of Airy’s function from table-2 i.e. [ B;(t) dt ~ ——— in Eq. (B.5), we get
VrZ'/

0

10
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Ainter

( ) d e%(/ll*lﬂw)wz e%(‘ﬂl)w (B 6)
B; (t)dt= — . .
o VE(in + ¢, )7/4 V(e )7/4

Using Egs. (B.4) and (B.6) in Eq. (B.2), we get

3/2

n 2 20, 132
C, W, ) e}(il’ﬁf/’l) ei(‘ﬂl)
w(y) dy=( 24+ %2 - . ®.7)
o/ 0= (G5 (oo v

¢
Now, / u,(y) dy can be written as follows:

n

¢ ¢ U]
/ up(y) dy = / ur(y) dy — / u(y) dy. (B.8)
n 0 0
From Eq. (14) we have
£ ¢ n
/uz(y) dy= /(czA,- Wy+e))+ (CH%)BI- (%H(ﬂz)) dy — /(CsA,- (wiy+e¢)+ <C4+%>Bi (wlyﬂoz)) dy. (B.9)
n 0 0

Solving RHS of Eq. (B.9) by considering t = y,y + ¢,, we have

¢ yié+oy 11+¢2 13 vié+oy
/uz(y)dy_1</ (cs )+ (ot 22)Bo 1)) ai- / <C3A,(t)+(C4+y;3)B,-(t))dt),or /uz(y)dy—yjl( / (C3A,-(t)+(C4+V;3)B,-(t))dt),

& ” ” 1 Vit
(B.10)
where
viéte, 0 viEte, vinte: viEter
A; (1) dt= / A; (1) dr + / A; (1) dt = — / A; (1) dr + / A; (1) dt. (B.11)
i+ i+ 0 0 0
Z
Using asymptotic value of Airy’s function from table-2 i.e. / A;(t) dt ~ % in Eq. (B.11), we get
0
viéte,
A (1) dr=0. (B.12)
vinte
Similarly, we have
Vit 0 Vit 0 viétes
By (1) di = / B; (1) di + / By (1) di = — / By (1) di + / B (1) d. (B.13)
vinte; vintes 0 winte: 0

z
£2272/3

Vaz/

Using asymptotic value of Airy’s function from table-2 i.e. / B;(t) dt ~ in Eq. (B.13), we get

0

v1é+er 32 3/2

B ( ) d e%(llfliﬂﬂz) e%('l’l’?“ﬂl) (B 14)
2 (f) di = - . -
il VAW + )" Van+e)"

Using Eq. (B.12) and Eq. (B.14) in Eq. (B.10), we get

3/2

¢ 2 32
1 SWister) 3wt
/ uy(y) dy=— (C4 +'ﬁ) - . (B.15)
. v 3

VawE+ o)t VEwn+ )

1
Now, / uz(y) dy can be written as below:
4

11



P.K. Yadav et al. Journal of Petroleum Science and Engineering 220 (2023) 111113

1 1 ¢
Jut)av= [war= [u0) e (B.16)
g 0 0
From Eq. (15), we have
1 1 ¢
/Ms(Y) dy= /( CsA; (3y+¢5) + (Ca +%)Bi (/13y+(p3)>dy - /(CsAi (3y+@5) + (C6 +%)Bi (/13)’+<ﬂ3))d)" (B.17)
¢ 0 0

Solving RHS of Eq. (B.17) by considering t = A3y + ¢4, we have

1 A3+p3 A3é+g3 1 A3t+ps
/ug(y)dy—;}</ (con 0+ (Cot V) o))ar— / (c5A,.(t)+(c5+"g4)Bi(z))dz>,or /m(y)dy:% / (csi )+ (co+ )8, 0)ar |,

14 @3 3 £ A3é+3
(B.18)
where,
A3+s 0 A3+os 0 A3+os
Ai(r) dt= / Ai(t) dt + / Ai(r) dt = — / A1) dt + / A;(2) dr. (B.19)
138+e3 23¢+g3 0 13é+es 0
7 1
Using asymptotic value of Airy’s function from table-2 i.e. / Ai(t)dt = 3 in Eq. (B.19), we get
0
A3+0;
A;(t) dt=0. (B.20)
3&+g;
Similarly, we have
VERR Y 0 VERR Y 0 VERR Y
Bi(1) di / Bi(r) di + / Bi(t) di = — / Bi(t) di + / Bi(1) dr. (B.21)
LE+es LEres 0 ey 0
Z 6223/2 /3
Using asymptotic value of Airy’s function from table-2 i.e. / B;(t) dt ~ N in Eq. (B.21), we get
Aatas 2 32 21ty 132
e}(/lsﬂ”x) 65(435'*1/‘1)
B;(t) dt = i e (B.22)
B, Va(ds + @s) V(A€ + @s)

Using Eq. (B.20) and Eq. (B.22) in Eq. (B.18), we get

1 3/2 2 3/2
1 W, e%(h +¢3) e5hak+es)
uz(y) dy=—(Ce +-= — . (B.23)
! 0= (G 3)<ﬁ(13+w3)7/4 Valst+ )"

Determination of arbitrary constants

On substituting all the values of velocities and stresses from the general solution of the problem into the boundary condition, we obtain a system of
linear equations in arbitrary constants. This system is given by below matrix vector form:

AX=C, (B.24)

C
Co

where X = is matrix of unknowns i.e. arbitrary constants to be evaluated for the particular solution of the present problem; C =

Cy
Cs
Cs
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- 1P -

/I%Mleff 1((pl)
nP
T N2+
,{% azMs o l( 3 (P3)
P N+ ) — ——— Ny + )
T N T N
22 M o ' ! w2 My o TR
P P
71\]'(@/ +¢)*7N'(§A3+47)
wE a1 My o LR 73 @M o5 ' °
P , P ,
—— N, (g1 +¢,) ———— N, +
My o i (1a + @) Vg i (m + @2)
P P
— N, + ) ——— N, (&3 +
Ly a1 My o l(f‘l’l @) J3 a1 Ms o 1(53 ¢3)_
_Ai (p1) Bi(g)) 0 0 0 0O
00 0O Ai (/13+(ﬂ3) B,' (/13 +(,03)
A (nd + @) Bi(nh+ 1) —Ai oy, +@,) —Bi oy, +,) 0 0

0 0 A Gy, +@) Bi(&y,+@,)—Ai (s +@3) — A (E + ¢3)

WA, (M + @) B, (nhi + @) — awynA; (mw, + @) — iy A; (i, + @) 00

/ , a / a: ;
0 0 y,A (&w, +¢)) v B (v +¢,)— 07? WA (&4 + @3) — 07? WB; (83 + ¢3)
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is constant matrix vector and is coefficient matrix vector.

Solving the above system of linear equations Eq. (B.24) in C;, C,, C3, C4, Cs and Cg with the help of MATHEMATICA 11.3, we get the values of

arbitrary constants involved in the general solution of the present problem.
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