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Abstract Motivated by the thermal importance of feeble electrically conducting nanofluids and

their flow controls in many industrial and engineering applications, the present scrutinization

intended to evidence comprehensively the main electro-magneto-hydrothermal and mass aspects

of convective non-homogeneous flows of alumina-based pure water nanofluids Al2O3 �H2O over

a horizontal flat surface of an electromagnetic actuator (i.e., Riga pattern, which is embedded geo-

metrically in a Darcy-Forchheimer porous medium. Further, the present nanofluid flow model is

formulated realistically under the umbrella of the renovated two-phase Buongiorno’s approach with

the inclusion of Brownian motion and thermophoresis diffusive phenomena, in which the vertical

component of the nanoparticles’ mass flux tend to vanish at the limiting contact surface due to

its impermeability trend. For streamlining the technical handling of the present nanofluid flow

problem, the governing partial differential equations (PDEs) are simplified mathematically by

adopting the physical approximations of the boundary layer theory and then transformed into a

differential structure of ordinary differential equations (ODEs) based on several similarity changes.

Methodologically, the resulting nonlinear coupled ODEs are solved numerically via a validated dif-

ferential quadrature procedure. Besides, the generated graphical demonstrations show that the

nanofluid temperature is enhanced significantly with the porosity factors, the nanoparticles’ load-

ing, the convective heating strength, and the thermophoresis process. However, the porosity factors

and the nanoparticles’ loading exhibit a slowing-down impact on the nanofluid motion. Usefully, it
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Nomenclature

General Symbols
a0 Geometrical size of magnets and electrodes, m½ �
ĈD ¼ C0x

�1 Modified drag coefficient, �½ �
C0 Frictional quadrature coefficient, m½ �
CP Specific heat, J kg�1K�1

� �
C Nanoparticles’ molar concentration, molm�3

� �
C1 Nanoparticles’ molar concentration at the free-

stream region, molm�3
� �

dnp Nanoparticles’ diameter, dnp ¼ 47� 10�9m
� �

DB;DTð Þ Brownian and thermophoresis diffusive coeffi-
cients, m2 s�1

� �
F ¼ ĈDffiffiffi

K
p Inertial drag coefficient, m�1

� �
h Convective heat transfer coefficient, W m�2 K�1

� �
H gð Þ Temperature function, �½ �
j Electrical current density, A m�2

� �
k Thermal conductivity, W m - 1 K - 1

� �
k̂np ¼ dnpknp

knpRfþdnp
Modified thermal conductivity of nanoparti-

cles, W m - 1 K - 1
� �

knp Thermal conductivity of nanoparti-
cles, W m - 1 K - 1

� �
kB Boltzmann constant, kB ¼ 1:38066� 10�23JK�1

� �
K Permeability of the medium, m2

� �
M gð Þ Concentration function, �½ �
M̂ ¼ M0x Variable magnetization strength, kg s�2A�1

� �
Rf Interfacial thermal resistance between the

nanoparticles, Rf ¼ 4� 10�8Km2W �1
� �

s Stretching velocity coefficient, s�1
� �

S gð Þ;S0 gð Þf g Velocity functions, �½ �
T Temperature, K½ �
Tf Working fluid Temperature, K½ �
T1 Temperature at the free-stream region, K½ �
DT ¼ Tf � T1 Temperature difference, K½ �
T0 Reference temperature, T0 ¼ 300Kð Þ
V Volume, m3

� �
u; vð Þ Velocity components, m s�1

� �
Uw ¼ sx Linear stretching velocity, m s�1

� �
x; yð Þ Cartesian coordinates, m½ �

Greek Symbols
dC Corrective factor, molm�3

� �
/ Nanoparticles’ volume fraction, �½ �
g Similarity variable, �½ �
l Dynamic viscosity, kg m�1s�1

� �
t Kinematic viscosity, m2s�1

� �
H gð Þ Temperature function, �½ �
q Density, kg m�3

� �
r Electrical conductivity, S m�1

� �
qCPð Þ Heat capacitance, J m�3K�1

� �
Subscripts
bf Base fluid

nf Nanofluid
np Nanoparticles
f Working fluid

1 Free-stream condition
w Surface condition

Superscripts
; First derivative w.r.t.g
; ; Second derivative w.r.t.g
; ; ; Third derivative w.r.t.g

Abbreviations
BCsC Mass boundary conditions

BCsT Thermal boundary conditions
BCs u;vð Þ Kinematic boundary conditions
EMHD Electro-magneto-hydrodynamic

GDQM Generalized Differential Quadrature Method
MHD Magneto-hydrodynamic
NRT Newton-Raphson Technique

ODEs Ordinary differential equations
PDEs Partial differential equations
RKFM Runge-Kutta-Fehlberg Method
ST Shooting Technique
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is revealed from the obtained GDQM - NRT datasets that the nanoparticles’ loading and the poros-

ity factors express an important improvement in the strength of the surface viscous drag forces,

whereas the induced electromagnetic field shows a reverse viscous frictional impact.

� 2022 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Nowadays, the concept of monotype, hybrid, and ternary

nanofluids (i.e., one, two, or three kinds of nanosized particles
suspended in an appropriate viscous base liquid) becomes very
popular among scientific researchers and investigators in the

nanotechnological field and nanosciences because of the wide-
spread applications of these kinds of stable biphasic mixtures
in heat and mass transfer processes, nano-chemistry, solar
energy, cooling of nuclear systems, heat transfer enhancement,
and multiphase flows [1–8]. In this respect, Buongiorno et al.

[9] conducted benchmarking experimental analyses to demon-
strate the effective contribution of solid nanoparticles toward
the thermal improvement of some traditional working viscous

fluids, which can be considered as basic hosting liquids (e.g.,
kerosene, water, molten salt, engine oil, and ethylene glycol)
for divers spherical/non-spherical nanomaterials having

http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
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enormous thermal performances (e.g., metal/metal
oxide nanoparticles, nanodiamond particles nano-graphene,
and single-/multi-walled carbon nanotubes) as compared with

the liquid phase. Further experimental elucidations concerning
the significant role of non-spherical nanoparticles on the aug-
mentation of convective heat transfer coefficients of viscous

fluids were done comprehensively by Li et al. [10]. Keeping
in mind the strong thermal and optical properties of the binary
combinationTiN@SiCw, Wen et al. [11] proposed the nanoflu-

idic biphasic mixture TiN @SiCw� C2H6O2 as an enhanced
working liquid to improve the photo-thermal performance of
solar collectors. In another engineering use of nanofluids, Javi-
dan and Moghadam [12] carried out an experimental examina-

tion of the silicon carbide-based pure deionized water as an
efficient biphasic mixture cooling of photovoltaic modules
across a specified arrangement of orifice nozzle modes

In the past few years, several theoretical assessments and
experimental observations [13,14] prove that Fourier’s para-
dox [15] of heat conduction stated at the beginning of the nine-

teenth century is still questionable as a physical model because
of its contradictory results to explain the characteristics
of heat transfer exclusively. As an improvement of this classi-

cal heat transfer law, Cattaneo’s theory [16] suggested the
addition of a temporal relaxation impact into the heat flux
model, which was developed mathematically thereafter by
Christov [17]. Other physical insights on the Cattaneo-

Christov theory were discussed exhaustively by Bilal et al.
[18] for Williamson fluid flows as well as by Shahzad et al.
[19] for non-homogeneous micropolar nanofluid flows. Shah

et al. [20] exploited non-Fourier’s heat transfer and entropy
generation mechanisms to explore the behavior of unsteady
MHD thin film flows of second-grade nanofluids conveying

carbon nanotubes over a stretching sheet. Ragupathi et al.
[21] combined the fundamental Fourier’s and Buongiorno’s
approaches [22] to simulate numerically MHD bioconvective

nanofluid flows over an impermeable isothermal bent stretch-
ing surface with slip velocity condition. The noticeable influ-
ences of metallic and non-metallic nanosized particles on the
occurrence of thermal instabilities within various viscous flu-

idic media were discussed inclusively by Sharma and Wakif
[23]. Ramzan et al. [24] linked the Cattaneo-Christov approach
with the bioconvection phenomenon to examine Hall current

and ion slip influences on non-homogeneous magnetized reac-
tive flows of tangent hyperbolic nanofluids near a stretching
sheet. Farooq et al. [25] invoked the aforesaid improved heat

transfer theory to scrutinize radiating Carreau nanofluid flows
conveying tiny particles and motile microorganisms nearby a
vertical stretching sheet in the presence of an exponentially
declining heat generation. The temporal retarding feature of

the generalized Fourier’s and Fick’s laws was taken into
account by Hafeez et al. [26] to reveal the characteristics of
magnetically dissipative flows of upper convected Oldroyd-B

nanofluids over a turning disk. Hamad et al. [27] incorporated
realistic physical impacts (e.g., thermal radiation, magnetic
field, energy activation, bioconversion, and stratification con-

straints) to scrutinize mixed convective Walters-B nanofluid
flows near a vertical stretching flat surface. Recent advanced
investigations on non-Newtonian nanofluid flows can be seen

in [28–33] and the references therein.
Dynamically, the transition from a laminar flow state to a

turbulent regime motion can be adjusted magnetohydrody-
namically by applying an extrarenal magnetic field of signifi-
cant strength, which can help in the slowing up of
electrically conducting fluid/nanofluid flows in most MHD
flow problems. In the frameworks of the imperative findings

of Gailitis [34], weak electrically conducting laminar flows
can be controlled electro-magneto-hydrodynamically via
sophisticated actuators (i.e., Riga patterns) comprising a suc-

cession of electrodes and magnets and having the capability
of generating strength electromagnetic forces (i.e., Lorentz
forces). Practically, Riga plates can be used as advanced elec-

tromagnetic materials to minimize the impact of viscous drag
forces as well as to rescind the flow separation occurrence.
In 1961, Grinberg [35] performed a theoretical study on Riga
devices to explore the physical feature of the induced Lorentz

forces. As important outcomes, it was demonstrated analyti-
cally based on strong theoretical knowledge that the magni-
tude of the induced Lorentz forces presents an exponential

decaying demeanor along the transverse direction according
to Grinberg’s law, in which a higher electromagnetic strength
is exerted near the electromagnetic plate. Besides, the mechan-

ical behaviors of Lorentz forces (i.e., aiding trend or resisting
role) can be adjusted technically for flat Riga surfaces based
on the sense of the electrical current induced by the electrodes

as reported by Wakif et al.[36]. The significance of general-
ized Fourier’s and Fick’s laws on the features of convective
EMHD nanofluid flows in a Darcy-Forchheimer porous med-
ium was discussed briefly by Rasool et al. [37] along with the

resisting tendency of Lorentz forces in the case where the ver-
tical component of the nanoparticles’ flux is assumed zero at
the Riga pattern. In another geometrical configuration, Abdal

et al. [38] evidenced the importance of the existence of an inter-
nal heat generation on the heat and mass transfer enhancement
during the unsteady reactive motion of tangent hyperbolic

nanofluid flows over a non-isothermal Riga wedge. Recently,
Naveed et al. [39] assumed the validity of Grinberg’s expres-
sion for curved Riga surfaces to inspect thermodynamically

oscillating MHD dissipative fluid flows in the presence of ther-
mal radiation. In the same context, Abbas et al. [40] adopted
the homogeneous nanofluid model with multiple slip condi-
tions for the velocity and temperature to perform a numerical

study on the flow of the micropolar hybrid nanofluid
SWCNT þ MWCNTð Þ - H2O over an exponentially stretch-
ing curved surface. The effective contributuion of ohmic heat-

ing and heat generation on the thermal enehnacement of
slippery EMHD non-hoheneouse nanofluid flows over a non-
linear stretching Riga plate of an uneven thickness was expli-

cated semi-analutically by Hussain et al. [41] using a
consistent homotopic algorithm.

Inspired by the above-cited literature, the present numerical
investigation aimed to evidence the main hydrothermal aspects

featuring EMHD convective flows of alumina-based pure
water nanofluidsAl2O3 �H2O, which have not been provided
so far as per the author’s knowledge. By invoking the

advanced Buongiorno’s theory under the assumption of the
passive control approach (i.e., zero mass flux at the boundary),
the motion of the non-homogeneous nanofluidic mixture

Al2O3 �H2O is assumed to be driven in a laminar regime over
an impermeable horizontal Riga pattern, which is heated con-
vectively and subjected to a linear stretching movement in a

Darcy-Forchheimer porous medium. Besides, the significant
contributions of thermophoresis and Brownian mechanisms
of nanoparticles in the occurred transport phenomena are
taken effectively into account during the formulation of the
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conservation equations governing the present nanofluid flow
model, which are reinforced more realistically with the help
of authenticated thermophysical expressions. By applying a

roust differential quadrature algorithm, the resulting differen-
tial formulation is handled properly to generate precise numer-
ical outcomes. After successful multiple validations, the

accurate outputted datasets are presented in the form of tables
and figures to facilitate the understanding of the obtained find-
ings by providing compressive answers to the following pend-

ing research questions:

- Which physical model can be adapted realistically to simu-
late EMHD convective boundary layer flows of alumina-

based pure water nanofluids Al2O3 � H 2O in a nonlinear
porous structure using the notion of nanoparticles’ molar
concentration?

- What is the source of the electrical and magnetic field
exerted simultaneously on the developed flow?

- How can express the induced Lorentz forces in the momen-

tum equation when these electromagnetic actions exhibit an
aiding dynamical influence?

- How can evaluate reliably the physical features of the stud-

ied biphasic mixtureAl2O3 � H 2O?
- Which mathematical transformations can be used to get
similar boundary layer solutions?

- Which methodological procedure can provide accurate

results?
- How can control the wall concentration during the convec-
tive heating process?

- What is the difference between the original Buongiorno’s
approach and the present nanofluid flow model?

- What are the influences of the involved physical parameters

on the flow pattern as well as on the temperature and
nanoparticles’ concentration throughout the nanofluidic
medium?

- How can improve the thermal performance of the nanoflu-
idic medium?

- How can minimize the strength of the surface drag forces?
- What are the hydrothermal appearances of the proposed

nanofluid flow problem?

1.1. Physical and mathematical backgrounds

A laminar steady nanofluid flow is developed electro-magneto-
hydrodynamically over a convectively heated Riga pattern

embedded horizontally in a nonlinear porous medium defined
spatially in a Cartesian frame of coordinate system x; y; zð Þ.
Chemically, the nanofluid is assumed to be dilute of non-
homogeneous structure (i.e., biphasic mixture) and comprising

alumina nanoparticles and pure water as principal ingredients.
Dynamically, three boundary layer regions have happened due
to the linear stretching motion of the impermeable surface of

the Riga pattern as well as the variable temperature and con-
centration distributions throughout the nanofluidic medium,
in which the stretching velocity is given byUw ¼ sx, where s

is a positive dimensional physical constant. As physical con-
straints, the temperature of the heating fluidic medium and
its characteristic convective heat transfer coefficient are char-

acterized respectively by Tf andh, whereas the wall nanoparti-

cles’ molar concentration Cw is unknown and can be controlled
passively through the existing relation between the wall con-
centration and temperature gradients. Furthermore, the
nanofluidic medium in the free stream region is assumed to

be motionless at uniform distributions for the temperature
T1 and the nanoparticles’ molar concentration C1 as por-
trayed schematically in Fig. 1. It is more interesting to mention

here that there is a linear relationship between the nanoparti-
cles’ molar concentration C and the nanoparticles’ volume
fraction / in the formC ¼ dC/, where dC is a corrective factor

having the dimension of molar concentration.
Under the umbrella of adjusted Buongiorno’s nanofluid

model [27,37,42–49] and the boundary layer approximations
[50], the partial differential equations (PDEs) governing the

present EMHD nanofluid flow problem are stated as follows:

@u

@x
þ @v

@y
¼ 0; ð1Þ

u
@u

@x
þ v

@u

@y
¼ lnf

qnf

@2u
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þ pjM̂

8qnf

e
�py
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� �
� lnf

qnfK
u� Fu2; ð2Þ
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@T
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� �
nf

@2T
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@y
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@2T
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These above-mentioned PDEs are constrained by the fol-
lowing boundary conditions (BCs):

BCs u;vð Þ : u x; y ¼ 0ð Þ ¼ Uw ¼ sx; v x; y ¼ 0ð Þ ¼ 0; u x; y ! 1ð Þ ! 0f g; ð5Þ

BCsT :
@T

@y
x; y ¼ 0ð Þ ¼ h

knf
T x; y ¼ 0ð Þ � Tf

� �
;T x; y ! 1ð Þ ! T1

� �
; ð6Þ

BCsC :
DB

dC

@C

@y
x; y ¼ 0ð Þ þ DT

T1

@T

@y
x; y ¼ 0ð Þ ¼ 0;C x; y ! 1ð Þ ! C1

� �
: ð7Þ

Based on the partial characteristics of each phase enlisted in
Table 1, the effective thermophysical properties of alumina -

water-based nanofluids Al2O3 �H2O figured in Eq. (2) and
Eq. (3) can be assessed by employing the following mixture
laws [51] and Koo-Kleinstreuer-Li’s correlations [52,53]:

Table 2

qnf ¼ 1� /ð Þqbf þ /qnp; ð8Þ

qCPð Þnf ¼ 1� /ð Þ qCPð Þbf þ / qCPð Þnp; ð9Þ

lnf
lbf

¼ 1

1�/ð Þ2:5 þ 5� 104
/qbf
lbf

ffiffiffiffiffiffiffiffiffi
kBT0

qnpdnp

q
fKKLln T0ð Þ þ gKKL½ � ;

knf
kbf

¼ 1þ 3/ k̂np�kbfð Þ
k�npþ2kbfð Þ�/ k�np�kbfð Þ þ 5� 104

/ qCPð Þbf
kbf

ffiffiffiffiffiffiffiffiffi
kBT0

qnpdnp

q
fKKLln T0ð Þ þ gKKL½ �;

fKKL ¼ c1 þ c2 ln dnp
� �þ c3 ln /ð Þ� �þ c4 ln /ð Þ þ c5 ln dnp

� �� �
ln dnp
� �

;

gKKL ¼ c6 þ c7 ln dnp
� �þ c8 ln /ð Þ� �þ c9 ln /ð Þ þ c10 ln dnp

� �� �
ln dnp
� �

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
:

ð10Þ

Through Eqs. (8)–(10), we define the following relative

amounts:

J1 ¼
lnf

lbf

; J2 ¼
qnf

qbf

; J3 ¼
qCPð Þnf
qCPð Þbf

; J4 ¼ knf
kbf

( )
: ð11Þ



:

Fig. 1 Geometrical configuration of the nanofluid flow problem.

Table 1 Thermophysical properties of alumina nanoparticles and pure water [53–57].

Properties q kg m - 3
� �

CP J kg - 1 K - 1
� �

k W m - 1 K - 1
� �

r S m - 1
� �

l �10�5kg m�1s�1
� �

Alumina 3970 765 40 10�10 ——————

Water 997.1 4179 0.613 0.05 89

Table 2 Koo-Kleinstreuer-Li’s coeffi-

cients for alumina water-based nanoflu-

ids [52,53,58].

KKL Coefficients Values

c1 52.813488759

c2 6.115637295

c3 0.6955745084

c4 0.0417455552786

c5 0.176919300241

c6 –298.19819084

c7 –34.532716906

c8 –3.9225289283

c9 –0.2354329626

c10 –0.999063481

Mathematically, the leading PDEs can be

altered to a set of ordinary differential

equations (ODEs) by invoking the trans-

formations demonstrated in Table 3.
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Accordingly, we get the following simplified differential
system:
Sð Þ :

S gð Þ ¼ 0;S0 gð Þ ¼ 1; when g ¼ 0;

S000 gð Þ � kS0 gð Þ þ J2
J1

S gð Þ S0 gð Þ
1þ Frð ÞS0 gð Þ S00 gð Þ










þ Ha

J1
e �jgð Þ ¼ 0; when g > 0;

S0 gð Þ ! 0; as g ! 1;

H0 gð Þ ¼ Bi
J4

H gð Þ � 1½ �; when g ¼ 0;

H00 gð Þ þ Pr
J4

J3S gð Þ þNbM0 gð Þ þNtH0 gð Þ½ �H0 gð Þ ¼ 0; when g > 0;

H gð Þ ! 0; as g ! 1;

M0 gð Þ þ Nt
Nb
H0 gð Þ ¼ 0; when g ¼ 0;

M00 gð Þ þ Nt
Nb
H00 gð Þ þ ScS gð ÞM0 gð Þ ¼ 0; when g > 0;

M gð Þ ! 1; as g ! 1

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>;

ð12Þ

As shown above, the final differential system is controlled
by several physical parameters, whose characteristics are well
specified in Table 4.

From an engineering point of view, the strengths of the fric-
tional drag force and heat transfer rate can be quantified
locally at the Riga pattern through the following reduced

forms of skin friction factor Cf and Nusselt numberNu:

Cf ¼ �J1S
00 0ð Þ ð13Þ

Nu ¼ �J4H
0 0ð Þ ð14Þ



Table 3 Adopted similarity transformations.

Quantities Transformations: g
y ¼

ffiffiffiffiffiffi
qbfs
lbf

q
;S0 gð Þ ¼ u

Uw
;S gð Þ ¼ �

ffiffiffiffiffiffi
qbf
slbf

q
v;H gð Þ ¼ T�T1

DT ;M gð Þ ¼ C
C1

n o
Partial derivatives of u; v;T;Cf g w.r.t.x and y

u @u
@x ¼ sS0 gð Þ @u

@y ¼ Uw

ffiffiffiffiffiffi
qbfs
lbf

q
S00 gð Þ @2u

@x2
¼ 0 @2u

@y2
¼ Uwqbfs

lbf
S000 gð Þ

v @v
@x ¼ 0 @v

@y ¼ �sS0 gð Þ @2v
@x2

¼ 0 @2v
@y2

¼ �s
ffiffiffiffiffiffi
qbfs
lbf

q
S00 gð Þ

T @T
@x ¼ 0 @T

@y ¼ DT
ffiffiffiffiffiffi
qbfs
lbf

q
H0 gð Þ @2T

@x2
¼ 0 @2T

@y2
¼ DTqbfs

lbf
H00 gð Þ

C @C
@x ¼ 0 @C

@y ¼ C1
ffiffiffiffiffiffi
qbfs
lbf

q
M0 gð Þ @2C

@x2
¼ 0 @2C

@y2
¼ C1qbfs

lbf
M00 gð Þ

Table 4 Involved flow parameters with their expressions and reference values.

Parameters Expressions Default Values Ranges

Darcy porosity parameter k ¼ lbf
sqbfK

5 5 6 k 6 8

Forchheimer porosity parameter Fr ¼ C0ffiffiffi
K

p 5 5 6 Fr 6 20

Geometrical parameter j ¼ p
a0

ffiffiffiffiffiffi
lbf
qbfs

q
5 j ¼ 5

Hartmann number Ha ¼ pj0M0

8s2qbf
0.5 0 6 Ha 6 1:5

Nanoparticles’ volume fraction / ¼ Vnp

VbfþVnp

0.025 2:5% 6 / 6 10%

Prandtl number Pr ¼ lbf CPð Þbf
kbf

6.0673898858 Pr ¼ 6:0673898858

Biot number Bi ¼ h
kbf

ffiffiffiffiffiffi
lbf
qbfs

q
5 2 6 Bi 6 5

Thermophoresis parameter Nt ¼ qCPð ÞnpDTDT
CPð ÞbflbfT1

0.1 0:1 6 Nt 6 0:4

Brownian motion parameter Nb ¼ qCPð ÞnpDBC1
CPð ÞbflbfdC

0.1 0:1 6 Nb 6 0:4

Schmidt number Sc ¼ lbf
qbfDB

10 10 6 Sc 6 25
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1.2. Methodology of solution with multiple validations

Due to the mathematical complexity of the nanofluid flow
problem under consideration, the resulting nonlinear coupled

differential system Sð Þ shown in Eq. (12) is solved properly
in Matlab software with the help of an efficient hybrid numer-
ical algorithm GDQM - NRT built based on accurate differen-

tial quadrature schemes permitting a unidirectional spatial
discretization of the derived governing ODEs on Gauss-
S
�� �

:

S gið Þ ¼ 0;
Pj¼N

j¼1 PijS gj
� � ¼ 1; when i ¼ 1;

Pj¼N
j¼1 RijS gj

� �� k
Pj¼N

j¼1 PijS gj
� �þ J2

J1

S gið Þ
1þ Frð ÞPj¼N

j¼1 PijS gj
� �






Pj¼N
j¼1 PijS gj

� � ¼ 0; when i ¼ N;Pj¼N
j¼1 PijH gj

� � ¼ Bi
J4

H gið Þ � 1½ �; when i ¼ 1;Pj¼N
j¼1 QijH gj

� �þ Pr
J4

J3S gið Þ þNb
Pj¼N

j¼1 PijM gj
� �þNt

Pj¼N
j¼1 P

h
H gið Þ ¼ 0; when i ¼ N;Pj¼N

j¼1 PijM gj
� �þ Nt

Nb

Pj¼N
j¼1 PijH gj

� � ¼ 0; when i ¼ 1;Pj¼N
j¼1 QijM gj

� �þ Nt
Nb

Pj¼N
j¼1 QijH gj

� �þ ScS gið ÞPj¼N
j¼1 PijM gj

� �
M gið Þ ¼ 1; when i ¼ N

8>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>:
Lobatto grid points gi ¼ g1
2
� g1

2
cos pi�p

N�1

� �
;where 1 6 i 6 N

� �
[59]. These nodal points are distributed non-uniformly
throughout the computational domainI ¼ g1; gN½ � ¼ 0; g1½ �.
Here, the symbol N reflects the number of Gauss-Lobatto col-

location points. After a successful differential quadrature dis-
cretization, the developed boundary values problem is
converted into the following nonlinear coupled algebraic sys-

tem:
Pj¼N
j¼1 PijS gj

� �
Pj¼N

j¼1 QijS gj
� �






þ Ha
J1
e �jgið Þ ¼ 0; when i– 1; 2;Nf g;

ijH gj
� �iPj¼N

j¼1 PijH gj
� � ¼ 0; when i– 1;Nf g;

¼ 0; when i– 1;Nf g;

9>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>;

: ð15Þ



Table 5 Multiple validations of GDQM - NRT results.

Nt J1 ¼ J2 ¼ J3 ¼ J4 ¼ 1;Ha ¼ j1 ¼ k ¼ Fr ¼ 0;Bi ! 1;Nb ¼ 0:1;Sc ¼ 10; g1 ¼ 15;N ¼ 70f g
Sources �H0 0ð Þ

Pr ¼ 6:2 Pr ¼ 14:2

0.1 Ishfaq et al. [71] 1.6198 2.4835

Wakif et al. [72] 1.61980791 2.48355126

Shah et al. [73] 1.6198079185 2.4835512644

Present Results 1.6198079185 2.4835512644

E 4:53� 10�22 4:59� 10�22

0.2 Ishfaq et al. [71] 1.4749 2.1815

Wakif et al. [72] 1.47492523 2.18148324

Shah et al. [73] 1.4749252363 2.1814832490

Present Results 1.4749252363 2.1814832490

E 4:05� 10�22 1:35� 10�22

0.3 Ishfaq et al. [71] 1.3381 1.8959

Wakif et al. [72] 1.33812561 1.89589112

Shah et al. [73] 1.338125615 1.8958911266

Present Results 1.338125615 1.8958911266

E 2:81� 10�22 2:76� 10�22

0.4 Ishfaq et al. [71] 1.2110 1.6371

Wakif et al. [72] 1.21099539 1.63719091

Shah et al. [73] 1.2109953930 1.6371909195

Present Results 1.2109953931 1.6371909196

E 5:54� 10�22 1:09� 10�21
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According to Wakif et al. [60,61], the modified weighting

differentiation coefficients Pij;Qij;Rij

� �
can be written as:

Pij ¼

Ql¼N

l¼1; l–i

gi
g1

� gl
g1

� �

g1
gi
g1

� gj
g1

� � Ql¼N

l¼1; l–j

gj
g1

� gl
g1

� � ; for i–j and Pij ¼ �
Xl¼N

l¼1;l–i

Pip; for i ¼ j

8>>><
>>>:

9>>>=
>>>;
;

ð16Þ

Qij ¼
2

g21
PiiPij � Pij

gi
g1

� gj
g1

� �
0
@

1
A; for i–j and Qij ¼ �

Xl¼N

l¼1;l–i

Qip; for i ¼ j

8<
:

9=
;;

ð17Þ

Rij ¼ 3

g31
QiiPij �

Qij

gi
g1

� gj
g1

� �
0
@

1
A; for i–j and Rij ¼ �

Xl¼N

l¼1;l–i

Rip; for i ¼ j

8<
:

9=
;:

ð18Þ
Table 6 Comparison between RKFM-ST and GDQM - NRT resu

k J1 ¼ J2 ¼ J3 ¼ J4 ¼ 1;Ha ¼ j1 ¼ 0;Fr ¼ Bi ¼ 5;Pr ¼ 7;Nf
Methods �S00 0ð Þ

5 RKFM-ST* 3.0522229885

GDQM-NRT* 3.0522229885

E 5:14� 10�21

10 RKFM-ST* 3.7845369473

GDQM-NRT* 3.7845369472

E 6:58� 10�20

15 RKFM-ST* 4.3960961975

GDQM-NRT* 4.3960961975

E 1:49� 10�20

RKFM-ST*: Runge-Kutta-Fehlberg Method- Shooting Technique.

GDQM-NRT*: Generalized Differential Quadrature Method- Newton-R
By invoking a robust Newton-Raphson algorithm, the

gigantic algebraic system S
�� �

can be solved iteratively after

selecting a sufficient number N of collocation points. For the
sake of briefness, we focus herein only on the practical use
of GDQM - NRT [61–68] as a powerful numerical procedure

that can be utilized advantageously in several engineering stud-
ies as discussed comprehensively in the informative books of
Shu et al. [69,70]. Concerning the authentication of the

adopted methodology, extensive comparing tests of GDQM -
NRT findings firstly with those published recently in well-
reputed journals and secondly with those computed supple-

mentary using RKFM - ST as seen in Table 5 and Table 6.
As expected, the aforesaid tabular illustrations show the

existence of a higher order of agreement between the tabular
datasets, which proves that the utilized numerical algorithm
lts.

T ¼ 0:2;NB ¼ 0:1;Sc ¼ 2; g1 ¼ 5;N ¼ 70g
�H0 0ð Þ M0 0ð Þ
1.0991669584 2.1983339168

1.0991669584 2.1983339168

1.0041599096 2.0083198193

1.0041599097 2.0083198193

0.9310141579 1.8620283159

0.9310141579 1.8620283159

aphson Technique.
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GDQM - NRT can provide reliable results after p successive
iterations with a feeble absolute accuracy DE and small total

square residual error E ði:e:; DE 10�10 and E 10�22 � 10�19Þ
when dividing the continuous domain I into sixty-nine irregu-

lar subdomainsIi ¼ gi; giþ1

� �
i:e:; 1 6 i 6 N� 1ð Þ, such that:

I ¼
[i¼N�1

i¼1

Ii; ð19Þ

DE ¼ Max S00
pþ1 0ð Þ � S00

p 0ð Þ



 


; H0

pþ1 0ð Þ �H0
p 0ð Þ




 


; M0
pþ1 0ð Þ �M0

p 0ð Þ



 


n o

;

ð20Þ

E ¼ ES þ EH þ EM;

DE ¼ Max S00
pþ1 0ð Þ � S00

p 0ð Þ



 


; H0

pþ1 0ð Þ �H0
p 0ð Þ




 


; M0
pþ1 0ð Þ �M0

p 0ð Þ



 


n o

;

ð21Þ

ES ¼
Z g¼g1

g¼0

S000 gð Þ � kS0 gð Þ þ J2
J1

S gð Þ S0 gð Þ
1þ Frð ÞS0 gð Þ S00 gð Þ










þHa

J1
e �jgð Þ

� �2
dg;

ð22Þ

EH ¼
Z g¼g1

g¼0

H00 gð Þ þ Pr

J4
J3S gð Þ þNbM0 gð Þ þNtH0 gð Þ½ �H0 gð Þ

� �2

dg;

ð23Þ

EM ¼
Z g¼g1

g¼0

M00 gð Þ þ Nt

Nb
H00 gð Þ þ ScS gð ÞM0 gð Þ

� �2
dg: ð24Þ
Fig. 3 Dynamical influence of Fr onS0 gð Þ.
2. Results and discussion

In light of the core objectives of the present investigation and
the aforementioned computational considerations (i.e., accu-
racy, convergence criterion, validation), several clipped graph-

ical illustrations are drawn noticeably in Figs. 2-20 under a
perfect computational situation for the technical parameters
Fig. 2 Dynamical influence of k onS0 gð Þ.
g1;Nf g e:g:; g1;Nð Þ ¼ 10; 200ð Þð Þ to produce admissible
smooth curves and provide satisfactory answers to the remain-
ing researcher questions via the parametric representations

S0 gð Þ;H gð Þ;M gð Þ;Cf;Nu
� �

reflecting the hydrothermal and

mass aspects of the scrutinized non-homogeneous flow prob-

lem. These graphical displays are outlined for different values
of k� Darcy porosity parameter, Fr� Forchheimer porosity
parameter, Ha� Hartmann number, /� Nanoparticles’ vol-

ume fraction, Bi� Biot number, Nt� Thermophoresis param-
eter, Nb� Brownian motion parameter, and Sc� Schmidt
number, which are varied in the vicinity of their defaults values
Fig. 4 Dynamical influence of Ha onS0 gð Þ.



Fig. 5 Dynamical influence of / onS0 gð Þ.

Fig. 6 Thermal impact of k onH gð Þ.

Fig. 7 Thermal impact of Fr onH gð Þ.

Fig. 8 Thermal impact of Ha onH gð Þ.
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enlisted in Table 4. However, the dimensionless factors j�
Geometrical parameter and Pr� Prandtl number are kept con-

stant in this examination at j ¼ 5 and Pr ¼ 6:0673898858 (i.e.,
Prandtl value for pure water at the thermal reference state,
which is assessed herein from the data of Table 1). A pre-

analysis of the generated GDQM-NRT datasets depicts the
influences of several parametric factors on the computed

dimensionless quantities S0 gð Þ� Axial velocity, H gð Þ� Tem-
perature, M gð Þ� Nanoparticles’ molar concentration, Cf�
Skin friction factor, and Nu� Nusselt number distinguishing
the steady motion of alumina-based pure water nanofluid over
a horizontal active Riga plate in a Darcy-Forchheimer porous
medium.

Dynamically, the noteworthy impacts of k� Darcy porosity

parameter, Fr� Forchheimer porosity parameter, Ha� Hart-
mann number, and /� Nanoparticles’ volume fraction on
the nanofluid motion are profiled respectively in terms of the

velocity function S0 gð Þ as shown in Figs. 2-5. Due to the poros-
ity trend of the nanofluidic medium, the nonlinear
porous structure of the existing internal solid matrix exerts

opposing Darcy’s and Forchheimer’s forces on the nanofluid

motion. For this reason, the velocity function S0 gð Þ and its cor-



Fig. 9 Thermal impact of / onH gð Þ.

Fig. 10 Thermal impact of Bi onH gð Þ.

Fig. 11 Thermal impact of Nt onH gð Þ.

Fig. 12 Mass impression of Nt onM gð Þ.
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responding momentum boundary layer thickness show a
declining aspect, when the magnitudes of k� Darcy porosity

parameter and Fr� Forchheimer porosity are augmented pro-
gressively as seen in Fig. 2 and Fig. 3. On the contrary, Fig. 4

reveals that the velocity function S0 gð Þ exhibit an escalating
trend with the higher values of Ha� Hartmann number. This
observation is enormously true because the magnets and elec-

trodes of the electromagnetic actuator (i.e., Riga pattern) are
arranged in such a way that the induced Lorentz forces play
a driven dynamical role during the motion of the studied elec-
trically conducting nanofluid. Similarly, Fig. 5 proves that the

velocity profile S0 gð Þ is a slightly falling function with the
growing values of /�Nanoparticles’ volume fraction. Accord-
ingly, the nanoparticles’ loading process of alumina into a

purely aquatic fluidic medium diminishes somewhat the rheo-
logical fluidity tendency of the resulting biphasic mixture due
to an improvement in its effective viscosity, which leads to a

dynamical slowing down influence on the nanofluid motion.
From another point of view, the thermal impressions of k�

Darcy porosity parameter, Fr� Forchheimer porosity param-

eter, Ha� Hartmann number, /� Nanoparticles’ volume frac-
tion, Bi� Biot number, and Nt� Thermophoresis parameter
are sketched respectively in terms of the temperature function



Fig. 13 Mass impression of Nb onM gð Þ.

Fig. 14 Mass impression of Sc onM gð Þ.

Fig. 15 Frictional sways of k and Fr onCf. j ¼ 5;Ha ¼ 0:5;f
/ ¼ 0:025;Bi ¼ 5;Nb ¼ 0:1;Nt ¼ 0:1;Sc ¼ 10g

Fig. 16 Frictional sways of Ha and Bi onCf. k ¼ 5;Fr ¼ 5;f
j ¼ 5;/ ¼ 0:025;Nb ¼ 0:1;Nt ¼ 0:1;Sc ¼ 10g
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H gð Þ as portrayed in Figs. 6-11. As a result of the resistive
demeanor of Darcy’s and Forchheimer’s forces, a substantial

amount of thermal energy is communicated to the nanofluidic
medium due to the viscous frictional interaction between the
nanofluid and the solid porous matrix. Consequently, the tem-

perature function H gð Þ and its associated thermal boundary
layer thickness upsurge significantly with the strengthening
values of k� Darcy porosity parameter and Fr� Forchheimer

porosity parameter as emphasized in Fig. 6 and Fig. 7. How-
ever, Fig. 8 ascertains that the driven electromagnetic aspect
of Lorentz’s forces causes a cooling effect on the nanofluidic
system throughout the thermal boundary layer region. There-

fore, the temperature distribution H gð Þ is a dropping function
of Ha� Hartmann number. A prominent thermal enhance-
ment is evidenced in Fig. 9 with the nanoparticles loading of

alumina into the hosting fluidic medium, in which the temper-
ature function H gð Þ exhibits an impeccable raise with the
advancing values of /� Nanoparticles’ volume fraction.

Indeed, this enrichment is due predominantly to the increasing
relationship between the effective thermal conductivity knf of

the nanofluidic medium and the volume fraction / of alumina
nanoparticles. Physically, the higher values of Bi� Biot num-



Fig. 17 Frictional sways of / and Nt onCf. k ¼ 5;Fr ¼ 5;f
j ¼ 5;Ha ¼ 0:5;Bi ¼ 5;Nb ¼ 0:1;Sc ¼ 10g

Fig. 18 Energetical effects of k and Fr onNu. j ¼ 5;Ha ¼ 0:5;f
/ ¼ 0:025;Bi ¼ 5;Nb ¼ 0:1;Nt ¼ 0:1;Sc ¼ 10g

Fig. 19 Energetical effects of Ha and Bi onNu. k ¼ 5;Fr ¼ 5;f
j ¼ 5;/ ¼ 0:025;Nb ¼ 0:1;Nt ¼ 0:1;Sc ¼ 10g

Fig. 20 Energetical effects of / and Nt onNu. k ¼ 5;Fr ¼ 5;f
j ¼ 5;Ha ¼ 0:5;Bi ¼ 5;Nb ¼ 0:1;Sc ¼ 10g
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ber feebleness considerably the convective thermal resistance
between the external heating fluid and the contact surface

(i.e., Riga plate). Whilst, the bigger values of Nt� Ther-
mophoresis reinforce the mechanical effect of ther-
mophoretic forces on alumina nanoparticles by supporting

the upwards thermo-migration of alumina nanoparticles from
the hot region to the cold zone within the nanofluidic medium.
Therefore, an extensive heightening in the temperature distri-

bution H gð Þ throughout the whole thermal boundary layer
region can be reached straightforwardly just by adjusting
increasingly the magnitudes of Bi� Biot number and Nt�
Thermophoresis parameter as demonstrated in Fig. 10 and
Fig. 11.

Nanoparticles’ molar concentration.

Specifically, the crucial mass sways of Nt� Thermophoresis
parameter, Nb� Brownian motion parameter, and Sc� Sch-
midt number on the nanoparticles’ molar concentration func-

tion M gð Þ are well elucidated in Figs. 12-14. Generally, it is



Table 7 Frictional and energetical behaviors of the parameters k;Fr;/;Ha;Bi;Ntf g.
Parameters Cf Nu

Descriptions Surface Viscous

Drag Forces

Descriptions Surface Heat

Transfer Rates

k Rising function Strengthening impact Falling function Dropping effect

Fr Rising function Strengthening impact Falling function Dropping effect

/ Rising function Strengthening impact Rising function Enhancing effect

Ha Falling function Weakening influence Rising function Enhancing effect

Bi No influence No influence Rising function Enhancing effect

Nt No influence No influence Falling function Dropping effect
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proved that the governing parameters Nt;Nb;Scf g disclose a
dual role during the occurrence of mass transport phenomenon
throughout the concentration boundary region. In this respect,

Fig. 12 ascertains that the elevating values of Nt� Ther-
mophoresis parameter promote strongly the upward thermo-
migration of alumina nanoparticles to reach a top-heavy con-

figuration of nanoparticles. As a remarkable result of the
strengthening action on the magnitude of Nt� Thermophore-
sis parameter, the nanoparticles’ molar concentration function

M gð Þ decreases noticeably near the hot surface (i.e., Riga
plate) to get a prominent rise away from it. On the contrary,
Fig. 13 shows that the bottom-heavy distribution of nanopar-
ticles (i.e., the downward migration of alumina nanoparticles

from the concentrate region to the dilute zone) can be achieved
effectively as a result of the intensifying values of Nb� Brow-
nian motion parameter. Likewise, the curves of Fig. 14 reflect

undoubtedly the deteriorating behavior of Sc� Schmidt num-
ber on the concentration boundary layer region with a rein-
forcement in the bottom-heavy distribution of nanoparticles.

Sequel the above finding, Figs. 15-20 illuminates the fric-
tional and energetical influences of the embedded parameters
k;Fr;/;Ha;Bi;Ntf g on the engineering quantity of inter-

est Cf;Nu
� �

, whose descriptions are well enlightened in

Table 7.

2.1. Concluding remarks

The foremost hydrothermal aspects of non-Darcian convective
nanofluid flows over a horizontal active electromagnetic actu-

ator (i.e., Riga device) have been explored numerically for
alumina-based pure water nanofluids by considering the non-
homogeneous nanofluid model and passive control approach.

Among the most important reached upshots, we can state
exclusively the following conclusions:

1. The nanoparticles’ loading process has an enhancing
thermal effect and a slowing down impact.

2. The advanced values of the porosity factors decline the

nanofluid velocity and rise the thermal profile.
3. The induced Lorentz forces exhibit a cooling effect with

a driven dynamical role.
4. The convective heating process and the thermophoresis

mechanism improve significantly the nanofluid
temperature.

5. The thermophoresis mechanism reinforces the top-heavy

configuration of nanoparticles, whereas the Brownian
motion promotes the bottom-heavy distribution of
nanoparticles.
6. The higher Schmidt’s numbers weaken the thermo-

migration of nanoparticles.
7. The used electromagnetic actuator minimizes the

strength of surface viscous drag forces and enhances

the surface heat transfer rate.
8. The porosity factors have a strengthening impact on the

surface viscous drag forces and a reducing effect on the
surface heat transfer rate.

9. The thermophoresis mechanism diminishes the surface
heat transfer rate.

10. The convective heating and nanoparticles’ loading pro-

cesses enhance the surface heat transfer rate.
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